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ABSTRACT. In this paper, we introduce the notion of general fuzzy group
rings as an extension of classical group rings in the framework of fuzzy
algebra. We also define fuzzy group rings induced from fuzzy subgroups
and investigate their fundamental algebraic properties. Several structural
results concerning these fuzzy group rings are established. In particular,
we introduce the concept of a quotient general fuzzy group ring and utilize
it and prove the corresponding isomorphism theorems. Furthermore, a
comparative analysis between general fuzzy group rings and fuzzy group
rings induced by fuzzy subgroups is presented, highlighting the essential
distinctions between these two constructions. Additional related results
are obtained to illustrate the behavior and applicability of the proposed
structures. The results extend certain classical concepts of group ring
theory to the fuzzy setting and contribute to the development of fuzzy
algebraic systems.
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1. INTRODUCTION

The theory of fuzzy sets, introduced by Zadeh [14], provides a mathematical
framework for handling uncertainty through graded membership functions. This
idea has been successfully incorporated into algebraic structures, leading to the de-
velopment of fuzzy groups, rings, and related systems. The seminal work of Rosen-
feld [12] initiated the study of fuzzy groups, establishing the basic properties of
fuzzy subgroups. Subsequent investigations, including Liu’s work on fuzzy invari-
ant subgroups and fuzzy ideals [4]. The homomorphism of fuzzy groups [11], and
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the systematic treatments of fuzzy algebra by Mordeson and Malik [6] and Morde-
son, Bhutani, and Rosenfeld [7], significantly expanded the theory. Applications
and foundational aspects of fuzzy systems have also been discussed by Negoita and
Ralescu [9].

On the other hand, classical algebra provides the structural foundation for these
developments. Standard texts such as Dummit and Foote [2] and Herstein [3] present
the fundamental theory of groups and rings, while the structure of group rings and
their algebraic properties are studied extensively in Passman [10]. Representation-
theoretic aspects of finite groups are treated in Musili [8]. Group rings R[G] play an
important role in algebra by linking group theory with ring theory and serving as a
useful tool in the study of representations and module structures.

The extension of classical algebraic constructions to fuzzy settings has attracted
considerable attention in recent years. In particular, fuzzy analogues of associa-
tive algebras and their homomorphism properties have been investigated by Yang
and Zhou [13]. More recently, Abraham et al. [1] introduced new perspectives on
fuzzy group algebras, further motivating the study of fuzzy generalizations of group-
theoretic constructions.

This paper investigates fuzzy group rings from two perspectives. First, general
fuzzy group rings are considered, defined axiomatically on the classical group ring
R[G]. Second, induced fuzzy group rings are studied, obtained naturally from fuzzy
subgroups of G. Although these two constructions are related, they are not equiv-
alent and exhibit different structural properties. The notion of a quotient general
fuzzy group ring is develop and establish corresponding isomorphism theorems. A
comparative analysis between general and induced fuzzy group rings is also pre-
sented, highlighting their structural differences.

These results extend classical group ring theory to the fuzzy setting and contribute
to the ongoing development of fuzzy algebraic structures, providing a foundation for
further investigations involving homomorphisms, quotient constructions and related
algebraic properties.

2. PRELIMINARIES

In this section, we recall some basic definitions and results related to fuzzy sets,
fuzzy subgroups, rings and group rings that will be used throughout the paper.

Definition 2.1. [14] Let X be a nonempty set. A fuzzy subset p of X is defined
as a mapping u : X — [0, 1], where u(x) represents the degree of membership of the
element x € X.

Definition 2.2. [12, 11] For « € [0, 1], the a-level set (or a-cut) and the support
of a fuzzy set p are respectively defined as p, = {z € X | u(z) > a} and supp(p) =
{z € X | u(z) > 0}.

Definition 2.3. [12] Let G be a group. A fuzzy subset p : G — [0,1] is called a
fuzzy subgroup of G if for all z,y € G, p(ry~1) > min{u(x), u(y)}-.
232
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A fuzzy subgroup p is called a normal fuzzy subgroup of G, if it satisfies
p(ryz™t) = p(y).
Definition 2.4. [4] Let R be a ring. A fuzzy subset p : R — [0,1] is called a
fuzzy subring of R if for all z,y € R, u(x —y) > min{u(z), u(y)} and p(zy) >

min{u(z), u(y)}.

Definition 2.5. [4] Let R be a ring. A fuzzy subset p : R — [0,1] is called a
fuzzy ideal of R if for all z,y € R, p(x —y) > min{u(x), u(y)} and p(ry) >

max{u(z), u(y)}

Definition 2.6. [10] Let R be a ring and G a group. The group ring R[G] is
defined as the set of all formal sums ) geG 99> where 7y € R and only finitely many
coefficients r, are nonzero.

Addition and multiplication in R[G] are defined as:

deG "9+ deG 599 = deg(rg + sg)g and
(dee ng)(ZgEG 599) = deg (thzg Thsk)g-

With these operations, R[G] form a ring. It is commutative if and only if R is
commutative and G is abelian. Moreover, if R has a multiplicative identity 1z and
e is the identity element of the G, then the multiplicative identity element of R[G],
denoted by 1g(g, is given by 1g - e.

3. Fuzzy GrRouP RINGS

This section consists of three subsections. In the first subsection, the notion of
general fuzzy group rings is defined and some examples are constructed. In the sec-
ond subsection we study some of their structural properties. In the third subsection
we study the concept of homomorphism of general fuzzy group rings and establish
three fundamental isomorphism theorems of general fuzzy group rings.

3.1. General Fuzzy Group Rings. Throughout this section, R denotes a ring
with identity and G denotes a group.

Definition 3.1. A fuzzy set v : R[G] — [0,1] is called a general fuzzy group
ring (GFGR) of R[G] if for all 2,y € R[G] the following conditions holds:

(GF1) Fuzzy additivity: v(z +y) > min{v(x),v(y)}.

(GF2) Fuzzy multiplicativity: v(zy) > min{v(x),v(y)}.

(GF3) Symmetry: v(—z) = v(z).

(GF4) Identity dominance: v(1gjg)) > v(7),Vr € R[G].

(GF5) Compatibility with group inversion: v(g71) = v(g),Vg € G.

Remark 3.2. Let v: R[G] — [0, 1] be a general fuzzy group ring. Then

e v(0) =sup{v(z) : € R[G]}

e v(0) > v(1gy) > v(z),Vx € R[G].
Indeed from (GF1) to (GF3), we have v(0) > v(x),Vz € R[G], so
v(0) = sup{v(x) : x € R[G]}. In particular, we have v(0) > v(1g(g))-
Further, from (GF4), v(1gg) > v(v),Vr € R[G]. Combining these inequalities
gives
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v(0) > v(1gig)) = v(z), Vo € R[G].

Remark 3.3. Conditions (GF1) to (GF4) ensure that a GFGR defines a fuzzy
subring of R[G], while condition (GF5) guarantees compatibility with the natural
embedding of the group G into the group ring R[G]. The following is an immediate
result from the Definition 3.1.

Theorem 3.4. Every general fuzzy group ring is a fuzzy subring of R[G].

Example 3.5. Let R be a ring and H be a subgroup of G containing the identity
element e. Define a fuzzy set v : R[G] — [0,1] by

1, ifrg=0foralg¢ H
v r =
Z 99 {0, otherwise .
geG

The condition “ry = 0 for all g ¢ H” is exactly the condition that > .19 € R[H],
so equivalently,

1, ifz € R[H]|

v(r) = :

0, ifx ¢ R[H].
This mean v is just the characteristic function of the subgroup ring R[H].
Also, supp(v) = {z € R[G]|v(z) > 0} = R[H]. Thus v is a general fuzzy group ring
whose support is precisely the subgroup ring R[H].

Example 3.6. Let R = Z and G = {e,a} with a? = e. Define fuzzy set v : R[G] —
[O» 1] by
1, ifr, =0,
viree +ra0) = {o, if 7o # 0.

Then v satisfies (GF1) to (GF5) and hence defines a general fuzzy group ring.
(Note that Example 3.6 is a special case of Example 3.5 on taking H = {e})

Example 3.7. Let J be the Jacobson radical of the group ring R[G].
Define the fuzzy set v : R[G] — [0,1] as:

1, if
vy =g BEES
a, ifzeJ,

where 0 < a < 1. Since J is a two-sided ideal of R[G] and contains no units, we

verify (GF1)-(GF5):

(GF1) For z,y € R[G], if z,y € J then z +y € J and v(z + y) = a. If at least one
of z,y ¢ J, then min{r(z),v(y)} = o and v(z +y) € {a,1} > a. If both
x,y ¢ J, then x+y ¢ J, hence v(z+y) = 1. Thus v(z+y) > min{v(z),v(y)}.

(GF2) For z,y € R|G],if x € Jory € J, then zy € J so v(zy) = a. If both
x,y ¢ J, then xy ¢ J, hence v(zy) = 1. Thus v(zy) > min{v(z),v(y)}.

(GF3) Since J is an ideal, z € J <= —x € J, hence v(—z) = v(z).

(GF4) As lR[G] ¢ J, V(lR[G]) =1> I/(JZ) for all z € R[G]

(GF5) For all g € G, both g and g~! are units, hence not in J. Thus v(g) =
vig™) =1

Hence v satisfies (GF1) to (GF5) and defines a general fuzzy group ring on R[G].

234
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Remark 3.8. Let us now define fuzzy set v : R[G] — [0,1] in the following two
components

(i) 6 : R — [0,1] be a normal fuzzy subring of R and

(ii) p : G — [0,1] is a fuzzy subgroup of G. Then for x = >
fuzzy set v is defined as

() = 4 nr20{0(rg) o)} i w0,
L, ifx =0,

gec T99 € R[G], the

Let x =) rgg and y =) s49 € R[G]. Since § is a normal fuzzy subring and x is a

fuzzy subgroup, we verify:

(GF1) Forz+y = > (rg+s4)g, we have 8(ry,+s,) > min{0(r,), 0(s,)}. Hence each
term in z+y has value at least min{v(z), v(y)}, so v(z+y) > min{v(z), v(y)}.

(GF2) For zy = Y rgsn(gh), 0(rgsn) > min{f(ry), 6(sx)} and p(gh) > min{u(g),
w(h)}. Thus each term in ay has value at least min{v(z),v(y)}, giving
v(zy) > min{v(z),v(y)}.

(GF3) Since 0(—ry) = 0(ry), it follows that v(—z) = v(x).

(GF4) For 1giq = 1-e, v(1gjg) = min{0(1),u(e)} = 0(1). As 6(1) > 0(ry) and
u(e) =1 2> u(g), we get v(1giq) > v(x) for all .

(GF5) For g € G, v(g) = min{6(1), ( )} and v(g7!) = min{6(1), u(g~1)}. Since
u(g~t) = p(g), we have v(g~') = v(g).

Hence v satisfies (GF1) to (GF5), so it defines a general fuzzy group ring.

Example 3.9. Let R = Z and G = Z. Define fuzzy set # : R — [0,1] and

w: G —[0,1] as

O(r) = 71—5-1|r|’ for all r € R and u(g) =
Now, define fuzzy set v : R[G] — [0,1] by

Z/(ZE) = minrg?go{g(rg), ,U,(g)}, 1f x 7é 0,
L, ifx =0,

ﬁ, for all g € G.

Since 6 and p decrease with absolute value and satisfy |a £ b < |a| + |b], we verify:

(GF1) For x +y = ) (14 + s4)g, we have 0(ry + s4) > min{6(r,),0(sy)}. Hence
each term of x + y has membership at least min{v(z),v(y)}, so v(z +y) >
min{v(z),v(y)}.

(GF2) For zy = > . rgsn(g + h), 0(rgsn) > min{f(ry),0(sn)} and p(g + h)
min{p(g), (k) }. Thus (zy) > min{u(z), v(y)}

(GF3) Since | — r| = |r|, we have 0(—r) = 6(r), hence v(—x) = v(z).

(GF4) For 1pg = 1-0, v(1) = min{3,1} = 1. For all z, v(z) < 3, hence
V(i) > ().

(GF5) For g € Z, g~' = —g and u(g) = pu(—g). hence v(g) = v(g~").

Therefore, v satisfies (GF1) to (GF5) and defines a general fuzzy group ring.

v

Example 3.10. Let  : G — [0, 1] be a fuzzy subgroup of G. Define v : R[G] — [0, 1]
by

v (deG rgg) = min{p(g)|ry # 0} and v(0) = 1.
235
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Since p is a fuzzy subgroup, it satisfies u(gh) > min{u(g), u(h)} and p(g=1) = u(g).

We verify:

(GF1) Let = Y rgg and y = ) sq9. The support of x + y is contained in the
union of supports of x and y. Hence every g occurring in z + y satisfies
ulg) > min{v(z), v(y)}, s v(z +y) > min{u(x), v(y)}.

(GF2) Forzy =Y rgsp(gh), we have p(gh) > min{u(g), u(h)}. Hence each term in
2y has membership at least min{v(x), v(y)}, giving v(zy) > min{v(z), v(y)}.

(GF3) Since u(g~1) = u(g), the membership values are unchanged under inversion,
hence v(—z) = v(z).

(GF4) For 1gjg) = e, we have v(1pg(q)) = u(e). Since p(e) > pu(g) for all g € G, it
follows that v(1gq)) > v(x) for all x € R[G].

(GF5) For g € G, we have v(g) = pu(g) = ulg™") = v(g™).

Thus v satisfies (GF1) to (GF5) and hence defines a fuzzy group ring on R[G].

In this general framework:
e (i) Fuzziness may depend on coefficients.
e (ii) Fuzziness may mix ring and group structure.
e (iii) Not determined solely by subgroup data.

For example: Consider the general fuzzy group ring v : R[G] — [0, 1] defined by
v (S e 799) = min{0(ry)lry € R\{0}} and v(0) = 1.

for a fuzzy ideal 6 of R. This depends entirely on coefficients, not support.
Hence: General theory is coefficient-sensitive.

3.2. Structural Properties of General Fuzzy Group Rings. In this section,
the internal structure of general fuzzy group rings through level subrings, support
theory, homomorphic behavior are investigated. structure.

Definition 3.11. Let v : R[G] — [0,1] be a general fuzzy group ring and let
a € (0,1]. The a-level set of v (or the level set v, of v ) is defined as

Vo = {z € R[G] | v(x) > a}.

Theorem 3.12. Ifv is a general fuzzy group ring, then for each « € (0, 1], the level
set v of v is a subring of R[G].

Proof. Let x,y € vo. Then v(z) > a and v(y) > a.

By (GF1), v(z +y) > min{v(z),v(y)} > o, s0 x +y € v,.

Also, by (GF2), v(zy) > min{v(z),v(y)} > «, hence zy € v,.

Again, by (GF3), v(—x) =v(z) > @, 80 — € v,.

Further, (GF4), v(1gjg)) > v(z) > «, thus 1gjg) € Va.

Therefore, v, is closed under addition, multiplication, and additive inverses, and
contains the Identity element. Hence level set is a subring of R[G]. O

Theorem 3.13. A fuzzy set v : R[G] — [0,1] is a general fuzzy group ring if and
only if:
(1) The family {vy : « € (0,1]} forms a descending chain of subrings of R|[G],
i.e.,
a1 < a2 = Vo, & Vay;
236
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(2) v(0) =1;
(3) v(g™h) =v(g) forallg € G.
Moreover, in this case, v(x) = sup{a € (0,1] : € v, }.

Proof. (=) Necessity Assume that v is a general fuzzy group ring. Then by
Theorem 3.12 each v, is a subring. Next, let a3 < as and z € v,,. Then
v(x) > az > ai, SO0 & € V,,. Hence v,, C v,,. From Remark 3.2 we have
v(0) = sup{v(z) : z € R[G]} = 1.

Further, v(g~1) = v(g) for all g € G follows from (GF5).

For any x € R[G], x € vy < v(z) > «. Hence, v(z) =sup{a € (0,1] : x € v,}.

(<) Sufficient Assume that conditions (1)—(3) hold. We prove that v satis-
fies (GF1) to (GF5). For (GF1l) and (GF2) Let z,y € R[G] and let a =
min{v(x),v(y)}. Then z,y € v,. Since each v, is a subring, closure under ad-
dition and multiplication implies that x + y, zy € v,, i.e.,

v(z+y) > a=min{r(x),v(y)}, v(ey) > a=min{v(z),v(y)}.

For (GF3) Let « € R[G] such that v(z) = « . Then z € v,. Since v, is closed
under additive inverse, so —x € v, implies that v(—z) > a = v(z). Replacing x
with —z, we get v(x) > v(—=x) gives that v(—x) = v(z). Thus (GF3) holds.

For (GF4) Let z € R[G] and let a = v(z). Then z € v, and since v, is a subring,
so it contain 1pg. Hence v(1gjg)) > a = v(x). Thus (GF4) holds.

For (GF5) This follows from condition (3). Thus the fuzzy set v satisfies (GF1)-
(GF5), hence it is a general fuzzy group ring. O

Corollary 3.14. Let v : R[G] — [0,1] is a general fuzzy group ring. Then v is
completely determined by its family of level cut subrings {v, : a € (0,1]}. In fact,
for every x € RG], v(z) =sup{a € (0,1] : ¢ € vy }.

Proof. This is an immediate consequence of Theorem 3.13. Since each v, is a
subring and the family is descending, knowing all the v, uniquely specifies which

x € R|G] belong to which level, and hence uniquely reconstructs v(z) for every
x € R[G]. O

Definition 3.15. Let R[G] be a group ring, and let vq,v5 @ R[G] — [0, 1] be two
general fuzzy group rings on R[G]. The intersection of v and v, denoted by v =
v1 Nvo, is defined as:

v(z) = min{v(z),v2(2)}, Vo € R[G].
Theorem 3.16. The intersection of two general fuzzy group rings is again a general
fuzzy group ring.
Proof. Let v1,vs : R[G] — [0,1] be two general fuzzy group rings on R[G].
Consider z,y € R[G],g € G be any elements, then
(mNw)(z+y) = min{n(z+y),n+y)}

min{min{v1(z),v1(y)}, min{va(z), v2(y)}}

= min{min{v1(z), v2(z)}, min{r1(y), v2(y) }}

min{(v1 Nv2)(x), (11 Nr2)(y)}-
237
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and

(nnNve)(zy) = min{vi(zy), va(zy)}
min{min{vi(z),v1(y)}, min{va(z), v2(y)}}
= min{min{v1(z), v2(x)}, min{v1(y), v2(y)} }
= min{(v; Nwe)(x), (11 N1ra)(y)}.
Also, (11 Nwe)(—2x) = min{vy (—x), v2(—2)} = min{v (z), v2(z)} = (11 Ne)(z).
and (v1 Nwe)(1gqg)) = min{vi(1gq)), ve(1giq)} = min{vi(z), v2(z)} = (11N ().

Also, (v1 Nwe)(g™h) = min{ri(g7),12(9™ ")} = min{ri(g), v2(9)} = (11 Nv2)(g).
Hence (11 Nvy) is a general fuzzy group ring.

v

Theorem 3.17. The a-level cut of intersection of two general fuzzy group rings is
equal to the intersection of a-level cut of two general fuzzy group rings, i.e.,

(1 N2)a = (11)a N (V2)a, where a € (0, 1].
Proof. Let € R[G] be any element, then z € (11 Nir)y < (11 Nr)(z) > o

< min{v(z),12(2)} > a < ri(x) > aand r(x) > a < x € (1)q and 2 € (12)q
&z € (11)a N (V1)a. Thus,

(1/1 N Vg)a = (Vl)a M (l/g)a.

Definition 3.18. The support of a general fuzzy group ring v is defined by
Supp(v) = {z € R[G] | v(x) > 0}.
Theorem 3.19. The Supp(v) of a general fuzzy group ring is a subring of R|G].

Proof. Let x,y € Supp(v). Then v(z) > 0 and v(y) > 0.

By (GF1), v(z+y) > min{v(z),v(y)} > 0. By (GF2), v(xy) > min{v(z),v(y)} > 0.
By (GF3), v(—x) = v(x) > 0. Also, by (GF4), 1g(¢ € Supp(v).

Thus the support is a subring. O

Next, we define the notion of quotient general fuzzy group ring:

Definition 3.20. Let (R[G],v) be a general fuzzy group ring (GFGR) and let I be
an ideal of the group ring R[G]. Suppose that v : R[G] — [0, 1] satisfies

vir+k)=v(z), Vze€R[G], kel.
Define a fuzzy set v : R[G]/I — [0,1] by v(z +I) =v(z), =z € R|G].

Then (R[G]/I,V) is called the quotient general fuzzy group ring of (R[G],v)
modulo 1.

Proposition 3.21. The fuzzy set U defined above is well-defined and makes R[G|/I
a general fuzzy group ring, i.e., (R[G]/I,V) is a quotient general fuzzy group ring.

Proof. First we show that v is well-defined. Suppose z + I =y + I.
Then z —y € I, so x = y + k for some k € I. By the given condition, v(z) =
v(y+ k) =v(y). Hence v(z + I) = v(y + I). Thus ¥ is well-defined.
Next we verify the GFGR properties. Let z,y € R[G],g € G. Then we have
238
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(GF1)
v(z+ D+ (y+1) = ve+y+1)
= v(@+y)
min{v(z),v(y)}
min{v(z+1I),v(y + I)}.

Y

(GF2)
v((z+I)(y+1))

v(xy + 1)

v(zy)

min{v(z),v(y)}

min{v(z +I),v(y+ 1)}
Y=v(—x)=v(x)=v(+1I).

L)) 2 v(z) = v(z + ).

(971 =v(g) = (g +I).

AV

(GF3) 5(—(z+ 1)) = o(—x + 1
(GF4) N(lf[g] + 1) =

—~~
Q
e
ot

S~—

PRPS

Ne)

L
+
~

S~—

I
<

S~—

Hence all the axioms of a general fuzzy group ring are satisfied. Therefore
(R[G]/1,7V) is a quotient GFGR. O

Remark 3.22. The condition v(z+k) = v(z) for all z € R[G] and k € I is necessary
and sufficient for the fuzzy membership function v to induce a well-defined fuzzy
structure on the quotient ring R[G]/I.

Example 3.23. Let R =7 and G be a finite group. Consider the group ring Z[G]|
with a fuzzy membership function v : Z[G] — [0, 1] satisfying the axioms of a general
fuzzy group ring. Let I be an ideal of Z[G] such that v(x+k) = v(z) for all x € Z[G]
and k € I. Then the induced function v(x 4+ I) = v(x) defines a quotient general
fuzzy group ring (Z[G]/I,7).
First we show that v is well-defined:
Let + I =y+1=y=ux+kfor some k € I, and hence v(y) = v(x).
Next, we verify for (GF1)-(GF5):
(GF1)
v((@+ 1)+ (y+ 1)) = vz +y) = minfr(z), v(y)} = min{w(z + 1), v(y + 1)}
(GF2)
P((w + Dy + D) = v(zy) > minfu(a), v(y)} = min{F(@ + 1), 5y + D},
(GF3)
v(—(z+1)) =v(-z)=v(z)=v(x+I).
(GF4)
v(1+1)=v(l) >v(z) =v(x+1).
(GF5) For g € G,
gt + ) =v(g™h) = vlg) =Plg+ D).
Hence all GF axioms are inherited from v, and (Z[G]/I,7V) is a quotient general

fuzzy group ring.
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3.3. Homomorphisms of General Fuzzy Group Rings. In this section, the im-
pact of general fuzzy group ring under GFGR-homomorphism is analyzed, followed
by the development of isomorphism theorems. Throughout this section, a general
fuzzy group ring v on R[G] by (R[G],v).

Definition 3.24. Let (R[G],v1) and (S[H],v2) be general fuzzy group rings. Then
amap ¢ : (R[G],v1) — (S[H],v2) is called a GFGR-homomorphism if:
(1) ¢: R[G] — S[H] is a unital ring homomorphism (i.e., ¢ is a ring homomor-
phism with identity preserving map) and
(2) va(¢p(x)) > v1(z) for all z € R[G].
To avoid confusion, we denote a GFGR-homomorphism by ¢ : (R[G],v1) — (S[H],v2),
while its underlying ring-homomorphism is written as ¢ : RG] — S[H].

Remark 3.25. (1) A GFGR-homomorphism ¢ : (R[G],v1) — (S[H],v2) is
called a GFGR
-monomorphism from (R[G],v1) to (S[H],v2) if ¢ : R[G] — S[H] is an
injective;
(2) A GFGR-homomorphism ¢ : (R[G],v1) — (S[H],vs) is called a GFGR-
epimorphism from (R[G],v1) to (S[H],vs) if ¢ : R[G] — S[H] is a surjective;
(3) A GFGR-homomorphism ¢ : (R[G],v1) — (S[H],vs) is called a GFGR-
isomorphism from (R[G],v1) to (S[H],vz) if ¢ : R[G] — S[H] is a bijection.
Remark 3.26. (1) For all x € R[G], va(é(x)) = sup{vi (¢~ 1(y)) : y = ¢(x)} if
the mapping ¢ : (R[G],v1) — (S[H],v2) is a GFGR-homomorphism;
(2) Forallz € R[G], va(p(z)) = v1 () if the mapping ¢ : (R[G],v1) — (S[H],v2)
is a GFGR-isomorphism.
Example 3.27. The identity map i : (R[G],v1) — (R[G],v1) defined by i(z) =
z,Vz € R[G] is a GFGR-homomorphism, for v (i(z)) = v1(z) > v1(x).
Example 3.28. Let R = 74,5 = Zo, G = {e,g,9°} with ¢3 = e, H = {e, h, h?}
with h? = e.
Define the natural ring homomorphism 7 : R — S by w(a) = a(mod2) = @, for

a € R and the group homomorphism 6 : G — H by 6(g) = h. Extend these to a
group ring homomorphism

¢: RG] — S[H] by ¢(a+bg+cg?) =a+ bh+ch?
Now, it is easy to verify that ¢ is a unital ring homomorphism.
Define fuzzy sets vq : R[G] — [0,1] and vy : S[H] — [0,1] by
1, ifa=b=c=0,
vi(a+bg+cg?) =408, ifb=c=0, a0,
0.5, if otherwise,
1, ifa=b=c=0,
va(a+bh+ch?) =<¢09, ifb=c=0, a#0,
0.6, if otherwise.
Let © = a + bg + cg® € R[G]. Then ¢(a + bg + cg?) = @ + bh + ¢h?.

Case(1): When b =c =0, then z = a, v1(z) = 0.8 and ¢(z) =a.
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So, va(p(x)) = 0.9. Thus va(p(x)) > vi(x
Case(2): When otherwise, then vi(x) = 0.5 and va(¢(z)) =
vi(x).
Hence the induced mapping ¢ : (R[G],v1) — (S[H],vz2) is a GFGR-homomorphism.

Theorem 3.29. Let G be a group and N a normal subgroup of G. Lety : G — G/N
be the natural group homomorphism defined by ¥ (g) = gN for all g € G. Let
¢ : R[G] — R[G/N] be the group ring homomorphism induced by 1.

).
0.6. Thus va(¢p(x)) >

If v1 is a general fuzzy group rings on R[G] and vy is a general fuzzy group ring
on R[G/N] defined by va(y) = sup{ri(x)| ¢(z) = y}, vy € R[G/N], then the
mapping ¢ : (R[G],v1) = (R[G/N],v2) is a GFGR-homomorphism.

Proof. Since N is a normal subgroup of G, the natural mapping ¢ : G — G/N,¥(g) =
gN is a surjective group homomorphism. Hence it induces a group ring homomor-
phism

¢ : R[G] — R[G/N] defined by linear extension

¢(dec agg) = dec agY(g) = deG ag(gN).

Thus ¢ is a ring homomorphism.
Let « € R[G]. By definition of vo, va(p(x)) = sup{v1(z)| &(z) = ¢(x)}.

Since z belongs to the set {z € R[G]| &(z) = ¢(z)}, it follows that va(¢(z)) >
vi(x).

Hence the fuzzy compatibility condition holds and therefore, ¢ : (R[G],v1) —
(R[G/N],vy) is a GFGR-homomorphism.
O

Proposition 3.30. The composite of two general fuzzy group ring homomorphisms
is again a general fuzzy group homomorphism.

Proof. Let ¢ : (R[G],11) — (S[H],v2) and ¢ : (S[H],vs) — (T[K],v3) be two gen-
eral fuzzy group ring homomorphisms. Then ¢ : R[G] — S[H] and ¢ : S[H] — T[K]
are unital ring-homomorphisms. Which implies 1 o ¢ : R[G] — T[K] is also a unital
ring homomorphism. Further, v3((¢ o ¢)(x)) = v3(¥(p(z))) > va(d(z)) > 1(z).
Hence o ¢ : (R[G],11) — (T[K],vs) is a general fuzzy group ring homomor-
phism. O

Definition 3.31. [5] A category C consists of the following data:

e A class of objects, denoted by Ob(C).

e For each pair of objects A, B € Ob(C), a set of morphisms (or arrows)
Home¢ (A4, B).

e For each triple of objects A, B,C € Ob(C), a composition law

o: Home (B, C) x Home (A, B) — Home (A, C),

assigning to each pair (g, f) a composite g o f.
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e For each object A € Ob(C), an identity morphism 14 € Home (A, A).
These satisfy the following axioms:
(1) (Associativity) For all morphisms f: A— B, g: B— C,and h: C — D,

ho(gof)=(hog)of.
(2) (Identity) For every morphism f: A — B,

1Bof:f:folA.

Proposition 3.32. The collection of all general fuzzy group rings together with
GFGR-homomorphisms forms a category.

Proof. Let GFGR denote the class whose objects are all general fuzzy group rings
(R[G],v), where R[G] is a group ring and v : R[G] — [0,1] is a general fuzzy group
ring. The morphisms are GFGR-homomorphisms as defined in Definition 3.24;
that is, a mapping
¢: (R[G]7 Vl) - (S[H]v VQ)
such that:
(i) ¢ : R[G] — S[H] is a unital ring homomorphism,

(ii) vo(¢(z)) > v1(z) for all z € R[G].

For every object (R[G],v), the identity mapping
i (R[G],I/)*)(R[G],I/), i(x):xa

is a GFGR-homomorphism since it is a unital ring homomorphism and satisfies
v(i(z)) = v(x) for all x € R[G] (by Example 3.27). Hence, identity morphisms
exist.

Let

(5 : (R[G]a Vl) — (S[H}7V2)a J) : (S[H]a VQ) - (T[K],l/3)
be GFGR-homomorphisms. Then v o ¢ : R[G] — T[K] is a unital ring homomor-
phism, and for all z € R[G],

v3((¢ 0 9)(x)) = v3((d(2))) = va((x)) = ().

Thus, 1) o ¢ is also a GFGR-homomorphism. Therefore, morphisms are closed under
composition (by Proposition 3.30).

Finally, associativity of composition follows from the associativity of function
composition of the underlying ring homomorphisms, and the identity laws

10 ¢ = ¢a Z/_) 0i= J)
hold for all morphisms.

Hence, all category axioms are satisfied, and the collection of all general fuzzy
group rings together with GFGR-homomorphisms forms a category. g

Theorem 3.33. Let (R[G],v1) and (S[H],v2) be general fuzzy group rings, and let
¢ : (R[G],11) — (S[H],v2) be a surjective GFGR-homomorphism. Then:
(1) ¢(v1) is a general fuzzy group ring on S[H].
(2) ¢~ Y(v2) is a general fuzzy group ring on R[G].
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Proof. Let ¢(v1)(y) = sup{m(z) | () = v} for y € S[H], and ¢~ (1m)(z) =
va(¢(x)) for x € R[G].

(1) ¢(r1) is a GFGR:
For all y1,y2 € S[H], there exists 21, x2 € R[G] such that ¢(x1) = y; and ¢(z2) = yo.
Using the GFGR axioms of v;:

o) (y1 +y2) = sup{ri(z)] ¢(z)=y1 +y2}
sup{vi(z)| ¢(x) = d(z1) + d(x2) = d(71 + 22)}
= sup{vi(?1 +22)| @(z1 +22) = Y1 + Y2}
sup{min{vy (z1),v1(22)}| é(21) = y1 and ¢(z2) = yo}
= min{sup{vi(z1)| é(z1) = y1},sup{v1(z2)| ¢(22) = y2}}
= min{¢(v1)(y1), (1) (y2) }-

Similarly, we can show that ¢(v1)(y1y2) > min{e(v1)(y1), ¢(v1)(y2) }-
Also, (1) (=y1) = ¢(v1)(y1), ¢(v1)(Lsia)) = (1) (y1) and (1) (g~ ") = d(v1)(9)-
Hence, ¢(1v4) satisfies (GF1)—(GF5).
Hence ¢(v1) is a general fuzzy group ring on S[H].
(2) ¢ Y1n) is a GFGR:
For all z,y € R[G], using the GFGR axioms of vs:

¢~ (v2)(w +) va(¢(x +y))
va(o(x) + 6(y))

Y

> min{y(d(x)), v2(¢(y))}
= min{¢~ ' (12)(x),¢7" (12) ()}
Slmllarly, we can show that ¢~ (Vg)(my) > min{¢~ (v, ) x), o (v )(y)}
Also, ¢~ (v2) (=) = ¢ (v2)(2), ¢~ (12)(Lrie)) = ¢~ (v2)(2) and ¢~ (12)(97") =
¢~ 1(1/2)(9)-
Thus, ¢~ *(ra) also satisfies (GF1)-(GF5).
Hence ¢~ () is a general fuzzy group ring on R[G]. O

Definition 3.34. Let ¢ : (R[G],v1) — (S[H],12) be a GFGR-homomorphism as
defined in Definition 3.24, then the kernel of ¢ is denoted by ker((b) and defined
as the fuzzy set obtained from vy on restriction to ker(¢), i.e., ker(¢) = v1|rer(s)-

Theorem 3.35. Let ¢ : (R[G],v1) — (S[H],v2) be a GFGR-homomorphism as
defined in Definition 3.24. Then:
(1) The ker(¢) is a fuzzy ideal of R|G];
(2) If ¢ is injective, then vi(z) < (v2 0 ¢)(x) for all z € R[G].
(3) Suppose ¢ is surjective and that vi(z + k) = v(x) for all x € R[G], k €
ker(¢). Then there exists a unique fuzzy set vo on S[H] such that ve(y) =
v1(z) whenever ¢(x) = y.

Proof. 1. By definition ker(¢) = v1|ger(g), where ker(¢) = {z € K[G] : ¢(x) = 0}.
Since ¢ is a ring-homomorphism, ker(¢) is an ordinary ideal of K[G].
Let x,y € ker(¢$) Then
d(z+y) = o)+ ¢P(y) =0 = x+y € ker(p) and ¢(rx) = ¢p(zr) = 0 for all r € R[G].
Using (GF1)-(GF3) for vy:
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vi(z +y) > min{vy(x),v1(y)}; v1(re) > min{v, (r), 1 (z)} and vi(—x) = vy ().
Taking restriction v1[ger(g) We have

ker(¢)(z +y) > min{ker(9)(x), ker(9)(y)}-
ker(¢)(rx) > min{ker(¢ )( ), l)f r(¢)(z)} and

ker(¢)(zr) > min{ker(¢)(z), ker(o)(r)}.
ker(¢)(—x) = ker(¢)(z). Hence ker(¢) is a fuzzy ideal of R[G].

2. From Remark 3.25 (1) ¢ is injective implies ¢ is injective. As ¢ is a GFGR-
homomorphism, we have va(é(z)) > vi(x) forall z € R[G]. But (v3 0 ¢)(x) =

va(o(x)).
Thus v4(z) < (vp 0 ¢)(z) for all z € R[G].

3. From Remark 3.25 (2) ¢ is surjective. Let y € S[H], choose x € R[G] such
that ¢(z) = y and define v5(y) = v1(x).

v is Well defined: Suppose that ¢(x1) = ¢(r2) = y. Then ¢(x; — x2) =
¢(z1) — p(x2) = 0. So &1 — x9 € ker(¢p). Hence x1 = x3 + k for some k € ker(¢).
By given hypothesis vy (21) = v1(z2 + k) = v1(22). Hence vy is well-defined.

For Uniqueness: Let p be another fuzzy set on S[H] satisfying u(y) = v1(z),
whenever ¢(x) = y. Since ¢ is surjective, every y € S[H] arises in this way. There-
fore, u(y) = va(y), Yy € S[H]. Thus p = vy, proving uniqueness. O

Theorem 3.36. Let ¢ : (R[G],v1) — (S[H],v2) be a surjective GFGR-homomor-
phism, and let ¢ : R[G] — S[H] be the underlying unital ring homomorphism.
Suppose that
(3.1) vi(x+k)=wvi(x) forall x € R[G], k € ker(¢).
Then
(1) There ezists a well-defined fuzzy set v : R[G]/ker(¢) — [0, 1] given by
Pz + ker(d)) = m(z),
which makes (R[G]/keﬂqb), V) a general fuzzy group ring.
(2) The induced mapping i : (R[G]/ ker(¢), V) — (S[H],v2) defined by
V(x + ker(9)) = (x)
is a GFGR-isomorphism.
Consequently, (R[G]/ker(¢),v) = (S[H],v2) as general fuzzy group rings.
Proof. For (1) To show that the fuzzy set v : R[G]/ ker(¢) — [0, 1] defined by
v(x + ker(¢)) = v1(x)

is a general fuzzy group ring on R[G]/ker(¢). We first show that v is well-defined.

Suppose z+ker(¢) = y+ker(¢p). Then z—y € ker(¢), so x = y+k for some k € ker(¢).

By assumption (3.1), v1(x) = v1(y + k) = v1(y) = v(z + ker(¢)) = v(y + ker(¢)).
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Hence 7 is well-defined.

Let z,y € R[G],g € G. Then we have
(GF1)
v((z +ker(¢)) + (v +ker(¢))) = v(z+y+ker(e))
vi(z +y)
min{v (z), v1(y)}
min{7(x + ker(¢)), v(y + ker(¢))}.

AV

(GF2)

U((z + ker(9))(y + ker(¢))) = v(zy + ker(¢))
= vi(zy)
min{vy (x), v1(y)}
= min{v(z + ker(¢)), v(y + ker(¢))}.
(CF3) (-~ <x+ker< ) = ¥~ + ker(9)) = vi(—x) = w1 (2) = (z + ker(¢)).

(GF4) p(1gq) + ker(¢)) = (1R[G]) > vi(z) = v(z + ker(e)).
(GF5) V(!f1 + ker(¢)) = vi(97") = vi(g) = V(g + ker(¢)).

v

Thus (R[G]/ ker(¢),7) is a general fuzzy group ring.

For (2) Define 1) : (R[G]/ker(¢),7) — (S[H],v2) by ¥(z + ker(¢)) = (). _
If z + ker(¢) = y + ker(¢), then 2 — y € ker(¢) and so ¢(x) = ¢(y) which imply ¢ is
well-defined.

(R[G]/ ker(¢),v)

Since ¢ is surjective, ¢ is surjective. If J(m + ker(¢)) = 0, then ¢(x) = 0, so
z € ker(¢), hence x + ker(¢) = 0 + ker(¢). Thus Y is injective.

Finally, v3($(z + ker(@))) = va(6(x)) = v1(z) = 5z + ker(6).
Since 1 is bijective, it is a GFGR-isomorphism. 0

Theorem 3.37 (Second Isomorphism Theorem for GFGR). Let (R|G],v)
be a general fuzzy group ring and let I and J be ideals of R[G]. Assume that the
fuzzy membership function v is invariant under addition by elements of J, that is,
vizx+k)=v(z), Vx€R[G], kelJ.
Then the following statements hold:

(1) (I+J)/J is an ideal of the quotient ring R[G]/J.

(2) There exists a ring isomorphism W : (I +J)/J — I/(INJ) defined by

U((a+b)+J)=a+INJ), aelbe J

(3) The induced fuzzy group ring structures on the quotient rings are given by
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vitsnys@+J)=v(x),r el +J and  viyan(r+(INJ)) =
v(z),zel.
Under these quotient general fuzzy group rings, the mapping V is a GFGR-
isomorphism.

Proof. Since I and J are ideals of R[G], their sum I + J is also an ideal of R[G].
Hence (I + J)/J is an ideal of the quotient ring R[G]/J.
Define ¥ : (I4+J)/J — I/(INJ) by Y((a+b)+J)=a+({INJ), acl,beJ.
Suppose (a1+b1)+J = (az+bs)+J with aj,as € I,b1,bs € J. Then (a1 +b1)—(as+
ba) € J, which implies a; —ag € J. Since a1 —aq € I as well, we have a; —ag € INJ.
Thus a1 +INJ =as + I NJ. Hence V¥ is well-defined.
Next, let a; € 1,b; € J (Z = 1,2)
U(((ar +b1)+ (az+b2))+J) = ¥((ar+az+by+bs)+J)

= (a1+a2)+(IﬂJ)

= (am+INJ))+ (ax+(INJ))

= U((ar +b1)+J)+Y((az+b2) + J)

\I'((a1 + bl)(ag + bg) + J) = \IJ((a1a2 + a1by + bras + blbg) + J)
(a1a2> + (I n J)[ a1bs, biras, biby € J]

= (m+UINJ))(aa+({INJ))

= W((ar +b1)+J)¥((az + by) + J).
Hence ¥ is a ring homomorphism. The mapping WV is clearly surjective.
IfU((a+b)+J)=1INJ, thena € INJ. Hence (a+b)+ J = J, which implies that
kernel is trivial. Therefore ¥ is injective and hence is a ring isomorphism.
Define vy gy s(x+J) =v(z),z € I+J and vinpnlz+INJ)=v(z),recl.
If x+J=y+J, then z —y € J. By the invariance condition we have v(z) = v(y).
Thus the quotient fuzzy sets are well defined. Finally

viann(¥((a+b) +J)) = v(a) = v(a+b) = viis/s((a+b) + J).

Hence U preserves the fuzzy membership values and therefore is a GFGR-isomorphism.
O

Theorem 3.38 (Third Isomorphism Theorem for GFGR). Let (R[G],v) be a
general fuzzy group ring and let I and J be ideals of R|G] such that I C J. Assume
that the fuzzy membership function v is invariant under addition by elements of J,
that is,
vz + k) =v(x), Vz € R[G], k € J.
Define the quotient fuzzy sets
vrig)1(x + 1) =v(x),x € R[G], and vy (v + 1) =v(z),xv € J.
Then
(1) (J/1,vy)1) is a general fuzzy group ring and an ideal of the GFGR (R[G]/I,
VRIG)/T)
(2) The quotient ((R[G]/I)/(J/I),D) is a general fuzzy group ring, where
v((x+ 1)+ (J/1)) = v(z).
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(3) The mapping @ : (R[G]/I)/(J/I) — R|G]/J defined by
S((x+ 1)+ (J/I) =a+J.
is a GFGR-isomorphism.
Consequently, (R[G]/I)/(J/I),v) = ((R[G]/J,vria),s) as general fuzzy group
TiNgs.
Proof. Since I C J, the quotient J/I is an ideal of the quotient ring R[G]/I. The
invariance condition ensures that the quotient fuzzy sets vg|g)/; and v/ are well-
defined.
Define @ : (R[G]/I)/(J/I) — R[G]/J by ®((x + 1) + (J/I)) =z + J.
Suppose (z+1)+(J/I) = (y+I)+(J/I). Then z—y € J, which implies z+J = y+J.
Hence @ is well-defined. Next, let 2,y € R[G]. Then
((z+D+(J/D+y+D+ /) = @((x+y+1)+(J/I)
r+y+J
= @+ +Hy+J)
= O((@+ 1)+ (J/D)+2((y+ 1)+ (J/I))

O(((z+ 1)+ (J/D)(y+ 1)+ (J/1))) = @(((zy+ 1)+ (J/I)))

= zy+J

= (z+J)(y+J)

= 2w+ D+ (/D) ((y+ 1)+ (J/D)).
Thus @ is a ring homomorphism. The mapping @ is clearly surjective. Its kernel is
given by

Ker(®)={(zx+ 1)+ (J/D)|z € J}=J/I.
For the fuzzy membership functions we obtain
vricy s (®((x + 1)+ (J/1))) = v(z) = ¥((z + 1) + (J/1)).
Therefore ® preserves the fuzzy structure and hence is a GFGR-isomorphism. O
4. INDUCED Fuzzy GROUP RINGS

Now, the notion of fuzzy group ring R[u], induced by a fuzzy subgroup u on G,
is defined.

Definition 4.1. Let G be a finite group and p : G — [0, 1] a fuzzy subgroup on G.
The fuzzy group ring induced by p is denoted by R[u] is a fuzzy set R[u] : R[G] —
[0,1] defined by

%)

.

R[y)(z) = {;ﬂin{u(g) 1 g € supp(x)}, i izgg; ?:é

where x = > ;749 € R[G], supp(z) ={g € G : 1y # O}
In short we call R[u] as an induced fuzzy group ring (IFGR).

Remark 4.2. Note that in R[u] coefficients do not influence membership.
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Theorem 4.3. R[u] is a fuzzy subring of R[G].

Proof. Let x = deG rgg and y = deG 549 be any two element of the group ring
R[G].

Rz +y) = Rl [Y g+ Y sq9| =Rlul | Y (rg+s9)g

geqG geG geG
min{yu(g) : g € supp(x +y)}[. supp(z +y) S supp(x) U supp(y)]
min{min{n(g) : g € supp(x)}, min{u(g) : g € supp(y)}}
= min{R[u](z), R[u](y)}.
Also, for z = Z T, Y = Z sph € R[G], we have

v

geG heG
Rlul(xy) = Rl || D reg (Zshh>
geG heG

= Ry Z Z(Tgsg—lt) t|, where t = gh

[teG \yeG
= R[y] tht] , where m; = Z(Tgsg—lt>
LteG geG

min{yu(t) : t € supp(zy)}
min{p(gg~'t) : t € supp(xy)}

> [min{min{u(g), u(g~"t)} : t € supp(zy)}]

= [min{min{yu(g), u(h)} : g € supp(x),h € supp(y)] [ of+]
> min{min{u(g) : g € supp(x)}, min{u(h) : h € supp(y)}}
= min{R[u](z), R[u(y)}.

[ Since supp(zy) C supp(z)supp(y). This means that if t € supp(zy), then m; # 0,
so there exists g € G such that r, # 0 and s,-1, # 0, Hence g € supp(x) and
h € supp(y)].

This concludes the proof that fuzzy group ring is a fuzzy subring of R[G]. O

Theorem 4.4. Every induced fuzzy group ring is a general fuzzy group ring. But
the converse need not be true.

Example 4.5. Let R = R. G = Z group of integers under addition. Define the
fuzzy set v : R[G] — [0,1] by
v (deG rgg) = min{|r,||ry # 0} and v(0) = 1.
We verify (GF1)-(GF4):
(GF1) Let ¢ = Y rgqg and y = > sqg9. For x +y = > (ry + s4)g, the smallest

nonzero coefficient magnitude is controlled by those of x and y, hence

v(z +y) > min{v(z),v(y)}-
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(GF2) For zy = > rgsp(g + h), coefficients are products rgsp,, whose magnitudes
preserve the minimal bound, hence

v(zy) > min{r(z), v(y)}-

(GF3) Since | — 74| = |ry|, we have v(—z) = v(x).
(GF4) For 1gjg) = 1-0, we have v(1) = 1, hence

v(lgq) > v(z) Va e R[G].

Thus v satisfies (GF1)-(GF4) but depends on coefficients. It cannot arise from
any fuzzy subgroup of G. Hence IFGR ; GFGR.

Example 4.6. Let R = R be the ring of real numbers and G = {1,a,a?} with
a® = 1 be a cyclic group of order 3. Consider the fuzzy set u on G defined by

=1t ifg=1
M= 0.6, if g =a,a?

It is straightforward to verify that u is a fuzzy subgroup on G. Also, the fuzzy set
R[u] : R[G] — [0, 1] defined by

Rll(x) = 1,  if supp(z) = @ or supp(z) = {1}
a B 0.6, otherwise .

where z = r1.1 + ro.a + r3.a? € R[G] is an induced fuzzy group ring R[u] on R[G].

Example 4.7. Let R = R and G = S3 = {e, (12), (13), (23), (123), (132)} be the
symmetric group on three elements. Let Az = {e, (123),(132)} be the alternating
subgroup of Ss.

Define a fuzzy set u on G by

1, ifg=e
u(g) = 0.8, if g € {(123),(132)}
0.5, if g € {(12),(13),(23)}.

It is straightforward to check that u is a fuzzy subgroup on G.

For o =3 g 199 € R[G]. The fuzzy set R[u] on R[G] is given by

1,  if supp(x) = @ or {e}
R[p](z) =< 0.8, if supp(x) C A3 and supp(z) # {e}
0.5, if supp(x) contains a transposition.

Now, it is easy to verify that R[u] defines a fuzzy group ring on the group ring R[G].

Proposition 4.8. For a € (0,1]. The level-cut set of a fuzzy group ring R[u]
induced from fuzzy subgroup p is the group ring of the corresponding a-cut set of
fuzzy subgroup p, i.e.,

(R[N])a = R[Na]'
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Proof. Let a € (0,1] and x = Z agg € R[u], we have:
geG

z € (R[u])a & Rlul(z) > a
< min{u(g) : ag # 0} =

< p(g) > a forall ag #0 in z:Zagg

geG
< g € o, forall az #0 in x:Zagg
geG
S = Z agg € R(pa)-
geG
Hence, (Ri)a = Rltal. O

Proposition 4.9. If p and v two fuzzy subgroups on a group G with p C v, then
on the group ring R[G] the induced fuzzy group rings satisfy, R[u] C R[v].

Proof. By Definition, u C v gives u(g) < v(g) for every g € G.
For any = = Z agg € R[G], we have

geG
Rlp(z) = Z (g9
g€eG
= min{u(g) : ag # 0}
< min{ulg) : ay £ 0}
= R[](x).
Hence, R[u] C R[v]. O

Proposition 4.10. If p and v are two fuzzy subgroups defined on a group G, then
RlpnNv] = R[] N R[v] as the induced fuzzy group rings on R[G].

Proof. For fuzzy subgroups p and v on group G, puNv is also a fuzzy subgroups of

G (see Theorem 1 of [12]). For any z = Z agg € R[G], we have
geG

Rpnvl@) = R [ agg
geG
= min{(pNv)(g): ag # 0}
= min[min{u(g),v(g)} : ag # 0]
— win {min{u(g) : ay # O}, min{u(g) : a, # 0}}
min{ R[u](z), R[v](z)}
= (R[p] N R])(2).
Hence, R[pNv] = R[p] N R[v]. O
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Theorem 4.11. Let H < G be a subgroup and p a fuzzy subgroup of G. Then the
restriction of R[u] to R[H] C R[G] defines a fuzzy group ring R[] on R[H].

Proof. Let pug = u|g be the restriction of the fuzzy subgroup p to H, define by
prr(h) = p(h), for all h € H. Since H < G, it follows directly that pp satisfies the
defining conditions of fuzzy subgroup on H. Since R[H] is a subring of the group
ring R[G], it is closed under addition, multiplication, and scalar multiplication.

Let z,y € R[H]. Then x,y € R[G] also. As R[u] is a fuzzy group ring on R[G],
we have

Rlpl(z +y) = min{ R[u|(2), R[u](y)} and R[p](zy) > min{R[u](z), R[u](y)}-
Restricting to R[H] and noting that R[uy](x) = R[u](x), for all z € R[H|, we obtain

]
Rlpul(z +y) = min{R[uy](x), Rpa](y)} and
Rlpn|(zy) > min{R[uy](z), Rlun](y)}-

Hence R[uy] is a fuzzy group ring on R[H]. O

Theorem 4.12. The fuzzy group ring p is the largest fuzzy ring on R[G| compatible
with the fuzzy subgroup v.

Proof. Let n: R|G] — [0,1] be any fuzzy ring such that n(g) < v(g) for all g € G.
For any z = ) ry9 € R[G],
n(x) < min{n(g) | ry # 0} < min{v(g) [ ry # 0} = pu(x).
Thus n < p, proving that p is maximal. g

Theorem 4.13. Let f : R[G1] — R[Gs] be a group ring homomorphism induced by
a group homomorphism ¢ : G; — Ga. Then the inverse image under f of an IFGR
R[v] of R|G3] is an IFGR of R|G1], where v is a fuzzy subgroup on Ga.

Proof. Let ¢ : G; — G2 be a group homomorphism. Then the induced group ring
homomorphism f : R[G1] — R[G2] is defined by:

f(zgecl agg) = EgGGl ag¢(9)7 for all decl agg € R[G1]~
Let R[v] be an IFGR on R[G2] corresponding to the fuzzy subgroup v on Ga. Then:

FH(RV)) Zagg = R | [ Zagg

9€Gy ISIER

= R D agilg)

g€G
= min{r(y(g)) : ag # 0}
= min{y ™' (v)(9) : ag # 0}

= R W] | D a9

g€G1
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Therefore, f~Y(R[v]) = R[¢p~1(v)]. Since ¥~!(v) is a fuzzy subgroup on G; (see
Theorem (2.1) of [11]), it follows that R[)~!(v)] is an IFGR on R[G;]. Hence,
f7Y(R[v)) is an IFGR on R[G1]. O

Theorem 4.14. Let f : R[G1] — R|[G2] be a group ring homomorphism induced by
a group homomorphism ¢ : G1 — Ga, and p be a fuzzy subgroup on Gy. Then the
image of the IFGR R[u] under f is an IFGR R[y(u)] of R[G2].

Proof. Let ¢ : G; — G2 be a group homomorphism. Then the induced group ring
homomorphism f : R[G1] — R[G2] is defined by:

f(deGl agg) = deGl agw(g)v for all deGl agg € R[Gl]

Let R[u] be an IFGR on R[G1] corresponding to the fuzzy subgroup p of G7. Then:

sup { R[] <Z bhh>  f ( > bhh> = g

heGy heGy geG2

F(R[u]) Z ag9

g€G2

= sup{ min{u(h) : by # 0} : Z bnp(h) = Z agg

heGy g€Gso

= sup < min{u(h) : by #0} :ag = Z bn, Vg € G
heGi1,9(h)=g
= sup{min{p(h) : ay # 0}, where ¢(h) = g}
= min {sup{p(h) : ¥(h) = g} : ag # 0}
min {()(g) : ay £ 0}

= R | Y ag

g€G2

Therefore, f(R[u]) = R(¢(1)). Since () is a fuzzy subgroup on G2 (see Theorem
(2.2) of [11]), it follows that R[¢(u)] is an IFGR on R[G2], i.e., f[R(1)] is an IFGR
of R[Gg} O

5. CONCLUSION

This paper introduces the concepts of general fuzzy group rings and fuzzy group
rings induced from fuzzy subgroups, providing a framework that extends the classi-
cal theory of group rings to the fuzzy algebraic setting. The fundamental definitions
and constructions of these structures were established, and several structural prop-
erties were investigated to understand their algebraic behavior.

The notion of a quotient general fuzzy group ring was defined and utilized to
formulate and prove the fundamental isomorphism theorems for general fuzzy group
rings. These results demonstrate that many classical algebraic principles can be suit-
ably extended to the fuzzy context. Furthermore, a detailed comparison between
general fuzzy group rings and fuzzy group rings induced from fuzzy subgroups was
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carried out, highlighting the essential differences between the two structures and
clarifying their respective roles within fuzzy algebra.

The results obtained in this work contribute to the development of fuzzy algebraic
structures and provide a basis for further exploration of fuzzy extensions of other
algebraic systems. Future research may focus on investigating additional properties
of fuzzy group rings, studying their homomorphic images, and exploring possible
applications in related areas of algebra and fuzzy mathematical modeling.
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