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ABSTRACT. In this paper, we introduce the concepts of BFSS-[resp.
BFSSA-, BFSSSI-, BFSSASI-, BFSSPI-, BFSSAPI-, BFSSI-,
BFSSAI-, BFSSC-and BFSSAC-]ideals of an SSBCK-algebra, give
some of their examples and study their properties. Furthermore, we in-
vestigate properties of BFSS-[resp. BFSSA-, BFSSSI-, BFSSASI-,
BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-and BFSSAC-
Jideals under S'SBC K-homomorphisms between S.SBC K-algebras. Next,
we investigate the Cartesian product of BF'SS-[resp. BFSSA-, BFSSSI-
, BFSSASI-, BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-and
BFSSAC-]ideals.
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1. INTRODUCTION

By using the notion of Sheffer stroke operations introduced by Sheffer [1], Oner

et al. [2] [resp. [3], [4], [5], [6], [7] and [8]] applied it to basic algebras [resp.
Hilbert algebras, U P-algebras, BC K-algebras, BF-algebras, BH-algebras and KU
algebras|. In particular, Oner et al. [9] studied fuzzy anti ideals.

We intend to conduct training by structuring our paper as follows: In Section
3, we introduce the concepts of BFSS-[resp. BFSSA-, BFSSSI-, BFSSASI-,
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BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-and BFSSAC-]ideal and
study their properties along with several examples. Moreover, we obtain a rela-
tionship between BFSSA-[resp. BFSSAPI-, BFSSAI- and BFSSC-|ideal and
its level set (See Yheorem 3.19). Section 4 is devoted to investigating the Cartesian
product of BFSS-[resp. BFSSA-, BFSSSI-, BFSSASI-, BFSSPI-, BFSSAPI-,
BFSSI-, BFSSAI-, BFSSC-and BFSSAC-ideals.

2. PRELIMINARIES

In this section, I recall basic fundamental concepts of Sheffer stroke operations,
Sheffer stroke BC K-algebras, various fuzzy ideals, bipolar fuzzy sets and three Re-
sults ([5, 10]).

Definition 2.1 ([10]). Let (X, o) be a groupoid. Then o is said to be Sheffer stroke
operation on X, if it satisfies the following conditions: for all z,y,z € X,

(S1) (Commutativity) x oy =y o x,

(S2) (Absorption) (zox)o (xoy) ==z

(Ss) wo(yoz)o(yoz)]=[(zoy)o(zoy)ez,

(S4) (Absorption) [z o ((zox)o (yoy))]elre((zox)o(yoy)) =

From (S2), it is obvious that
(2.1) (xox)o(xox)=ux for each x € X.

Definition 2.2 ([5]). Let o be a Sheffer stroke operation on a set X. Then a Sheffer
stroke BCK -algebra (briefly, SSBCK-algebra) is a structure (X, o,0) of type (2,0)
with the constant 0 € X satisfying the following axioms hold: for all z,y, z € X,
(sBCKy) [((zo(yoy))o(zo(yoy)))o(zo(z02)))o(((zo(yoy))o(ze(yoy)))
o(wo (20 2)))] o (0 (y o)) = 000,
(sBCK3) (zo(yoy))o(zo(yoy))=0and (yo(zox))oyo(xox)) =0 imply
x=y.

Result 2.3 (Lemma 3.1, [5]). Let X be an SSBCK-algebra. Then the followings
hold: for all x,y,z € X,

(1) (wo(zox))o (ﬂfox) x,

(2) (wo(zoxz))o(ro(zrox)) =0,

(3) zo(((wo(yoy))o(yoy))o((xo(yoy))o(yoy)) =000,

(4) (000)o (zox) =,

(5) xo0 =000,

(6) (z0(000))o(x0(000)) =

(7) (0o (zox))o(0o(zox)) = 0

(8) zo((yo(zo02))o(yo(z02)) =yo((xo(zoz))o(xo(z02))),

(9) ((wo(((yo(202))o(yo(z02)))))o((yo(ro(z0z))o(zo(z02)))o(yo(zo
(Z?Z))O(xO(zOZ)))))—Ooﬂ

10) ((zo(zo(yoy)))o(zo(zo(yoy))))o(yoy)=000.

Result 2.4 (Lemma 3.2, [5]). Let (X, 0,0) be an SSBCK -algebra. A binary relation
< is defined on X as follows:

x < zifand only if (xo(z02))o(zo(z02))=0.
256
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Then the binary relation < is a partial order on X such that 0 < x for each © € X.
Moreover, we have y < (xo (yoy)) and x < z imply (xo(yoy))o(zo(yoy)) <
(zo(yoy))o(zo(yoy)) forallz,y,z € X.

Let X be an SSBCK-algebra. Then 1 = 000 is the greatest element and 0 = 101
is the least element of X.

Result 2.5 (Proposition 3.1, [5]). Let (X,0,0) be an SSBCK-algebra. Then the
following hold: for all x,y,z € X,

(1) = < z implies (yo (z02))o(yo(z02)) <(yo(zxox))o(yo(xox)),

(2) ((wo(yoy))o(zo(yoy)))o(zoz)=((zo(z02))o(zo(z02)))o(yoy),

(3) ((wo(yoy))o(zo(yoy))) <z if and only if (xo(202)) o (xo(z02))) <y,

(4) (zo(yoy))o(xo(yoy)) <=

(5) z <yo(zoux),

(6) 2 < (zo(yoy) e (yoy),

(7) ifx <y, then zo(xox) < z20(yoy).
Definition 2.6. Let (X, 0,0) be an SSBCK-algebra and I a non-empty subset of
X. Then [ is called a:

(i) Sheffer stoke ideal (in briefly, SS-ideal) of X ([9]), if it satisfies the conditions:

(SSL) 0 € I,

(SSL) (20 (yoy))o (zo(yoy)) € T and y € I imply z € I,

(ii) Sheffer stroke positive implicative ideal (in briefly, SSPI-ideal) of X ([8]), if
it satisfies the following conditions: for z,y,z € X,

(SSI;) 0 € I,

(SSPIz) [((zo(yoy))o(zo(yoy)))o(zoz)o[((zo(yoy))o(zo(yoy)))o(zoz)] € I
and (yo(zoz))o(yo(z0%2)) €l imply (xo(z0%2))o(xo(z0z)) €,

(iii) Sheffer stroke implicative ideal (in briefly, SSI-ideal) of X ([9]), it satisfies
the following conditions: for all x,y,z € X,

(SSIl) 0el,

(SSILz) [((z o (y o (zox))) o (zo(yo (zox)))) e (z02)]

o[f((zo(yo(zox)))o(zo(yo(xox))))o(zoz) €l and z € I imply z € I,

(iv) Sheffer stroke sub-implicative ideal (in briefly, SSSTI-ideal of X ([9]), if it
satisfies the following conditions: for all x,y,z € X

(SSIl) 0el,

(SSSIe) [((zo(zo(yoy)))o(zo(zo(yoy))))o(zoz)]o[((zo(zo(yoy)))o(zo
(xo(yoy))))o(zoz)] €l and z € I imply (yoyo (zox)))o(yoyo(zox))) el

(v) Sheffer stroke commutative ideal (in briefly, SSC-ideal of X ([8]), if it satisfies
the following conditions: for all z,y,z € X,

(SSIl) 0el,

(SSCy) [((zo(yoy))e(xo(yoy)))o(z02)]o[((zo(yoy))o(ro(yoy)))o(zoz)] € I and 2 €
T'imply [zo((yo(yo(zox)))o(yo(yo(zox))))lo[zo((yo(yo(zox)))o(yo(yo(zor))))] € I.

Let (a;);jes be a family of members of [0,1]. Then we will denote \/
Njesa; as follows:

jes a; and

\/ a; = supjeya; and /\ =infjcsa;,
jeJ jeJ
where J is an index set.
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For a non-empty set X, a mapping A : X — [0,1] is called a fuzzy set in X (See
[L1]). The empty fuzzy set and the whole fuzzy set in X, denoted by Ox and 1x, are
respectively, defined as follows: for all z € X

Ox(z) =0and 1x(x)=1.

For A € [0,1]% and (4;)jes C [0,1]%, the complement A° of A, the union Ujes 4;
and the intersection (.., A; are defined as follows: for all z € X,

jeJ
Afw) = 1= Ax), (|J A)@) =\ 4j(@) and () 4)(@) = A 45(2),
jeJ jed jeJ jeJ

where [0, 1]% denotes the set of all fuzzy sets in X.

Definition 2.7 ([9]). Let (X,0,0) be an SSBCK-algebra and A € [0,1]%. Then A
is called a:

(i) fuzzy Sheffer stroke subalgebra (in briefly, F'S.SS-algebra) of X, if A((xo (yo
1)o@ (yoy)) > Ax) A Aly) for all 2,y € X,

(ii) fuzzy Sheffer stroke anti subalgebra (in briefly, F/'SSAS-algebra) of X, if A((zo
(yoy))o(zo(yoy))) < A(x) vV A(y) for all z,y € X.

Definition 2.8 ([9]). Let (X,0,0) be an SSBCK-algebra and I € [0,1]*. Then I
is called a:

(i) fuzzy Sheffer stroke ideal (in briefly, F'S.S-ideal) of X, if it satisfies the following
conditions: for all z,y € X,

(FSSI) 1(0) > I(a),

(FSS) I(z) > I((z 0 (yoy)) o (z0 (y o y)) A L(y),

(ii) fuzzy Sheffer stroke anti ideal (in briefly, F'SS A-ideal) of X, if it satisfies the
following conditions: for all z,y € X,

(FSSLy) 1(0) > I(x),

(FSSAL) I(z) < I((zo(yoy))o(zo(yoy))) VI(y),

(iil) fuzzy Sheffer stroke sub-implicative ideal (in briefly, F.SSSI-ideal) of X, if it
satisfies the following conditions: for all z,y € X,

(FSSIL) 1(0) > I(x),

(FSSSIz) I((yo(yo(xox)))o(yo(yo(zox))))

> I([((zo(zo(yoy)))e(zo(zo(yoy))))o(zoz)]

of((zo(zo(yoy)))o(zo(zo(yoy))))o(zoz2)])A(2),

(iv) fuzzy Sheffer stroke implicative ideal (in briefly, F'SSI-ideal) of X, if it satisfies
the following conditions: for all z,y € X,

(FSSLy) 1(0) > I(x),

(FSSL) I((yo (yo (woa))) o (yo (yo (x o))

2 I([((zo(zo(yoy)))o(zo(zo(yoy)))) o(zo2)]

of((zo(zo(yoy)))o(zo(zo(yoy)))) ol(zo2)]) A(2),
Definition 2.9 ([12]). Let X be a non-empty set. Then a pair A = (A7, AT) is
called a bipolar-valued fuzzy set or bipolar fuzzy set in X, if AT : X — [0,1] and
A~ : X — [-1,0] are mappings. The bipolar fuzzy empty set [resp. the bipolar fuzzy
whole set] in X (See [13]), denoted by 0y, = (0,);,0;;) [resp. 1oy = (14, 1b+p)], is a
bipolar fuzzy set in X defined as follows: for all z € X,

0,;;(32) =0=0,, [res.lg;(a:) =1land 1, (z)=—1].
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We will denote the set of all bipolar fuzzy sets in X as BPF(X).

See [14, 15] for the definitions of the equality, the inclusion, the compliment, the
intersection and the union on BPF(X).

3. BIPOLAR FUZZY SHEFFER STROKE IDEALS OF BCK-ALGEBRAS

I define the concepts of bipolar fuzzy ideals of Sheffer stroke BC K-algebras and
study some of their various properties. In particular, we obtain relationships between
some bipolar fuzzy Sheffer stroke ideals and their (lower) level sets (See Theorem
3.19).

We define the order < on [—1,0] x [0, 1] by: for (s, %), (s1,t1) € [-1,0] x [0,1],

(So,to) S (Sl,tl) if and only if So S S1, to S tl.

Definition 3.1. Let (X,0,0) be an SSBCK-algebra and A € [0,1]%. Then A is
called a:
(i) bipolar fuzzy Sheffer stroke subalgebra (in briefly, BFSSS-algebra) of X, if for

all z,y € X,
A((zo(yoy))o(zo(yoy))) = Alx) A Aly), ie.,
A ((wo(yoy))o(zo(yoy))) <A (z) VA (y),
AT ((zo(yoy))o(zo(yoy))) = AT (x) A AT (y),
(ii) bipolar fuzzy Sheffer stroke anti subalgebra (in briefly, BFSSAS-algebra) of

X, if for all z,y € X,

A((mo(yoy))o(zo(yoy))) < Ax)V ()7267
A= ((zo(yoy))o(ro(yoy))) > A" (z) ANA™ (),
A*((xo(yoy))o(zo(yoy))) < AT

)
(z) v A*(y).
Definition 3.2. Let (X,0,0) be an SSBCK-algebra and I € [0,1]%. Then I is
called a:

(i) bipolar fuzzy Sheffer stroke ideal (in briefly, BFSS-ideal) of X, if it satisfies
the following conditions: for all z,y € X,

(BFSSIy) 1(0) > I(x), i.e., I~ (z) < 17(0), IT(0) > I (x),

(BFSSIy) I(x) = I((wo (yoy))o(zo(yoy))) Al(y), ie.,

I™(z) < I~ ((zo(yoy))o(zo(yoy))) VI (y),

I(z) > I ((zo(yoy))o(zo(yoy))) AT (y),

(ii) bipolar fuzzy Sheffer stroke anti ideal (in briefly, BFSSA-ideal) of X, if it
satisfies the following conditions: for all z,y € X,

(BFSSAL) I(0) < I(z), i.e., I7(0) > I~ (z), IT(0) < I'(z),

(BFSSAL) I(z) < I((x 0 (y o y)) o (0 (yo 1)) V I(y), e

I(2) > I{(zo (yoy)) o (w0 (y o)) AT~ (y),

I't(z) <TT((zo(yoy))o(zol(yoy))) VIt(y),

(iii) bipolar fuzzy Sheffer stroke sub-implicative ideal (in briefly, BFSSSI-ideal)
of X, if it satisfies the following conditions: for all z,y € X,

(BFSSIy) 1(0) > I(),

(BFSSSIy) I((yo(yo(zow)))o(yo(yo(zowx))))

2 I([((zo(zo(yoy)))o(zo(zo(yoy))))o(z02)]

of((mo(zo(yoy)))o(zo(zo(yoy)))) o(zoz)])A(2),
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(iv) bipolar fuzzy Sheffer stroke anti sub-implicative ideal (in briefly, BFSSASI-
ideal) of X, if it satisfies the following conditions: for all z,y € X,

(BFSSATLy) 1(0) < I(z),

(BFSSASII;) I((yo(yo(zox)))o(yo(yo(zox))))

<I([((zo(zo(yoy)))o(zo(zo(yoy)))) o(zoz)]

of((ze(zo(yoy)))o(zo(zo(yoy))))e(z02)])VI(z),

(v) bipolar fuzzy Sheffer stroke positive implicative ideal (in briefly, BFSSPI-
ideal) of X, if it satisfies the following conditions: for all z,y € X,

(BFSSL) 1(0) > I(x),

(BFSSPIL,) I((zo(z02)))o(zo(z02))))

> I([((zo(yoy)))o(zo(yoy))))o(zoz)]

of((ze(yoy)))o(zo(yoy))))o(ze2)) AI((yo(z0z))e(yo(z02))),

(vi) bipolar fuzzy Sheffer stroke anti positive implicative ideal (in briefly, BFSSAPI-
ideal) of X, if it satisfies the following conditions: for all z,y € X,

(BFSSATy) I(0) < I(z),

(BFSSAPIL;) I((zo(z02)))o(zo(z02))))

<I([((zo(yoy)))o(ze(yoy)))) o (zoz)

of((ze(yoy)))o(zo(yoy))))o(ze2)])VI((yo(z0z))o(ye(z02))),
(vii) bipolar fuzzy Sheffer stroke implicative ideal (in briefly, BFSSI-ideal) of X,

if it satisfies the following conditions: for z,y,z € X,

(BFSSLy) 1(0) > I(x),

(BFSSIL) I(z) > I([(zo(yo(zox)))o(z02)]o[(zo(yo(zox)))o(z02)]) AN(2),

(viii) bipolar fuzzy Sheffer stroke anti implicative ideal (in briefly, BFSS AI-ideal)
of X if it satisfies the following conditions: for z,y,z € X,

(BFSSATy) I(0) < I(z),

(BFSSAIL) I(z) < I([(zo(yo(xox)))o(z02)]o[(zo(yo(zox)))o(z02)]) VI(2),

(ix) bipolar fuzzy Sheffer stroke commutative ideal (in briefly, BFSSC-ideal) of
X, if it satisfies the following conditions: for all z,y,z € X,

(BFSSL) 1(0) > I(x),

(BFSSCs) I([zo (yo ((yo(zow)))e(yo(zox))))]

ofze (yo((yo(zox)))o(yo(ror)))))

2 I([((zo(yoy))o(zo(yoy)))o(zoz2)

of((o(yoy))e(zo(yoy)))o(zoz)])Al(z),

(x) bipolar fuzzy Sheffer stroke anti commutative ideal (in briefly, BF SSAC-ideal)
of X, if it satisfies the following conditions: for all z,y,z € X,

(BFSSAL) I(0) < I(x),

(BFSSACs) I([zo(yo ((yo(zox)))o(yo(zox))))]

ofzo(yo((yo(zox)))o(yo(zor)))))])

< I([((zo(yoy))o(ro(yoy))) e (z02)]

of((mo(yoy))o(zo(yoy)))o(zo2)])VI(z)

It is obvious that if I is a BFSS-[resp. BFSSA-, BFSSSI-, BFSSASI-,
BFSSPI, BESSAPI-, BFSSI-, BFSAI-, BFSSC- and BFSSAC-]ideal of X,
then I't is a fuzzy SS-[resp. SSA-, SSSI-, SSASI-, SSPI, SSAPI, SSI- SSAI-,
SSC-and SSAC-]ideal of X.
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Example 3.3. (1) (See Example 3.1, [5]) Consider set X = {0,z,y,1} with the

following Hasse diagram:
1
T< >y
0

Let (X, 0,0) be the SSBCK-algebra having the binary operation o on X with the
following Cayley table:

o0 z y 1
0j1 1 1 1
z|1 y 1 y
yl1l 1 z =«
111 yv = O
Table 3.1

For (so,t0), (s1,t1) € [-1,0] x [0,1] such that (so,%0) > (s1,%1), consider the bipolar
fuzzy set A = (A7, A") in X defined by:

A(0) = (s0,t0), A(z) = Ay) = A(1) = (s1,11).

Then clearly, A is a BF'SS-subalgebra of X.
(2) Let (X, 0,0) be the SSBCK-algebra given in Example 3.3 (1) and consider
the bipolar fuzzy set B = (B, B") in X defined by:

B(0) = (s0,t0), B(x) = B(y) = B(1) = (s1, 1),

where (so,%0), (s1,t1) € [—1,0] x [0,1] such that (sg,t0) < (s1,¢1). Then clearly, B
is a BF'SS A-subalgebra of X.

(3) Consider the bipolar fuzzy set A in X given in Example 3.3 (1). Then it is
clear that A is a BFSS-[resp. BFSSSI-, BFSSPI-, BFSSI- and BFSSC-]ideal
of X.

(4) Let B be the bipolar fuzzy set in X given in Example 3.3 (2). Then it is obvious
that B is a BFSSA-[resp. BFSSASI-, BFSSAPI-, BFSSAI-and BFSSAC-
Jideal of X.

Proposition 3.4. If A is a BFSS-[resp. BFSSA-|subalgebra of an SSBCK -
algebra X, then A(0) < A(z)[resp. A(0) < A(x)] for all x € X.

Proof. Suppose A is a BF SS-subalgebra of X and let x € X. Then we have
A(0) = A((zo(zox))o(zo(xrox))) [By Result 2.3 (2)]
> A(z) V A(z) [By the hypothesis]
= A(x).
Now suppose A is a BF'SSA-subalgebra of X and let z € X. Then we have
A(0) =A((zo(zox))o(zo(xzox))) [By Result 2.3 (2)]
< A(z) vV A(z) [By the hypothesis]
= A(x). O
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Proposition 3.5. (1) Every BFSS-[resp, BFSSA-lideal of an SSBCK -algebra X
is order reversing [resp. preserving].

(2) Every BFSS-[resp, BFSSA-]ideal of an SSBCK -algebra X is a BFSS-[resp.
BFSSA-]subalgebra of X.

Proof. (1) Let I be a BFSS-ideal of X and suppose < y in X. Then we have
I(@) = I((z o (yoy)) o (o (yoy))) AL(y), [By (BFSSL)]

(0) A I(y) [By the hypothesis]
(y). [By (BFSSIy)]

Thus I is order reversing.

Now let I be a BFSSA-ideal of X and suppose z < y in X. Then we have
I(z) <I((zo(yoy))o(zo(yoy))) VI(y), By (BFSSAL)]
= 1(0) V I(y) [By the hypothesis]
= I(y). [By (BFSSAIL)]

Thus I is order preserving.

(2) Let I be a BFSS-ideal of X and x,y € X. Then we get
I(xo(yoy))o(xo(yoy))) > I(x) [By Result 2.5 (4) and (1)]
> I(zo(yoy))o(zo(yoy)))VI(y)

[By (BFSSIy)]
< I(z) A (y).
Thus [ is a BF'SS-subalgebra of X.

Now let I be a BFSSA-ideal of X and z,y € X. Then we get
I(zo(yoy))o(zo(yoy))) <I(x) [By Result 2.5 (4) and (1)]
<I(zo(yoy))o(zo(yoy)))VI(y)

[By (BFSSAI)]
<I(z)VI(y).
Thus [ is a BFSSA-subalgebra of X. O

A BFSS-[resp. BFSSA-]subalgebra of X may not be a BF'SS-[resp. BFSSA-
Jideal of X.

Example 3.6. (1) Consider the SSBCK-algebra (X, o,0) given in Example 3.3 (1)
and for (so, o), (s1,%1), (s2,t2) € [—1,0] x [0, 1] such that (so,to) > (s1,t1) > (82, t2),
the bipolar fuzzy I in X as follows:
1(0) = (s0, to), I(x) = I(y) = (s1,t1) and I(1) = (s2,t2).
Then we can easily show that I is a BFSS-subalgebra. On the other hand,
(1) =ty <ty = (1o (wo)) o (1o (woa)),
ITW)=te>t;=I"((1o(zxoxz))o(lo(xoux))).
Thus I is not a BF'SS-ideal of X.
(2) Let (X,0,0) be the SSBCK-algebra given in Example 3.3 (1) and I the
bipolar fuzzy set in X as follows:
1(0) = (s0,t0), I(x) = I(y) = (s1,t1) and I(1) = (s2,t2),
where (sg,t0), (s1,t1), (S2,t2) € [—1,0] x [0,1] such that (sg, o) < (s1,t1) < (82, t2).
Then we can easily show that [ is a BFSSA-subalgebra. On the other hand,
(1) =ty >ty = (1o (woa)) o (1o (o)),
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(1) =tz <t; = (1o (wo)) o (10 (z 0 x))).
Thus I is not a BF'SSA-ideal of X.

Proposition 3.7. Fvery BFSSPI-[resp. BFSSAPI-|ideal of an SSBCK -algebra
X is a BFSS-[resp. BFSSA-Jideal of X, but the converse is not true.

Proof. Let I be a BFSSPI-ideal of X. Then clearly, I(0) > I(z) for all z € X.
Thus I satisfies the condition (BFSSIy).

Now let z,y € X. Then we have

I((z 5 (060))) o (20 (00))))

> I([((zo(yoy)))o(zolyoy))))e(000)]

o[((ze(yoy)))e(zo(yoy))))e(0o0)])AI((yo(000))o(ye(000)))

[In (BFSSPIL,), putting z = 0]
Thus by Result 2.7 (6), we get

I(x) = I((z o (yoy)))o(zo(yoy)))) Al(y).

So I satisfies the condition (BFSSPI,). Hence I is a BF'SS-ideal of X.

Let I be a BFSSAPI-ideal of X. Then it is obvious that I(0) < I(z) for all
x € X. Thus I satisfies the condition (BFSSAI).

Let z,y € X. Then we have

1(( 5 (050))) o (20 (00))))

<I([((zo(yoy)))o(zolyoy))))eo(000)]

o[((zo (yoy)))o(zo(yoy))))o(000)])VI((ye(0o0))o(yo(000))

[In (BFSSAPI,), putting z = 0]
Thus by Result 2.7 (6), we get

I(x) <I((zo(yoy)))e(zo(yoy))) VIy).
So I satisfies the condition (BFSSAPI,). Hence I is a BF'SSA-ideal of X.
See Example 3.8 for the converse. O

Example 3.8 (See Example 4.23, [9]). (1) Let (X,0,0) be the SSBCK-algebra
(X, 0,0) such that the binary operation o on X has the Cayley table (See Table 3.2):

o|l0 z y z t u v 1
oj1 1 1 1 1 1 1 1
z|1 » 1 1 v v 1 w
y|1l 1 v 1 v 1 u u
z|1 1 1 ¢t 1 t t t
t|11l v v 1 2z v u =z
ull 1 =z =z t t t t
v|l 1 w t v t z x
111 v w t 2z y = 0
Table 3.2

Consider the bipolar fuzzy set I = (I, I") in X defined as follows:

1(0) = I(2) = (s0, t0), I(z) = I(y) = I(t) = I(u) = I(v) = I(1) = (s1,11),
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where (So,to) > (S1,t1) in [—1,0] X [0, 1]
Then we can easily see that I is a BF'SS-ideal of X. However we have
b= I'*(2) = I*(z0 (202)) o (wo (20 2))
<to=1"(2)AI"(0)
— I+([((z0 (000)) o (z0(000))) o (20 2)
o[((zo(000))o(zo(000)))o(z02)]) AIF((00(z02))0 (00 (20%))),
si=1(x)=I (zo(z02))o(xo(z02))
>so=1"(2) VI (0)
=I"([((z o (000)) o (z0(000)))o(z02z)]
o[((ze(000))o(xo(000)))o(z02)]) VI ((0c(z02))e(00(z02))),
Thus I is not a BFSSPI-ideal of X.
(2) In (1), consider the bipolar fuzzy set I = (I, I") in X defined as follows:

1(0) = I(2) = (=to, to), I(x) =I(y) = I(t) = I(u) = I(v) = I(1) = (—t1, t1),

where (so,t9) < (s1,t1) in [—1,0] x [0,1].
Then we can easily see that I is a BF'SSA-ideal of X. However we have
ty=1I"(z) =I"(zo(z02))o0(xo(z02))
>t =IT(2) AITT(0)
=TI"([((zo(000))o(z0(000)))o(z02)]
o[((z o (000))o(xo(000)))o(z02)]) AIT((00(z02))0 (00 (z02))),
s1=1I(2) = (w0 (202)) 0 (z0(02))
<so=1"(2)vI (0)
— I ([((w o (000)) o (0 (000))) o (0 2)
(o (000)) o (0 (000))) o (202)]) v I (06 (202)) 0 (00 (20 2))).
Thus I is not a BF'SSAPI-ideal of X.

Proposition 3.9. Every BFSSI-[resp. BFSSAI-]ideal of an SSBCK -algebra X
is a BFSS-[resp. BFSSA-|ideal of X, but the converse is not true.

Proof. Let I be a BFSSI-ideal of X. Then clearly, I(0) > I(z) for all z € X. Thus
I satisfies the condition (BFSSIy).

Let z,2z € X. Then we have

I(x) 2 I([(z o (zo(zox)))o(z02)]o[(zo(xe(xox)))o(z02)]) Al(2)

[In (BFSSIL,), putting y = z]

=I((zo(z02)) o (zo(z02))) Al(2).
Thus I satisfies the condition (BFSSILy). So I is a BF'SS-ideal of X.

Now let I be a BFSSAI-ideal of X. Then it is clear that 7(0) < I(x) for all
x € X. Thus I satisfies the condition (BFSSAIL).

Let x,z € X. Then we have

I(z) < I([(zo(zo(xom)))o(zoz)]o[(xo(zo(rox)))o(zoz)])VI(z)

[In (BFSSAIIL,), putting y = «]

=I((zo(z02))o(zo(202)))VI(2).
Thus [ satisfies the condition (BFSSAIIy). So I is a BF'SSA-ideal of X.

See Example 3.10 for the converse. O

Example 3.10. (1) Let I be a bipolar fuzzy set SSBCK-algebra X in X given by
Example 3.15 (1). Then I is a BF'SS-ideal but not a BF'SSSI-ideal of X.
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(2) Let I be a bipolar fuzzy set in given by Example 3.15 (2). Then [ is a
BFSSA-ideal but not a BFSSASI-ideal of X.

Theorem 3.11. Let I be a BFSS-[resp. BFSSA-]ideal of an SSBCK -algebra
X. Then I is a BFSSI-[resp. BFSSAI-|ideal of X if and only if it satisfies the
following conditions: for all z,y € X,

I(z) = I((zo(yo(zox)))o(xo(yo(zor))))
[resp. I(z) < I((zo (yo(zox)))o(zo(yo(xom)))))
Proof. Suppose I be a BF'SS-ideal of X and satisfy the following condition:
(3.1) I(z) > I((xo(yo(zox)))o(xro(yo(xox)))) for all z,y € X.
Suppose the following inequality hods: for all z,y,z € X,

I((zo(yo(zox)))o(zo(yo(ror))))

> I([(zo(yo(zox)))o(zo2)]o[(o(yo(xon))) e (z02)])Al(2)
Then by (3.1),

I(x)

2 I([(zo(yo(zox)))o(zoz)]o(xe(yo(zox)))o(z02)]) A(2).
Thus I satisfies the condition (BFSSIL,). So I is a BFSSI-ideal of X.

The proof of the converse is obvious.

Suppose I be a BF'SSA-ideal of X and satisfy the following condition:

(3.2) I(z) <I((xo(yo(zrox)))o(xro(yo(xox)))) for all z,y € X.
Suppose the following inequality hods: for all z,y,z € X,

I((zo(yo(zor)))o(zo(yo(xox))))
<I([(zo(yo(zox)))o(zoz)]e(zo(ye(zor)))o(zo2)])VI(z).
Then by (3.2),
I(z)
<I([@e (yo (wo)) o (z02)] o[z o (yo (o)) o (z02)]) VI(:).
Thus I satisfies the condition (BFSSAII). So I is a BFSSAI-ideal of X.
The proof of the converse is easy. O

Proposition 3.12. Every BFSSC-[resp. BFSSAC-lideal of an SSBCK -algebra
X is a BFSS-[resp. BFSSA-Jideal of X, but the converse is not true.

Proof. Let I be a BFSSC-ideal of X. Then clearly, I(0) > I(z) for all € X. Thus
I satisfies the condition (BFSSIy).

Let z,y € X. Then we have

I(x)

=I([zo(0o((0c(zox)))o(0o(xox))

ofzo (0o ((0e(zox))) e (0e (xox))))]) By Result 2.3 (7) and (6)]

> I([((zo(000))o(z0(000))) o (yoy)

o[((zo(000)))o(ze(000)) e (yoy)]) N(y) [By (BFSSCy)

=I((ze(yoy))o(xo(yoy))) Al(y). [By Result 2.3 (6)]
Thus I satisfies the condition (BFSSACs). So I is

Now let I be a BFSSAC-ideal of X. Then clearly, I(0) < I(z) for all z € X.
Thus [ satisfies the condition (BFSSAI).

Let z,y € X. Then we have
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I(x)

=I([ro(0o((0o(xox)))o(0o(zox))))]
o[zo(0o((0o(xox)))o(0o(xox))))]) [By Result 2.3 (7) and (6)]
<I([((zxo(000))o(z0(000)))o(

[©]

[((z2(000)))o(zo(000))e(yoy)])VI(y) [By (BFSSAC,)
=I((zo(yoy))o(zo(yoy))) Al(y). [By Result 2.3 (6)]
See Example 3.13 for the converses. O

Example 3.13. (1) Let I be a bipolar fuzzy set in given by Example 3.15 (1). Then
I is a BF'SS-ideal but not a BFSSC-ideal of X.

(2) Let I be a bipolar fuzzy set in given by Example 3.15 (2). Then [ is a
BFSSA-ideal but not a BFSSAI-ideal of X.

Proposition 3.14. Let I be a BFSS-[resp. BFSSA-|ideal of an SSBCK -algebra
X. If I is a BFSSC-[resp. BFSSAC-|ideal of X if and only if it satisfies the
following condition: for all x,y € X,

(3.3)

I(fzo(yo((yo(zox)))o(yo(zox))))lo[zo(yo((yo(zox)))o(yo(zox))))]) = I((zo(yoy))o(zo(yoy)))

(3.4)
[resp.([zo(yo((yo(zox)))o(yo(wox))))lolzo(yo((yo(woa)))o(yo(zox))))) < I((wo(yoy))o(ao(yoy))).

Proof. Suppose [ is a BFSSC-ideal of X and let x,y € X. Then we have
I([xo(yo((yo(zox)))o(yo(zox))))]
ofzo(yo((yo(zox)))o(yo(zox))))l)
> I([((zo(yoy))o(zo(yoy)))o(000)]
of((zo(yoy))o(zo(yoy)))o(000)])AI0)
[In (BFSSC,, putting z = 0]
=I(((zo(yoy))o(zo(yoy)))o((zo(yoy))o(zo(yoy)))) AI(0)
[By Result 2.3 (6)]
=I(((zo(yoy))o(zo(yoy)))o((zo(yoy))o(zo(yoy)))).
[By (BFSSIy)]
Thus (3.3) holds.
Conversely, suppose a BF'SS-ideal I of X satisfies (3.3) and let z,y,z € X. Then
I([((wo (yoy))o(xo(yoy)))o(z02)]
of((zo(yoy))o(zo(yoy)))o(zo2)]) Al(2)
<I((zo(yoy))o(zo(yoy))) [since I is a BFSS-ideal of X]|
<I([zo(yo((yo(zow)))o(yo(zox))))]
ofzo(yo((yo(zow)))o(yo(rox)))))). [By (3.3]

Thus (BFSSCs) holds. So I is a BFSSC-ideal of X. O

Proposition 3.15. Let I be a BFSS-[resp. BFSSA-lideal of an SSBCK -algebra
X. If(zo(yoy))o(zo(yoy)) =z [resp. (zo(yoy))o(zo(yoy)) < z]in X, then
I(x) > I(y) N1 (2) [resp. I(z) < I(y)V I(2)] for all x,y,z € X.

Proof. Let I be a BF'SS-ideal of an X and suppose (zo (yoy))o(xo(yoy)) > =
in X. Then by Proposition 3.5 (1) and hypothesis,

(3.5) I((zo(yoy))o(zo(yoy))) <I(2),
Thus we have
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I(x) = I((zo(yoy))o(zo(yoy))) Aly)

> 1(2) A (y). [By (3.5)

Now let I be a BF'SSA-ideal of an X and suppose (zo (yoy))o(zo(yoy)) <z
in X. Then by Proposition 3.5 (1) and hypothesis,

(3.6) I({(zo(yoy))o(zo(yey))) <I(2),
Thus we get

I(x) <I((zo(yoy))o(xo(yoy))) N(y)
< I(2) VI(y). [By (3.6)] O

Theorem 3.16. Let X be an SSBCK -algebra and I € [0,1]%. Then I is a BFSS-
[resp. BFSSSI-, BFSSPI-, BFSSI- and BFSSC-lideal of X if and only if I¢ is
a BFSSA-[resp. BFSSASI-, BFSSAPI-, BFSSAI- and BFSSAC-]ideal of X.

Proof. Suppose I is a BF'SS-ideal of X and x € X. Then by (BFSSI,), we get
I°0) =1-1(0) =1 — I(z) = I(z).

Thus the condition (BFSSASII;) holds.

Now let z,y € X. Then we have

I¢(z) =1—-I(2)

<1-I((zo(yoy))o(zo(yoy))) Al(y) [By (BFSSL)]

<A —=TI((zo(yoy))o(zo(yoy))) Al —I(y))

= (o (yoy)) o (zo (o) V(1 - I(y)).
Thus the condition (BFSSASII,) holds. So I¢s a BFSS-ideal of X. The proof of
the converse can be proved easily.

Suppose [ is a BF'SSSI-ideal of X and € X. Then by (BFSSSI,), we get

1°00) = 1 — 1(0) = 1 — I(z) = I°(x).

Thus the condition (BFSSASII;) holds.
Now let z,y, 2z € X. Then we have
I((yoyozoux)))o(yoyoxoun))))
=1-I((yoyozox)))o(yoyoxour))))
<1-I([((zozo(yoy)))o(zoxo(yoy)))) o (z0z)
[((zozo(yoy)))o(zoxo(yoy))))o(z02)])Al(2)
=1-(1—-I((zozo(yoy)))o(zozo(yoy))))e(z02)]
of((xozo(yoy)))o(zozo(yoy))))o(202)])A(l—1°2))
=I°([((zozo(yoy)))o(xoxo(yoy))))o(z0z)]

of(zexo(yoy)))e(zoxzo(yoy))))e(z02)])VIi(2)
Thus the condition (BFSSASII,) holds. So I€ is a BFSSSAI-ideal of X.

The proof of the converse can be easily shown.
We can see the remainders similarly. O

[e]

Proposition 3.17. Let X be an SSBCK -algebra and I € [0,1]%X. If I is a BFSS-
[resp. BFSSPI-, BFSSI- and BFSSC-]anti ideal of X, then Ay is an SS-[resp.
SSPI-, SSI-and SSC-|ideal of X, where Ay = {x € X : I(z) = I(0)}.

Proof. Suppose [ is a BFSSA-ideal of X. Then clearly, 0 € A;. Thus A; satisfies
the condition (SSIy).
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Now suppose (zo (yoy))o(zo(yoy)) € Ar and y € A;. Then clearly,

I((zo(yoy))o(zo(yoy))) =1(0)=1(y).
Thus by (BFSSAL),

I(z) <I((zo(yoy))e(zo(yoy))) VIy) =1(0).

By (BFSSAIL), I(z) > I(0). So I(z) = I(0), i.e., x € A;. Hence A; satisfies the
condition (SSIy). Therefore A; is an SS-ideal of X.

Suppose [ is a BF'SSAC-aideal of X. Then clearly, A; satisfies the condition
(SSI;). Now suppose the following conditions are satisfied: for all ¢,y,z € X,

[((zo(yoy))o(zo(yoy)))eo(zoz)of((zo(yoy))o(zo(yoy)))o(zo2)] € As
and z € A;. Then we get

I([((zo(yoy))o(zo(yoy)))e(zoz)]o[((zo(yoy))e(zo(yoy)))e(z02)]) = 1(0)

and I(z) = I(0). Thus by the hypothesis, we have
I([((zo(yoy))o(zo(yoy)))e(z02)]

o(yoy))o(zo(yoy)))o(zo2)])
I([((zo(yoy))o(zo(yoy))) o(z02)

o(yoy)o(zo(yoy)))o(zoz)])VI(z)

—~

[©]

——~
—~

VAN

1
ondltlon (BFSSAIL),

(o(yoy))o(zo(yoy)))o(z02)
1

w
)

&:gn
=E

zo(yoy))o(zo(yoy)))o(zez))

(yoy))o(zo(yoy)))o(z02)]
yoy))o(zo(yoy)))o(zo2))

~ 1V

8
[¢
~—~ O

Hence we get
[((zo(yoy))o(zo(yoy)))e(z02)
of((zo(yoy))o(zo(yoy)))o(z02)] € Ay
Therefore Aj is an SSC-ideal of X. We can similarly prove the remainders. O
Definition 3.18. Let X be a set, A € [0,1]X and (s,t) € [~1,0] x [0.1]. Then
(i) the (s,t)-level set of A, denoted by [A](, s, is defined as follows:

Aoy ={r e X Alx) >t} ={rec X: A () <s, Ap(x) >t}
(ii) the lower (s,t)-level set of A, denoted by [A]*?) is defined as follows:
A ={ze X A(zx) <t} ={z e X: A _(z)>s, A_(z) <t}
It is obvious that [A]'» = X and [A]) U[A]®Y) = X for (s,t) € [-1,0] x [0, 1].
Moreover, if (s1,t1) < (s2,t2), then [A](s,15) D [Al(s,,1,) and [A]E11) C [A](2t2),

Theorem 3.19. Let X be an SSBCK -algebra and I € [0,1]%. Then I is a BFSSA-
[resp. BFSSAPI-, BFSSAI- and BFSSAC-|ideal of X if and only if [I]s,: [resp.
[1]¢0)] is an SS-[resp. SSPI-, SSI-and SSC-Jideal of X for all (s,t) € [~1,0]x[0,1]
with (s,t) < I(0) [resp. (s,t) > I(0)].

Proof. Suppose I is a BFSSA-ideal of X and let ¢ € [0, 1] with (s,t) > I(0), i.e.,
s < I7(0),t > I(0). Then clearly, 0 € [I]*Y). Now suppose (zo(yoy))o(zo(yoy)) €
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(168 and y € [I]¢Y for all z,y € X. Then I((zo(yoy))o(zo(yoy))) < (s,t), I(y) <
(s,t). Thus
I(z) <I((zo(yoy))o(zolyey))) VI(y) < (s1).
So x € [I]®*). Hence [I](*!) is an SS-ideal of X.
Conversely, [I](*?) is an SS-ideal of X. Assume that the condition (FSSI;) does
not hold. Then there is 9 € X such that I7(0) < I~ (zg), I7(0) > IT(xg). Let
(s0.t0) = (5(I7(0) + I~ (z0), (I (0) + I (x0)). Then

0> 1 (z0) >s0>1(0)>—1,0< I (mg) <to <IT(0)<1.

Thus 0 ¢ [I](*0-*o). This is a contradiction. So the condition (FSSI;) holds.

Now assume that the condition (FSSI;) does not hold. Then there are xg, yo € X
such that I(zo) > I((zoo(yooyo))o(zoo(yooyo))) VI~ (yo)- Let (so,s0) € [—1,0]x[0.1]
be the following equalities:

1

s0= 5 (I (o) + I (w0 0 (s 0 90)) © (0 © (w0 0 %)) V I~ (30)):

to = S(1* (@) + I+ (@0 o (a0 0 ) © (20 (40 > 0))) A T+ ().

Then so > I~ (x0) and 0 > I~ ((z0© (Yo ©yo)) © (¥o © (Yo ©¥0))) AL~ (yo) > so > —1.
to < I"(wo) and 0 < I*((wo 0 (yo © o)) © (0 © (yo°40))) VI (yo) < so < 1. Thus
I((zo°(yooyo))o(zoo(yooyo))), L(yo) < (s0,t0)- So (zoo(yooyo))o(zoo(Y0oy0)), Yo ¢
[I]°° but zo € [I](0-*). This is a contradiction. So the condition (FSSIy) holds.
Hence I is a BF'SS-ideal of X.
The proofs of the remainders can easily seen. O

Proposition 3.20. (1) Fvery BFSSSI-[resp. BFSSASI-|ideal of an SSBCK -
algebra X is order reversing [resp. preserving].

(2) Every BFSSSI-[resp. BFSSASI-lideal of an SSBCK -algebra X is a BFSS-
[resp. BF'SSA-]ideal of X.

(3) Let I be a BFSSS-[resp. BFSSA-|ideal of an SSBCK-algebra X. If T
satisfies the following condition: for all x,y € X,

(3.7) I((yo(yo(xox)))o(yo(yo(zox)))) > I((wo(zo(yoy)))o(zo(zo(yoy))))

(3.8) [resp. I((yo(yo(xow)))o(yo(yo(xox)))) < I((zo(zo(yoy)))e(zo(zo(yoy))))l;
then I is a BFSSSI-[resp. BFSSASI-Jideal of X.

Proof. (1) Let I be a BF'SSSI-ideal of X and suppose ¢ < z in X. Then we have
I(x)
> I([((wo (2o (o)) o (o (wo(zom)))e(z02)]
o[((zo(wo (won))o(zo(we (o)) o(z02)]) Al(2)
[In (BFSSSI,), putting y = z]

[(((zo(zox))o(zo(zor)))o(zo(z02)]
zo(zox))o(ro(rox)))o(ro(zoz)))Al(2)

——

y
I((xo(zo0z))o(xo(z02))) AlI(z) [By Result 2.3 (2) and (6)]
=TI(0)AI(z) [Since z < z, (xo(z02))o(xo(z02)) =0]
1(). [By (BFSSSL)]
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Now let I be a BFSSASI-ideal of X and suppose < z in X. Then we have

I(x)

<I([((zo(zo(zomx)))o(zo(zo(zorn))))o(zoz)

of((zo(zo(zox)))o(xo(zo(zor))))o(z02)])VI(2)

[In (BFSSASI,), putting y = z]

[((zo(zoz))o(zo(zox)))oe(xo(z02))

ro(zon) oo (son) o (ao (2o ) VI

((ggo (z0z))o(xzo(z02)))VI(z) By Result 2.3 (2) and (6)]

(0) VI(z) [Since x < z, (xo(z02z))o(xo(z02z)) =0

(2). [By (BFSSASI,)]

Let I be a BFSSS-ideal of X. Then clearly, I(0) > I(x) for all X € X by
1). Now let z,z € X. Then we get

2)

(((zo(zo(zox)))o(zo(zo(ror))))o(z0z)

[((zo(xo(zom)))o(xo(zo(zor))))e(zez)])Al(z)

n (BFSSSIL,), putting y = «]
=I([((zo(zox))o(zo(xox)))o(zo(zo2))]
of(((zo(zox))o(zo(zox)))o(zo(zo2)])AI(2)

By (S3)]
=I((xo(z0z2))o(zo(z02))) Al(z) [By Result 2.3 (2) and (6)]

Thus I satisfies (BFSSIy). So I is a BF'SS-ideal of X.

Now let I be a BFSSASI-ideal of X. Then clearly, I(0) < I(z) for all X € X

by (BFSSASI;). Now let x,z € X. Then we get
I(x)
<I([((zo(zo(zom)))o(zo(zo(ror)))) e (zoz2)
of((zo(xo(zox)))o(ro(zo(rox))))e(zoz)])VI(z)
[In (BFSSASI,), putting y = x]

I([((xo(zox))o(zo(zox)))o(zo(z02))

(o (zox))o(zo(rox)))o(zo(z02))])VI(z)

y (Ss)]

((xo(zoz))o(xo(z02)))VI(z) [By Result 2.3 (2) and (6)]

Thus I satisfies (BFSSASI,). So I is a BFSSA-ideal of X.

(3) Suppose I satisfies the condition (3.7) and let z,y,z € X. Then we have
I((yo(yo(zox)))o(yo(yo(zox))))
> I((zo(zo(yoy)))o(zo(zo(yoy)))) By (3.7)
> I((((wo (wo (yoy) o (@o(wo (yoy)) o (02)
o[((zo (@0 (yoy)) e (wo (wo(yoy)) o (z02)]) A(2). [By (BFSSL)]

Thus I is a BFSSSI-ideal of X.

Now suppose I satisfies the condition (3.8) and let z,y,z € X. Then we have
I((yo(yo(zom)))o(yo(yo(rown))))
<I((zo(zo(yoy)))o(zo(zo(yoy)))) By (3.8)]
<I([((zo(zo(yoy)))o(xo(zo(yoy)))) o(zoz)]
of((ze(zo(yoy)))o(zo(zo(yoy))))e(z02)])VI(z). [By (BFSSASL)]

Thus I is a BF'SSASI-ideal of X. g
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Proposition 3.21. Every BFSSSI-[resp. BFSSASI-]ideal of an SSBCK -algebra
X is a BFSS-[resp. BFSSAS-|algebra.

Proof. Let I be a BFSSASI-ideal of X and let z,2z € X. Then by Result 2.5 (4),

we have
[((zo(z0z))o(xo(z02)))o(z0z)]o[((xo(z0z2))o(xo(z02)))o(z02)]
<((zo(z02))o(xo(202))

<z
Thus by Proposition 3.20 (1),

(39) I([((wo(z02))0(wo(s02))) o (z02)]o[((wo(202))0 (w0 (s02)) o(02)]) = I(a).
On the other hand, we get
I((zo(zo(zox)))o(zo(zo(rox))))
= I(z)
>I([((xo(zxo(xox)))o(zo(xo(xox)))) o(zoz)]
of((zo(zo(zox)))o(zo(zo(zor))))o(zoz)])AI(2)
[In (BFSSASI,), putting y = z]
= I{(z 0 #(02)) o (0 2(02))) A T(2).
So we have
I((zxo(z02))o(xo(z02)))
> I([((zxo(zo(zox)))o(zo(zo(zox))))o(zo:2)

of((wo(zo(rox)))o(xo(xo(xor))))e(z02)]) Al(2).
Hence I((zo(z02z))o(zo(z0z))) > I(x) AI(z). Therefore I is a BFSSS-algebra.

Now let I be a BFSSASI-ideal of X and let z,z € X. Then by Result 2.5 (4),

we have
[((zo(z02))o(zo(z02)))o(z02)]e[((zo(z02))o(xo(202)))0(202)]
<((wo(zo2))o(xo(z02))

<z
Thus by Proposition 3.20 (1),

(3.10) I([((zo(zo0z))o(zo(z0z)))o(20z)]o[((zo(z0z))o(xo(207)))0(202)]) < I(x).
On the other hand, we get
I(@o (zo (z o)) o (ro (o (o))
= I(x)
<I([((zo(zo(zom)))o(zo(zxo(zox))))o(zoz2)]
of((zo(zo(zox)))o(zo(zo(zor))))o(zoz)])VI(z)
[In (BFSSASI,), putting y = z]
= I((z 0 z(0z)) o (x 0 2(02))) V I(2).
So we have
I((zo(z02))o(zo(z02)))
<I([((zxo(zo(zox)))o(zo(zo(zox))))o(z0:2)
of((zo(zo(zox)))o(zo(zo(ror))))o(zoz)])VI(z).
Hence I((zo(zoz))o(xo(z0z))) < I(x)VI(z). Therefore I is a BFSSAS-algebra. O

A BFSS-[resp. BFSSAS-|algebra of X may not be a BPSSSI-[resp. BFSSASI-
Jideal of X (See Example 3.22).
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Example 3.22. Consider the SSBCK-algebra (X, 0,0) given in Example 3.3 (1).
Let I the bipolar fuzzy set in X defined as follows:

I(0) = (s0,t0), I(x) = I(y) = (s1,t1), I(1) = (s2,1t2),

where (so,t9) > (s1,t1) > (S2,1t2) in [—1,0] x [0, 1].
Then [ is a BF'SS-algebra of X. But we have
I"(1o(lo(lo1)))o(lo(lo(lo1))))
- 1) =859 > 81
Lo(lo(lo1))o(lo(lo(lo1)o(xoa)]
(1o(lo1))o(lo(lo(lon))o(zow)]) VI (2),
(Io(lol)))o(lo(lo(lol))))
=19 <11
T([(1o(lo(lol)))o(lo(lo(lo1l))))o(xox)]
of((lo(lo(lol)))o(lo(lo(lol))))o(zox)]) AIT(x).
Thus I does not satisfy the condition of a BFSSS-algebra of X. So I is not a
BFSSS1-ideal of X.
Now let (X, 0,0) be the SSBCK-algebra given in Example 3.3 (1). Consider the
bipolar fuzzy set I in X defined as follows:

1(0) = (s0,t0), I(z) = 1(y) = (s1,t1), 1(1) = (s2,t2),

where (so,t0) < (s1,t1) < (s2,t2) in [—1,0] x [0, 1].
Then I is a BF'SSAS-algebra of X. But we have
I((Lo (Lo (Lo 1)) o (1o (1o (10 1))))
B ].) = 89 < 81
~([(1o (1o (To1))o(lo(lo(lo1))o(zoa)]
(Lo (1o1))o(lo(le(lo1)) o (won)) Al (z).
(L (Lo (Lo D)) o (La(ia o)
= I+(1) =1o > 1
I([(1o(lo(lo1))o(lo(lo(lo1))))o(xoz)]
of((le(lo(lol)))o(lo(lo(lol))))o(zox)])VITt(x).
Thus I does not satisfy the condition of a BF'SSAS-algebra of X. So [ is not a
BFSSASI-ideal of X.

Definition 3.23 ([9]). An SSBCK-algebra X is said to be implicative, if for all
z,y € X,

—~
—~

ro(ro(yoy)) =yo(yo(zow)).

Proposition 3.24. Let X be an implicative SSBCK -algebra X . Then every BFSS-
[resp. BFSSA-)ideal of X is a BFSSSI-[resp. BFSSASI-]ideal of X.

Proof. Let I be a BFSS-ideal of X. Then by (BFSSI;), I(0) > I(z) for all z € X.
Thus I satisfies the condition (BFSSI;).
Now let z,y,z € X. Then
I((yo(yo(zox)))o(yo(yoe(xox))))
=2 I([(((ye(yo(zox)))o(ye(yo(zowx)))))e(z02)]
o[(((yo(yo(zom)))o(yo(yo(ror)))))o(zo2)]) Al(z)
[By (BFSSSII,)]

=I([((zo(zo(yoy)))o(ze(zo(yoy))))) o (z02)]
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o[(((zo(xo(yoy)))o(zo(zo(yoy))))) e (z02)]) N(2).
[By Definition 3.23]
So I satisfies the condition (BFSSSII,). Hence I is a BF'SSSI-ideal of X.
Now let I be a BFSSA-ideal of X. Then by (BFSSAI,), I(0) < I(x) for all
x € X. Thus I satisfies the condition (BFSSAI).
Let x,y,z € X. Then
I((yo(yo(zox)))olyo(yo(ror))))
<I([(((4yo(yo(zoz)))o(yo(yo(zox)))))o(zo2)]
o[(((yo(yo(zom)))o(yo(yo(ror)))))o(zo2)])VI(z)
[By (BFSSASII)]
= I([((zo(zo(yoy)))e(ze(ro(yoy)))))o(zo2)
o[(((zo(xo(yoy)))o(zo(zo(yoy))))) e(z02)])VI(2)
[By Definition 3.23]
So I satisfies the condition (BFSSASII,). Hence [ is a BFSSASI-ideal of X. O

The following is an immediate consequence of Proposition 3.20 (2) and Proposi-
tion 3.24.

Theorem 3.25. Let X be an implicative SSBCK -algebra X and I € [0,1]%. Then
I is a BFSSA-[resp. BFSSA-lideal of X if and only if it is a BFSSASI-[resp.
BFSSASI-lideal of X.

4. THE IMAGES AND THE PRE-IMAGES OF BIPOLAR FUZZY SETS UNDER A
HOMOMORPHISM OF SSBCK-ALGEBRAS

In this section, we introduce the notions of the image and the pre-image un-
der a mapping and study their properties of BFSS-[resp. BFSSA-, BFSSSI-,
BFSSASI-, BFSSPI-, BPSSI-, BFSSAPI-, BFSSC- and BFSSAC-|ideals un-
der SSBC K-homomorphism. Furthermore, we investigate the Cartesian product of
BFSS-[resp. BFSSA-, BFSSSI-, BFSSASI-, BFSSPI-, BPSSI-, BFSSAPI-,
BFSSC- and BFSSAC-]ideals.

Definition 4.1 ([9]). Let (X,04,04) and (Y,0p,0p) be two SSBCK-algebras.
Then a mapping f : X — Y is called a Sheffer stroke BCK-homomorphism (in

briefly, SSBC K-homomorphism), if it satisfies the following condition: for all z,y €
X

| F(@ony) = £(z) on £y).

Furthermore, f is called a:

(i) Sheffer stroke BC K -epimorphism (in briefly, SSBC K-epimorphism), if it is
an SSBCK-homomorphism and surjective,

(ii) Sheffer stroke BCK -isomorphism (in briefly, SSBC K-isomorphism), if it is
both an SSBC K-epimorphism and injective,

(iii) Sheffer stroke BCK -endomorphism (in briefly, SSBCK-endomorphism), if
X =Y and it is an SSBC K-homomorphism,

(iv) Sheffer stroke BCK -automorphism (in briefly, SSBC K-automorphism), if
X =Y and it is an SSBCK-isomorphism.

The set of all SSBCK-homomophisms from X to Y is denoted by Hom(X,Y).
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Definition 4.2. Let X,Y be non-empty sets, f : X — Y a mapping and A =
(A=, A%) € BPF(X), B=(B~,B") e BPF(Y). Then

(i) the image of A under f, denoted by f(A), is a bipolar fuzzy set in Y defined
as follows: for all y € Y,

Viep-1(y Alx) if iy #2

41 fA)) = (A7, F(A) )y =

0 otherwise,

where

Nocsr A (@) i f7H(y) # @
(4.2) A~ (y) =

-1 otherwise,

Vaes-1y) AT () if Ty # o
(4.3) fA) (y) =

0 otherwise,

(ii) the preimage of B under f, denoted by Bo f, is a bipolar fuzzy set in X defined
as follows: for all z € X,

(4.4) (Bo f)(x) = B(f(x))-

Proposition 4.3. Let (X,0,0) and (Y, o, O') be SSBCK -algebras. If B is a BF'SS-
[resp. BFSSA-, BFSSSI-, BFSSASI-, BFSSPI-, BPSSI-, BFSSAPI-, BFSSC-
and BFSSAC-)ideal of Y. Then f~1(B) is is a BFSS-[resp. BFSSA-, BFSSSI-,
BFSSASI-, BFSSPI-, BPSSI-, BFSSAPI-, BESSC- and BFSSAC-]ideal of
X for all f € Hom(X,Y).
Proof. Let f € Hom(X,Y ') and suppose B is a BF'SS-ideal of Y. Then by (BFSSI;),
FUB)0) = B(0) = BO') > B(f(x) = 1 (B)(x) for all € X.
Thus f~1(B) satisfies the condition (BFSSI;).
Now let z,y € X. Then we have
fHB)(zo(yoy))o(zo(yoy))) A fHB)(y)
=B(f((xo(yoy))e(zo(yoy)) AB(fly)
= B((f(z)o (f(y)e fW)) e (f(x)e (fy)o f(¥)AB(f(y))
[Since f is an SSBCK-homomorphism]
< B(f(x)) [By(BFSSL,)|
— /(B @)
Thus f~!(B) satisfies the condition (BFSSI,). So f~1(B) is a BFSS-ideal of X.
Suppose B is a BF'SSA-ideal of Y. Then by (BFSSAIL),

FUB)(0) = B(f(0)) = BOO) < B(f(x)) = £ (B)(x) for all z € X.
274



Chae et al. /Ann. Fuzzy Math. Inform. 31 (2026), No. 3, 255-280

Thus f~1(B) satisfies the condition (BFSSAI}).

Now let z,y € X. Then we have
fHB)((@o(yoy))o(zo(yoy))) VvV f(B)(y)
=B(f((zo(yoy))e(zo(yoy)) AB(f(y))
=B((f(x)o (f(y)o f(y))o (f(x)o (fy)o f(y)))V B(f(y))
[Since f is an SSBCK-homomorphism]
> B(f(z)) [By (BFSSAL)]

= f71(B)(=).
Thus f~!(B) satisfies the condition (BFSSAL,). So f~1(B) is a BFSSA-ideal of X.
The proof of the remainders are easy. O

Proposition 4.4. Let (X,0,0), (Y,0,0) be SSBCK-algebras, f : X — Y an
SSBCK -epimorphism and B € BPF(Y). If f~(B) is a BFSS-[resp. BFSSA-

. BFSSSI-, BFSSASI-, BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-
and BFSSAC-)ideal of X, then B is a BFSS-[resp. BFSSA-, BFSSSI-, BFSSASI-
, BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC- and BFSSAC-]ideal of
Y.

Proof. Suppose f~1(B)is a BFSSPI-ideal of X and let z € Y. Since f is surjective,
there is a € X such that z = f(a). Then we get

B(z) = B(f(a)) [Since z = f(a)]

= [7H(B)(a)

< f7H(B)(0) By (BFSSIL)]

= B(f(0))

= B(0'). [Since f is an $SBCK-homomorphism]
Thus B satisfies the condition (BFSSI;)

Now let z,y,z € Y. Since f is surjective, there are a,b,c € X such that z =
f(a), y= f(b), z= f(c). Then we have

B(wo (0 )0 (@0 (0'2)

= B((f(a)o (f(c)o f(c)))o (fla)o (flc)o f(c))))

[Since z = f(a), y = f(b), 2= f(c)]

= B(f((ao(coc))o(ao(coc)))) [Since f is an SSBCK-homomorphism)]

=1 (B)((ao(coc))o(ao(coc)))

> f~1(B)([((ao(bob)))o(ao(bob))))o (COC)]
o[((ao(bob)))o(aoc(bob))))o(coc))AfHB)((bo(coc))o(bo(coc)))
[By (BFSSPIL,)

= B(f(([((ao(bob)))o(ao(bob))))o(coc)]
o[((ac(bob)))o(ac(bob))))o(coc)) AB(f(((bolcoc))o(bo(coc)))

= B([((f(a) o (f(b) o ()))0 (f (G)O (f(b) o (b))))o ( C)O f(e)]

o [((fla)o (f(b)o F(b))) (f(a )o (F(b)o ())))O (f(e) " f(e)])
AB((f(b) o (f(c)e fe)))) o (f (b) o (f(c)o f(0)))

[Since f is an SSBCK- homomorphls ]

= B(((@o o' ) (@o (yo y)o o)
o'[((zo (yo' y))o (zo (yo' y)))o (20 2))AB((yo (20 2)0 (yo (20 2)).

Thus B satisfies the condition (BFSSPII,). So B is a BFSSPI-ideal of X.
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Now suppose f~1(B) is a BFSSAPI-ideal of X and let 2 € Y. Since f is
surjective, there is @ € X such that = f(a). Then we get

B(z) = B(f(a)) [Since & = f(a)]

= f~1(B)(a)

> 7-1(B)(0) [By (BFSSAL)

= B(f(0))

= B(0). [Since f is an SSBCK-homomorphism]
Thus B satisfies the condition (BFSSAI)

Now let z,y,z € Y. Since f is surjective, there are a,b,c € X such that z =
fla), y _,f(b)’, z = f/(c). Thenlwe have
(o (o 2o (@ (20 2))
((fla)o (fle)o f(c))) o (fla)o (f(c)o f(c))))
cex:f(a), y:f(b)7 z:f(c)}
(ao(coc))o(ao(coc)))) [Since f is an SSBCK-homomorphism]
B)((ao(coc))o(ao(coc)))
B)([((ao (bob)))o(ao(bob))))o(co C)]
(bob)))o(ao(bob))))o(coc))V fHB)((bo(coc))o(bo(coc)))
FSSAPII,)
([((ae (bob)))o(ao(bob))))o (coc)
(bob)))o(ac (bob))))o(coc))VB(f(((bo
Fa) o' (f(b)o" f())) o (f(a)o (f(b)o f(b))))
a)o' (f(b) o f(b)) o (f(a)o (f(b) " f(b)))) e
(b) o (f(e)o f(e))) o (f(b)o (f(e)o f(e)))
fisan SSBCK- homomorphlsl ]
B(((@o (yo ) (@ o' p))o (o' m]

o [((wo' (yo' y))o (xo (yo' y)o (20 2))) VB((yo (z0 2)0 (yo (z0 2)).
Thus B satisfies the condition (BFSSAPIIL,). B is a BFSSAPI-ideal of X.

Also, we can prove the remainders. O
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Definition 4.5. Let X be a non-empty set and A € BPF(X). Then we say that
A has the sup property, if for any subset T' of X, there is to € T such that

VAW =(N\A @), Atw)

teT teT teT

Proposition 4.6. Let (X,0,0), (Y, o/,O,) be SSBCK -algebras, f : X — Y an
SSBCK -epimorphism and A € BPF(X) have the sup property. If A is a BFSS-
resp. BFSSA-, BFSSSI-, BFSSASI-, BESSPI-, BFSSAPI-, BFSSI-, BFSSAI-
, BFSSC- and BFSSAC-)ideal of X, then f(A) is a BFSS-[resp. BFSSA-,
BFSSSI-, BFSSASI-, BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-
and BFSSAC-]ideal of Y.

Proof. Suppose A has the sup property and is a BFSSPI-ideal of X. Let B = f(A)
and z € Y. Note that 0 € f~1(0') and f~!(z) is a subset of X. Then we have
B(0') = Vies1(0) AlD)
— A(0) [Since A has the sup property and 0 € f~1(0")]
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> A(x) for all @ € X. [By (BFSSIL)]
Thus B(0') > Vier 1) Alt) = B(z). So B = f(A) satisfies the condition (BFSSI;).
Now let z,y,z € Y. Since f is surjective, there are a,b,c € X such that

T = f(a)’y = f(b)az = f(c)v le,ae€ fﬁl(z)vb € fﬁl(y)ac € fﬁl(’z)'

In particular, a,b, ¢ satisfy the following equalities:
A([((ao (bob))o(ao(bob)))o(coc)
o[((ao (bob))o(ao(bob)))o(coc)])
\/tef ([ (g o (@’ (yo' o (0" 2o’ (w0 (yo' o (w0’ (yo' o (20" 2))) AL
A((bo(coc))o(bo(coc))) =Vier1((yo (s 2))0 (5o (0" 2))) A);

A((ao(coc))o(ao(coc))) = \/teffl((m’(zo’z))o’(zo’(zo’z))) A(t).
Then we have

B((xo (0 2)) o (&9 (25 7))
= Vie1((ao! (20" 2))o’ (o’ (0" 2))) Alt)

= A((ao(coc))o(ac(cor)))
> A([((ae (bob))o(ao(bob)))o(coc)
o[((ac (bob))o(ac(bob)))o(coc))AA((bo(coc))o(bo(coc)))

[By (BFSSPII,)]

= Vier1(1((wo" o' 1)o (a0’ (50/ 9)o’ (20" 2o (0" (wo'1)o (w0’ (vo' y)))o’ (20" 2))) A1)
11 ((@o’ (20 )0’ o’ (22 AE)
= B(((zo (yo' 1) ° (@0 (3 ) (29 2)]
o [((w ° (yo y)o (xo (yo y)))o (z0 2)])
AB((z0' (20 2)) o' (20 (20 2))).
Thus f(A) satisfies the condition (BFSSPII,). So f(A) is a BFSSPI-ideal of Y.
Now suppose A has the sup property and is a BF'SSAPI-ideal of X. Let B =
f(A4) and z €Y. Then we have
B(0') = Vye 110 AD)
= A(0) [Since A has the sup property and 0 € f~1(0")]
< A(z) for all @ € X. [By (BFSSATL)]
Thus B(0') < Vier 1) Alt) = B(z). So B = f(A) satisfies the condition (BESSAL).
Now let z,y,z € Y. Since f is surjective, there are a,b,c € X such that

€T = f(a)7y = f(b)’z = f(c)’ le,a€ fﬁl(z)7b € fﬁl(y)vc € fﬁl(z)'

In particular, a,b, ¢ satisfy the following equalities:
A([((ao (bob))o(ao(bob)))o(coc)
o[f((ao(bob))o(ao(bob)))o(coc)])

\/t€f L([((wo” (yo'y))o’ (mo” (yo'y)))o’ (20 2)]0" [((wo' (yo'y))o’ (w0’ (yo'y)))o’ (20" 2)]) A(t),
A((bo(coc))o(bo(coc))) = \/teffl((yo/(zo’z))o’(yo/(zo’z))) A(t),
A(( (C 0 C)) ( (C o C))) = \/teffl((xo’(zo’z))o/(:co/(zolz))) A(t)

Then we have
B((zo (20'2)o (z0 (20 2)))
= Vies1((o’ (20 2))o’ (w0’ (20" 2))) AlT)
A((ao(coc))o(ao(coc)))
A([((ao (bobd))o(ao(bob)))o(coc)]
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of((a o (bob)) o (ao (bob) o (o)) v A((bo (co) o (bo (coc)))
[By (BFSSAPIL,)]
= Vie 110’ (4o’ 9))o” (20’ (50’ 9)))o" (20" )]0 [((0" (v’ )’ (w0 (o' )))o’ (20" 2)
VViesi(wo' (zo 2o’ o' 2o/ AE)
= B([((zo (yo y))o (zo (yo y)))o (z0 2)]

O

) A)

(@ (1o 1) (o (yo 1) (20 2))

VB((zo (z0 2))o (zo (z0 2))).
Thus f(A) satisfies the condition (BFSSAPIIy). So f(A) is a BFSSAPI-ideal of
Y. O

Let (X,0x,0x,<x), (Y,0y,0y,<y) be two SSBCK-algebras. Then two binary
relation < and o on X X Y is defined as follows: for all (z1, z2), (y1,y2),

(x1,22) < (y1,92) if and only if 1 <x y1, 2 <y ¥,

(z1,72) o (y1,y2) = (21 °x Y1, T2 Oy Y2).
Thus (X x Y,0,(0x,0y),<) is a partial order SSBCK-algebra. Furthermore, for
each A € BPF(X) and A € BPF(Y), the Cartesian product of A, B, denoted by
Ax B= (A" x B",A" x BY"), is a bipolar fuzzy set in X x Y defined as follows:
for all (z,y) € X x Y,

(Ax B)(z,y) = A(x) A B(y) (See [10]).

Proposition 4.7. Let (X,0x,0x,<x),(Y,oy,0y,<y) be two SSBCK -algebras
and A € BPF(z),B € BPF(Y). If A is a BFSS-[resp. BFSSA-, BFSSPI-,
BFSSAPI-, BFSSI-, BFSSAI-, BFSSC- and BFSSAC-|ideal of X and B a
BFSS-[resp. BFSSA-, BFESSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-
and BFSSAC-|ideal of Y, then A x B is a BFSS-[resp. BFSSA-, BFSSPI-,
BFSSAPI-, BFSSI-, BFSSAI-, BFSSC- and BFSSAC-|ideal of X XY

Proof. Suppose A is an BFSSI-ideal of X, B a BFSSI-ideal of Y and let (z,y) €
X x Y. Then (BFSSI;), we get

(A x B)(0x,0y) = A(0x) A B(Oy) > A(z) A B(y) = (A x B)(x,y).

Thus A x B satisfies the condition (BFSSI;).

Now let (x1,22), (y1,¥2), (21, 22) € X x Y. Then we have

(A X B)(xl,xg) = A((El) A B(ZL'Q)

> (A([(z1 ox (y1 ox (w1 0x 71))) ox (21 0x 21)]

ox[(z10x (y1 ox (w1 0x 71))) ox (21 0x 21)]) A A(21))

A(B([(z2 oy (y2 oy (z2 0y 72))) oy (22 oy 22)]

oy [(w2 oy (y2 oy (w2 0y @2))) oy (22 oy 22)]) A B(22))

[By (BFSSIL,)]

= (A x B)([(z1,22) o ((y1, y2) © (1, 22) 0 (21,22)))) © (21, 22) © (21, 22))]

o[(w1,72) o (1,2) © (w1, 72) 0 (z1,72))) © (21, 22) © (21, 22))])

/\(A X B)(Zl,ZQ).
Thus A x B satisfies the condition (BFSSII;). So A x B is a BFSSI-ideal of X x Y.
Also, we can show the remainders. O

The following is an immediate consequence of Proposition 4.7.
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Corollary 4.8. Let X be an SSBCK-algebra and A € BPF(X). If A is a
BFSS-[resp. BFSSA-, BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC-
and , BFSSAC-lideal of X, then A x A is a BFSS-[resp. BFSSA-, BFSSPI-,
BFSSAPI-, BFSSI-, BFSSAI-, BFSSC- and BFSSAC-]ideal of X x X.

5. CONCLUSIONS

We introduced the concepts of BFSS-[resp. BFSSA-, BFSSPI-, BFSSAPI-,
BFSSI-, BFSSAI-, BFSSC-and BFSSAC-|ideals of an SSBC K-algebra and ob-
tained some of their properties. Moreover, we studied the properties of BFSS-[resp.
BFSSA-, BFSSPI-, BFSSAPI-, BFSSI-, BFSSAI-, BFSSC- and BFSSAC-
Jideals under SSBCK-homomorphisms between SSBCK-algebras. Furthermore,
we investigate the behaviors of Cartesian product of BF'SS-[resp. BFSSA-, BFSSPI-
, BESSAPI-, BFSSI-, BFSSAI-, BFSSC- and BFSSAC-|ideals.

In the future, we will study the Sheffer stroke BC K-algebras in the sense of an-
other fuzzy concepts.

Acknowledgments: We are very grateful to the reviewers for their careful read-
ing and their meaningful suggestions.
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