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ABSTRACT. In this paper, a new class of fuzzy topological spaces
namely fuzzy S*N-spaces is introduced by means of fuzzy simply* open
sets. Several characterizations of fuzzy S™N-spaces are obtained. The
inter-relationships between fuzzy normal spaces, fuzzy semi normal spaces
and fuzzy S™*N-spaces are established. The conditions, under which fuzzy
0™ spaces, fuzzy D-Baire spaces become fuzzy S* N-spaces, are obtained in
this paper.
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1. INTRODUCTION

The universe is a complex system filled with uncertainties and problems of vague-
ness have probably always existed in human experience. Vagueness is not regarded
with suspicion, but is simply an acknowledged characteristic of the world around us.
Mathematics equips us with the tools to quantify and manage these uncertainties.
Human concepts have a graded structure in that whether or not a concept applies
to a given object is a matter of degree, rather than a yes - or - no question, and that
people are capable of working with the degrees in a consistent way. In 1965, Zadeh
[1] in his classic paper, called the concepts with a graded structure “fuzzy concepts
”and proposed the notion of a “fuzzy set ”that gave birth to the field of fuzzy logic.
The potential of fuzzy notion was realized by the researchers and has successfully
been applied for new investigations in all the branches of science and technology
for more than last five decades. In 1968, Chang [2] introduced the concept of fuzzy
topological space. After that various works on fuzzy topological spaces have been
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developed in various directions. In the recent years, there has been a growing trend
to introduce and study different forms of fuzzy topological spaces.

Normality is one of the few separation axioms which can be defined purely in
terms of the properties of the open and closed sets. Hutton [3] defined the notion
of normality in fuzzy topological spaces. There are many articles on fuzzy normal
topological spaces which were stated by many authors like Wuyts and Lowen [1], Ali
[5] and other researchers. In 2016, Majeed and AL-Bayati [6] defined and studied
the notion of S* N-spaces by means of simply open sets and investigated their rela-
tionship to other topological spaces. The notion of fuzzy simply* open sets in fuzzy
topological spaces was introduced and studied by Thangaraj and Dinakaran in [7]
by means of fuzzy open sets and fuzzy residual sets. Residuals often refer to opera-
tions or structures derived from logical connectives in fuzzy logic, particularly those
related to implications. Residual implications (or residuated implications) arise in
the context of residuated lattices, which generalize classical logical operations for
fuzzy sets. Residual sets can help in reasoning about partial truths in fuzzy sys-
tems. They are useful for defining rules in systems where precise thresholds are
unavailable. Residual implications are used in approximate reasoning and inference
mechanisms.

In this paper, the notion of fuzzy S*N spaces is introduced by means of fuzzy
simply* open sets and studied. Several characterizations of fuzzy S*N spaces are
obtained. The inter-relationships between fuzzy normal spaces, fuzzy seminormal
spaces and fuzzy S*N spaces are established. The conditions, under which fuzzy
0* spaces, fuzzy D-Baire spaces become fuzzy S* N-spaces, are also obtained in this
paper.

In recent years, the topological space theory has been embedding in the soft set
theory to obtain some interesting applications [8, 9]. Many authors [10, 11] redefined
the classical topological concepts via soft topological structure. Recently, Senel [12]
applied the concept of octahedron sets proposed by Lee et al. [13, 14] to multi-criteria
group decision making problems. Moreover Lee et al. [15] provided an insight into
a cubic crisp sets and their applications to topology. On these lines, there is a
need and scope of investigation considering different types of fuzzy normality, for
applying some fuzzy topological concepts to information science and decision-making
problems.

2. PRELIMINARIES

Some basic notions and results used in the sequel, are given in order to make the
exposition self - contained. In this work by (X,T) or simply by X, we will denote
a fuzzy topological space due to Chang (1968). Let X be a non-empty set and [
the unit interval [0,1]. A fuzzy set A in X is a mapping from X into I. The fuzzy
set Oy is defined as Ox(X) = 0 for all z € X and the fuzzy set 1x is defined as
1x(z) =1for all z € X. For any fuzzy set A in X and a family (\;);¢; of fuzzy set in
icg i are defined
respectively as follows: for each z € X, A (z) = 1—-\(x), (Vies Ai)(x) = supiesi(z),
(Nie; Ai)(@) = infiesAi(x), where J is an index set.

X, the compliment X', the union Ve Ai and the intersection /\
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Definition 2.1 ([2]). A fuzzy topology on a set X is a family T of fuzzy sets in X
which satisfies the following conditions:

(1) Ox eT,1x €T,

(ii) if A,B €T, then ANB€eT,

(ili) If A; € T for each i € J, then \/, A; € T
The pair (X,T) is called a fuzzy topological space. Members of T are called fuzzy
open sets in X and their complements are called fuzzy closed sets in X.

Definition 2.2 ([2]). Let (X,T) be a fuzzy topological space and A be any fuzzy
set in X. Then the interior and the closure of A are defined respectively as follows:
(i) int(A\) =V{p:p <A peT},
(i) dN) = AN {p A<y, ueTh.

Lemma 2.3 ([16]). For a fuzzy set A of a fuzzy topological space X,
(1) 1 —int(\) =cl(1 = N),
(2) 1 —cl(N) = int(1 = N).
Definition 2.4. A fuzzy set A in a fuzzy topological space (X, T) is called a
(i) fuzzy regular-open set in X, if A = intcl(\) and
fuzzy reqular-closed set in X, if A = clint(X) [10],
(ii) fuzzy Gs-set in X, if X = A2, A;, where \; € T for i € I and fuzzy F,-set
in X,if A=\, A, where 1 = \; € T for i € I [17],
(iii) fuzzy dense setin X, if there exists no fuzzy closed set p in (X, T') such that
A< p<l1ie, c(X)=1[18],
(iv) fuzzy nowhere dense setin X, if there exists no non-zero fuzzy open set p in
X such that p < cl()N), ie., intel(N) =0 [18],
(v) fuzzy somewhere dense set in X, if there exists a non-zero fuzzy open set
in (X,T) such that u < cl(N), i.e., intcl(N) # 0 [19],
(vi) fuzzy first category setin X, if X = \/;—, A;, where each ); is a fuzzy nowhere
dense set in X. Any other fuzzy set in X is said to be of fuzzy second category
[18],
(vil) fuzzy residual set in X, if 1 — X is a fuzzy first category set in X [20],
(viii) fuzzy o-nowhere dense set in X, ) if X is a fuzzy F,-set with
int(\) = 0 [21],
(ix) fuzzy o-boundary setin X, if X = \/;2, p;, where p; = cl(A\;) A (1 — A;) and
each )\; is a fuzzy regular open set in X [22],
(x) fuzzy pseudo-open set in X if A = p VvV §, where u is a non-zero fuzzy open
set in X and ¢ is a fuzzy first category set in X [23].

Definition 2.5. A fuzzy topological space (X,T) is called a

(i) fuzzy extremely disconnected space, if the closure of each fuzzy open set of
X is fuzzy open in X [24],

(ii) fuzzy nodef space, if each fuzzy nowhere dense set is a fuzzy F,-set in X [25],

(iil) fuzzy O* space, if each fuzzy Gs-set in X is a fuzzy simply* open set in X
[26],

(iv) fuzzy O,-space, if each fuzzy regular closed set is a fuzzy Gs-set in X [27],

(v) weak fuzzy O,-space, if for each fuzzy F,-set ¢ in X, cl(9) is a fuzzy Gs-set
in X [27],
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(vi) fuzzy quasi-O, space, if for a fuzzy regular closed set A in X, there exists a
fuzzy Gs-set p in X such that A = clint(u) [28],

(vil) fuzzy normal space, if for each pair of fuzzy closed sets C; and Cs such that
C1 < 1 — (s, there exist fuzzy open sets M; and My such that C; < M;
(221,2) andM1 Sl—MQ [ ]7

(viii) fuzzy globally disconnected space, if each fuzzy semi-open set in X is fuzzy
open in X [29],

(ix) fuzzy Baire space, if int (\/;2; \;) = 0, where each )\; is a fuzzy nowhere
dense set in X [20],

(x) fuzzy D-Buaire space, if every fuzzy first category set in X is a fuzzy nowhere
dense set in X [30],

(xi) fuzzy perfectly disconnected space, if for any two non-zero fuzzy sets A and
win X with A <1 —p, cl(A) <1 —cl(u) [31],

(xii) fuzzy semi normal space, if for a fuzzy closed set A\ and a fuzzy open set
1 in X such that A < u, there exists a fuzzy regular open set ¢ such that
A<o<p[32].

Theorem 2.6 ([16]). In a fuzzy topological space,
(1) the closure of a fuzzy open set is a fuzzy regular closed set,
(2) the interior of a fuzzy closed set is a fuzzy regular open set.

Theorem 2.7 ([33]). If A is a fuzzy simply™® open set in a fuzzy topological space
(X, T) in which fuzzy nowhere dense sets are fuzzy F,-sets, then X is a fuzzy pseudo
- open set in X.

Theorem 2.8 ([33]). If X is a fuzzy pseudo-open set in a fuzzy D-Baire space (X, T),
then X is a fuzzy simply™ -open set in X.

Theorem 2.9 ([31]). If X\ is a fuzzy nowhere dense set in a fuzzy perfectly discon-
nected space (X, T), then\ = 0.

Theorem 2.10 ([27]). If p is a fuzzy regular closed set in a fuzzy extremally dis-
connected space (X,T), then u is a fuzzy open Gs -set in X.

Theorem 2.11 ([7]). If A is a fuzzy simply® open set in a fuzzy topological space
(X,T), then int(X) # 0.

Theorem 2.12 ([20]). If u is a fuzzy co-o-boundary set in a fuzzy 0* space (X, T),
then p is a fuzzy simply™ open set in X.

Theorem 2.13 ([26]). If p is a fuzzy residual set in a fuzzy globally disconnnected
and fuzzy 0% space (X, T), then p is a fuzzy simply* open set in X.

Theorem 2.14 ([20]). Let (X,T) be a fuzzy topological space. Then the following
are equivalent:

(1) (X,T) is a fuzzy Baire space,
(2) int(X) =0 for each fuzzy first categary set A in X,
(3) cl(p) =1 for each fuzzy residual set pu in X.
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3. Fuzzy SIMPLY* OPEN SETS

Definition 3.1 ([7]). A fuzzy set A in a fuzzy topological space (X, T) is called a
fuzzy simply® open set in X, if A = p VvV 0, where p is a fuzzy open set and ¢ is a
fuzzy nowhere dense set in X and 1 — X is called a fuzzy simply™ closed set in X.

Example 3.2. Let X = {a,b,c}. Consider the fuzzy sets A, u and ~ defined on X
as follows:

AMa) = 0.7, A(b) = 0.5, \(c) = 0.6,

p(a) =04, ud) =0.7, p(c) =0.5,

~v(a) = 0.6, v(b) = 0.4, v(c) =0.8.
Then T' = {0, A, 11,7, AV, AV A, VY AN iy ANy, pr Ay iV IAAY] Y VIAA pf, AN
[tV AL,AV VA, 1} is a fuzzy topology on X.

By computation, one can find that A, g, v, AV i, AV, uV Ay, ANy, uVIAAY], vV

AA L, AA [V y] and AV pV y, are fuzzy dense sets in X and

dAAp)=1=AAp), dpAy)=1—=(AAp).

Also, [{1—=(Awp)}=AAp; [{1— (A7)} = AAp. The fuzzy nowhere dense sets
inXarel = A\ 1—pu,1—v1—-AVu),l—AVy),1—(uVy),1—AAy),1-(uV
AN T ={yVIAA ;T ={AA[pVA]} and T = (AV pV ).

By computation, one can find that A, o, v, AV, AV Y, VY, ANy, ANy, Ay, ppV
AAAL YV IAARL AN VAL (AV v y) and pV (1—p), {AAR) V(1= p) } {(rAy) V(1
mh AV A=)} VA=AV VA=NEA{AAR) VA=) {AAY) V(1=7)}
are fuzzy simply* open sets in X.

It should be noted that the fuzzy regular open set in X is AAp, since intcl(AAp) =
int(l—(AAp) =AAp.

Proposition 3.3. If a fuzzy set A is a fuzzy simply™* open set in a fuzzy topological
space (X,T) , then there exists a fuzzy regular closed set 6 in X such that 0 <
clint(X).

Proof. Suppose \ is a fuzzy simply™® open set in X. Then A = p V 6, where p is a
fuzzy open set and 9§ is a fuzzy nowhere dense set in X. Since 4 is a fuzzy nowhere
dense set in X, intcl(6) = 0 and int(d) < intcl(d) implies that int(6) = 0. Now
clint(N\) = clint(pu Vv 6) > clint(p) V clint(§) = cl(p) V cl(0) = ¢l(pn). By Theorem
2.6, cl(w) is a fuzzy regular closed set in X. Let 6 = cl(u). Then for a fuzzy simply*
open set A in X, there exists a fuzzy regular closed set 6 such that 0 < clint(\). O

Proposition 3.4. If a fuzzy set X is a fuzzy simply* open set in a fuzzy topological
space (X, T), then cl(\) is a fuzzy Fy-set in X.

Proof. Suppose A is a fuzzy simply* open set in X. Then by Proposition 3.3, there
exists a fuzzy regular closed set 6 in X such that < clint(\). Since a fuzzy
regular closed set is a fuzzy closed set in X, 0 is a fuzzy closed set in X. Now
0 < clint(\) < ¢l(A) implies that cl(\) = 0V clint(\) V cl(A). Thus cl(A) is a fuzzy
F -set in X. O

Proposition 3.5. If a fuzzy set X\ is a fuzzy simply* open set in a fuzzy topological
space (X,T), then cl(N\) is not a fuzzy o-nowhere dense set in X.
101
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Proof. Suppose A is a fuzzy simply* open set in X. Then A = p V §, where p is a
fuzzy open set and 0 is a fuzzy nowhere dense set in X. By Proposition 3.4, cl(\) is
a fuzzy F,-set in X. Now we have

intcl(XN) = intcl(pu Vv §) > intcl(p) V intcl(6) = intcl(pu) V 0 = intcl(p) > p # 0.

Thus cl(A) is a fuzzy F,-set in X with intcl(X) # 0. So ¢l()) is not a fuzzy o-nowhere
dense set in X. O

Proposition 3.6. If a fuzzy set p is a fuzzy simply* closed set in a fuzzy topological
space (X,T), then int(u) is a fuzzy Gs-set in X.

Proof. Suppose p is a fuzzy simply™* closed set in X. Then 1 — p is a fuzzy simply™
open set in X. Then by Proposition 3.4, ¢l(1 — u) is a fuzzy Fy-set in X. Thus by
Lemma 2.3, 1 —int(p) = cl(1 — p). So 1 —int(p) is a fuzzy F,-set in X. Hence
int(p) is a fuzzy Gs-set in X. O

Proposition 3.7. If a fuzzy set \ is a fuzzy simply* open set in a fuzzy O,-space
(X,T), then there exists a fuzzy Gs-set 0 in X such that 6 < clint(\).

Proof. Suppose A is a fuzzy simply* open set in X. Then by Proposition 3.3, there
exists a fuzzy regular closed set 6 in X such that 6 < clint()). Since X is a fuzzy O,-
space, the fuzzy regular closed set 6 is a fuzzy Gs-set in X. Thus for a fuzzy simply*
open set A in X, there exists a fuzzy Gs-set 6 in X such that 6 < clint()). O

Remark 3.8. From proposition 3.7, one will have the following result:
If X is a fuzzy simply™ open set in a fuzzy O,-space (X,T'), then there exists a
fuzzy Gs-set 0 in (X, T) such that 8 < cl(\), where cl()) is a fuzzy F,-set in X.

Proposition 3.9. If a fuzzy set X is a fuzzy simply* open set in a fuzzy quasi-O, -
space (X, T), then there exists a fuzzy Gs-set p in X such that clint(u) < clint(X).

Proof. Suppose A is a fuzzy simply™ open set in X. Then by Proposition 3.3, there
exists a fuzzy regular closed set € in X such that 6 < clint()). Since X is a fuzzy
quasi-0,-space, for the fuzzy regular closed set 6, there exists a fuzzy Gs-set p in X
such that 6 = clint(p). Thus it follows that clint(u) < clint(X). O

The following proposition shows that fuzzy simply® open sets coincide with fuzzy
open sets in fuzzy perfectly disconnected spaces.

Proposition 3.10. If a fuzzy set A is a fuzzy simply* open set in a fuzzy perfectly
disconnected space (X, T), then A is a fuzzy open set in X.

Proof. Suppose A is a fuzzy simply* open set in X. Then A = VvV §, where p is a
fuzzy open set and ¢ is a fuzzy nowhere dense set in X. Since X is a fuzzy perfectly
disconnected space, by Theorem 2.9, 6 = 0. Thus A = u. So A is a fuzzy open set in
X. O

Proposition 3.11. If a fuzzy set A is a fuzzy simply™® open set in a fuzzy extremally
disconnected space (X,T), then there exists a fuzzy open Gs-set 0 in X such that
0 < clint(\).
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Proof. Suppose A is a fuzzy simply* open set in X. Then by Proposition 3.3, there
exists a fuzzy regular closed set 6 in X such that § < clint()\). Since (X,T) is a
fuzzy extremally disconnected space, by Theorem 2.10, the fuzzy regular closed set
f is a fuzzy open Ggs-set in X. So for the fuzzy simply* open set A\, there exists a
fuzzy open Gs-set 6 in X such that 6 < clint()\). O

Corollary 3.12. If a fuzzy set \ is a fuzzy simply™ open set in a fuzzy extremally
disconnected space (X, T), then there exists a fuzzy Gs-set 0 in X such that 6 < cl(N).

Proposition 3.13. If a fuzzy set p is a fuzzy simply™ closed set in a fuzzy extremally
disconnected space (X, T), then there exists a fuzzy closed Fy-set p in X such that
intel(u) < p.

Proof. Suppose p is a fuzzy simply™ closed set in X. Then 1 — u is a fuzzy simply™
open set in X. Thus by Proposition 3.11, there exists a fuzzy open Ggs-set 6 in X
such that 6 < clint(1 — p). So 0 <1 —intcl(p) and intcl(p) <1—0. Let p=1—0.
Then p is a fuzzy closed Fy-set in X and intcl(p) < p. O

Corollary 3.14. If a fuzzy set p is a fuzzy simply™ closed set in a fuzzy extremely
disconnected space (X, T), then there exists a fuzzy Fy-set p in X such that int(p) <

p.

Proposition 3.15. If \; <1 — X\, where \; and A2 are fuzzy simply™ open sets in
a fuzzy topological space (X, T), then cl(A1) # 1 and cl(X2) # 1.

Proof. Suppose A\ < 1 — )y, for the fuzzy simply™ open sets A; and Ay in X.
Then int(A1) < int(l — A2). By Lemma 2.3, int(1 — A2) = 1 — cl(A2). Thus
int(A1) < 1 —cl(A\y). By Theorem 2.11, for the fuzzy simply* open set A; in X,
int(A1) # 0. So 1 —cl(A2) > 0. Hence cl(A2) # 1.

Also, Ay < 1—X implies that Adg < 1—X;. Then int(A2) < int(l—X;) = 1—cl(A1)
and int(A2) # 0. Thus int(1 — Ay) # 0. So cl(A1) # 1. O

Corollary 3.16. If A\ and Ay are disjoint fuzzy simply* open sets in a fuzzy topo-
logical space (X, T), then cl(A1) # 1 and cl(Aa) # 1.

Proof. Suppose A1 and \q are disjoint fuzzy simply* open sets in X. Then A\ A Xy =
0. Thus A1 < 1—X2. So by Proposition 3.15, for the fuzzy simply* open sets A; and
A2 in X, cl(A\q) # 1 and cl(A2) # 1. O

Proposition 3.17. If a fuzzy set X is a fuzzy Gs-set in a fuzzy 0* space (X, T),
then cl(N) is a fuzzy Fy-set in X.

Proof. Suppose A is a fuzzy Gs-set in X. Then ) is a fuzzy simply* open set in
X. By Proposition 3.4, for the fuzzy simply* open set A, cl(}) is a fuzzy F,-set in
X. U

Corollary 3.18. If a fuzzy set u is a fuzzy Fy-set in a fuzzy 0* space (X, T), then
int(p) is a fuzzy Gs-set in X.

Proposition 3.19. If A is a fuzzy residual set in a fuzzy globally disconnected and
fuzzy 0 space (X, T), then cl(\) is a fuzzy Fy-set in X.
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Proof. Suppose A is a fuzzy residual set in X. Since X is a fuzzy globally discon-
nected and fuzzy 0*, by Theorem 2.13, X is a fuzzy simply* open set in X. Then by
Proposition 3.4, cl(\) is a fuzzy F,-set in X. O

Remark 3.20. From Proposition 3.19, one will have the following result:
If X\ is a fuzzy residual set in a fuzzy globally disconnected and fuzzy 0* space
(X,T), then there exists a fuzzy F,-set n in X such that A <.

Corollary 3.21. If a fuzzy set u is a fuzzy first category set in a fuzzy O* space
(X, T), then int(w) is a fuzzy Gs-set in X.

Proof. Suppose p is a fuzzy first category set in X. Then 1— p is a fuzzy residual set
in X. Since X is a fuzzy globally disconnected and fuzzy 9*, by Proposition 3.19,
cl(1 — p) is a fuzzy F,-set in X. Thus 1 — int(p) is a fuzzy Fy-set in X. So int(u)
is a fuzzy Gs-set in X. O

Remark 3.22. From Corollary 3.21, one will have the following result:
If p is a fuzzy first category set in a fuzzy globally disconnected and fuzzy 0*
space (X, T), then there exists a fuzzy Gs-set § in X such that 6 < p.

Proposition 3.23. If (X,T) is a fuzzy globally disconnected and fuzzy 0* space,
then X is not a fuzzy Baire space.

Proof. Suppose X is a fuzzy globally disconnected and fuzzy 0* space and let \ be
a fuzzy residual set in X. Then by Proposition 3.19, cl(\) is a fuzzy F,-set in X.
Thus cl(\) # 1. So by Theorem 2.14, X is not a fuzzy Baire space. O

The following proposition gives a condition for a fuzzy globally disconnected and
fuzzy 0* space to become a fuzzy Baire space.

Proposition 3.24. If each fuzzy Fy-set is a fuzzy dense set in a fuzzy globally
disconnected and fuzzy 0* space (X, T), then X is a fuzzy Baire space.

Proof. Let X\ be a fuzzy residual set in X. Since X is a fuzzy globally disconnected
and fuzzy 0* space, by Proposition 3.19, ¢l(\) is a fuzzy F,-set in X. Then by
hypothesis, cl[cl(\)] = 1. Thus cI(\) = 1. So by Theorem 2.14, X is a fuzzy Baire
space. O

4. Fuzzy S* N-SPACES

Definition 4.1. A fuzzy topological space (X, T) is called a fuzzy S* N -space, if for
each pair of fuzzy closed sets p; and po in X with 3 < 1 — gy there exist fuzzy
simply* open sets Adjand Ay in X such that p; < Ap, pa < Adgand A\ <1 — X

Example 4.2. Let X = {a,b,c}. Consider the fuzzy sets o and S in X defined as
follows:

ala) = 0.4, ald) =0.5, alc) =0.6, 5(a) =0.7, 5(b) = 0.4, B(c) =0.5.

Then T =0,a,8,aV B,a A 3,1 is a fuzzy topology on X. By computation, one can

see that int(1—a) = 0, int(1—-F) =0, int(1—[aVp]) = 0, int(1—[aAS]) = aAB and

cdla)=1, cd(f) =1, c(aVvp) =1, c(anp) =1—(aAB). By computation, one can

see that fuzzy simply* open sets in (X, T) are «, 3, (aV 3), (aAB),{aV[l—a]}, {8V
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[1—al}, {(anp)vI—al}, {aV[1=F]} {BV[1=B]} {(aAB)V[1=B]}, {(anB) V[1-F]}
and {(a A B) V [1— [V B},

Now {(1 — ), (1 — [V B])} is the only pair of fuzzy closed sets in (X,T) with
(I1-—a)<1-1-[aVg]. For the fuzzy closed sets (1 — ) and (1 — [ V ]), there
exist fuzzy simply* open sets (¢ A ) V [1 — o] and {(aAB) V[l —[aV S]]} in X such
that (1 —a) <{(aAB)V[l—a]}and (1 —[aV]) <{(aAB)V[l—[aV}p]}. Also,
{lanp)V[l—a]} <1—{(aAB)V[l—[aVF]]}. Thus (X,T) is a fuzzy S*N- space.

It should be noted that for the fuzzy closed sets (1 — «) and (1 — [a V f]), there
exist fuzzy open sets aV 3 and a in X such that (1—a) < aVf and (1-[aVj]) < a.
But (V) > 1—a. That is, (aV3) £ 1—a. So (X,T) is not a fuzzy normal space.

Example 4.3. Let X = {a,b,c}. Consider the fuzzy sets A, u and v in X defined
as follows:

Aa) =07, X)) =05, Xc)=0.6,

ula) =04, p)=0.7, plc)=0.5,

v(a) =0.6, ~(b) =04, ~(c)=0.38.
Then T = {0, A\, i, YV, AV g, AV A AN i, AN Y, Ay, pVIAAY]L, ¥y VIAA pl, A A
[V AL, AV 1} is a fuzzy topology on X. By computation, one can find that
MY ANV AV Y AA Y,y VAA p], A A [V y] are fuzzy dense sets in (X, T)
and cd(AAp) =1 —=AAp), dAAy) =1—=(AA75). Also, int(l — (AA p)) =
AN, int(1— (e A5)) = AA p. The fuzzy nowhere dense sets in (X,T) are 1 — A, 1 —
=7 1=QAVa),1=AVy), 1= (Vy),1=(AA7), L= (A7), 1= (AAp),1-
(VAN AV IAAULAA [ VAL AN [V A, AA [V ], By computation, one can
find that A, g, 7, AV, AV A, VY AAY B ANV [AAY], YV [AA ], AA [V 4] are
fuzzy simply* open sets in (X, T).

Now, for the fuzzy closed sets (1 — [A A p]) and (1 — [ A 7]), there exist fuzzy
simply* open sets {u A~} and {(AA~)V (1 —+)} in (X, T) such that (1 —[AAp]) <
(kA7) and (1= [pAA]) < (AAY) V(1 =7)). But, {pAv} £ 1-{(AAy) V(1 -7}
Thus (X, T) is not a fuzzy S* N-space.

Proposition 4.4. If uy and pe are any two fuzzy closed sets in a fuzzy S* N -space
(X, T) with py < 1 — s, then there exist fuzzy simply® open sets Ay and Ay in X
such that p; < A <1—Xy <1—pg and cl(A1) # 1 and cl(Ag) # 1.

Proof. Suppose p; and pe are any two fuzzy closed sets in a fuzzy S*N-space X
with g1 < 1 — ps. Then there exist fuzzy simply™ open sets A\; and As in X such
that p1 < A, pe < Ao and Ai<i—y,. Now po < A2 implies that 1 — Ay <1 — 9 and
thus g3 <A1 <1— Xy <1— pg. So for the fuzzy simply* open sets A; and Ay with
A1 < 1= Ag, by Proposition 3.15, cl(A1) # 1 and cl(A2) # 1, in (X, T), O

Corollary 4.5. If u1 and ps are any two fuzzy closed sets in a fuzzy S*N-space
(X, T) with un < 1 — pa, then there exist a fuzzy simply™ open set § and a fuzzy
simply™ closed set v in X such that p; <6 <~y <1— ps.

Proof. Suppose p1 and uo are any two fuzzy closed sets in a fuzzy S*N-space X

with u; <1 — pg. Then by Proposition 4.4, there exist fuzzy simply* open sets A;

and )\2 n (X,T) such that M1 S /\1 S 1—/\2 S l—ug. Let § = /\1 and*y: 1—)\2.

Then for the fuzzy closed sets p1 and ps, there exist a fuzzy simply™* open set ¢ and

a fuzzy simply™® closed set v in X such that uy <5 <y <1 — po. O
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Proposition 4.6. If u < A\, where p is a fuzzy closed set and \ is a fuzzy open set
in a fuzzy S*N-space (X,T), then there exist a fuzzy simply™* open set § and a fuzzy
simply™ closed set v in X such that p < § <~y <A,

Proof. Suppose p < A\, where p is a fuzzy closed set and A is a fuzzy open set in X.
Then p < 1—(1—X) and p, 1 — A are fuzzy closed sets in X. Since X is a fuzzy S*N-
space, by Corollary 4.5, there exist a fuzzy simply* open set § and a fuzzy simply*
closed set v in X such that p <6<~y <1—(1-X). Thus p <5<y <A O

Corollary 4.7. If u < X\, where p is a fuzzy closed set and X\ is a fuzzy open set in
a fuzzy S*N-space (X, T) with py < 1 — po, then there exist a fuzzy simply* open
set ¢ in X such that p < § < A.

Proposition 4.8. If u1 and ps are any two fuzzy closed sets in a fuzzy S*N-
space (X, T) with uy < 1 — ps, then there exist a fuzzy Gs-set 0 in X such that
int(pr) <6 <1—int(us).

Proof. Suppose p; and pe are any two fuzzy closed sets in a fuzzy S*N-space X
with g1 < 1 — ps. Then by Corollary 4.5, there exist a fuzzy simply™ open set
0 and a fuzzy simply* closed set v in X such that ;1 < 0 < v <1 — pus. Now
w1 < < 1— o implies that int(p1) < int(y) < int(1 — pg) and thus int(uy) <
int(y) <1—cl(pua) =1—ps < 1—int(u2). By Proposition 3.6, for the fuzzy simply*
closed set v, int(y) is a fuzzy Gs-set in X. Let 6 = int(y). Then it follows that
int(p1) <0 <1 —int(uz). O

Proposition 4.9. If 1 and po are any two fuzzy closed sets in a fuzzy S*N-
space (X,T) with 1 < 1 — ua, then there exists a fuzzy Fy-set p in X such that
p < p < 1—int(pz).

Proof. Suppose 1 and po are any two fuzzy closed setsin a fuzzy S* N-space X with
11 < 1 — po. Then by Corollary 4.5, there exist a fuzzy simply* open set § and a
fuzzy simply™ closed set v in X such that 1 <6 <y <1—ps. Now g <6< 1—po
implies that ¢l(u1) < cl(0) < (1 — p2) and thus py < cl(pr) < () <1 —int(us).
By Proposition 3.4, for the fuzzy simply™ open set §, cl(d) is a fuzzy Fy-set in X.
Let p = cl(9). Then it follows that u1 < p <1 —int(us). O

Proposition 4.10. If uy and pe are any two fuzzy closed sets in a fuzzy S* N -space
(X,T) with p1 <1 — g, then there exist fuzzy somewhere dense sets A1 and Ay in
X such that p1 < Ay, po < Ao with clint(A\1) # 1 and clint(Ag) # 1.

Proof. Suppose 1 and o are any two fuzzy closed sets in a fuzzy S* N-space X with
11 < 1—ps. Since X is a fuzzy S* N-space, there exist fuzzy simply™* open sets A\; and
Ao in X such that p1 < A1, pz < Ao and Ay < 1—X9. By Theorem 2.11, for the fuzzy
simply* open sets Ay and Az, int(A1) # 0 and int(A2) # 0. Now int(A1) < intcl(A)
and int(A2) < intcl(A2), implies that intcl(A1) # 0 and intcl(Az2) # 0. Thus the
fuzzy simply* open sets A1 and Ay are fuzzy somewhere dense sets in X. So for the
fuzzy closed sets 1 and s, there exist fuzzy somewhere dense sets A\; and Ag in X
such that py < A, g < Ay and Ay <1 — Xy, Now intcl(N) < intcl(1 — o) implies
that intcl(1 — A2) # 0. By Lemma 2.3, 1 — clint(A\2) # 0 and clint(A2) # 1. Also,
A1 <1 — Ay implies that A2 < 1 — \;. Hence clint(\) # 1. O
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Proposition 4.11. If 6; and 6o are any two fuzzy open sets in a fuzzy S* N -space
(X,T) such that 1 — 61 < 09, then there exist fuzzy simply*-closed sets v1 and v2 in
X such that v1 < 01, v2 < g and 1 — 1 < 5.

Proof. Suppose 6; and §, are any two fuzzy open sets in a fuzzy S* N-space X such
that 1 — 67 < §3. Then 1 — §; and 1 — o are fuzzy closed sets in X such that
1—68; <1—(1-93). Thus there exist fuzzy simply* open sets A; and Ay in X
such that 1 — 91 < A\, 1 — 33 < Ay and Ay < 1 — Ag. This implies that 1 — Ay < 4§y
and 1 — Xy < dp. Let 99 = 1 — XAy and 79 = 1 — Ag. Then 7; and o are fuzzy
simply*-closed sets in X such that v; < §; and 2 < d2. Now A; < 1 — Ay implies
that 1 — v <1— (1 — ) and thus 1 — vy < 7. O

Proposition 4.12. If 01 and ds are fuzzy open sets in a fuzzy S*N-space (X, T)
such that 61 V 63 = 1, then there exist fuzzy simply® open sets A1 and Ao in X such
thatlfél S)\lglf)\ggéz

Proof. Suppose d; and 9 are two fuzzy open sets in a fuzzy S* N-space X such that
d1Vog =1. Then 1 — (61 Vdz) =0, i.e., (1 —61) A (1 —J2) = 0. This implies that
1—01 <1—=(1-2902). Thus 1 — 4, and 1 — &9 are fuzzy closed sets in the fuzzy
S*N-space X such that 1 —d; < 1—(1—42). So there exist fuzzy simply*-open sets
A1 and Ag in X such that 1 —§; < A\, 1 —d2 < Ay and Ay < 1 — Ag. This implies
thatlfélg)\lglf/\ggdg O

Corollary 4.13. If 61 and d are fuzzy open sets in a fuzzy S*N-space (X,T) such
that 61V s = 1, then there exist a fuzzy simply*-open set X and a fuzzy simply*-closed
set pin X such that 1 — 6§, < A < pu < ds.

Proposition 4.14. If py and pe are any two fuzzy closed sets in a fuzzy S* N -space
(X, T) with py < 1— pe, then there exist fuzzy reqular open sets o and 8 in X such
that int(p1) < « and int(p2) < B.

Proof. Suppose p; and po are any two fuzzy closed sets in a fuzzy S*N-space X
with g1 < 1 — uo. Then there exist fuzzy simply* open sets A; and Ay in X such
that pq < A1, po < A and A\; < 1 — Xy, By Proposition 3.3, for the fuzzy simply*
open sets A\; and A, there exist fuzzy regular closed sets 6; and 65 in (X, T) such
that 6, < clint(\1) and 02 < clint(A2). Now A; < 1 — Ay implies that clint(A;) <
clint(1 — A2) and thus 6 < clint(1 — A\2) = 1 —intcl(A2). So intcl(A2) <1—0;. Let
B =1—0;. Then 3 is a fuzzy regular open set in (X,T). Now po < Ao implies that
intel(pe) < intel(Ag) < B and thus int(us) < 8, in (X, T). Also, \; < 1— )y implies
that A2 <1 — A1, So clint(A2) < clint(1 — A1) and 0y < clint(A2) < 1 —intcl(Aq).
It follows that intcl(A) <1 —6s. Let a =1 — 5. Then « is a fuzzy regular open
set in X. Since 1 < Ay, intcl(p1) < intcl(A1) < a. Thus int(p) < a. O

5. Fuzzy S*N-SPACES AND OTHER FUZZY TOPOLOGICAL SPACES

Proposition 5.1. If a fuzzy topological space (X, T) is a fuzzy normal space, then
X is a fuzzy S*N-space.

Proof. Suppose X is a fuzzy normal space and let ;11 and pus be any two fuzzy closed
sets with 3 < 1— ps. Then by the hypothesis, there exist fuzzy open sets A\; and Ay
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in X such that u; < A1, pus < Ao and A\; < 1—X,. Since each fuzzy open set is a fuzzy
simply*-open set in a fuzzy topological space (Remarks 3.1(1) in [7]), A1 and Ay are
fuzzy simply*-open sets in X. Thus it follows that X is a fuzzy S* N-space. g

It is to be noted that fuzzy S* N-spaces need not be fuzzy normal spaces. For,
in example, 4.2, (X,T) is a fuzzy S*N-space, but not a fuzzy normal space. It is
very natural to ask under which conditions does a fuzzy S* N-space become a fuzzy
normal space? The following proposition provides an answer to this question.

Proposition 5.2. If a fuzzy topological space (X, T) is a fuzzy perfectly disconnected
and fuzzy S* N -space, then X is a fuzzy normal space.

Proof. Let p; and pe be any two fuzzy closed sets with 1 < 1 — pg. Since X is
a fuzzy S*N-space, there exist fuzzy simply* open sets A\; and Ay in X such that
w1 < A1, po < Ag and Ap <1 — Ao, Since X is a fuzzy perfectly disconnected space,
by Proposition 3.10, the fuzzy simply™ open sets A\; and A\ are fuzzy open sets in
X. Then it follows that (X, T) is a fuzzy normal space. O

It is to be noted that fuzzy semi normal spaces need not be fuzzy S*N-spaces.
Consider the following example.

Example 5.3. Let X = {a,b, c}. Consider the fuzzy sets «, 3,7 and ¢ in X defined
as follows:

ala) =04, a(b) =0.6, a(c) =0.4, B(a) =0.6, 5(b) =0.5, B(c) = 0.6,

v(a) = 0.6, v(b) = 0.5, v(c) =0.7, §(a) = 0.5, 6(b) = 0.6, J(c) = 0.5.
Then T = {0, o, 8,7, aV B, aV~y,aV B, 1} is a fuzzy topology on X. By computation,
one can see that int (1—a) = 0; int(1—8) = aAS; int(1—v) =0, int(1—[aVi]) =0,
int(l—[aVv~y]) =0, int(l —[aApf]) =pand int(1—0) =0, c(B) =1— (aAB),
cdlanpB)=1-0,cd) =1, cl(l =) =1 — a. The fuzzy dense sets in (X, T) are
a, v, aV B and a Vv and the fuzzy nowhere dense sets in (X,7T) are 1 —«, 1 — 1,
1-JaVvi,l1—-[aV~y]and1-4.

Now intcl(8) = int(1 — [a A 8]) = 8 and intcl(a A B) =int(1 — ) = a A B and
thus 8 and aA 8 are the fuzzy regular open sets in (X,T'). For each fuzzy closed set
AM=1-a,1-5,1—~1-]aVP],1-]aV~y],1—[aApS]) and each fuzzy open set
w(=a,B,v,aV B,aVy,aAB) such that A < p, there exists a fuzzy regular open
set o(= p or a A ) such that A < ¢ < u implies that the fuzzy topological space
(X,T) is a fuzzy semi normal space.

The fuzzy simply*open sets in (X,T) are a, 8,v,aV f,aVy,aAp,{aV (1 -
N {(aAp)V(1—=245))} For the fuzzy closed sets {1 — [a A B]} and (1 — «) in
(X, T), there exist fuzzy simply*open sets A1 (= v, aV B, aVy) and A2 (= a, 8,7, aV
ByaVy,anhB{aVv(1—-0)}{(aAnp)Vv(1—-46)})in (X,T) such that {1 —[aAp]} <
A1, (1 =7) < X But Ay £ 1 — Xy implies that (X, T) is not a fuzzy S*N-space.

The following proposition gives a condition for fuzzy semi normal spaces to become
fuzzyS™ N -spaces.

Proposition 5.4. If a fuzzy topological space (X,T) is a fuzzy semi normal and
fuzzy extremally disconnected space, then (X,T) is a fuzzy S*N-space.
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Proof. Let p; and ps be any two fuzzy closed sets in X with uy < 1 — ps. Since
X is a fuzzy semi normal space, for the fuzzy closed set p; and the fuzzy open set
1 — po such that g3 <1 — o, there exists a fuzzy regular open set ¢ in X such that
w1 <o <1—pus. Now, uy < o implies that 1 — u; > 1 — o, where 1 — u is a fuzzy
open set and 1 — o is a fuzzy regular closed set in (X,T). Since a fuzzy regular
closed set is a fuzzy closed set in a fuzzy topological space, 1 — o is a fuzzy closed set
in X. Again, X being a fuzzy semi normal space, for the fuzzy closed set 1 — o and
the fuzzy open set 1 — p1 such that 1 —o < 1 — pq, there exists a fuzzy regular open
set v in X such that 1 — o <~ <1 — p;. This implies that 3 <1 — v < o. Also,
o < 1— uo implies that po <1 —0. Let Ay =1 —v and Ay =1 — 0. Then \; and
Ao are fuzzy regular closed sets in X such that pu; < A, e < Ay and A; <1 — Ao,
Now, A1 and Ag are fuzzy regular closed sets in X imply that clint(A1) = A\

and clint(Ag) = Ag. Since X is a fuzzy extremally disconnected space, for the fuzzy
open sets int(\1), int(A2) in X, clint(A1) and clint(A2) are fuzzy open sets in X
and thus A1 and Ay are fuzzy open sets in X. Since each fuzzy open set is a fuzzy
simply* open set in a fuzzy topological space, A1 and A\ are fuzzy simply™ open sets
in X. So for the fuzzy closed sets p1 and po, there exist fuzzy simply™* open sets
A1 and Az such that pu; < Ay, pe < Ay and  A; < 1 — Xy, Hence X is a fuzzy
S* N-space. d

The following proposition gives a condition for fuzzy D-Baire spaces to become
fuzzy S* N -spaces.

Proposition 5.5. If there exist fuzzy pseudo-open sets A1 and Ay such that p1 < Ay,
o < A9 and A1 <1 — Xg, for any two fuzzy closed sets py and po with py <1 — o,
in a fuzzy D-Baire space (X,T), then (X, T) is a fuzzy S*N-space.

Proof. Let puy and ps be any two fuzzy closed sets in X with pu; <1 — us. By the
hypothesis, there exist fuzzy pseudo-open sets A\; and Ay in X such that p; < Aq,
o < Ao and A\; < 1 — Ay, Since X is a fuzzy D-Baire space, by Theorem 2.8, the
fuzzy pseudo-open sets A\; and A\g are fuzzy simply*-open sets in X and it follows
that X is a fuzzy S*N-space. O

Proposition 5.6. If u < A\, where p is a fuzzy closed set and \ is a fuzzy open set
in a fuzzy nodef and fuzzy S*N-space (X, T), then there exist a fuzzy pseudo-open
set § in X such that p < § < .

Proof. Suppose p < A\, where p is a fuzzy closed set and A is a fuzzy open set in X.
Since X is a fuzzy S* N-space, by Corollary 4.7, there exists a fuzzy simply* open
set § in X such that p < § < A. Since X is a fuzzy nodef space, fuzzy nowhere
dense sets are F,-sets in X. Then ¢ is a fuzzy simply* open set in X in which fuzzy
nowhere dense sets are F,-sets. Thus by Theorem 2.7, the fuzzy simply* open set ¢
is a fuzzy pseudo-open set in X. O

Proposition 5.7. If u1 and py are any two fuzzy closed sets with pp < 1— o, in a
fuzzy nodef and fuzzy S*N-space (X, T), then there exist fuzzy pseudo-open sets A\
and Ao in X such that p1 < A1, po < Ao and Ay <1 — Ao

Proof. Suppose py and po are any two fuzzy closed setsin X with pu; < 1—pso. Since
X is a fuzzy S*N-space, there exist fuzzy simply™® open sets A\; and s in X such
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that 1 < A1, po < Ao and Ay < 1 — Ao, Since X is a fuzzy nodef space, fuzzy
nowhere dense sets are F,-sets in X. Then \; and Ay are fuzzy simply™ open sets in
X in which fuzzy nowhere dense sets are F,-sets. Thus by Theorem 2.7, the fuzzy
simply* open sets A\; and A\ are fuzzy pseudo-open sets in X. O

Proposition 5.8. If y1 and ps are any two fuzzy closed sets with p; < 1 — pao,
in a fuzzy perfectly disconnected and fuzzy S*N-space (X, T), then there exist fuzzy
F,-sets 61 and 92 in X such that 1 < 01, po < do and 61 < 1 — ds.

Proof. Suppose p1 and po are any two fuzzy closed sets in X with p1 < 1— 9. Since
X is a fuzzy S* N-space, there exist fuzzy simply* open sets A\; and A2 in X such
that 1 < A1, pe < Az and A; < 1 — Ay, Since X is a fuzzy perfectly disconnected
space, for the fuzzy sets A\; and Ay with Ay <1 — Xy, cl(A1) <1 —cl(N2), in (X, T).
By Proposition 3.4, for the fuzzy simply* open sets A; and Az, cl(A1) and cl(\z) are
fuzzy F,-sets in X. Now p; < Ay implies that cl(u1) < cl(A1) and then p; < cl()Ay),
and po < Ao implies that cl(us) < cl(Ag) and then ps < cl(A2). Let §; = cl(A1) and
d2 = cl(A2). Thus for the fuzzy closed sets p; and peo, there exist fuzzy F,-sets 01
and 0o in X such that p; < 1, pus < d2 and §; < 1 — §s. O

The following two propositions give conditions for fuzzy 0* spaces to become fuzzy
S*N -spaces.

Proposition 5.9. If there exist fuzzy co-o-boundary sets A1 and Ao such that puq <
A1, po < Ao and Ay < 1—=Xg, for any two fuzzy closed sets 1 and pg with 1 < 1—po,
in a fuzzy 0% space (X,T), then X is a fuzzy S*N-space.

Proof. Let p1 and po be any two fuzzy closed sets in X with p; <1 — pus. By the
hypothesis, there exist fuzzy co-o-boundary sets A\; and Ay in X such that pu; < Aq,
o < Ag and Ay < 1 — Ay, Since X is a fuzzy 0* space, by Theorem 2.12, the fuzzy
co-o-boundary sets A; and A\ are fuzzy simply*-open sets in X and it follows that
(X,T) is a fuzzy S*N-space. O

Proposition 5.10. If there exist fuzzy residual sets A1 and Ao such that p; < Aq,
o < Ag and Ay < 1—XAq, for any two fuzzy closed sets p11 and po with py < 1— 9, in
a fuzzy globally disconnected and fuzzy 0* space (X, T), then X is a fuzzy S* N -space.

Proof. Let p; and po be any two fuzzy closed sets in X with u; < 1 — puo. By
hypothesis, there exist fuzzy residual sets A\; and Ay in X such that py < Ay, po < Ag
and A1 <1 — Ag. Since X is a fuzzy globally disconnected and fuzzy 0* space, by
Theorem 2.13, the fuzzy residual sets A; and A\ are fuzzy simply*-open sets in X
and it follows that (X, T') is a fuzzy S* N-space. O

6. CONCLUSION

In this paper, it is established that the fuzzy closure of a fuzzy simply™ open set is

a fuzzy F,-set and the fuzzy interior of a fuzzy simply* closed set is a fuzzy Gs-set

in fuzzy topological spaces. It is obtained that fuzzy simply* open sets coincide

with fuzzy open sets in fuzzy perfectly disconnected spaces. It is established that

disjoint fuzzy simply™* open sets are not fuzzy dense sets in fuzzy topological spaces.

It is found that the fuzzy closure of a fuzzy Ggs-set is a fuzzy F,-set and the fuzzy
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interior of a fuzzy F,-set is a fuzzy Gs-set in fuzzy 0* spaces. Also, it is proved that
the fuzzy closure of a fuzzy residual set is a fuzzy F,-set and the fuzzy interior of a
fuzzy first category set is a fuzzy Gs-set in fuzzy globally disconnected and fuzzy 0*
spaces. A condition for fuzzy globally disconnected and fuzzy 0* spaces to become
fuzzy Baire spaces is also obtained.

Also, the notion of fuzzy S*N-spaces is introduced by means of fuzzy simply*
open sets and studied. Several characterizations of fuzzy S*N-spaces are obtained.
It is shown by examples that fuzzy S* N-spaces need not be fuzzy normal spaces and
fuzzy seminormal spaces need not be fuzzy S*N-spaces. It is established that fuzzy
perfectly disconnected and fuzzy S*N-spaces are fuzzy normal spaces and fuzzy
seminormal spaces with fuzzy extremally disconnectedness are fuzzy S*N-spaces.
The conditions, under which fuzzy 0* spaces, fuzzy D-Baire spaces become fuzzy
S* N-spaces, are also obtained in this paper.
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