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ABSTRACT. In this paper, we focus on Narayana numbers which can be
written as a products of four repdigits in base g, where g is an integer with
g > 2. We prove that for g between 2 and 12, there are finitely many of
these numbers. Moreover we have fully determined them.
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1. INTRODUCTION

In this paper we study an exponential Diophantine equation. A Diophantine
equation is a polynomial equation, usually with two or more unknowns, for which
only integer solutions are sought. They can be linear (sum of two or more monomials
of degree 1) or exponential (the exponents on the terms can be unknown). We will
be specifically interested in the Narayana numbers which can be written as products
of four repdigits in base g with g > 2.

The Narayana sequence was introduced by the Indian mathematician Narayana
Pandita in the 14th century in his treatise Ganita Kaumudi. In this book, he poses
a problem about the growth of cows, very similar to Fibonacci problem, but with a
different maturity period. In this problem, it is assumed that a calf is born each year
from every cow that is at least three years old. Narayana’s cow’s problem counts
the number of calves produced each year [1]. The Narayana sequence is define by:

Nn:Nn,1+Nn,3 fOI‘TLZSWIth No :0, N1 :N2:1
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In fixed base g > 2, a repdigit has the following form:

n—1
, n_1q
E dxg’:dxg 1,vvherelgdgg—l.
- g —
i=0

When g = 10, one usually omits to mention g and simply call these numbers as
repdigits.

Several studies have been conducted on determining the terms of linear recurrence
sequences that are repdigits in any base g > 2. For more details refer to the recent
results [2, 3, 4, 5, 6, 7, 8 9, 10]. on double application of Baker’s method and a
reduction algorithm using computations based on continued fractions. In this paper,
we will use the same approach for identifying Narayana numbers that are products
of four repdigits in base g.

The present paper is organized as follows. In Section 2 we present the main
results; Section 3 recalls the necessary preliminaries; Section 4 contains the proofs.

2. STATEMENT OF MAIN RESULTS

In this section, we state all the main results obtained in this paper.
Theorem 2.1. Let g > 2 be an integer. Then the Diophantine equation

¥ m n t

g —1 gr—1 g —1 g —1
2.1 N, =d -d -d -d
(2.1) k 1971 2971 3971 4g—1

has only finitely many solutions in integers k,dy,ds, ds, ds, £, m,n,t such as
1<d; <g—1fori=1,2,3,4and1 <l <m<n<t.
Furthermore, we have
t <211 x 10 log'? g and k < 2.54 x 10%8 log"® ¢.

In the following theorem, we completely and explicitly give all solutions of equa-
tion (2.1) corresponding to 2 < g < 12.

Theorem 2.2. {1,2,3,4,6,9,13,28,60,88,129,189} is the set of only Narayana
numbers which are products of four repdigits in base g with 2 < g < 12.
Considering the notions introduced in Theorem 2.1, the solutions to the equation
(2.1) can be expressed in the form:

Ni =la,b,c,d]lyg =axbxcxdin base g,

where

g'—1 gm—1 g" —

t
-1
b=ht —e=ds .

1
d=d .
1a 4g_1

a:d1

Then we have:
156
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TABLE 1. Narayana numbers that are products of four repdigits in
base g for 2 < g < 12.

k Ni || [a,b,¢,d]g

2.3 1 ||[L,1,1,1), forg=2,---,12

1 | 2 |[[L1,1,2), forg=3,,12

5 | 3 || L1111 [1,1,1,3], forg=4,--,12

6 | 4 ||[1,1,1,11)s, [1,1,1,3], forg =5, - ,12.

7 6 1,1,1,11]5, [1,1,2,3]; for g = 4,---,12, [1,1,1,6], for g =
7,...,12

s | o |LLILTR, LT L1109, [1,1,3,3], for g =
4,12

9 [ 13 |[LLLI0 LLL 1100

0| s |[[LL L8], 112,22, (L1 4 10]s, [LL4,7], forg =8,..., 12,
1,2,2,7),, forg=8,---,12
[1,2,2,33]s, [1.2.3,22]s, [2.2.3,5]2, [L 11,605, [L1,2,33]s,

| g0 || 513,220, [1,1,6,11]o, [1,2,3,11]o, [1,1,1,55)11, [1,1,5, 1)1,
1,1,6,4],, [1,2,3,A], for ¢ = 11,12, [1,2,5,6], for g =
7,12, [1,3,4,5),, [2,2,3,5], forg=6,--- 12

4 | gs || L5880, (L1810, [1,2,4,11],, [2,2,2,11], for g = 10,12,
[1,1,2,44]10, [1,1,4,22]10, [1,2,2,22]10

15 129 || [1,1,1,333]s, [1, 1,3, 111]
[1,1,1L,111111]5, [1L,11,11,111), [L,1,3,333]s, [L,3,3,111]4,

16 | 189 || [1,3,3,336, [3,3,3,11]¢, [1,1,3,77]s, [1,1,7,33]s, [3,3,3,7]g for
g=8,- .12, [1,3,7,9], for g = 8,10,11,12

3. PRELIMINARIES

In this section, we will cover the essential concepts needed for the proofs of the

results stated in section 2.

3.1. Some properties of Narayana sequence.

Definition 3.1. The Narayana sequence (N,,)n>0 is defined by the third-order linear
recurrence relation

Nn:Nn,—1+Nn—3a n23a

with initial conditions Ny = 0 and N; = N, = 1. Its characteristic equation is

23 —22-1=0.
157
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3

The characteristic polynomial f(z) = 23 — 22 — 1 has three roots a, 8 and =, given

by
a= % ({’/;(29—3@) + {’/;(29+3\/%)+1> ;
f=5 - (-3 {/529 - 3V88) - (1 +ivE) {129+ 3VB),
=5 - 1+ Y29 - 3V88) - £ (1~ i3/ 120 + 3V9)

Noticing that it has a real zero a(> 1) and two conjugate complex roots 8 and =y
with || = |y] < 1. We have a =~ 1.46557.

Lemma 3.2. Let (N,)n>0 be a sequence.
(1) we have

(3.1) a" 2 <N, <a" ! foralln>1.
(2) (Np)n>o satisfies the following ”Binet-like” formula
(3.2) N, =aa”™ +b8" + ™ for alln > 0,

(3) from the three initial values of Narayana sequence, and using Vieta’s theorem,
one has:

a2 ﬁ2 ’72

= b = d == .
= 55 B o and ¢ 2
If we write (;, = N,, —aa™ = bp"™ + by, then
1
(3.3) ICn] < pwy for allm > 1.
an
Proof. By induction on n, we simply prove (1). The proof of (2) can be found in
reference [11]. Finally, the proof of (3) follows from the triangle inequality and the
fact that |8 = |y| < 1. We leave the details to the reader. O

Let Ky := Q(c, ) be the splitting field of the polynomial f over Q. Then
[Kf : Q] = 6. Furthermore, [Q(cx) : Q] = 3. The Galois group of Ky over Q is given
by

Gy = Gal(Kp/Q) = {(1),(ap), (@), (B7), (@B7), (avB)}
= S

Thus we identify the automorphisms of G¢ with the permutation of the zeros of the
polynomial f. For example, the permutation () corresponds to the automorphisms
o= 03,0 = a,v—1.

Recall that « is the real root > 1 of the characteristic equation a® —a? — 1 = 0.

From the expression a = and using a® = a? 4 1, we obtain the simplified form

_a®
063-‘1-2’

3
a Let s = @®. Then a = % Thus s = 17(1. On the other hand, since
s

3

— 062
T a?43”
o? = s and o® = as, the equation a

—a? — 1 =0 becomes as — s — 1 = 0, which

s+1
implies o = L Substituting this expression into o = s yields s = (5'*;1 )2 , which
s P
158
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is equivalent to s3 — s2 —2s — 1 = 0. Replacing s = in this cubic equation and

—a
clearing denominators gives the polynomial 31a® — 93a® +90a* — 23a® — 6a% +1 = 0.
This polynomial factors over Q as (1 —a)? (31a® —3a—1) = 0. Since 0 < a < 1, the
factor (1—a)? is extraneous. So the minimal polynomial of @ over Q is 3123 — 3z —1.

3.2. Linear form in logarithms. This subsection opens with a brief overview of
key facts about the logarithmic height of algebraic numbers.
For an algebraic number 7 of degree d over Q and minimal primitive polynomial
over the integers
d
FX): =ao [J(X =) € Z[X],

=1

with positive leading coefficient ag, we write h(n) for its logarithmic height, given
by

h(n): = é (logao + ilog (max (|17(i)|, 1))) .

In particular, if n = p/q is a rational number with ged(p,q) = 1 and ¢ > 0, then
h(n) = logmax(|p|,q). Several properties of the logarithmic height function h(n),
which will be used throughout the following sections without further mention, are
also well established:

h(n+v) < hn) +h(y) +log2,
h(myEY) < h(n) + h(y),
h(n®) = lslh(n) (s€Z)

In particular, if n = p/q € Q is rational number in its reduced form with ¢ > 0, then
h(n) = log(max{|p|,[q|})-

Theorem 3.3. Let K be a number field of degree dg over Q, n1,--- ,ns be positive
real numbers of K, and by, - -- ,bs rational integers. Put

Aol

and B > max(|b], -, |bs|)-
Let A; > max(dgh(n;),|logn;|, 0.16) be real numbers fori=1,--- ,s.

With the above notation, Matveev [12] proved the following result.
Then assuming that A # 0, we have

A > exp(—1.4 x 30°%3 x s*% x dZ (1 +logdx)(1 +log B)A; - -- A,).
We also need the following result from Sanchez and Luca [13].

Lemma 3.4. (Lemma 7, [13])
Ifl >1,H > (41%)! and H > L/(log L)', then L < 2'H(log H)'.
159
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3.3. Reduction method. The bounds on the variables obtained via Baker’s theory
[14] are too large for any computational purposes. To reduce the bounds we use the
reduction method due to Dujella and Pethd [Lemma 5a, [15]].

Lemma 3.5. Let M be a positive integer, p/q be a convergent of the continued
fraction expansion of irrational number T such as ¢ > 6M, and A, B, i be some real
numbers with A > 0 and B > 1. Furthermore, let
€ := [|pgll = M.||rql|.
If € > 0, the there is no solution to the inequality
O<|ur—v+p <AB™Y

in positive integers u,v and w with
log(Ag/e)

logB

Here for a real number X, || X|| denotes the distance from X to the nearest integer,
that is, || X|| := min,ez | X —n|.

u< M and w >

4. PROOFS OF MAIN RESULT

4.1. Proof of Theorem 2.1.

Proof. In order to establish Theorem 2.1, we make use of the following lemma, which
gives a bound relating the size of k to the parameters ¢ and g.

Lemma 4.1. All solutions of the Diophantine equation (2.1) satisfy
k < 12tlogg.

Proof. To proof this lemma, we combine equation (2.1) with inequalities (3.1).
Therefore, using / < m<n<tand 1 <dy; <ds; <ds <dy <g—1, we have:

4 m n t
g .lgg l(Q g <( t 1)4< 4t.

k=2 < N, =d ) .
« > Vg lg—l g1 Sg—l 49_1,

Taking logarithm on the both sides, we get (k — 2)loga < 4tlogg.
Since t > 2 and g > 2, we obtain

4 2
< + tlog g < 12tlog g. This ends the proof.
loga  tlogg

Note that if ¢ = 1, then I = m = n = 1. Thus the equation (2.1) becomes
N, = didadsdy,

Which implies
ak72 < (g_ 1)4 < 94.
And finally we have

1 4
k<2+4%9<

log o log o + log g
160

) log g < 14log g since g > 2.
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Now, suppose that ¢ > 2. From (2.1) and (3.2), we have

4 m n t
1 1 1 1
g g dg .d4g

Ny = aa® + bB* k—q d )
k=aa” +b5" + ey [y s s B s R S

which implies

. d1d2d3d4g€+m+n+t 7d1d2d3d4 (g£+m+n + gl+m+t + gf+n+t 4 gm+n+t)

acx

il (g—1)4 B (g—1)*
( . ) dydadsdy (gl+m + g€+n + g€+t + gm+n + gm+t 4 gnth)
+ 1
(-1
 didadzdy (9" + 9™ + 9" +4') | didadsdy ¢
(g—1)* (g-D* "

Taking the absolute values of both sides of (4.1) and using (3.3), we get

i d1d2d3d4g€+m+n+t d1d2d3d4 (gZ+m+n 4 g£+m+t 4 g£+n+t 4 gm+n+t)

a” — <
(42) (g—1)* (g—1)*
. N d1d2d3d4 (g£+m 4 gE+n 4 gE+t 4 gm+n +gm+t + gn+t)
(g—1)*
, idadsda (9" +9"+9"+9") | didadsds | 1
(g—1)* (g—1*  an/?
When we multiply both sides of the above inequality by me and using
the fact £ <m < n <t, we have
— 1)*aakg=Wtmtntt) 1 1 11
lg = 1)7aa’y < S4+—+—=+=
dydadsdy g g™ gt g
1 1 1 1 1 1
+ gé-‘rm + g€+n + g€+t + gm-‘rn + gm+t + gn-‘rt
1 1 1 1
+ g€+m+n + g€+m+t + gé+n+t + gm+n+t
1 (¢ —1)*
+ g€+m+n+t d1d2d3d4g£+m+n+tan/2
16
?.
Which implies
alg =D (rmenit 16
4.3 — . " mintt) ) < =,
(4.3) ddydsd, ¢ Y g

So we can take
Ay = alg =D i g FmAntt) g
didadsdy
Let us show that A; # 0. We proceed by contrary. To that end, let us assume
that A; = 0. Then
T a——

(g—1)*
161
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which implies
dyrdadsd et
77 (0af) =b5" = T g
Taking the absolute value, we get

e

d1d2d3d4. f4mAntt
(g—1)*

d1 d2 ds dy
1)*

{4+m4n+t

We have |b6k’ < 1 instead g >1sincel <l <m<n<t,

which leads to a contradiction. Hence Ay #0.
With a view to applying Matveev’s result to Ay, let us set

a(g —1)*
m» N2 =a«, N3 :=4¢,
b1 :=1, by :=k, b3 := —(€+m+n+t),
and K = Q(n1,m2,7n3) = Q(a), which is a real number field of degree dx = 3.
Using the properties of the logarithmic height, it holds that,

h(n2) = h(a) = , h(nz) = h(g) =logg

5:=3, m =

log o

and

4
Alm) = b <Z§€12d31;4)
—1)4
< hia) + b <C§fd2d3)d4)
% log 31 + log (max{(g — 1)*, didadsda})
<2+4logg = (4+ lozg) log g < 7log g since g > 2.
Thus we can take
Ay =2llogg, As :=loga and A3 :=3logg.
Using Lemma 4.1 and ¢ < m < n < t, we have
max{|b1|, |b2], |bs|} = max{1,k, £+ m+n+1t} <12tlogg.
So we can put B = 12tlogg. Using Theorem 3.3, we obtain
log|A;] > —1.4x30°% x 3%° x 32.(1 +log 3).(1 + log(12tlog ¢))
x(211og g)(log ) (31og g).
> —6.5 x 1013(1 + log(12t log g)) (log? g).
Comparing the above inequality with (4.3) we obtain that
llogg —log16 < 6.5 x x10'3(1 + log(12tlog ¢))(log” g).
Since g > 2 and t > 2, we have

1+ log(12tlog g) < 12logtlogg.
162
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Hence we have
0 <7.8x10"logtlog?g.

Using (2.1) and (3.1) once again and reorganizing the computations, we obtain

aak(g - 1) Ck(g - 1) _ d2d3d4 ( m4n+t gm+n _ ngrt
di(gt—1)  di(¢* - 1) (9—1)°
_gn+t+gm+gn+gt+1)
Which implies
ack(g=1)  dadagdag™™ " (i(g—1)  dodzdyg™t"

di(g" —1) (g-1)3 — di¢-1)  (g-1)3
dod3dyg™ "t dodzdsg™™t  dodsdsg™
(4.4) — 7 = 3 3
(g—-1) (g-1) (g-1)

dadzdsg"™ | dadsdsg’ | dadsdy
(-1  (9-1% (9—-1)°
Taking the absolute value of the both sides of (4.4), we have
ack(g—=1)  dadzdyg™ "t (9—1) dadzdag™ " dadadag™t!

alg -0 G- | T A Do g-p (g 1p
dodsdsg™™  dodzdag™  dadzdag”
(g—1)? (g—13 (91
dodsdsg® ~ dadsdy

(-1  (g-1*

3
Multiplying both sides of the inequality above by % and using the fact
that 2 < m <n <t, we get

a(g B 1)4 . ak . g—(m+n+t) -1 < (g — 1)4 + i + i
d1d2d3d4(ge — 1) d1d2d3d4(gZ _ 1)ak/29m+n+t g™ gn
1 1 1 1 8
gmtn T gmt + gntt + gmtntt < ng
Then we have
a(g 7 1)4 k —(m+n-+t) 8
4.5 cal e gm At <« —
( ) d1d2d3d4(g€ — 1) gm
Now, set
4
Ay = a(g—1) ak L gmmAnt)

o d1d2d3d4(9£ -1)
In a similar way, one can easily check that A5 # 0, proceeding as we did for A;. Let
us apply Matveev’s result for As. Let
a(g —1)*

=3 = = =
S » Th d1d2d3d4(ge — 1)7 12 «, 13 g,

b1 = 1, bz Z:k, bg = —(m+n+t)
163
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and K := Q(m1,m2,173) = Q(«) of degree dx = 3. By Lemma 4.1 we have k <
12tlog g, so we put B := 12tlogg. We have

() = h(e) = 5, () = h(g) = logg
and

_ a(g —1)*

Alm) = (dld2d3d4(9€—1))

(g—1)*

= hle)+h <d1d2d3d4(ge - 1))
< 1 31 + log (max{(g — 1)*,d1dadsds}) + h 1
= 3 g g X9 ; 12030y -1

< 244log(g— 1)+ log(g* — 1)

< (4+48logg+2

< (74 ¢)logg since g > 2.
Hence, since £ < 7.8 x 10 log t log? ¢, we have

h(n) < 7.8 x 10M log tlog® g.
Therefore we can take
Ay =234 x 10 logtlog® g, Ay :=loga, and As:=3logg.
Using Theorem 3.3 we see that
log |[Ag| > —1.4 x 30% x 3%° x 3%(1 4+ log 3)(1 + log(12tlog g))
x(2.34 x 10* log t log® g)(log @) (3 log g)
> —7.26 x 10%7(1 + log(12tlog g)) log t log® g.
Comparing with (4.5), we get
mlogg —log8 < 7.26 x 10%7(1 4 log(12tlog g)) log t log* g.
And using the fact that
1+ log(12tlogg) < 12logtlog g,
we have
m < 8.7 x 10%log? tlog® g.

In the order to find an upper bound of n in terms of g and ¢ we rewrite (2.1), using
(3.1), so we get

ac(g —1)? Cu(g —1)2 _ dsdy(g" —1)(g' - 1)
didz(g* —1)(g™ — 1)  dida(g* —1)(g™ — 1) (g—1)?
dzdag"*t  dzdag”

(g—12 (9—1)?
dsdagt dsd
_ G3a4g N

(g-12 (¢g—-1)*

164
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Then we have

ac (g —1)? dydag™tt Ce(g—1)2  dzdag”
didz(g* = 1)(gm = 1) (9-12  didzo(¢* =g —1) (9—1)
d3dag’ n dsdy
(-1 (g-1)*

Taking the absolute values of the both sides of (4.6) and using (3.3), we get

(4.6)

aa®(g — 1) dsdsg"tt (9—1)
dida(gf = 1)(gm — 1) (9-1)% | = dida(g® — 1)(g™ — 1)ak/?
dsdsg” dsdyg’ dsdy
(g-12 (¢g—1)2 (¢9—-1)*

Multiplying both sides of inequality above by di?j;iglzif and noticing the fact that
2<n <t we get,

a(g —1)* ok _g—(n+t) 1] < (91"
didadsds(gt — 1) (g™ — 1) didadsds(gt — 1) (g™ — 1)ar/2gntt
1 1 1
4
< —.
gn
So we get
(4.7) alg —1)* kg _q| < A
didadzda(gt — 1)(g™ — 1) g"
We put
4
A alg—1) kg

" didadsda(g” — 1)(g™ — 1)

One can verify that A3 # 0. Let us apply once again Matveev’s result for A3. Let

a(g —1)*
d1d2d3d4(gz — 1)(gm — ].)

s:=3, m = , M2 = and ns =49,

by =1, by =k, by = —(n+t)

and K := Q(m1,n2,13) = Q(a) of degree dx = 3. By using Lemma 4.1 we have
k < 12tlog g, so we can take B = 12tlogg. We have

_ loga

h(n2) = h(a) = 3 h(ns) = h(g) =logg

165
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alg —1)* g—1)7*
" <d1d2d3d4(92 —1)(g™ — 1)) < hla) +h <d1d2d3d4(94 - 1)(g™ — 1))

1 A 1 1
glog?)l +log (max{(g — 1)*, didadsds}) + h (ge — 1) +h (gm — 1)

IN

< 2+44log(g—1) +log(g* — 1) +log(g™ — 1)
2
< (4—|—€—|—m)logg—|—2_<4—|—€—|—m+logg)logg<(7+€+m)logg

since g > 2.

Using the fact that ¢ < 7.8 x 101 log tlog? g and m < 8.7 x 10%® log® tlog* ¢, we get
h(ny) < 8.7 x 10%% log® tlog” g.

We take

Ay =261 x 10®1log? tlog® g, Ay :=loga and As = 3logg.
Using Theorem 3.3 we see that

log|A3| > —1.4x 30% x 3% x 3%(1 4+ log 3)(1 + log(12tlog g))
x(2.61 x 10% log? tlog® ¢)(31og g log )
> —8.1 x 10*1(1 4 log(12t log ¢)) log? t1og® g.
Comparing with (4.7), we get
nlogg —log4 < 8.1 x 10* (1 + log(12t log g)) log® t log® g.

We have
1+ log(12tlog g) < 12logtlog g,
Thus
n < 9.72 x 10*?1log® tlog® ¢.
This step will mark the end of the proof of Theorem 2.1. To get there we need
to rearrange (2.1) in the following form in view to apply the Theorem 3.3:

ack(g—1)3 Crlg —1)° _ dag’ _
didads(gt = 1)(gm = 1)(g" = 1) didads(g® — 1)(g™ — 1)(g" — 1) (g-1) (¢g-1)
Then we have
(4.8) ac(g—1)° dag' Cr(g —1)° dy

didodz(g* —1)(g™ = 1)(¢g" —1) (9—1)  didads(g* —1)(g™ — D)(g" —1) (g—1)

Taking the absolute values of the both sides of (4.8) and using (3.3), we get

dy

ac(g—1)3 dag' | _ (g—1)3

Multiplying both sides of inequality above by g;gﬁ and noticing the fact that ¢ > 2,
we get,

a(g — 1)4 k

af - )
dydadsds(g® —1)(g™ — 1)(g" — 1) gt
166
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‘We put
_ a(g—1)*
didadzds(g* — 1) (g™ —1)(g" — 1)
One can verify that A4 # 0. Let us analyze Matveev’s result for A4. Let
a(g —1)*
didadsds(g* — 1) (g™ — 1)(g" — 1
bl = 1, b2 = k’7 b3 = —t
and K := Q(n1, n2,n3) = Q(«) of degree dx = 3. By using Lemma 4.1 we have
k < 12tlog g, so we put B = 12tlog g. We have

h(n2) = h(a) , h(n3) = h(g) =logg

Ay kg7t —1.

8123, m = )7 N2 = Q, and7731:97

_loga
3
and

hom) = h alg —1)° )

(d1d2d3d4(g‘ —D(gm—-1)(g" - 1)
( (g —1)* )
dydadsdy (gt — 1) (g™ — 1)(g™ — 1)

1
log 31 + log(max{(g — 1)4, d1d2d3d4}) + h(gZ — )

1
1 1
+h<gm - 1) +h(9” - 1)

< 2+4log(g —1) +1log(g" — 1) +log(g™ — 1) + log(g"™ — 1)
<d+Ll+m+n)logg+2

< h(a)+h

<

W =

2
= (4+€+m+n+)logg
log g

<(7T+4+4+m+n)logg, since g > 2.
Using the fact that
0 < 7.8x10"™logtlog? g, m < 8.7x10%log?tlog* g and n < 9.72x10*%log® tlog® g,

we get
h(n1) < 9.72 x 10*21log® tlog” g.

So we can take

Ay =292 x 108 1og® tlog” g =, A, :=loga and Aj := 3log g.
Using Theorem 3.3 we see that

log|As] > —1.4x30% x 3% x 3%(1 +log 3)(1 + log(12tlog g))

% (2.92 x 10* log® tlog” ¢)(31og g log )
> —9.1 x 10°°(1 4 log(12tlog ¢)) log® tlog® g.

Comparing with (4.9), we get

(t—1)logg —log2 < 9.1 x 10°°(1 + log(12tlog g)) x log®tlog® g.
167
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We have
1+ log(12tlogg) < 12logtlog g.

So we have
t < 1.1 x 10°7 log? t1og® g.

To finally have the upper bound of ¢ in term of g, we need to apply the Lemma 3.4
due to Sanchez and Luca.

Taking [ :=4, L :=t and H := 1.1 x 1057 log® ¢, we get using Lemma above that

t < 2% x1.1x10°"log® glog*(1.1 x 10°7 log® g)
< 1.76 x 10 log® ¢(131.35 + 8loglog g)*
t < 211 x10%log"?g.
Notice that we have use the inequality 131.35 4 8loglog g < 186logg which holds

since g > 2.
Moreover, by Lemma 4.1, we get

k < 2.54 x 1058 log'? g.

4.2. Proof of Theorem 2.2.

Proof. In subsection 4.1, we established that for 2 < g < 12,
(<m<n<t<118x 107 and k < 3.5 x 10™.

The next objective is to refine the upper bounds above in order to delimit the inter-
val containing the possible solutions of (2.1), following a four-step approach.

Step 1 Referring to (4.3), we introduce

a(g — 1)*
didadzdy )
Notice that, since I'; = log(A; + 1), we have |e!1 — 1| = |A;| < ;—?.

Observe that 'y # 0, since Ay # 0. So, for £ > 5 and g > 2, we have

16 _1
gt 2

Iy :=log(4; + 1) kloga(l+m+n+t)logg+log(

lef* — 1] <

Since |z| < 2[e® — 1], if |z| < % holds, then
32
ITy| < 2e™ —1] =2|44| < =.

g

Substituting I'; in the above inequality with its value and dividing through by log g,
we get

a(g—1)*
log <d1(52d3)d4) 32
< .

1
k(Oga>(€+m+n+t)+ g
log g log g

log g
168
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Then, we can apply Lemma 3.5 with the data

a(g—1)*
. log v . log (d152d3d4> A- 32

T logg’ . log g ’ = logg’

B:=g, w:=¢ u=k, andv=~+m+n-+t,
with
1<di <do<da<dy<g—1.
We can take M := 3.5 x 1073, since k < 12tlog g < 3.5 x 1073, So, for the remaining
proof, we use Mathematica to apply Lemma 3.5. If the first convergent ¢; satisfies
q¢ > 6M but does not meet the requirement € > 0, we proceed to the next convergent
and check it accordingly; however, this should not be understood as garanteeing that
such a g always exists.
Thus, we have the results given in Table 2:

TABLE 2. Upper bound on /.

gl 23 [ 4[5 [ 6 | 7
gt q153 | q141 | G147 q145 q134 q151
e>10.341]0.39 | 0.051 | 0.011 | 0.0037 | 0.000019
£ < 257 | 162 130 112 101 96
g ] 8 9 [ 10 ] 11 12
gt q153 q147 q134 4140 q154
e > || 0.0023 | 0.0016 | 0.006 | 0.00028 | 0.0062
< 88 84 79 76 75

Therefore
log ((32/log 2).q153/0.34)

< 257.
log 2 -

1<t<

Step 2 Now, we focus on locating the real range of m. To do this, let us consider

a(g —1)* )
d1d2d3d4(g£ — 1) '

Iy =log(As + 1) :kloga—(m—l—n+t)+10g(

Thus inequality (4.5) becomes

Which holds for m > 4. Thus,

a(g—1)*
log (dldgdfdz;(g[fl)) _ 16
log g log g

—m

g

1
(4.10) k(l(;ic;) —(m+n+t)logg+
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Therefore we can applied Lemma 3.5 to the above inequality (4.10) with the following

data }
a(g—1)
log o log (d1d2d5d4(g“—1)) 16
T = —_—, /’l’ = s = —,
log g log g log g
B:=g, wi=m, u=k, andv=m+n-+t
with

1§d1§d2§d3§d4§g—land1§€§265.
We can take M := 3.5 x 1073, since k < 12tlogg < 3.5 x 1073,
With Mathematica we get the results given in Table 3:

TABLE 3. Upper bound on m.

Lo 2 [ 3 | 4 | 5 | 6 | 7
qt q153 q141 q147 q146 q134 q151
e> 00012 [3x10°*[33x10°%][69x10%[66x10*[1.9x10°°
m < 264 168 133 113 102 95
g | 8 \ 9 | 10 ] 12
qt 4153 q147 134 qd140 q154
e> [[13x107*[27x105[18x10°[1.1x107°[4.6x 10°©
m < 89 85 82 7 7
In all cases, we can conclude that
l<m< log ((16/10g 2).q153/0.0012) < 965,

Step 3 For the third application of Lemma 3.5, using the inequality (4.7), we set

I's =log(A3+ 1) = kloga — (n+t)1ogg+log<

Thus inequality (4.7) becomes

Which holds for m > 3. It follows that

(4.11)

Since the conditions of Lemma 3.5 are satisfied, we proceed to apply this Lemma to

k(loga) —(n+t)+

log g

log (

log 2

a(g —1)*

a g—l)4
did2dzda(g®—1)(g™m—1)

d1d2d3d4(ge — 1)(gm — 1)

8

—n

log g

the inequality (4.11) with the following data

a(g—1)*
~loga o log <d1d2d3d4(f7z_1)(gm_1))
© o logg” T log g

170
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with

B:=g, w:=n, u=k, andv=n-+t

1<di<dy<dsg<dy<g-—1, 1<£<257and 1 <m < 265.
We can take M := 3.5 x 1073, since k < 12tlogg < 3.5 x 1073,
With Mathematica we get the results given in Table 4:

TABLE 4. Upper bound on n.

Lol 2 [ 3 [ 4 | 5 [ 6 | 7
qt q153 qd141 q147 4146 4134 4151
e> (142810705 [1.6x107°[339x10%[23%x10%[21x10%]1.2x10°F
n < 270 171 135 115 103 95
g | 8 \ 9 10 11 12
qt q153 q147 q134 4140 q154
e>[|8x107%[32x1077 [1.7x10% |73 x1077[9x 10"
< 89 86 82 s it
In all cases, we can conclude that
1 8/log 2). 4.28 x 1076
1<n< Og((/og)q153/ )§271.
log 2
Step 4
Finally, to further reduce the bound on ¢, we set
a(g —1)*

Iy =log(As+1) = kloga—tlogg+log<

Therefore inequality (4.9) becomes

les — 1| <

‘Which holds for t > 3. It follows that

(4.12)

k; (loga)
log g

2

gtfl

<1
5"

didadsds(g® —1)(g™ — 1)(g™ — 1)

a(g—1)*
log (d1d2d3d4(gz,1)(gm,1)(gn71)) 4
log g log g

)

g1

Since the conditions of Lemma 3.5 are satisfied, we proceed to apply this Lemma to
the inequality (4.12) with the following data

with

log
T = ,
log g

log (

B:=g, wi=t—1, u=k, andv=t

a(g—1)*

did2dzda(gt—1) (g™ —1)(g"—1)

)

log g

b

1<d <dy<dzg<dy<g-—1, 1<L<257,

1 <m < 265,

171
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We can take M := 3.5 x 1073, since k < 12tlogg < 3.5 x 107,
With Mathematica we get the results given in Table 5:

TABLE 5. Upper bound on t.

g | 2 3 [ 4 [ 5 6 [ 7 |
qt 4153 q141 q147 qd145 q134 qd151
e>11428x107%[16x10°]19x10°[23%x1070|54%x107%]6x 1076
t < 269 170 135 115 103 94
L g | 8 \ 9 \ 10 \ 11 \ 12 |

qt qd152 q147 4134 4140 4154

e>]8x107%[32%x1070[96x10"%[79x10"7[2.8x10°°

t < 88 85 80 77 76

In all cases, we can conclude that

log ((2/10g2).q153/3.8 x 1077)
log 2

1<t< <270

which is valid for all g such as 2 < g < 12. In light of the above results, we need
to check the equation (2.1) in the cases 2 < g < 12 for 1 < dy;ds;d3;dy < 11,

1<

<257, 1 <m <2651<n<271,1<¢t<270and 1 <k < 8051. A

quick inspection using Mathematica reveals that the Diophantine equation (2.1) in
the range 2 < g < 12 has only the solutions listed in the statement of Theorem 2.2.
This completes the proof of Theorem 2.2. O
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