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Abstract. In this paper, we consider a class of fuzzy fractional impul-
sive dynamic equations on time scales of the form

δαHy(t) = p(t) · y(t) + f(t, y(t)), t ∈ [0, T ],
y(0) = y0,
y(t+i ) = y(t−i ) + I(ti, y(ti)), i ∈ {1, . . . , n}.

Using Krasnosel′skii and Sadovskii′s fixed point theorems, we investigated
and established the existence and uniqueness of solutions of this class of
equations.
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1. Introduction

Mathematical modeling of some phenomena becomes more realistic and suitable
by non-continuous dynamical equations, so, in this regard, it is necessary to consider
both continuous and discrete models for such problems. These equations can be
interpreted by idea of time scales, which was introduced for the first time in 1988 by
Stefan Hilger [1] (for more details see [2]). The time scales calculus is a unification of
the continuous and discrete analysis, which describes the difference and differential
equations together as well as allowing us to deal with combining equations of two
differential and difference equations simultaneously (See, for example, [2, 3, 4, 5]).
The theory of dynamic equations on time scales has many interesting applications
in control theory, mathematical economics, mathematical biology, engineering and
technology (See [2, 6, 7, 8, 9]). In some cases, there exists uncertainty, ambiguity or
vague factors in such problems, and fuzzy theory and interval analysis are powerful
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tools for modeling these equations on time scales. In [10], authors introduced and
considered the notions of delta derivative and delta integral to fuzzy valued functions
on time scales. These definitions may accurately describe fuzzy dynamic processes
where time may flow continuously and discretely at different stages in the model; in
other words, these concepts are useful in modeling fuzzy start-stop processes as seen
in [11], [12] and the references therein.

Shahidi and Khastan [13]introduced the concept of fractional derivative for fuzzy
functions on time scales. The presented fuzzy fractional derivative is a natural
extension of the generalized Hukuhara derivative. In this paper, our aim is to lies
within the investigation of the existence and uniqueness of solution for the class of
fuzzy fractional impulsive dynamic equation of the form

(1.1)
δαHy(t) = p(t) · y(t) + f(t, y(t)), t ∈ [0, T ],
y(0) = y0,
y(t+i ) = y(t−i ) + I(ti, y(ti)), i ∈ {1, . . . , n},

where y(t±i ) = lim
t→t±i

y(t), y(ti) = y(t−i ), i ∈ {1, . . . , n} and α ∈ (0, 1]

(G1): p : T → R, p ∈ R, y0 ∈ F (R),
(G2): f ∈ C(T× F (R)),
(G3): there exist positive functions q and r, defined on [0, T ] such that

ξ = max
t∈[0,T ]

t∫
0

|ep(t, σ(s))|q(s)∆s < ∞,

η = max
t∈[0,T ]

t∫
0

|ep(t, σ(s))|r(s)∆s < ∞,

D(tα−1 · f(t, x), tα−1 · f(t, y)) ≤ r(t)D(x, y),

D(tα−1 · f(t, y), 0̃) ≤ q(t) + r(t)D(y, 0̃), t ∈ T, x, y ∈ F (R),

(G4): there exists a positive constantA such thatD(I(t, x), I(t, y)) ≤ AD(x, y),
x, y ∈ F (R), t ∈ [0, T ].

Here F (R) is the set of real fuzzy numbers, D(·, ·) is the Hausdorff distance and

0̃ is the zero element of F (R). We investigate the problem (1.1) for existence and
uniqueness of the solutions. To the best of our knowledge, there is a gap in the
references for investigations of the equation (1.1).

The paper is organized as follows. In the next section, we give some auxiliary
results needed for the proof of the main results. In Section 3, we formulate and
prove the main results. A conclusion is made in Section 4. Throughout this work,
we assume a good knowledge on time scale calculus and fuzzy dynamic calculus on
time scales (for more details we refer the reader to the books [14] and [15]).

2. Preliminaries

In this section, we will give some basic facts regarding the fuzzy fractional differ-
entiation and integration on time scales. The exposition follows the paper [13]. Let
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T be a time scale with delta differentiation operator and forward jump operator σ
and ∆, respectively.

Definition 2.1 ([13]). Let f : T → F (R). We say that the fuzzy function f is fuzzy
fractional differentiable of order α at t, if there is an element δαHf(t) ∈ RF such that
for any ϵ > 0 there exists a δ > 0 for which

(i) if f(t + h) ⊖H f(σ(t)) and f(σ(t)) ⊖H f(t − h) exist, for any h > 0 with
t− h, t+ h ∈ UT(t, δ), then we have

D
(
(f(t+ h)⊖H f(σ(t))) t1−α, δHf(t)(h− µ(t))

)
≤ ϵ(h− µ(t)),

D
(
(f(σ(t))⊖H f(t− h)) t1−α, δαHf(t)(h+ µ(t))

)
≤ ϵ(h+ µ(t)).

(ii) if f(σ(t)) ⊖H f(t + h and f(t − h) ⊖H f(σ(t)) exist, for any h > 0 with
t− h, t+ h ∈ UT(t, δ), then we have

D
(
(f(σ(t))⊖H f(t+ h)) t1−α, δαHf(t)(µ(t)− h)

)
≤ ϵ(h− µ(t)),

D
(
(f(t− h)⊖H f(σ(t))) t1−α, δαHf(t)(µ(t) + h)

)
≤ ϵ(h+ µ(t)).

The number δαHf(t) is said to be the α-derivative of f at t. We say that f is α1-
differentiable at t if case 1 holds. In this case, we will write δα1

H f(t)−differentiable.
We say that f is α2-differentiable at t if the case 2 holds and we will write δα2

H f(t)−differentiable.
If A ⊂ T∩ (0,∞), we will say that f is α-differentiable on A, if it is α-differentiable
at any point of the set A.

Definition 2.2 ([16]). A function p : T → R is called regressive, provided 1 +
µ(t)p(t) ̸= 0,∀ t ∈ Tκ. Where µ(t) := σ(t) − t (the grainness function) and the
κ−operator Tk is given by

Tk =

{
T \ (ρ(supT), supT), if supT ≤ ∞
T, otherwise.

The next theorem shows that the α1-derivative and α2-derivative are additive
operators in terms of the κ−operator.

Theorem 2.3 ([14]). Let f, g : T → F (R) be α-differentiable at t ∈ Tκ and λ ∈ R.
Then

(1) f + g : T → F (R) is α-differentiable at t and

δαH(f + g)(t) = δαHf(t) + δαHg(t),

(2) λ · f : T → F (R) is α-differentiable at t and

δH(λ · f)(t) = λ · δαHf(t).

Definition 2.4 ([16]). A function f : T → R is called rd-continuous, if it is con-
tinuous at all right-dense points in T and its left-sided limits exists at all left-dense
points in T.

In this article, we denote the set of all regressive and rd-continuous functions on
T to be R.
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Definition 2.5 ([17]). The exponential function ep on time scales for p ∈ R is
defined by: for all s, t ∈ T,

ep(t, s) = exp(

∫ t

s

ξµ(τ)(p(τ))∆τ).

Where ξh(z) is the cylinder transformation defined by ξh(z) =
1
h log(1 + zh).

Definition 2.6 ([13]). Let f : T → F (R) be a regulated function and a, b ∈ T,
a, b > 0. Then a fuzzy fractional integral (shortly α-integral), t > 0, is defined by∫

f(t)δαHt =

∫
tα−1 · f(t)δHt and

b∫
a

f(t)δαHt =

b∫
a

tα−1 · f(t)δHt.

Next we, present some basic properties of the α-integral as follows.

Theorem 2.7 ([13]). Let a, b, c ∈ T, a, b, c > 0, λ ∈ R and f, g : T → F (R) be
rd-continuous. Then

(1)
b∫
a

(f(t) + g(t))δαHt =
b∫
a

f(t)δαHt+
b∫
a

g(t)δαHt,

(2)
b∫
a

λ · f(t)δαHt = λ ·
b∫
a

f(t)δαHt,

(3)
b∫
a

λ · f(t)δαHt =
c∫
a

λ · f(t)δαHt+
b∫
c

λ · f(t)δαHt,

(4)
a∫
a

λ · f(t)δαHt = 0̃.

Theorem 2.8 ([14]). Let f : T → F (R) be continuous and c ∈ F (R). Then

(1) F (t) = c+
t∫
a

λ·f(τ)δαHτ , t ∈ T, t > 0, is α1-differentiable and δαHF (t) = f(t),

(2) F (t) = c ⊖H

t∫
a

λ · f(τ)δαHτ , t ∈ T, t > 0, is α2-differentiable and δαHF (t) =

−f(t). Here ⊖H denotes the H-difference (for more details see [15]).

Throughout this paper we will consider the case of α1-derivative and α1-integral.
To prove our main results, we will use the following fixed point theorems.

Theorem 2.9 (Krasnosel’skii Fixed Point Theorem). Let M be a closed convex
nonempty subset of a Banach space (B, ∥ · ∥). Suppose that

(1) A : M → B is completely continuous,
(2) B : M → B is a contraction,
(3) x, y ∈ M implies Ax+By ∈ M .

Then the map A+B has a fixed point in M .

Theorem 2.10 (Sadovskii’s Fixed Point Theorem). Let P be a condensing operator
on a Banach space X. If P (D) ⊂ D for a convex,closed and bounded set D of X,
then P has a fixed point in D.
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3. Major Section

Define

tn+1 = T,

J0 = [0, t1],

Jk = (tk, tk+1], k ∈ {1, . . . , n},

PC =

{
y : [0, T ] → F (R), y ∈ C(Jk), ∃y(t±k ),

y(t−k ) = y(tk), k ∈ {1, . . . , n}
}
,

PC1 =
{
y : [0, T ] → F (R), y ∈ C1(Jk), k ∈ {1, . . . , n}

}
.

The set PC is a Banach space endowed with the supremum norm

∥u∥ = max
k∈{0,...,n}

∥u∥k,

where

∥u∥k = sup
t∈Jk

D(u(t), 0̃), k ∈ {0, . . . , n}.

For u, v ∈ PC, when we write ∥u− v∥ we have in mind

∥u− v∥ = max
k∈{0,...,n}

∥u− v∥k,

where

∥u− v∥k = sup
t∈Jk

D(u(t), v(t)), k ∈ {0, . . . , n}.

Theorem 3.1. The function y ∈ PC1 is a solution of the equation (1.1) if and only
if y ∈ PC satisfies the following integral equation

(3.1)
y(t) =

t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ + ep(t, 0) · y0

+
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk)).

Proof. Suppose y ∈ PC1 is a solution of the equation (1.1). Then for t ∈ J0,
we have

(3.2)
δαHy(t) = p(t) · y(t) + f(t, y(t)), t ∈ J0,
y(0) = y0.

For its solution, we have

y(t) = ep(t, 0) · y0 +
t∫

0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ, t ∈ J0

and

y(t1) = ep(t1, 0) · y0 +
t1∫
0

ep(t1, σ(τ)) · f(τ, y(τ))δαHτ.

283



Georgiev et al./Ann. Fuzzy Math. Inform. 30 (2025), No. 3, 279–295

For t ∈ J1, we get the following IVP

δαHy(t) = p(t) · y(t) + f(t, y(t)), t ∈ J1,

y(t+1 ) = ep(t1, 0) · y0 +
t1∫
0

ep(t1, σ(τ)) · f(τ, y(τ))δαHτ

+I(t1, y(t1)).

For its solution we have the following representation.

y(t) = ep(t, t1) ·
(
ep(t1, 0) · y0 +

t1∫
0

ep(t1, σ(τ)) · f(τ, y(τ))δαHτ

+I(t1, y(t1))

)
+

t∫
t1

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

= ep(t, 0) · y0 +
t1∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

+ep(t, t1) · I(t1, y(t1)) +
t∫

t1

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

= ep(t, 0) · y0 +
t∫

0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

+ep(t, t1) · I(t1, y(t1)).

Continuing this integration by parts representation process, we get (3.1).
Suppose y ∈ PC satisfies (3.1). Then for t ∈ J0, we have

(3.3) y(t) = ep(t, 0) · y0 +
t∫

0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ.

We δαH -differentiate the equation (3.3) and we find

δαHy(t) = (p(t)ep(t, 0)) · y0 + ep(σ(t), σ(t)) · f(t, y(t))

+p(t) ·
t∫

0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

= p(t) ·

ep(t, 0) · y0 +
t∫

0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ


+f(t, y(t))

= p(t) · y(t) + f(t, y(t)), t ∈ J0.
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Moreover, by equation (3.3), we find

(3.4)

y(t−1 ) = ep(t
−
1 , 0) · y0 +

t−1∫
0

ep(t
−
1 , σ(τ)) · f(τ, y(τ))δαHτ

= ep(t
+
1 , 0) · y0 +

t+1∫
0

ep(t
+
1 , σ(τ)) · f(τ, y(τ))δαHτ.

For t ∈ J1, we have

(3.5)
y(t) = ep(t, 0) · y0 +

t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

+ep(t, t1) · I(t1, y(t1)).

The last equation we δαH -differentiate and we arrive at

δαHy(t) = p(t) · (ep(t, 0) · y0) + ep(σ(t), σ(t)) · f(t, y(t))

+p(t) ·
t∫

0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

+p(t) · (ep(t, t1) · I(t1, y(t1)))
= p(t) · y(t) + f(t, y(t)), t ∈ J1.

We put t = t+1 into (3.5) and using (3.4), we obtain

y(t+1 ) = ep(t
+
1 , 0) · y0 +

t+1∫
0

ep(t
+
1 , σ(τ)) · f(τ, y(τ))δαHτ

+I(t1, y(t1))

= y(t−1 ) + I(t1, y(t1)).

Substitution and differentiating again, we have y ∈ PC1 and it satisfies
(1.1). This completes the proof.

□

Next, we define self transformations P,Q and R on PC as follows;

Py(t) =

t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ,

Qy(t) = ep(t, 0) · y0 +
∑

{k:tk<t}

ep(t, tk) · I(tk, y(tk)),

Ry(t) = Py(t) +Qy(t), t ∈ [0, T ].

Lemma 3.2. Suppose (G1)− (G3). Then P : PC → PC is completely continuous.
285
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Proof. Note that P : PC → PC. Take y ∈ PC arbitrarily. Then applying (G3), we
arrive at

D(Py(t), 0̃) = D

 t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ, 0̃


= D

 t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, y(τ))δHτ, 0̃


≤

t∫
0

|ep(t, σ(τ))|D(tα−1 · f(τ, y(τ)), 0̃)∆τ

≤
t∫

0

|ep(t, σ(τ))|
(
q(τ) + r(τ)D(y(τ), 0̃)

)
∆τ

=

t∫
0

|ep(t, σ(τ))|q(τ)∆τ +

t∫
0

|ep(t, σ(τ))|r(τ)D(y(τ), 0̃)∆τ

≤ ξ +

 t∫
0

|ep(t, σ(τ))|r(τ)∆τ

 ∥y∥

≤ ξ + η∥y∥, t ∈ [0, T ].

Thus we find ∥Py∥ ≤ ξ + η∥y∥.
Let {yn}n∈N ⊂ PC be such that

yn → y, as n → ∞,

where y ∈ PC. Then we have: for t ∈ [0, T ],
D(Pyn(t), Py(t))

=D

(
t∫
0

ep(t, σ(τ)) · f(τ, yn(τ))δαHτ,
t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

)
= D

(
t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, yn(τ))δαHτ,

t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, y(τ))δHτ

)
≤

t∫
0

|ep(t, σ(τ))|D(τα−1 · f(τ, yn(τ)), τα−1 · f(τ, y(τ)))∆τ

≤
t∫
0

|ep(t, σ(τ))|r(τ)D(yn(τ), y(τ))∆τ

≤
(

t∫
0

|ep(t, σ(τ))|r(τ)∆τ

)
∥yn − y∥

≤ η∥yn − y∥
and

∥Pyn − Py∥ ≤ η∥yn − y∥.
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Thus P : PC → PC is continuous. Now, we take y ∈ PC arbitrarily and t1, t2 ∈
[0, T ]. Without loss of generality, suppose that t1 < t2. Then

D(Py(t2), Py(t1)) = D

( t2∫
0

ep(t2, σ(τ)) · f(τ, y(τ))δαHτ,

t1∫
0

ep(t1, σ(τ)) · f(τ, y(τ))δαHτ

)

= D

( t1∫
0

(ep(t2, σ(τ))− ep(t1, σ(τ))) · f(τ, y(τ))δαHτ,

t2∫
t1

ep(t2, σ(τ)) · f(τ, y(τ))δαHτ

)

= D

( t1∫
0

(
τα−1ep(t2, σ(τ))− ep(t1, σ(τ))

)
· f(τ, y(τ))δHτ,

t2∫
t1

(
τα−1ep(t2, σ(τ))

)
· f(τ, y(τ))δαHτ

)

≤ |ep(t2, t1)− 1|
t1∫
0

|ep(t1, σ(τ))|D(τα−1 · f(τ, y(τ)), 0̃)∆τ

+

t2∫
t1

|ep(t2, σ(τ))|D(τα−1 · f(τ, y(τ)), 0̃)∆τ

→ 0, as t1 → t2.

Now, using the Arzela-Ascoli theorem, we conclude that P : PC → PC is completely
continuous. This completes the proof. □

Lemma 3.3. Suppose that (G1)-(G4) hold. Let also,

(3.6) A = max
t∈[0,T ]

n∑
k=1

|ep(t, tk)| ≤ ζ < 1.

Then Q : PC → PC is a contraction.
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Proof. Note that ep(t, tk), k ∈ {1, . . . , n}, is a continuous function. Then Q : PC →
PC. Let now, y, z ∈ PC be arbitrarily chosen. Then we have

D(Qy(t), Qz(t)) = D

(
ep(t, 0) · y0 +

∑
{k:tk<t}

ep(t, tk) · I(tk, y(tk)),

ep(t, 0) · y0 +
∑

{k:tk<t}

ep(t, tk) · I(tk, z(tk))
)

= D

 ∑
{k:tk<t}

ep(t, tk) · I(tk, y(tk)),
∑

{k:tk<t}

ep(t, tk) · I(tk, z(tk))


≤

∑
{k:tk<t}

|ep(t, tk)|D(I(tk, y(tk)), I(tk, z(tk)))

≤ A
∑

{k:tk<t}

|ep(t, tk)|D(y(tk), z(tk))

≤ A
∑

{k:tk<t}

|ep(t, tk)|∥y − z∥

≤ ζ∥y − z∥, t ∈ [0, T ],

where ∥Qy−Qz∥ ≤ ζ∥y− z∥. Then Q : PC → PC is a contraction. This completes
the proof. □

Theorem 3.4. Assume that γ = max
t∈[0,T ]

n∑
k=1

|ep(t, tk)|D(I(tk, 0), 0̃) < ∞. Let (G1)-

(G4) and (3.6) hold. Let also, ξ, γ, η, A and S be positive numbers satisfying the
inequality

(3.7) ξ + γ + max
t∈[0,T ]

|ep(t, 0)|D(y0, 0̃) + S

(
η +A+ max

t∈[0,T ]

n∑
k=1

|ep(t, tk)|

)
≤ S.

Then the equation (1.1) has a solution y such that ∥y∥ ≤ S.

Proof. Define the set C = {y ∈ PC : ∥y∥ ≤ S}. By Lemma 3.2, it follows that P :
PC → PC is completely continuous. By Lemma 3.3, it follows that Q : PC → PC
is a contraction. Now let y, z ∈ C be arbitrarily chosen. Then ∥y∥ ≤ S, ∥z∥ ≤ S
and

D(Py(t) +Qz(t), 0̃)

= D

(
t∫
0

ep(t, σ(s)) · f(s, y(s))δαHs+
n∑

k=1

ep(t, tk) · I(tk, (tk)) + ep(t, 0) · y0, 0̃
)

= D[
t∫
0

(
sα−1ep(t, σ(s))

)
· f(s, y(s))δHs+

n∑
k=1

ep(t, tk) · I(tk, z(tk)) + ep(t, 0) · y0, 0̃]

≤ D[
t∫
0

(
sα−1ep(t, σ(s))

)
· f(s, y(s))δHs, 0̃] +D

(
n∑

k=1

ep(t, tk) · I(tk, z(tk)), 0̃
)

+D

(
ep(t, 0) · y0, 0̃

)
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≤
t∫
0

|ep(t, σ(s))|D(sα−1 · f(s, y(s)), 0̃)∆s+
n∑

k=1

|ep(t, tk)|D(I(tk, z(tk)), 0̃)

+|ep(t, 0)|D(y0, 0̃)

≤
t∫
0

|ep(t, σ(s))|D(sα−1 · f(s, y(s)), 0̃)∆s+
n∑

k=1

|ep(t, tk)|(D(I(tk, z(tk)), I(tk, 0))

+D(I(tk, 0), 0̃)) + |ep(t, 0)|D(y0, 0̃)

≤
t∫
0

|ep(t, σ(s))|
(
q(s) + r(s)D(y(s), 0̃)

)
∆s+

n∑
k=1

|ep(t, tk)|D(I(tk, z(tk)), I(tk, 0))

+
n∑

k=1

|ep(t, tk)|D(I(tk, 0), 0̃) + |ep(t, 0)|D(y0, 0̃)

≤ ξ + η∥y∥+A
n∑

k=1

|ep(t, tk)|D(z(tk), 0̃) + γ + |ep(t, 0)|D(y0, 0̃)

≤ ξ + γ + ηS + |ep(t, 0)|D(y0, 0̃) +

(
A

n∑
k=1

|ep(t, tk)|
)
S

= ξ + γ + |ep(t, 0)|D(y0, 0̃) + S

(
η +A

n∑
k=1

|ep(t, tk)|
)

≤ ξ + γ + max
t∈[0,T ]

|ep(t, 0)|D(y0, 0̃) + S

(
η +A max

t∈[0,T ]

n∑
k=1

|ep(t, tk)|
)

≤ S, t ∈ [0, T ].
Thus

∥Py +Qz∥ ≤ S, t ∈ [0, T ],

i.e., Py + Qz ∈ C. So the Krasnosel’skii fixed point theorem, it follows that the
operator P +Q has a fixed point in C. Now, using Theorem 3.1, we conclude that
the equation (1.1) has a solution in the set C. This completes the proof. □

Theorem 3.5. Assume (G1)-(G4), (3.6), (3.7), Theorem 3.7 and η + ζ < 1. Then
the equation (1.1) has a unique solution.

Proof. By Theorem 3.4, it follows that the equation (1.1) has at least one solution
in the set C. Suppose that the equation (1.1) has two solutions y and z. Then

D(Ry(t), Rz(t)) = D

(
t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ + ep(t, 0) · y0

+
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk)),

t∫
0

ep(t, σ(τ)) · f(τ, z(τ))δαHτ + ep(t, 0) · y0

+
∑

{k:tk<t}
ep(t, tk) · I(tk, z(tk))

)
= D

(
t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ +
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk)),

t∫
0

ep(t, σ(τ)) · f(τ, z(τ))δαHτ +
∑

{k:tk<t}
ep(t, tk) · I(tk, z(tk))

)
= D

(
t∫
0

ep(t, σ(τ)) · (f(τ, y(τ))⊖H f(τ, z(τ)))δαHτ,
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∑
{k:tk<t}

ep(t, tk) · (I(tk, z(tk))⊖H I(tk, y(tk)))

)
≤ D

(
t∫
0

ep(t, σ(τ)) · (f(τ, y(τ))⊖H f(τ, z(τ)))δαHτ, 0̃

)
+D

( ∑
{k:tk<t}

ep(t, tk) · (I(tk, y(tk))⊖H I(tk, z(tk))), 0̃

)
= D

(
t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ,
t∫
0

ep(t, σ(τ)) · f(τ, z(τ))δαHτ

)
+D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, y(tk)),
∑

{k:tk<t}
ep(t, tk) · I(tk, z(tk))

)
= D

(
t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, y(τ))δHτ,

t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, z(τ))δHτ

)
+D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, y(tk)),
∑

{k:tk<t}
ep(t, tk) · I(tk, z(tk))

)
≤

t∫
0

|ep(t, σ(τ))|D(τα−1 · f(τ, y(τ)), τα−1 · f(τ, z(τ)))∆τ

+
∑

{k:tk<t}
|ep(t, tk)|D(I(tk, y(tk)), I(tk, z(tk)))

≤
t∫
0

|ep(t, σ(τ))|r(τ)D(y(τ), z(τ))∆τ

+A
∑

{k:tk<t}
|ep(t, tk)|D(y(tk), z(tk))

≤ η∥y − z∥+ ζ∥y − z∥
= (η + ζ)∥y − z∥
< ∥y − z∥, t ∈ [0, T ].

Thus ∥y − z∥ = ∥Ry −Rz∥ < ∥y − z∥, which is a contradiction. This completes the
proof. □

Suppose

(G5): There exist an increasing functions ℓk : R+ → R+ such that

D(Ik(tk, y(tk)), 0̃) ≤ lk(D(y(tk), 0̃)), k ∈ {0, . . . , n},

and lim
r→∞

lk(r)
r = 0, k ∈ {0, . . . , n}.

(G6): For each r > 0 there exists a continuous function hr : [0, T ] → (0,∞)
such that

D(tα−1 · f(t, y), 0̃) ≤ hk(t) for each (t, y) ∈ [0, T ]× F (R), D(y, 0̃) ≤ r,

and lim infr→∞
1
r

T∫
0

hr(s)∆s = β1 < ∞.

Theorem 3.6. Suppose (G1), (G2), (G4)–(G6) and

(3.8) β1 max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))| < 1.
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Then the equation (1.1) has at least one solution.

Proof. We shall proof this theorem in three phases or cases. Let R : PC → PC.
Case I : We will prove that R is continuous. Let {ym}m∈N be a sequence of

elements of PC such that ym → y, as m → ∞, y ∈ PC. Then
D(Rym(t), Ry(t))

= D
[ t∫
0

ep(t, σ(τ)) · f(τ, ym(τ))δαHτ + ep(t, 0) · y0

+
∑

{k:tk<t}
ep(t, tk) · I(tk, ym(tk))

t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

+ep(t, 0) · y0 +
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk))

]
= D

(
t∫
0

ep(t, σ(τ)) · f(τ, ym(τ))δαHτ

+
∑

{k:tk<t}
ep(t, tk) · I(tk, ym(tk))

t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

+
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk))

)
= D

(
t∫
0

ep(t, σ(τ)) · (f(τ, ym(τ))⊖H f(τ, y(τ)))δαHτ,∑
{k:tk<t}

ep(t, tk) · (I(tk, y(tk))⊖H I(tk, ym(tk)))

)
≤ D

(
t∫
0

ep(t, σ(τ)) · (f(τ, ym(τ))⊖H f(τ, y(τ)))δαHτ, 0̃

)
+D

( ∑
{k:tk<t}

ep(t, tk) · (I(tk, ym(tk))⊖H I(tk, y(tk))), 0̃

)
= D

(
t∫
0

ep(t, σ(τ)) · f(τ, ym(τ))δαHτ,
t∫
0

ep(t, σ(τ)) · f(τ, y(τ))δαHτ

)
+D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, ym(tk)),
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk))

)
= D

(
t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, ym(τ))δHτ,

t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, y(τ))δαHτ

)
+D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, ym(tk)),
∑

{k:tk<t}
ep(t, tk) · I(tk, y(tk))

)
≤

t∫
0

|ep(t, σ(τ))|D(τα−1 · f(τ, ym(τ)), τα−1 · f(τ, y(τ)))∆τ

+
∑

{k:tk<t}
|ep(t, tk)|D(I(tk, ym(tk)), I(tk, y(tk)))

≤ max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))|
t∫
0

D(τα−1 · f(τ, ym(τ)), τα−1 · f(τ, y(τ)))∆τ

+A
∑

{k:tk<t}
max
t∈[0,T ]

|ep(t, tk)|D(ym(tk), y(tk)) → 0, as m → ∞, t ∈ [0, T ].

Thus ∥Rym −Ry∥ → 0 as m → ∞.
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Case II : For each constant r > 0, denote Br = {y ∈ PC : ∥y∥ ≤ r}. Note that
Br is a bounded, closed and convex set in PC. We will prove that there exists a
number r > 0 such that R(Br) ⊆ Br. Suppose the contrary, i.e., for each r > 0

there exists a function yr ∈ Br such that D(R(yr(t)), 0̃) > r for some t ∈ [0, T ].
Then

r < D(R(yr(t)), 0̃)

= D

(
t∫
0

ep(t, σ(τ)) · f(τ, yr(τ))δαHτ + ep(t, 0) · y0

+
∑

{k:tk<t}
ep(t, tk) · I(tk, yr(tk)), 0̃

)
≤ D

(
t∫
0

ep(t, σ(τ)) · f(τ, yr(τ))δαHτ, 0̃

)
+D(ep(t, 0) · y0, 0̃)

+D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, yr(tk)), 0̃
)

= D

(
t∫
0

(
τα−1ep(t, σ(τ))

)
· f(τ, yr(τ))δHτ, 0̃

)
+D(ep(t, 0) · y0, 0̃)

+D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, yr(tk)), 0̃
)

≤
t∫
0

|ep(t, σ(τ))|D(τα−1 · f(τ, yr(τ)), 0̃)∆τ + |ep(t, 0)|D(y0, 0̃)

+
∑

{k:tk<t}
|ep(t, tk)|D(I(tk, yr(tk)), 0̃)

≤ max
t∈[0,T ]

|ep(t, 0)|D(y0, 0̃) +
t∫
0

|ep(t, σ(τ))|D(τα−1 · f(τ, yr(τ)), 0̃)∆τ

+
∑

{k:tk<t}
|ep(t, tk)|D(I(tk, yr(tk)), 0̃)

≤ max
t∈[0,T ]

|ep(t, 0)|D(y0, 0̃) + max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))|
t∫
0

hr(s)∆s

+
∑

{k:tk<t}
max
t∈[0,T ]

|ep(t, tk)|lk
(
D(y(tk), 0̃)

)
≤ max

t∈[0,T ]
|ep(t, 0)|D(y0, 0̃)

+ max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))|
t∫
0

hr(s)∆s+
∑

{k:tk<t}
max
t∈[0,T ]

|ep(t, tk)|lk (r) .

Thus
1 < max

t∈[0,T ]
|ep(t, 0)|D(y0,0̃)

r

+ max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))| 1r
t∫
0

hr(s)∆s

+
∑

{k:tk<t}
max
t∈[0,T ]

|ep(t, tk)| lk(r)r

and taking limits as r → ∞, we find
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1 ≤ max
t∈[0,T ]

|ep(t, 0)| lim
r→∞

D(y0,0̃)
r

+ max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))| lim
r→∞

1
r

t∫
0

hr(s)∆s

+
∑

{k:tk<t}
max
t∈[0,T ]

|ep(t, tk)| lim
r→∞

lk(r)
r

= β1 max
(t,τ)∈[0,T ]×[0,T ]

|ep(t, σ(τ))|,

which is a contradiction to our assumption and consequently, ∃ r1 > 0 such that
R(Br1) ⊆ Br1 .

Case III : Here, we are to show that R(Br1) is an equi-continuous family of
functions. To this end, Let t1, t2 ∈ [0, T ] be arbitrarily chosen. Without loss of
generality, suppose t1 < t2. Then

D(R(y)(t2), R(y)(t1))

= D[
t2∫
0

ep(t
2, σ(τ)) · f(τ, y(τ))δαHτ + ep(t

2, 0) · y0

+
∑

{k:tk<t2}
ep(t

2, tk) · I(tk, y(tk)),
t1∫
0

ep(t
1, σ(τ))f(τ, y(τ))δαHτ

+ep(t
1, 0) · y0 +

∑
{k:tk<t1}

ep(t
1, tk) · I(tk, y(tk))]

= D

(
t1∫
0

(
ep(t

2, σ(τ))− ep(t
1, σ(τ))

)
· f(τ, y(τ))δαHτ

+
t2∫
t1
ep(t

2, σ(τ)) · f(τ, y(τ))δαHτ +
(
ep(t

2, 0)− ep(t
1, 0)

)
· y0

+
∑

{k:tk<t1}

(
ep(t

2, tk)− ep(t
1, tk)

)
·I(tk, y(tk))+

∑
{k:t1≤tk<t2}

ep(t
2, tk)·I(tk, y(tk)), 0̃

)
≤ D

(
t1∫
0

(
τα−1

(
ep(t

2, σ(τ))− ep(t
1, σ(τ))

))
· f(τ, y(τ))δHτ, 0̃

)
+D[

t2∫
t1
ep(t

2, σ(τ)) · f(τ, y(τ))δαHτ, 0̃]

+D
((

ep(t
2, 0)− ep(t

1, 0)
)
· y0, 0̃

)
+D

( ∑
{k:tk<t1}

(
ep(t

2, tk)− ep(t
1, tk)

)
· I(tk, y(tk)), 0̃

)
+D

( ∑
{k:t1≤tk<t2}

ep(t
2, tk) · I(tk, y(tk)), 0̃

)
≤

t1∫
0

∣∣ep(t2, σ(τ))− ep(t
1, σ(τ))

∣∣D(τα−1 · f(τ, y(τ)), 0̃)∆τ

+
t2∫
t1

∣∣ep(t2, σ(τ))∣∣D(f(τ, y(τ)), 0̃)∆τ +
∣∣ep(t2, 0)− ep(t

1, 0)
∣∣D(y0, 0̃)

+
∑

{k:tk<t1}

∣∣ep(t2, tk)− ep(t
1, tk)

∣∣D(I(tk, y(tk)), 0̃)+
∑

{k:t1≤tk<t2}

∣∣ep(t2, tk)∣∣D(I(tk, y(tk)), 0̃)
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→ 0, as t1 → t2.
From this and the Arzela-Ascoli theorem, we conclude that R : PC → PC is com-
pletely continuous and it is condensing. Thus, Sadovskii’s fixed point theorem, it
follows that R has a fixed point in PC, which is a solution of the equation (1.1). □

Theorem 3.7. Suppose (G1), (G2), (G4), (G6), (3.6) and A =
∑

{k:tk<t}
max
t∈[0,T ]

|ep(t, tk)| <

1. Then the equation (1.1) has at least one solution.

Proof. As we have proved in Theorem 3.6, there exists a positive number r such that
R(Br) ⊆ Br and the operator Q is a compact operator on Br. Let now, y, z ∈ PC.
Then

D(Py(t), P z(t))

= D

(
ep(t, 0) · y0 +

∑
{k:tk<t}

ep(t, tk) · I(tk, y(tk)), ep(t, 0) · y0

+
∑

{k:tk<t}

ep(t, tk) · I(tk, z(tk))
)

= D

( ∑
{k:tk<t}

ep(t, tk) · I(tk, y(tk)),
∑

{k:tk<t}

ep(t, tk) · I(tk, z(tk))
)

≤
∑

{k:tk<t}

|ep(t, tk)|D(I(tk, y(tk)), I(tk, z(tk)))

≤ A
∑

{k:tk<t}

max
t∈[0,T ]

|ep(t, tk)|D(y(tk), z(tk))

≤ A
∑

{k:tk<t}

max
t∈[0,T ]

|ep(t, tk)|∥y − z∥, t ∈ [0, T ].

Thus

∥Py − Pz∥

≤ A
∑

{k:tk<t}

max
t∈[0,T ]

|ep(t, tk)|∥y − z∥ < ∥y − z∥.

Consequently R = P +Q is a condensing operator on Br. So by the Krasnosel’skii
fixed point theorem, it follows that the equation (1.1) has a solution in PC. This
completes the proof. □

4. Conclusions

The authors [13] introduced a new concept for fuzzy fractional differentiation and
integration on time scales. Using this concept, we investigated a class of fuzzy frac-
tional impulsive dynamic equations on arbitrary time scales. We establish existence
and uniqueness of the solutions of the considered equations using the Krasnosel’skii
and Sadovskii fixed point theorem. In our future study, stability of solutions using
fixed point techniques will be investigated, leading to the understanding of pertur-
bation effects on the solutions, which is essential for ill-posed problems.
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