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ABSTRACT. In this work, S-openness and [-compactness in graded
ditopological texture spaces are defined and the properties of these concepts
are examined. Furthermore, several relationships between the structures
ditopological texture spaces and graded ditopological texture spaces in the
context of B-openness are studied.
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1. INTRODUCTION

Abd El Monsef et al. introduced B-open sets in [1] and several studies have
been developed this area such as [2, 3, 4].

In [5] Brown and Sostak introduced the theory of graded ditopology as a more
comprehensive structure than ditopology presented in [0, 7] and fuzzy topology given
independently by Sostak in [3] and Kubiak in [9]. In the structure of graded ditopol-
ogy, openness and closedness are defined by independent grading functions instead
of elements of a texture as in ditopological case. The theory of graded ditopological
texture spaces continues to be developed by various recent studies such as [10, 11].

The purpose of this study is to generalize the concepts of S-openness and (-
compactness in ditopological texture spaces defined in [12] to the structure of graded
ditopological texture spaces and investigate the properties of these concepts in this
structure. For this generalization, the spectral approach as in [13, 14, 15] is used and
several relationships between the structures ditopological texture spaces and graded
ditopological texture spaces in the context of S-openness are examined.

Our basic motivation is to define S-openness and [-compactness in g.d.t.s. and
so develop the theory of graded ditopologies by investigating the properties of (-
openness and [-compactness in g.d.t.s.
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2. PRELIMINARIES

Ditopological Texture Spaces ([0, 16, 17]) Let S be a set and S C P(.5) with
S, € S. If § is a point separating, complete, completely distributive lattice with
respect to inclusion and for which meet A coincides with intersection (] and finite
joins \/ coincide with unions (J then the pair (5,S) is called a texture or a texture
space.

In general, a texturing of S may not be closed under set complementation. How-
ever, if there is a mapping 0 : S — S satisfying o(0(A)) = Aand AC B = o(B) C
o(A) for all A, B € S then o is called a complementation on (S,S) and (S, S, 0) is
called a complemented texture .

The p — sets given by P, = (\{A € S | s € A} and the ¢ — sets given by
Qs=V{AeS|s¢g Ay =V{P,|ueS s ¢&P,} are essential to define several
concepts in a texture space (5,S).

Product of textures ([7, 16, 17]) Let (S;,S;), j € J be textures, S =[[;c;S;
and Ay € Sy, for some k € J. If we write

- A =k
E(k,Ay) = g}YJ where Y = { S;  otherwise
J

then the product texturing S = &)
elements of the set

s—{UEj, )| J1CJ, A;€S;for je Ji}
Jje1
Consider two textures (S,S) and (V,V). The p-sets and g-sets of the product
texture (S x V,P(S) @ V) will be denoted by P(q ), Qs.,) respectively.
If P(X) is the power set of a set X, then (X, P(X)) is the discrete texture on
X. Forz € X, P, = {z} and Q, = X \ {z}. The mapping 7y : P(X) — P(X),
7x(Y)=X\Y for Y C X is a complementation on the texture (X, P(X)).

Definition 2.1 ([16]). Let (S,S) and (V, V) be textures. Then
(i) r € P(S) @V is called a relation on (S,S) to (V, V), if it satisfies
Rl r € Q(s,v), Py € Qs =1 € Q(s',v),
R2 r ¢ Q(s,v) = 3s’ € S such that P; € Qs and r € Q(s,v),
(i) R € P(S)®V is called a co — relation on (5,8) to (V,V), if it satisfies
CR1 PS,U)QR P, ¢ Qy = P(s',v) R,
CR2 P(s,v) € R= 3s' € S such that Py € Q, and P(s',v) € R,
(iii) A pair (r R) where 7 is a relation and R a co-relation on (5,S) to (V,V) is
called a direlation on (S,S8) to (V, V).

jed S; of § consists of arbitrary intersections of

For a texture (S,S) the identity direlation (i(s.s), I(s,s)) is defined by

i(s,85) = \/{ﬁ(s,s) | s €S} and I(5.5) = ﬂ{@(s,s) | s € Sb}.

For ACS, 7 A={Qu | Vs,m £ Qs.,) = A C Qs} is called the A-section of r
and R7A = \/{P, | Vs, P(s,) £ R= P; C A} is called the A-section of R.
For BCV,r"B = V\{P; | Vv,r € Q(s,) = P», C B} is called the B-presection
of rand R B = ({Qs | Yv,P(s) £ R= B C Q,} is called the B-presection of R.
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Proposition 2.2 ([10]). If (r, R) is a direlation on (S, S) to (V, V), thenr™ (\/;,c; Ai) =
\/ie] A, RH(ﬂieI Ai) = ﬂie] R™A;, TF(ﬂjeJ Bj) = ﬂje] 7 B; and RH(V]'EJ Bj) =
\/jGJR‘_Bj forany A; €S, B;eV,iel, jeJ.

Definition 2.3 ([16]). A direlation (f, F') from (S, S) to (V, V) is called a di function
from (S,S) to (V, V), if it satisfies the following two conditions:

(DF1) For s,s" €S, Ps € Qo = v € V with f € Q) and P(y ) € F.

(DF2) For v,v' € Vand s € S, f € Q) and P(spy € F = Py € Q.

(f, F) is called surjective, if Vv,v" € V P, € Qu = 3s € S with f € Q(, .y and P, ) €
F.

In particular, the identity direlation (ig, Is) is a difunction on (S,S).

Proposition 2.4 ([16]). (1) f&B=F*B for each B € V.
(2) ffro=Fo=Cand f[CV=F-V=_5.
(3) FC(F7A) C A C F=(f~A) and f7(F“B) C B C F~(f<B) for all
AeS, BeV.
(4) If (f, F) is surjective, then F7(f<B)=B= f7(F“B) forall Be V.

A ditopology on a texture (S,S) is a pair (7,k), where 7,k C S and the set of
open sets 7 satisfies

(Tl) Sa ger,

(Tz) G17G2 GT:>G10G2 €T,

(T3) GieryicelI=\,G, eT
and the set of closed sets k satisfies

(CTy) S,9 €k,

(CTQ) Ki,Ks € k= Ki UK, €k,

(CTg) K, eriel= ﬂiKi € K.
In this case, (S, S, T, k) is called a ditopological texture space (or 7d.t.s.” for short).
So a ditopology can be considered as a ”topology” in which there is no need to exist
a relation between the open and closed sets [0].

Let (S,S, 7, k) be ad.t.s. For a subset A € S, the closure (interior) of A is defined
by [A]=({Bexr|ACB} (JA[=V{B €7 | BC A}) respectively [17]. A€ S is
called semi open (semi closed), if A C[]A[] (] [A] [C A) respectively [18]. A€ S is
called B-open (B-closed), if AC[][A][] (J[]A[][C A) respectively [12].

Definition 2.5 ([19]). Let (S,S,7,%) be ad.t.s. and A € S.

(i) A is called compact, if whenever {G; | ¢ € I} is an open cover of A (i.e.
Viel Gy € T and A C \/,.;G;) then there is a finite subset J of I with
A CV,c;Gi. In particular, (S,S, 7, k) is called compact, if S is compact.

(ii) A is called cocompact, if whenever {K; | i € I} is a closed cocover of A (i.e.
Viel K; € k and ﬂie[ K; C A) then there is a finite subset J of I with
Nics Ki € A. In particular, (S,S, 7, k) is called cocompact, if & is compact.

(iii) (S,S,7, k) is called stable, if every K € k with K # S is compact.

(iv) (S,S,7, k) is called costable, if every G € k with G # & is cocompact.

(v) (S,8,71,k) is called dicompact, if it is compact, cocompact, stable and
costable.
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A € Sis called 8-compact (5-cocompact). if every cover (cocover) of A by S-open (
B-closed) sets has a finite subcover (subcocover) respectively and (S, S, 7, k) is called
B-compact (S-cocompact), if S is B-compact (if & is B-cocompact) respectively [12].

Let (Sk,sk,Tk,KJk), k =1,2 be d.t.s. and (f7 F) : (51781) — (52782) be a di-
function. (f, F) is called S-continuous (M f3-continuous), if F< (G) is S-open in
(51,81, 71,K1) for every open (B-open) set G in (S2,S2, 70, k). (f,F) is called
B-cocontinuous (M B-cocontinuous), if f<(K) is f-closed in (S1,81,71, k1) for ev-
ery closed (B-closed) set K in (S3, 82, T2, k2). (f, F) is called B-bicontinuous (M 3-
bicontinuous), if it is both S-continuous and S-cocontinuous (both M S-continuous
and M B-cocontinuous) respectively [12].

Graded Ditopological Texture Spaces [5] Consider two textures (5, S) and
(V,V). A graded ditopological texture space (or ”"g.d.t.s.” for short) is a tuple
(S,8,T,K,V,V) where the mappings 7,K : S — V satisfy following conditions:

(GTh) T(S)=T(w)=V,

(GTQ) T(A1> n T(AQ) - T(Al N AQ) VAh Ag € S
( 3) n]eJT( )CT(\/JEJA)VA €S8,5eJ,
(GCTY) K(S) =K(2) =V,
(GOTQ) ’C(A ) n ’C(Ag) - ’C(Al U AQ) VA, Ay €S,

(GCT3) Njes K(45) CK(NjesA) VA; €S, € J.

In this case, T is called a (V,V)-graded topology and K a (V,V)-graded cotopology on
(S,8). For v € V it is defined that

TV ={A€S|P,CT(A)}, K" ={Ae S|P, CK(A)}.

So (T7,K?) is a ditopology on (S,S) for each v € V. Namely, if (S,S,7T,K,V,V) is
a g.d.t.s., then there exists a d.t.s. (S,S,77,K?) for each v € V.

[A]” and JA[Y stand for the closure and the interior of a set A € S in the d.t.s.
(S,8,T?,K?) respectively, so we have [A]" = ({B € S| AC B, B K"}, JA['=
V{BeS|BCA, BeT"}.

Let (S,S,0) be a complemented texture. If (S,S,7,K,V,V) is a g.d.t.s. then
(S,8,Koo,Too,V,V) is also a g.d.t.s. Additionally, (7, K) is called complemented,
if (T,K) = (Koo, 7 oo) and in this case, we say that (S,S,7,K,0,V,V) is a
complemented g.d.t.s.

Let (Sk,Sk, Ty Ky Vi, Vi), & = 1,2 be g.d.ts., (f,F) : (S1,81) — (52,82),
(h,H) : (V1,V1) — (V2,Vs) difunctions. For the pair ((f,F),(h,H)), (f,F) is
called continuous with respect to (h,H), it HT3(A) C T1(F<A) VA € S,, and
cocontinuous with respect to (h, H), if h* Ko(A) C K1 (fTA) VA € Sy. If (f, F) is
continuous and cocontinuous with respect to (h, H), then it is said to be a bicontin-
uous difunction with respect to (h, H).

Example 2.6 ([5]). Consider the discrete texture (V,V) = (1, P(1)) (The notation
1 denotes the set {0}) and take a d.t.s. (5,S,7,k). Then the mappings 79, k9 :
S — P(1) defined by 79(A) = 1 < A € 7 and k9(4) =1 & A € k form a
gdts. (S,8,79,k9,V,V). In this case, (79,k9) is called a graded ditopology on
(S,S) corresponding to ditopology (7, ). Thus g.d.t.s. are more general than d.t.s.
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Definition 2.7 ([13]). Let (S,S,7,K,V,V) be a g.d.t.s. and A € S. The families
defined by

CA={P,ev|UcT, AC\ U =T CU : AC\/U}

C*(A)={P,eVIUCK", NUCA = U :\UC A}

where Uy denotes a finite subfamily of U, are called compactness and co—compactness
spectrums of A € S respectively. In particular, the compactness spectrum and the
co-compactness spectrum of (S,S,T,K,V,V) are C(S) and C*(&) respectively.

Definition 2.8 ([20]). Let (S,S,T,K,V,V) be a graded ditopological texture space
and the mappings p7,pkK, sT,sK : S — V be defined by

(21)  pT(A4) = \/{P | ACIA['}, pK(A) = /(P | [JA[) € 4}
(2.2)  sT(A) = \/{P [ AC AT}, sK(A) = \/{P | TA]['C A)

for all A € S. Then pT (pK) is called pre-openness (pre-closedness) function; s7T
(sK) is called semi — openness (semi — closedness) function of (S,S,T,K,V,V)
and p7 (A) (pK(A)) is called pre-openness (pre-closedness) grade; sT(A) (sK(A)) is
called semi — openness (semi — closedness) grade of A respectively.

3. MAIN RESULTS

Definition 3.1. Let (S,S,7,K,V,V) be a graded ditopological texture space and
the mappings 57, 8K : S — V be defined by

(3.1) BT (A) = \/{P, | AC [JIA]"[']"}, BK(A) = \/{P, | ][ JA[']'['C A}

for all A € S§. Then BT (BK) is called B-openness (B—closedness) Sfunction of
(S,8,7T,K,V,V) and BT (A) (BK(A)) is called S-openness (B-closedness) grade of
A respectively.

Proposition 3.2. For a graded ditopological texture space (S,S,T,KC,V,V) follow-
ing statements are hold:

(1) (a) T CpT C BT and K C pK C pK,
(b) T CsT C BT and K C sK C 8K,

(2) The functions BT and K satisfy the property (GT3) and (GCT3) respectively
where the texture (V,V) is discrete.

Proof. (1) (a) For any A € S and v € V, we have
P, CT(A) =|A]"= A= A=]A["CJ[4]°["= P, C pT (A)
and
AC]AP "= A C)A]P["C [TIA”° )"
Then this implies
= VAP | ACA Y C\{P | ACT][AP[]°} = BT (A).
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Thus we get T C pT C BT . Similarly, it can be shown that I C pK C BK.
(b) For any A € § and v € V, we have

P, CK(A) = [4]" = A=][A]"["=]A['C A = P, C sK(A)
and

[AP[°C A =LA ClAl T C A

Then this implies

sK(A) = \/{P. [[A]"['C A} € \/{P. [[JA[]°[°C A} = BK(A).

Thus we get K C sK C SK. Similarly, it can be shown that 7 C sT C 37.

(2)Let A; €8,j€eJ where J is an index set.
(a) Assume that Njes BT (A; ) & BT( (VjesAj)- Then ;e ; BT (A; ) € Q, and
P, ¢ BT( \/]eJA) for an element v € V. Thus we get P, C ; eJ,BT( ;) by
Njes BT(A ;) € Q. So considering (V,V) is discrete, we have

VieJ P, ={v} CBT(A;)=VjeJ A C[][A; 1V 4500
JjeJ
=\ A4 CIV Al =P BT\ 4)
jedJ jeJ jeJ

and this contradicts with P, & 8T (V;c; A;). Hence ;¢ ; BT (A;) € BT(V e Aj)-

(b) Assume that (;c; BK(A;) € BK(N;cs Aj)- Then ;e ; BK(A;) € Q. and
P, ¢ BK( (Njes 4j) for an element v € V. Thus we get P C ﬂJEJﬁIC( i) by
Njes BK(Aj) € Qu. So considering (V, V) is discrete, we have

Vj€J Py={v} CBK(4;) = Vi€ T[] [ AT TClIA TS A,

jeJ
[ A[71°1°C () A5 = P, CBE([) 4))
JjeJ jeJ jEJT

and this contradicts with P, € BK(;c; A;). Hence (;; BK(A;) € BE(N;es Aj)-
d

Example 3.3. Let (S, S, 7, k) be a ditopological texture space. Then aset D € S is
B—open (not f—open) in (S, S, 7, ) if and only if S-openness grade of D, f79(D) =1
(879(D) = 0) in the graded ditopological texture space (S,S,79,x9,1,P(1)) respec-
tively. Similarly, a set D € S is 8 — closed (not 8 — closed) in (S,S, 7, k) if and
only if S-closedness grade of D, fxk9(D) =1 (Bx9(D) = 0) in (S,S,79,k9,1,P(1))
respectively.

Proposition 3.4. If (S,8,T,K,0,V,V) is a complemented g.d.t.s., then SK oo =
BT and BT oo = GK.
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Proof. Since (S,S,T,K,0,V,V) is complemented, we get o([A]Y) =]|o(A)[* and
o(JA[") = [0(A)]Y for all A € S and v € V by [20]. Then we have

(BK 0 0)(A) = BK(o(A) = \[{P [ ] [To(A)[" ]* ['C o(A)}
=\{P [ACa( o] )} = VP [ ACo(o(r )]
=\{P [ AC (o)) 1y = \V{P | AC [lo(a(A)]" [ ]}

=\{P [ ACT]IA] [']"} = BT(4)

and

(BT 0 0)(4) = BT (o(A)) = \/{Ps | o(A) C [] [o(A)]* ["]°}

)
= VAP |1 [o(o(A)]Y ['C A} = \/{P. | ] [lo(a(A)[" " ['C A}
= VAP, | 1Al ]° [°C A} = BK(A)
forall A € S. O

Definition 3.5. Let (Sk, Sk, Tk, Kk, Vi, Vi), k = 1,2be g.d.t.s. and (f, F) : (S1,81) —
(S2,82), (hyH) : (V1,V1) — (Va,Vs) be difunctions. (f, F) is said to be:
(i) B-continuous w.r.t. (h,H),if HTT2(A) C fTh(F<A) for all A € Sy,
(ii) MB-continuous w.r.t. (h,H), if H<T2(A) C BT (F*<A) for all A € S,,
(iii) B-cocontinuous w.r.t. (h, H), if h Ka(A) C BIC1(f A) for all A € S,
(iv) M B-cocontinuous w.r.t. (h,H), if h* BK2(A) C BK1(fA) for all A € Sy,
(v) B-bicontinuous w.r.t. (h, H), if it is both S-continuous and S-cocontinuous
w.r.t. (h,H),
(vi) M p-bicontinuous w.r.t. (h, H), if it is both M -continuous and M -cocontinuous
w.r.t. (h, H).
We say that ((f,F),(h,H)) is a relatively (M)pB-bicontinuous difunction pair, if
(f, F) is (M)p-bicontinuous w.r.t. (h, H).

Example 3.6. Let (Sg, Sk, Tk, 5k), K = 1,2 be d.t.s. and (f, F) : (S1,51) — (S2,S2)
be a difunction. Consider graded ditopological texture spaces (Sk, Sk, 7¢, k5, Vo V),
k = 1,2 corresponding to ditopological texture spaces (S, Sk, Tk, ki), k = 1,2.

(1) If (f, F) is M (-continuous, then we have I{, 575 (A) = pr3(A) C Br{(F*< A)
for each A € Sy and so (f, F) is Mf-continuous w.r.t. the identity difunction
(iv, Iv).If (f, F) is M -cocontinuous, then we have if, Sk (A) = Br5(A) C Br{(fTA)
for each A € Sy and so (f, F) is M fB-cocontinuous w.r.t. the identity difunction
(iv, Iv).

(2) If (f, F) is B-continuous, then we have I 75 (A) = 75 (A) C Br{(F* A) for
each A € S and so (f, F') is B-continuous w.r.t. the identity difunction (iy, Iy ).
If (f,F) is B-cocontinuous, then we have i{, xk5(A) = k5(A) C Br{(fT A) for each
A € Sy and so (f, F') is S-cocontinuous w.r.t. the identity difunction (iy, Iy).

In this sense, every (-bicontinuous (M S-bicontinuous) difunction between two
d.t.s. is considered as S-bicontinuous (M S-bicontinuous) difunction w.r.t. identity
difunction on the discrete texture on a singleton.
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(3) Clearly, each relatively bicontinuous difunction pair is relatively S-bicontinuous
by Proposition 3.2 (1).

Definition 3.7. Let (S,S,7,K,V,V) be a g.d.t.s. and A € S. Then we say that
the families

BC(A)={P, | U CBT", AC\ Ul =T CU : AC\/Up}

BCH(A)={P, | U C K", NUC Al =Ty CU : NUy C A}
where Uy denotes a finite subfamily of U/, are S-compactness and B-cocompactness
spectrums of A € S respectively. We also say that SC(S) and BC*(@) are (-
compactness spectrum and S-cocompactness spectrum of the g.d.t.s. (S,S,T,K,V,V)
respectively.

Corollary 3.8. Let (S,S,T,K,V,V) be a g.d.t.s. and A€ S. Then SC(A) C C(A)
and BC*(A) C C*(A).

Proof. 1t is clear by Proposition 3.2. g

Proposition 3.9. If (S,S8,7T,K,0,V,V) is a complemented g.d.t.s. and A € S then
BC(A) = BC*(c(A)). Namely, S-compactness and [3-cocompactness spectrums of a
complemented g.d.t.s. are equal.

Proof. Let P, € BC*(c(A)), U C BT and A C \/U. Since (S,8,T,K,0,V,V) is
complemented, we have P, C T (U) = (8K o 0)(U) = fK(c(U)) for all U € U by
Proposition 3.4. This implies o(U) = {o(U) | U € U} C BK". On the other hand,
we have also A C VU = o(VU) Co(A) = AoUd) C o(A). Then we get A o(Up) C
o(A) for a finite subfamily Uy C U by P, € BC*(c(A)). Also Ao(Uy) C o(A)
implies o(0(A)) C o(A o(Up)) and thus A C \/Uy. So we obtain that P, € SC(A),
ie. BC*(0(A)) C BC(A). The other inclusion BC(A) C BC*(c(A)) can be shown
similarly.

Since o(S) = @, we get SC(S) = BC*(a(S)) = BC*(@). Then S-compactness and
B-cocompactness spectrums of (S,S8,T,K, 0, V,V) are equal. O

Theorem 3.10. Let (Sk, Sk, Te, Kk, Vie, Vi), k = 1,2 be g.d.t.s. and (f,F):(S1,81) —
(S2,82), (h,H) : (V1,V1) = (V2,V2) be difunctions.
(1) If (f, F) is M B-continuous w.r.t. (h,H) and A € 81, then
P, € BC1(A) = P, € BCo(f A),
(2) If (f, F) is Mp-cocontinuous w.r.t. (h,H) and A € Sy, then
Py, € BC{(A) = Py € BC3(FT A)
where P, € V1, Py € Vo with P, C h* P;.

Proof. We omit the proof of (1) and prove (2) since the proofs of (1) and (2) are
similar. Let P, € BCi(A), P, € V1, P. € Vo and P, C h* P;. Considering the
definition of BC;(F~ A), if we suppose that (U C KL, AU C F~ A) then we have

N rcu=ANru=r-(Awycr-F-aca
veu
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by Proposition 2.2 and Proposition 2.4 (3). Besides, sinceld C BK, = (WU e U P; C
BK2(U)) = P, C Ky(U) and (f, F) is M B-cocontinuous w.r.t. (h, H) we get
P, Ch™ P, Ch™(BK2(U)) C BEA(fTU).
Since P, € SCi(A), we have /\Ueuo fEU C A for a finite subfamily Uy C U. Then
we get
FPADF?(N\ fruy= N Fr(rro) 2 N\ U= A
Uely Uely Uelp

by Proposition 2.2 and Proposition 2.4 (3). Thus we obtain that P, € 5C5(F " A).
O

Corollary 3.11. In addition to the conditions in the above theorem, if (f,F) is
surjective, then the following results hold:

(1) if (f, F) is MB-continuous w.r.t. (h,H), then
P, € 501(51) =P e ﬂCQ(SQ),
(2) if (f, F) is M B-cocontinuous w.r.t. (h,H), then
P, € C1(2) = P € BC3(2)
where P, € Vy, P, € Vo with P, C h* P;.
Proof. We get f€ @ = F*@ = @ and f© S, = F< S, = 51 by using Proposition
2.4 (2). Besides, surjectivity of (f, F) implies F 7 (f< S3) = So = f7(FS2) and
F7(f<9) =2 = f7(F* ) by using Proposition 2.4 (4). Then we have f~S; = S
and F7 @ = @&. Thus the result is obtained by Theorem 3.10. O

Definition 3.12. Let (S,S,7T,K,V,V) be a g.d.t.s. Then the families
B2 = (P, | [A€S, A#S]= [P, C BK(A) = P, € AC(A)]}
LU ={P, |[AeS, A#2]| =[P, CHT(A) = P, € C*"(A)]}

are called f3-stableness spectrum and S-costableness spectrum of the g.d.t.s. (S,S,T,K,V,V)
respectively.

Proposition 3.13. If (S,8,T,K,0,V,V) is a complemented g.d.t.s. then the (-
stableness spectrum and the [3-costableness spectrum are equal, i.e., B = SO*.

Proof. Let P, € fQ, A€ S, A+# @ and P, C 8T (A). Since (5,5, 7,K,0,V,V) is
complemented, we have P, C 5T (A) = (8K o0)(A) = BK(c(A)). Moreover, A € S,
A # @ implies 0(A4) € S, 0(A) # S. Then using P, € 5 and Proposition 3.9, we
get P, € BC(c(A)) = BC*(A). Thus we obtain that SQ C SQ*. Similarly, it can be
shown that gQ* C BA. a

Theorem 3.14. Let (Sk, Sk, T, Kk, Vi, Vi), k = 1,2 be g.d.t.s. and (f,F): (51,81) —
(S2,82), (h,H) : (V1,V1) = (Va,Va) be difunctions. If (f,F) is surjective and M j-
bicontinuous w.r.t. (h, H), then
(1) Pv Eﬁgl :>Pt 6/8027
(2) P, € 8Q = P, € B
where P, € Vy, P, € Vo with P, C h* P,.
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Proof. (1) Let P, € 8. Let P, C SKo(B) is given where B € Sy, B # S3. Then we
get P, C h* P, C h* (BK2(B)) C BK1(f* B) by using that P, C h* P, and (f, F)
is M B-bicontinuous w.r.t. (h,H). Thus we have P, C BK;(f B). On the other
hand, since (f, F') is surjective and B # Ss, we get f< B # S1. So we obtain that
P, € BC1(f* B) by using P, € Q. Hence we have P, € 5Ca(f 7 (f< B)) = BC2(B)
by Theorem 3.10 and Proposition 2.4 (1) and (4). Therefore we get P € Q5.

(2) Let P, € 8Q7. Let P, C 872(B) is given where B € Sy, B # &. Then we get
P, € h“P, C h(BT5(B)) = H(BT5(B)) C BT, (F<B) by using that P, C h P,
and (f, F) is M B-bicontinuous w.r.t. (h, H). Thus we have P, C 571 (F* B). On the
other hand, since (f, F) is surjective and B # &, we get F*" B # &. So we obtain that
P, € 5Cy(F* B) by using P, € Q7. Hence we have P, € 8C5(F~ (F* B)) = 5C5(B)
by Theorem 3.10 and Proposition 2.4 (1) and (4). Therefore we get P, € 5Q5. O

Definition 3.15. Let (S,S,7T,K,V,V) be a g.d.t.s. Then the family defined by
BDC = BC(S) N BC* (@) N BN BA*
is called B-dicompactness spectrum of the g.d.t.s. (S,S,T,K,V, V).

Corollary 3.16. Let (Sk,Sk, Tr, Ki, Vi, Vi), k = 1,2 be g.d.t.s. and (f, F) :
(S1,81) = (S2,82), (h, H) : (Vi,V1) — (Va,Vs) be difunctions. If (f, F) is sur-
jective and M B-bicontinuous w.r.t. (h, H), then

P, € BDCy = P, € BDCy
where P, € V1, P, € Vo with P, C h* P;.
Proof. Tt is an immediate result of Corollary 3.11 and Theorem 3.14. O

Example 3.17. Let (5,8, 7, k) be ad.t.s. If (S, S, 7, k) is B-compact (S-cocompact,
B-dicompact), then for the g.d.t.s. (S,S,79,x9,1,P(1)), P, € BC(S) (P, € fC*(2),
P, € pDC) respectively for all v € 1 = {0}, i.e. v=0.

Following proposition shows g-compactness relationships between ditopological
texture spaces and graded ditopological texture spaces:

Proposition 3.18. Let (S,S,T,K,V,V) be a g.d.t.s. Then the following hold for
eachv € V:

(1) P, € BC(S) & The d.t.s. (S,S,T",K") is B-compact,

(2) P, € BC*(@) < The d.t.s. (S,8,T",K") is 3-cocompact,

(3) P, € 8 & The d.t.s. (5,8,T",K") is B-stable,

(4) P, € BQ* & The d.t.s. (S,8,T",K?) is 3-costable,

(5) P, € BDC < The d.t.s. (S,8,T",K") is 3-dicompact.

Proof. Tt is straightforward. O
Example 3.19. Take discrete textures (S,S = P(S5)) and (V,V = P(V)) where
S# @and V ={x,y, z,r}. If we define the mappings T,K:S — V as

v, A=gor A=S
T(4) = { P, ={z}, otherwise

V, A=orA=S
K(4) = { P. ={r}, otherwise
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for all A € S, then we get a g.d.t.s. (S,S,T,K,V,V). Thus we obtain 7% = S =
PS), To =TV =T = {5,080}, K1 =8 =P(9), £ = KY = K* = {5, 2}
So we have |JA[*= A and [A]" = A for all A € S. Also A # S, A € S implies
JA[P=|AY=]A]"= @ and A # @, A € S implies [A]” = [A]Y = [A]* = S. Hence we get
BT =BTY =pT% =8 ="P(5), pT" ={2,5}, BK* = BKY = K" = S = P(9),
BK* = {@, S}. Therefore we obtain that

BC(S) = BC* (@) = B = Q" = BDC = {{z},{y}, {=}, {r}}
if S is finite.

If a subset A € S is infinite, then A C \/U =/, {s} where U = {P;, | s € A}.
Yet there is no finite subfamily Uy of U such that A C \/Uy. Thus we get that
BC(S) = ={P.} ={r} if S is infinite.

On the other hand, for a subset A € S, if S\ A is infinite, then AU = A ¢ s\ 4)((S\
A\ P,) =2 C Awhereld = {(S\A)\ P, | z € (S\ A)}. Yet there is no finite
subfamily Uy of U such that AUy C A. So we have C*(@) = pQ* = {P,} = {z}
and fDC = @ if S is infinite.

Moreover, we get

V, A=gorA=S5
{z,y,2}, otherwise

v, A=JorA=S
{z,y,r}, otherwise

A=gor A=S
P, ={z}, otherwise

Vv, A=gorA=S
P. ={r}, otherwise

v, A=gorA=S
{z,y,2}, otherwise

v, A=gorA=S
{z,y,r}, otherwise

) = {

for all A € S. Hence we have T C p7 = 387, K C pK = BK, T = sT C BT,
K = sK C K and this result is also an example for Proposition 3.2 (1).

4. CONCLUSION

This study focuses on generalizing the concepts of S-openness and [-compactness
in d.t.s. to the g.d.t.s. To enhance the theory of g.d.t.s., it is important to ex-
amine the properties of these new concepts. The interrelations of openness, semi-
openness, pre-openness and S-openness (closedness, semi-closedness, pre-closedness
and S-closedness) grade of an element of a texture are investigated in a g.d.t.s.:
TCpT CRT,KCpK CBK, T CsT C BT, KCsKC BK (Proposition 3.2). In
a complemented g.d.t.s. with complementation o; K oo = 87 and 8T oo = 8K
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(Proposition 3.4). We also show that S-compactness and S-cocompactness spec-
trums of a complemented g.d.t.s. are equal in Proposition 3.9.

The relationships between the concepts of M -continuity (S-continuity) in d.t.s.
and relatively M -continuity (relatively S-continuity) in g.d.t.s. are studied re-
spectively. Besides, the properties of -(di)compactness spectrum in g.d.t.s., the
relationship between (-(di)compactness in d.t.s. and §-(di)compactness spectrum
in g.d.t.s. are examined.

Thus, this work develops the theory of graded ditopology by these findings and
it allows a more comprehensive approach to the theory.
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