Annals of Fuzzy Mathematics and Informatics
Volume 31, No. 1, (February 2026) pp. 67-77 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2026.31.1.67 http://ribs.wonkwang.ac.kr

Fuzzy c-spaces

C. DARSANA, P. SINI

©©E
= |
= | L=

® ©II
= =12[5] 15
[==]

@QF MI
@F MI
@QF MI

Q[ M

@F MI
@F MI
@F M I

@F MI @F MT

(@)
ES ©)
=== AHIE

QFMI, @FMTI
Q@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 31, No. 1, February 2026



Annals of Fuzzy Mathematics and Informatics
Volume 31, No. 1, (February 2026) pp. 67-77 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2026.31.1.67 http://ribs.wonkwang.ac.kr

Fuzzy c-spaces
C. DARSANA, P. SINI

Received 13 August 2025; Revised 15 September 2025; Accepted 4 December 2025

ABSTRACT. In this paper, we introduce and investigate a new class
of fuzzy structures termed fuzzy c-space by extending the classical notion
of c-space into fuzzy contexts. We present the concept of fuzzy touching
points and fuzzy t-closed sets. Furthermore, we define fuzzy c-continuous
mapping and investigate some of its properties.
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1. INTRODUCTION

In this paper, we extend the concept of c-spaces to fuzzy contexts. The clas-
sical concepts of connectivity have found considerable use in image processing and
analysis. In 1983, Borger [1] proposed a framework for connectivity, known as the
theory of ¢-structures, by incorporating key ideas of connectedness from both topol-
ogy and graph theory. Specifically, singletons are considered connected, and the
union of connected sets sharing a common point is also connected. Several articles
have been published in this area of research (See [2, 3, 4, 5, 6] for more details).
However, this theory was largely confined to binary images and was set-oriented.
In mathematics, both in theory and in practice, we often work with sets that have
different structures. But sometimes, classical methods are not enough to deal with
uncertainty. To overcome these challenges, Zadeh introduced fuzzy set theory in
1965 [7], which enabled the extension of classical mathematical structures into a
fuzzy framework. Following this development, considerable research has also been
carried out in complementary areas such as rough set theory, soft set theory, and
related fields (See [8, 9, 10, 11, 12, 13, 14, 15, 16]).

A fuzzy set is a function from a universal set X to the interval [0, 1], and a crisp set
is a special case of a fuzzy set where the function takes only the values 0 or 1. Fuzzy



C. Darsana and P. Sini / Ann. Fuzzy Math. Inform. 31 (2026), No. 1, 67-77

set theory has found numerous applications in real-world problems. With its advent,
conventional notions of connectedness have been broadened to fuzzy contexts. This
naturally leads to the development of connectivity frameworks suitable for grayscale
images, where a more nuanced theoretical structure is required.

The objective of this paper is to develop the theory of fuzzy c-spaces by extending
the classical concept of c-spaces into the fuzzy setting. This generalization aims to
provide a flexible framework for analyzing fuzzy connectedness that is applicable to
both binary and grayscale images. The main advantage of fuzzy connectedness is
in image segmentation, especially within medical imaging, where it facilitates the
extraction of objects with vague or unclear boundaries.

In this work, we introduce the concept of fuzzy c-spaces and investigate several of
their properties. This study is inspired by the work of Muscat and Buhagiar [3]. The
motivation stems from the need to bridge the gap between classical c-space theory
and fuzzy environments. Many real-world applications, such as medical imaging,
object segmentation, and pattern recognition, require the identification of bound-
aries or transitions that are not strictly binary. In such cases, a fuzzy model of
connectedness becomes essential.

A key component of our study is the introduction and analysis of fuzzy touching
points. This plays an important role in several areas. They are particularly relevant
in fuzzy boundary detection, which is critical for tasks such as edge detection in
image processing. Additionally, fuzzy touching points are useful in understanding
fuzzy continuity, where functions can be analyzed based on how they interact with
such points.

2. PRELIMINARIES

Throughout this paper, I will denote the unit interval [0,1] and X a nonempty
set.

A fuzzy set in X is a function with domain X and values in I [17]. Let f € I*X.
Then the support of f denoted by supp(f) is the set {x € X : f(x) > 0}. Here f(z)
is called the grade of membership of x in f and X is the carrier of the fuzzy set f. If
f takes only the values 0 and 1, then f is called a crisp setin X [17]. If f(z) = a for
all z € X, then we denote the fuzzy set f by a. Let fi, fo € I*. Then we say that f1
is contained in fo denoted by f1 < fo [17], if fi(x) < fo(zx) for all z € X. The join
of fi and fs, denoted by f1V fa [17], is defined as (f1 V f2)(z) = maz{fi(x), f2(z)}.
The meet of f; and fo is given by [17] (f1 A f2)(z) = min{fi(z), f2(x)}. The
complement of f, denoted by f’ [17], is defined as f'(x) =1 — f(z) for all x € X.
Let h: X =Y, feIX, and g € IY. Then h(f) is a fuzzy set in Y defined as

sup{f(x):x e h ™ y)} if h(y) # 2,

M) :{0 it hl(y) = 2.

and h™1(g) is a fuzzy set in X, h=1(g)(z) defined by g(h(z)) for z € X [17]. A fuzzy
point is a special type of fuzzy set that has a non zero membership value at exactly
one element of the universal set. More precisely, a fuzzy set p in X is called a fuzzy

point [17], if p(x) = {

a ifx =y,

] where 0 < a < 1. We denote this fuzzy point
0 ifz#y.
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1 ifz=y,

0 ifx#y.
crisp point by 3. A fuzzy point p € IX is said to be a fuzzy point in a fuzzy set f
ifp<f.

by y.. A fuzzy set p is called a crisp point if p(x) = { We denote this

3. Fuzzy c-SPACES
Here, we introduce the notion of a fuzzy c-space.

Definition 3.1. Let X be a set and F C IX. Then (X, F) is said to be a fuzzy
c-space, if it satisfies the following conditions:

(i) 0 7,

(ii) if A is a family of fuzzy subsets in F with AA # 0, then VA € F,

(iii) zy € F for all z € X.

Here F is called a fuzzy c-structure on X and elements of F are called fuzzy
connected sets.
Here onwards, Dx denotes the set of all crisp points together with 0.
The following are some examples of fuzzy c-spaces.

Example 3.2. (1) Let X be any set. Then F = Dx is a fuzzy c-structure on

X and is called the trivial fuzzy c-structure.

(2) Let X be any set and F = IX. Then (X, F) is a fuzzy c-space called the
indiscrete fuzzy c-space.

(3) Let (X,0) be a fuzzy topological space. Then the collection of all fuzzy
connected subsets of X forms a fuzzy c-structure on X.

(4) Let F be a fuzzy c-structure on X. Then F U {1} is also a fuzzy c-structure
on X, called the Brunnian closure of F.

(5) Let f € I’X. Then F = Dx U{g € IX : f < g} is a fuzzy c-structure on X,
called the fuzzy c-structure rooted at f.

Theorem 3.3. Let (X, F) be a fuzzy c-space and Y C X. Then the collection
Fy =A{fly: feF and f(X\Y)={0}} is a fuzzy c-structure on Y.

Proof. 1t is clear that 0 € Fy. Let f =y € F, where y € Y and g = f [y. Then

g € Fy. Let {g; : i € I} be a collection of fuzzy sets in Fy with /\ g; # 0. Then for

each i, there exists f; € F such that g; = f; [y and f;(X\Y) = {ZS}{ Now, /\ gi #0

implies /\ fi # 0, it follows that \/ fi € F. Also, note that for each x éeg( \Y,

fi(z) = 6€Ifor all i € I, which implifsl (V fi)(@) = 0 for each x € X \ Y. Thus V g

can be written as \/Igi = \/Ifi) ly. SZ)GI\/Igi € Fy. Hence the proof. lEID
ic ic ic

Now, we define the concept of a sub fuzzy c-space.
Definition 3.4. Let (X, F) be a fuzzy c-space and Y C X. Define Fy = {f |y:
feFand f(X\Y) = {0}}. Then (Y, Fy) is a fuzzy c-space called the sub fuzzy

c-space of (X, F) and Fy is called the sub fuzzy c-structure on Y.
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Definition 3.5. Let (X, F) be a fuzzy c-space and B C IX. Then the intersection
of all fuzzy c-structures containing B, denoted by (B) is a fuzzy c-structure on X
and is called the fuzzy c-structure generated by B. The elements of B are calledbasic
fuzzy connected sets.

Definition 3.6. Let (X, F) be a fuzzy c-space. Let K be a finite index set and
H : K — F be a function such that H(k) A H(k 4+ 1) # 0 for each k¥ € K. Then
{H(k) : k € K} is called a chain.

For our convenience, we denote H (k) and H(k + 1) by Hy and Hy41, respectively.

Let G be the collection of all g € IX such that for any g(x) and g(y), there
exists a chain B : K — B such that each By < g, k € K and B,/ (z) = g(x) and
B, (y) = g(y), together with Dx. Now, we claim that G is a fuzzy c-structure on
X

Let {g; : j € J} be the collection of sets in G with /\ g; # 0. Consider \/ g;. Let
= jeJd
V gj(z) = a and \/ g;(y) = b. Then there exists some g1, g» with g1(z) = ¢ and
jed jeJ
g2(y) = b. Since A g; # 0, there exists some z € X such that g;(z) # 0 for all j.
jeJ
Consider ¢; (z) and g1 (z). Then by our assumption, there exists a chain of basic fuzzy
connected sets, say By, Ba, -+ , By, contained in g; such that B;(x) = ¢1(z) = a and
Bi(z) = g1(z) for some i, 1 € {1,2,--- ;m}. Similarly, consider g2(y) and g2(z). Then
there exists a chain of basic fuzzy connected sets, say Bll, B;, e 7B;L contained in
g2 such that Bj(y) = ga(y) = b and B, (z) = ga(2) for some i', I € {1,2,--- ,n}.
Observe that B; A Bl, # 0, since g;(z) # 0 for all j € J. Consequently, there
exists a chain of basic fuzzy connected sets By, Ba, - , By, B;, Bé, S B;L such that
Bi(z) = \ g;(x) = a and B;(y) = \ g;(y) = b. That is, \/ g; € G. Obviously,
jed JjeJ jeJ
B C G. Also, G C F for all F containing B. Thus G = (B).

The following theorem summarizes the preceding observations.

Theorem 3.7. Let F be a fuzzy c-structure on X generated by B. Then any f €
F \ Dx is characterized by the condition that for any f(z) and f(y), there exists
a chain B : K — B such that each By, < f, k € K and B,/ (z) = f(z) and

By (y) = f(y).
4. Fuzzy TOUCHING POINTS

In [3], Muscat and Buhagiar proposed the notion of touching points and ex-
amined its different features. Analogously, here, we introduce the concept of fuzzy
touching points.

Definition 4.1. Let (X, F) be a fuzzy c-space and f € IX. Then we say that a
fuzzy point p touches f, if there exists 0 # f e I with f/ < f such that p\/f/ e F.

The set of all fuzzy points touching f is denoted by Ft(f).

Definition 4.2. We say that two fuzzy sets f and g touch, if there exists a fuzzy
point p < f V g, which touches both f and g.

This is illustrated in the following example.
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Example 4.3. Let X = {a,b,c} and F be a fuzzy c-structure on X having base
B = DxU{f1, f2}, where f; and f5 are defined by f1(a) =0, f1(b) = 0.5, f1(c) = 0.25
and fa(a) =0, f2(b) = 0.5, fa(c) = 0.5. Consider the fuzzy sets f and g given by

fla) =0.25, f(b) = 0.5, f(c) = 0.5
g(a) =0.25,9(b) =0.25,g9(c) =1
Then fV g is given by
(fVg)(a) =0.25(fVg)b)=05,(fVg)c)=1.
Let p=bos < fVg. Take f and g, where
f(a)=0,f(b) =0.25,f (c) =05
g (a)=0,g'(b) =0.25,9'(c) =1
Clearly, f' < f and ¢’ < g. Now, (f' Vp)(a) =0, (f Vp)(b) = 0.5,(f Vp)(c) = 0.5

and (g Vp)(a) =0, (g Vp)(b) = 0.5, (g Vp)(c) = 1. Note that, f Vpand g Vp are
fuzzy connected. Then f and g touch.

Remark 4.4. Let (X, F) be a fuzzy c-space and f, g, and k € IX. If f touches g
and g touches k, then f need not touch k. See the following example.

Example 4.5. Let X = {a,b,c,d}. Consider the fuzzy c-structure generated by
B=Dx U{f,g,k}, where

fla) =04, f(b) = 0.2, f(c) =0, f(d)
g9(a) =0,9(b) = 0.5,9(c) = 0.3,9(d)
k(a) =0,k(b) =0,k(c) =0.1,k(d) = 0.5

Here, f touches g and g touches k. But f does not touch k.

0
0

The following theorem establishes the condition under which f touches k.

Theorem 4.6. Let (X, F) be a fuzzy c-space and f, g, and k € I’X. If f touches g
and g < k, then f touches k.

Proof. Since f touches g, there exists a fuzzy point p < f V g that touches both f
and g. Now, p touches g implies that there exists some g' < g such that g/ Vpis
fuzzy connected. In addition, g < k implies that gl < k. It follows that p touches k,
alsop < fVg< fVk. Then f touches k. O

Theorem 4.7. Let F be a fuzzy c-structure on X and f € F. Then p touches f if
and only if fV p is fuzzy connected.

Proof. Suppose that p touches f. Then there exists a f/ with f, # 0 and f’ <f
such that f V p is fuzzy connected. Since f < f, f A (f/ V p) # 0 which implies
that fV ( f/ V p) is fuzzy connected. Consequently, f V p is fuzzy connected.
Conversely, suppose that fV p is fuzzy connected. Then it is clear that p touches
f. This completes the proof. O

The following theorems explore the properties of fuzzy touching points.

Theorem 4.8. Let (X, F) be a fuzzy c-space and f, g € IX.
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(1) If f < g, then Fi(f) C Ft(g).
(2) If f touches g, then g touches f.
(3) Let f, g€ F. If f and g touch, then fV ge F.

Proof. (1) Suppose that p is a fuzzy touching point of f. Then there exists some
0 # f/ < f such that f, V p € F. Since f/ < f < g, pis a fuzzy touching point of g
also.

(2) Trivial.

(3) Since f and g touches, there exists a fuzzy point p < fV g which touches both
f and g. Then fVp and gV p are fuzzy connected. Now, (f Vp)A(gVp)>p#0.
Thus (fVp)V(gVp)eF. So fVvgeF. O

Proposition 4.9. Let (X, F) be a fuzzy c-space and f, g € I and a € I.
(1) If f(z) = a # 0 for some x € X, then x1 is a fuzzy touching point of f.
(2)If f < g, then \| Fi(f) <\ Fi(g).

(5) 1 <V Fi().
(4) If f € F, then every fuzzy point in [ is a fuzzy touching point of f.
(5) If f(xz) #0 for all x € X, then \/ Ft(f) = 1.

Proof. (1) Since f(xz) = a # 0, we have z, < f. Let p = x;. Then 1 Vx, = x7 is
fuzzy connected. Thus xz; is a fuzzy touching point of f.

(2) By Theorem 4.8 (1), every fuzzy touching point of f is a fuzzy touching point
of g. Then \/ Ft(f) <\/ Ft(g).

(3) Let z € X. If f(x) =0, then f(x) <\ Ft(f)(x). Otherwise z; is a fuzzy
touching point of f. Thus f < \/ Ft(f).

(4) Let p=z, < f. ThenpV f=z,V f = f € F. Thus every fuzzy point of f
is a fuzzy touching point of f.

(5) Let x € X. Then f(xz) = a, where a # 0. Then z, < f. Now, 1 Va, =1 €
F. Thus z; is a fuzzy touching point of f. Consequently \/ Ft(f) = 1. O

Theorem 4.10. Let (X, F) be a fuzzy c-space and f € F, where f(x) # 0 for all
re€X. Thenl e F.

Proof. Since f € F and f(z) #0forallz € X, 1 A f #0. Then 21 V f € F. Also,

f<zyV fimplies A (z1V f)#0. Thus \/ (z;V f)€F. But \ (z1Vf)=1
zeX reX zeX

SoleF. O

Definition 4.11. Let (X, F) be a fuzzy c-space and f € IX. Then f is called fuzzy
t-closed, it \/ Ft(f) = f. If f is fuzzy t-closed, then every fuzzy touching points f is
contained in f.

Obviously, for any fuzzy c-space (X, F), 1 and 0 are fuzzy t-closed.

We denote the set of all fuzzy points in f by Fp(f).

Note that if (X, F) is the trivial fuzzy c-space and f € I, then f is a crisp subset
of X if and only if f is fuzzy t-closed.

Theorem 4.12. Let (X, F) be a fuzzy c-space. If f € I is fuzzy t-closed, then f
18 a crisp set.
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Proof. Since f is fuzzy t-closed, the only fuzzy touching points of f are the fuzzy
points in f. For a < 1, suppose that f(z) = a # 0. Consider z, < f. Then z;
is a fuzzy touching point of f, since z; V 2, = 1 € F. Thus f is not t-closed, a
contradiction. g

But the converse is not true. For example, consider the fuzzy c-structure F =
Dx U{f,g,k,1} on X, where X = {a,b,c} and

f(a) = Lf(b) = 1,f(C) =05 g(a) = 1,9(1)) = O,Q(C) =1
k(a) =0,k(b) =1,k(c) =1; l(a) =1,1(b) =1,l(c) = 1.

Let p =c¢1. Then fVp=1¢€ F, which implies that p is a fuzzy touching point of
f. But pis not a fuzzy point of f. Thus f is not fuzzy t-closed.

Remark 4.13. If {f; : i € I} is a collection of all fuzzy t-closed sets in a fuzzy
c-space (X, F), then A f; is fuzzy t-closed.

el
Proof. Let f = A fi. By Proposition 4.9 (3) , f < \/ Ft(f). Since f < f; for all

el
i, VFt(f) <\ Ft(f;). This implies that \/ Ft(f) < f; for all 4, since f; is fuzzy

t-closed. It follows that \/ Ft(f) < A fi = f. Then f = \/ Ft(f). Thus f is fuzzy
iel
t-closed. n

Definition 4.14. The fuzzy connective closure of a fuzzy set f denoted by f is
defined as the smallest fuzzy t-closed set containing f. That is, fuzzy connective
closure of a fuzzy set f is the meet of all fuzzy t-closed sets that contain f.

Theorem 4.15. Let (X, F) be a fuzzy c-space and f € IX. Then
(1) [ is fuzzy t-closed if and only if f=f,
(2) VFi(f) < f.

Proof. (1) Suppose that f is fuzzy t-closed. Then the smallest fuzzy t-closed set
containing f is f itself, which implies f = f.

Conversely, suppose that f = f. That is, the meet of all fuzzy t-closed set
containing f is f itself. Then f is fuzzy t-closed.

(2) Let F be a fuzzy t-closed set such that f < F. Then \/ F't(F) = F. Since
f<F,\/Ft(f) <\ Ft(F) implies \/ Ft(f) < F. This is true for all fuzzy t-closed
set containing f. Thus we can write \/ Ft(f) < A{F: f <F,\/ Ft(F) = F} = f.
So V/ Ft(f) < f. O

Definition 4.16. A fuzzy set f € IX is fuzzy c-dense, if \/ Ft(f) = 1.

In an indiscrete fuzzy c-space, every fuzzy set is fuzzy c-dense. For any fuzzy
c-space (X, F), if f(x) #0 for all z € X, then f is fuzzy c-dense.
Next, we present the concept of fuzzy connective space.

Definition 4.17. Let X be a set. A fuzzy connective structure on X is a fuzzy
c-structure F satisfying the following conditions:
(i)if 0# f € Fand 0 # g € F with fV g € F, then there exists a fuzzy point
p< fVgsuchthat pv f € FandpVvgeF,
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(i) if f, g, k; € F with meet 0 and fV gV (\ k;) € F, then there exist J C I,

i€l
fV(VEkj)eFandgVv(V ki)eF,
jeJ iel\J
Then (X, F) is called a fuzzy connective space.

Example 4.18. (1) The trivial fuzzy c-space (X,Dx) is a fuzzy connective
space.
(2) The indiscrete fuzzy c-space is a fuzzy connective space.
(3) Let X = {a,b,c}. Then F = Dx U{f,g,k} is a fuzzy connective structure
on X, where

fla) =1,f(b) = 0.4, f(c) =0
g(a) =0.4,9(b) = 1,9(c) =0
k(a) = 1,k(b) = 1, k(c) =
The following is an example of a fuzzy c-structure that is not a fuzzy connective

structure.

Example 4.19. Let X = {z,y,z,w} and F be a fuzzy c-structure on X having
base B = Dx U{f,g,k}, where

f(z) =05, f(y) =08, f(2) =0, f(w) =0
g(x) =0,9(y) =0,9(2) =04, g(w) =0.7
k(z) =0.5,k(y) = 0.8,k(2) = 0.4, k(w) = 0.7
But it is not a fuzzy connective structure. Here, fVg=Fk € F.
1. fp=2,0<a<05,thenpV f=fe€FandpVgéeF.
2. Ifp=9y,,0<a<08,thenpVv f=fecFandpVvge¢F.
3. Up=2,0<a<04,thenpV fé¢ FandpVg=geF.
3. fp=w, 0<a<0.7 thenpV f¢ FandpVg=geF.
Then there does not exist a fuzzy point p < fVgwithpV f € Fand pV g e F.

5. Fuzzy c-CONTINUITY

In [3] Muscat J. and Buhagiar D. explore various aspects of c-continuous
functions. In an analogous way, we define a fuzzy c-continuous mapping and examine
its properties.

Definition 5.1. Let (X, F) and (Y, F’) be two fuzzy c-spaces. Then a function
h: X — Y is called fuzzy c-continuous, if it maps fuzzy connected subsets of X into
fuzzy connected subsets of Y.

Now, h is called a fuzzy c-isomorphism, if h is bijective and both h and h~!
are fuzzy c-continuous. A fuzzy c-isomorphism from X onto itself is called a fuzzy
c-automorphism.

Example 5.2. Let X = {a,b,c} and F be a fuzzy c-structure on X having base
B = DX U{f?.gvk}v

where

fla) =1, f(b) =0.5, f(c) =0;
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g(a) = 0.5, g(b) =0, g(c) = 1;

k(a) =0, k(b) =1, k(c) =0.5.
If h = I,(a,b,c) or (b,c,a), then h and h~!' map fuzzy connected sets to fuzzy
connected sets. Thus h is a fuzzy c-automorphism on X.

Theorem 5.3. Let (X, F) and (Y, F') be two fuzzy c-spaces and h : X =Y be fuzzy
c-continuous and g € IX. If p touches g, then h(p) touches h(g).

Proof. Since p touches g, there exists a 0 # g < g such that ¢ Vp € F. Since h
is fuzzy c-continuous, h(g V p) € F'. It follows that h(g') V h(p) € F'. As ¢ < g,
g (z) < g(x) for all z € X. Now, for all y € Y,

g ) (y) = \/{g (@) : h(@) =y} < \/{g(x) : h(z) =y} = h(g)(y).
Then h(g') < h(g). Thus h(p) is a fuzzy touching point of h(g). O

Theorem 5.4. Let (X, F) and (Y, F') be two fuzzy c-spaces and h : X —'Y be fuzzy
c-continuous. If F is a fuzzy t-closed set in F', then h=1(F) is fuzzy t-closed set in
F.

Proof. Since F is fuzzy t-closed, \/ Ft(F) = F. Then every fuzzy touching points of
F is contained in F. Now, let p be a fuzzy touching point of h~*(F) and p £ h~!(F).
Thus h(p) is a fuzzy touching point of F and h(p) ¢ F, which is a contradiction.
As F is fuzzy t-closed by Theorem 4.12, F is a crisp set. So h~1(F) is also a crisp
set. If h~1(F)(x) = 1, then obviously x; is a fuzzy touching point of h=!(F). If
h=Y(F)(z) = 0, then x, cannot be a fuzzy touching point of h=1(F) for any a € (0, 1].
Hence \/ Ft(h~1(F)) = h=}(F). Therefore the result holds. O

Proposition 5.5. (1) Any function from a trivial fuzzy c-space is fuzzy c-continuous.
(2) Any function into an indiscrete fuzzy c-space is fuzzy c-continuous.
(3) Identity maps are fuzzy c-continuous.

Proof. (1) Let h be a function from a trivial fuzzy c-space (X,F) to some fuzzy
c-space to (Y,G). Then h maps 0 to 0 and crisp points in X to crisp points in Y.
Thus h maps every fuzzy connected sets of X in to fuzzy connected sets of Y. So h
is fuzzy c-continuous.

(2) Let h be a function from an arbitrary fuzzy c-space (X, F) to an indiscrete
fuzzy c-space to (Y, G). Then every f € IV is fuzzy connected. Thus every fuzzy con-
nected set of X mapped onto fuzzy connected sets in Y. So h is fuzzy c-continuous.

(3) Let h be the identity function on (X, F). Then h maps every fuzzy connected
set f to f itself. Thus h is fuzzy c-continuous. O

Theorem 5.6. The composition of fuzzy c-continuous function is fuzzy c-continuous.

Proof. Let h : X — Y and R :Y = Z be fuzzy c-continuous functions and f be a
fuzzy connected subset of X. Then h(f) is fuzzy connected in Y. Now, consider the
composition of A" and h, ' o h(f) = h'(k(f)), which is fuzzy connected in Z. Thus
the result is complete. O

The above result ensures that the class of fuzzy topological spaces, together with
fuzzy continuous maps, is closed under function composition.
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Example 5.7. Let X = {z,y,2} and Y = {a,b,c}. Let h: X — Y be defined by
h(z) = a, h(y) =, h(z) =
Consider the fuzzy c-structure F = Dx U{f,g,k,l} on X, where
f(2)=0.7,f(y) =0.7,f(2) =0
9(x) =1,9(y) = 0.7,9(2) = 0
k(z) =1, k(y) = 1,k(z) =0
l(z) =0.7,l(y) =1,l(2) =0.
and F is the fuzzy c-structure on Y generated by the base B = Dy U{f , g }, where
fa)=0.7,f(0) =07, (c) =
g(a)=0,g'(b)=07,g(c) =07
Since h maps fuzzy connected sets in X to fuzzy connected sets in Y, h is fuzzy
c-continuous. Now, consider Z = {u,v,w}. Let b : Y — Z be defined by h'(a) = u,

B (b) = w, and h'(c¢) = v. Let F” be the fuzzy c-structure on Z generated by the
base B= Dz U{f",g"}, where

) =07, f () =0, f (w) = 0.7
g (u) = O,g,(v) =0.7,q (w) =0.7

Thus &' is also fuzzy c-continuous. Here, h oh maps fuzzy connected subsets of X
to fuzzy connected subsets of Z. So h o h is also fuzzy c-continuous.

Remark 5.8. The inverse of a fuzzy c-continuous function need not be fuzzy c-
continuous.

Consider 5.7, let k' be a fuzzy subset of Y given by k'(a) = 0,k (b) = 0.7,k (¢c) = 1
Then k' € F/, but b~ (k') = k" ¢ F. Therefore, h=! is not fuzzy c-continuous.

6. CONCLUSION

In this paper, we have extended the classical theory of c-spaces into the fuzzy set-
ting and discussed some properties of fuzzy c-spaces. We introduced and explored
the concept of fuzzy touching points, which provide a richer understanding of fuzzy
connectedness. The theory developed here not only bridges the gap between tradi-
tional c-space theory and fuzzy set theory but also opens new avenues for research
in fuzzy topology, fuzzy logic systems, and image analysis.
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