Annals of Fuzzy Mathematics and Informatics
Volume 30, No. 1, (August 2025) pp. 3764 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2025.30.1.37 http://ribs.wonkwang.ac.kr

Numerical simultaneous blow-up of the solution of
a parabolic system with three components

N’GUESSAN YAO MATHIEU, DIABATE TCHILOMIAN PATERNE ARMAND,
N’GUESSAN KorF1, TOURE KIDJEGBO AUGUSTIN

=
]
=

@QF MI

CHEARE
SIS
oI5|

M I

@ MI
@F MI
@QFMI

@F MI

(C)
=

M I
@FMI
@F MI
@QFMI

@F MI

©
; II :
@lle|[s]
222 e
= - @lle
e
©
ES|
=
=

QFMI| Q@QFMTI
@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 30, No. 1, August 2025



Annals of Fuzzy Mathematics and Informatics
Volume 30, No. 1, (August 2025) pp. 3764 @FMH
ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) (© Research Institute for Basic

http://www.afmi.or.kr Science, Wonkwang University

https://doi.org/10.30948 /afmi.2025.30.1.37 http://ribs.wonkwang.ac.kr

Numerical simultaneous blow-up of the solution of
a parabolic system with three components

N’GUESSAN YAO MATHIEU, DIABATE TCHILOMIAN PATERNE ARMAND,
N’GUESSAN Korri, TOURE KIDJEGBO AUGUSTIN

Received 9 December 2024; Revised 2 March 2025; Accepted 26 March 2025

ABSTRACT. In this paper, we study a numerical approximation of a
parabolic system with three components. Under some assumptions, we
prove that the solution of a semidiscrete form of above problem blows up
at the center point in a finite time and estimate its semidiscrete blow-up
time. We show that the semidiscrete simultaneous blow-up occurs. We
also establish the convergence of the semidiscrete simultaneous blow-up
time to the theoretical one when the mesh size tends to zero. Finally, we
give some numerical experiments to illustrate our analysis.
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1. INTRODUCTION

Consider the following nonlinear parabolic system:

(1.1) u(z,t) = ugy(z,t), (z,t) € (0,1) x (0,T),
(1.2) ve(x,t) = g (2, 1), (2,t) € (0,1) x (0,7,
(1.3) wi(x,t) = wee (2, ), (x,t) € (0,1) x (0,T),
(14 —u,(0,t) = uP(0,t) + vP12(0,t), t € (0,7T),

)
(1.5) —0,(0,1) = vP22(0, 1) + wP= (0, 1), t € (0,T),
)

—wg(0,t) = wP*(0,t) +u(0,1), t € (0,T),
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(1.7) ug(1,t) = uP (1,t) + vP2(1,¢t), ¢t € (0,7),
(1.8) ve(1,8) = vP22(1,t) + wP>(1,t), t € (0,T),
(1.9) we(1,t) = wPs(1,t) + uP? (1,t), t € (0,7),

(1.10)u(x,0) = up(z), v(z,0) =vo(x), w(x,0) = we(z) for each z € [0,1],

where p11, P22, P33, P12, P23, P31 > 0; up(x), vo(x) and wp(x) are positive smooth
functions satisfying the compatibility conditions. T represents the maximal existence
time of the solutions. The existence and uniqueness of local classical solutions to
(1.1)—(1.10) are well known in [1].

Nonlinear parabolic system (1.1)—(1.10) comes from chemical reactions, heat
transfer, where ug(z), vo(z) and wg(x) represent the thickness of three kinds of
chemical reactants, the temperatures of three different materials during a propaga-
tion. Certain specific forms of (1.1)—(1.10) have been widely analysed for critical ex-
ponents, blow-up rates, blow-up sets, and even blow-up profiles (See [2, 3, 4, 5, 6, 7]).
The study of blow-up and simultaneous blow-up has been the subject of research by
several authors such that (See [8, 9, 10, 11, 12]).

In [9], the authors have proved that if (ps3 > 1, p11 < 1, paa < 1, p33 < pa3z + 1,

P33 — 1 and ps; < p3z — 1
p23 + 1 — ps3 T i (23 +1 —p33) +1 —pa3

P22 — 1 paz — 1
——==— and po3 <
P12+ 1 —pao D31 (p12+1—1p22)+1 — P22
P11 —

p31 +1—pn

Then, for every positive initial data, simultaneous

P12 > ) or (pe2 > 1, p11 <1,

p33 < 1, pao < p12+1, p31 >

or (p11 > 1, p2 <1, p33 < 1, pr1 < pa1 + 1, paz > and pr2 <

pn—1 )

P23 (P31 +1—pi1) +1—pu~
blow-up occurs.

Simultaneous blow-up is defined as |[u(-, t)||coc < +00, [|0(:,1)]|cc < 400, ||w(-,)|lco

+oo and lim sup min{]|u(-, #)lloc, [0, )loc, [w(:, )lloc} = +o00, where fJu(-, t)]loc =

max, u(a,O), o) = max [0 ], Ol = max [w(a,)]

But these authors do not provide us with exact value of the simultaneous blow-up
time of the solution of problem (1.1)—(1.10) although necessary for the work of some
engineers. This is why we opt for a numerical study of this problem to determine
good approximate values of the simultaneous blow-up time of its solution. In this
paper, we are interesting in the numerical study of the above problem. A similar
study has been undertaken in [13, 14, 15, 16, 17].

This paper is organized as follows. In the section 2, using the finite difference
method we construct a semidiscrete scheme of the continuous problem and we give
some properties concerning the semidiscrete scheme. In section 3, under some as-
sumptions, we prove that the solution of a semidiscrete form of the continuous prob-
lem blows up in a finte time and estimate its semidiscrete blow-up time. In section
4, we propose the criteria of the simultaneous blow-up of the semidiscrete scheme.
In section 5, we show the convergence of the semidiscrete simultaneous blow-up time
to the theoretical one when the mesh size goes to zero. Finally, in last section, we
give some numerical experiments for a best illustration of our analysis.
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2. PROPERTIES OF THE SEMIDISCRETE SCHEME

In this section, we construct a semidiscrete scheme of the continuous problem
(1.1)=(1.10). After, we give some properties of this scheme.

with ¢ = 1,...,I. Approximate the solution (u,v,w) of (1.1)—(1.10) by the solution

(Uh(t) = (UL(t),...,U ()T, Vi (t) = (Vi(t),..., Vi) T, Wi(t) = (Wi(t),..., WI(t))T)
and approximate the initial data (ug, vo,wp) of the same problem by

(P10 = (D11, d1,0) T o = (B2,15- .-, D2,1)T b3 n = (03,1, ..., d3,1)T) of the fol-

lowing system of ODEs whose is obtained using the finite difference method

1
Let I > 3 be a positive integer and let h = -1 Define the grid =; = (i — 1)h

(2.1)  Ul®t) = 8*Us(t) + d;(UP (1) + VP2 (1), i=1,...,1, t€(0,T}),

K3

(2.2)  VI(t) = 82Vi(t) + ds (VP2 () + WP (1)), i=1,....1, t € (0,T)),

?

(2.3) W/(t) = 82Wi(t) + d; (WP (t) + U (t), i=1,...,1, t €(0,T}),

7

(2.4) Ui(0) = ¢1,i, Vi(0) = 2,3, Wi(0) =3, i=1,...,1,
where
U;,_1(t) — 2U;(t) + U; 11 (¢
S2U(t) = ®) h2() +(), =2,...,1-1,
2U5(t) — 2U, (¢)
UL (t) = — 2
2U07_1(t) — 2U(¢
52U (t) = il 22 ( ),
2 2
= — - = b =2,...,01 —1.
d1 h,d] h d Oa ? 9 )
Definition 2.1. We say that (Up, Vi, Wa) € (C’l([O,T}L’),RI))3 is a lower solution

of (2.1)~(2.4), if

Uj(t) < 8°Us(t) + (U (1) + ViP2(t), i=1,...,1, t € (0,TP),
Vi (t) < 0°Vi(t) + dg(ViP=2(t) + WP (t)), i=1,....1, t € (0,T}),
Wi (t) < PWilt) + ds(WiP* (t) + U (1), i=1,....1, t € (0,T}),

0<Z(0)§¢1,17 O<E( )§¢2,27 0<%(0)§¢3,1 7’:177]7

where (Up, Vi, W) is the solution of (2.1)-(2.4). On the other hand, we say that
(Un, Vi, W) € (C*([0,T7), ]RI))S is an upper solution of (2.1)—(2.4), if these inequal-
ities are reversed.

The following lemma is the discrete form of the maximum principle.
39
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Lemma 2.2. Let ep, cp, an, Bn, An, v € CO([0,TP),RY) and Uy, Vi, Wi, € C1([0, TP), RY)
such that

Ul(t) — 82U (t) — e;()U (1) — ci()Vi(t) >0, i=1,...,1, t € (0,T}),

V() — 82Vi(t) — ay(O)Vi(t) — Bi(t)Wilt) >0, i=1,...,1, t € (0,TP),

W/ (t) — 8*Wi(t) — N(OW;(t) — v (U (t) >0, i=1,...,1, t € (0,TP),
U;(0) >0, V;(0) >0, W;(0) >0, i=1,...,1

Then we have
Ui(t) >0, Vi(t) >0, Wi(t) >0, i=1,....1, t€[0,TP).

Proof. Let Ty < Ty and let (Np(t), Mp(t), Kin(t)) = (e"*Un(t), " Vi (t), e" Wi (1)),
where v is a real. We find that (N, (¢), My, (¢), K, (t)) satisfies the following inequal-
ities: for i =1,...,1,t € (0,T7),

(2.5) Ni(#)(t) = 0°Ni(t) = (ei(t) + v)Ni(t) — c;(t) Mi(t) > 0,
(2.6) M(t) = 82 Mi(t) — (o (t) + v)Mi(t) — Bi(H) Ki(t) > 0,
(2.7) Ki(t) = 6 Ki(t) — (\ilt) + v)Ki(t) — 7i(H)Ni(t) = 0,
(2.8) N;(0) >0, M;(0) >0, K;(0)>0.

Set m = min {miny<;<; ej0,75] Ni(t), mini<;<rsef0,15) Mi(t), mini<;<r se(0,15) Ki(t) }-
Since for ¢ € {1,...,1}, N;, M; and K; are continuous functions on the compact
[0, Tp], we write m = N, (t;,) for a certain ig € {1,...,I}.

Assume m < 0 and v < 0 such that

(eio (tio) + V) <0, (aio (tio) + V) <0 and ()‘io (tio) + V) <0.

If ¢;, = 0, then N;,(0) < 0, which contradicts (2.8). Rhus ¢;, # 0.
If 1 <ig < I, then we have

. Niy(tiy) — Nig(ti, — k)
Nil() (tl()) = lll—qlo : : k : :

<0 and 82N, (ti,) > 0.

Furthermore by a straightforward computation, we have
Ni/o (tlo) - 62Nio (tlo) - (e’io (tlo) + V)Nio (tio) — Cig (tio)Mio (tio) <0,

but this inequality contradicts (2.5) and the proof is completed. g

Lemma 2.3. Let (Un, Vi, Wa), (Un, Vi, Wy) € (C*([0, Tﬁ),RI))S be lower and upper

solutions of (2.1)—~(2.4) respectively such that

Then the following inequality holds:

(Un(1), Vi (t), Wi (t)) < (Un(t), Va(t), Wi ().
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PTOOf' Let us define (Nh (t)a Mh (t)7 Kh (t)) = (m(t)a Vh(t%m(t))_(%(t%ﬁ(t% M(t))
By a straightforward computation and using the Mean value theorem, we obtain for
i1=1,...,1,

(2.9)N/(t) — 82N;(t) — prady(a; ()P TIN (£) — pradi(\; ()72 My (8) > 0,
(2.1, () — 62 M;(t) — paad; (X (£))P22 M () — pasds(v; ()P Ki(t) > 0,
(211 (t) — 02 Ki(t) — paadi(; (1))~ Ky(t) — pardi (o ()P TN (t) > 0,

(2.12) N;(0) >0, M;(0) >0, K;(0) >0,

where a;(t), \;(t) and v, (t) lie, respectively, between U; () and Uy (t), between V;(t)
and V;(t) and between W;(t) and W;(¢t) for i € {1,...,I}.
We can rewrite (2.9)—(2.11) as

NI(t) = BNi(t) — e (ONi() — i (OMi(t) 2 0, i=1,....1, t € (0, T}),
M{(t) = *M;(t) — s () My(t) = Bi(t)Ki(t) > 0, i=1,...,1, t € (0,T}),
KI(t) — 82 Ki(t) = M) Ks(t) — u(ONi(#) > 0, i=1,....T, t € (0,TV),

where e;(t) = prid;(a;(t)P171, ¢i(t) = pradi(A;(£))P12 71, ai(t) = P22dz( )Pl
Bi(t) = pasdi(v; ()P4, Xi(t) = pasdi(v; (1))P52 " and ~;(t) = ps1d;(a (t))p31 !, for
i=1,...,1,Vt € (0,T}). According to Lemma 2.2, N;(t) > 0, M;(t) > 0, K;(t) 20,
fori=1,...,1,Vt € (0,T7) and the proof is completed. O

The next lemma gives the properties of the semidiscrete solution.

Lemma 2.4. Let (Up, Vi, Wy) € (C’l([O,T}lL’),RI))3 be the solution of (2.1)—(2.4)
with an initial data
(P11, 2,1y P3.n) lower solution such that 0 < ¢1,; < 1441, 0 < P2 < P2441 and
0<¢3i < @31 fori=1,...,1 —1. Then we have
(1) (Us(), Vi(£), Wilt) > (61,6, 050 03.0) > 0, i = 1., T, t € [0,T}),
(2) (Ui (), Vs (1), Wisa (1)) > (Us(8), Vi(t), Wilt), i = 1,..., T — 1, t € [0,}),
(3) (UL#),V/(t),W](#)) >0,i=1,...,1, t € [0,TP).

Proof. (1) Since (¢1,n, ¢2,n, $3.1) is a lower solution of (2.1)-(2.4), by the Lemma
2.3, we have

(Uz(t)a‘/l(t)7w’t(t)) Z (¢1,ia¢2,i7¢3,i) > Oa 1= 17 s 7I7 te [OvT}ZL))

(2) We argue by contradiction. Assume that o is the first ¢ > 0 such that
(Ri,Fi,Si)(t) = (Ui+1 —Ui,‘/H_l —V;,Wi_;,_l —W)( ) >0forl<i<I—1,te [0 to)
but Ri,(to) = Uis+1(to) — Uio(to) = 0 or Fi (o) = z0+1(fo) - Vzo(fo) = 0or
Sio (t0) = Wig+1(to) — Wiy (to) = 0 for a certain ig € {1,...,1 —1}. Assume that
R, (to) = Uiy41(to) — Uy, (to) = 0. Without loss of generality, we suppose that ig is

41
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the smallest integer which satisfies the above equality. Then we obtain

RL() = Ui(t) — 2U};22(t) + Us(t) B (2U2(t)h—22U1(t) B % (U (1) + VP (t))) ’
ey - Ult) = 2Ul-+h1 (0 +Ussalt) _ Uinal0) - 2U};2(t) HU®) 5y gy
s 10 = 2O =20 Ua®) =20+ U] | 2 gy o)
e13)  m= OO 2 gy ypagy)
(2.14) &@%:RFM&_QZ§O+RHNﬂ,2§i§]—1
(15) Ry = 2Ol 2 gy oy,

According to the hypotheses on tg, we have the following inequalities

R (t) = lim Riy(to) — Riy(to — €)

e—0 €

<0,
Riy_1(to) — 2R, (to) + Riysn (
62RZ‘0 (to) 10 1( 0) 2)2( 0) 0 1( 0)

Ri,11(to) — 3Ry, (to)
h2

—3Ri0 (to) + Rio—l (to)
h2

>0,if 2<iyg<I-—2,

>0 if ig = 1,

S 0ifig=1—1,
which implies
Riy—1(to) — 2R, (to) + Rig+1(to)
R, (1g) - wllo) + 1,

Riy41(to) — 3Ry (tg) 2 o
R;o (to) _ 0+1( O)h2 0( 0) _ E (Uf;n(t) 4 ‘/'il;lz (t)) <0, if io =1,

<0,if 1<ig<TI—1,

—3R;, (to) + R;y—1(t 2 o
of °)h2 o1(fo) _ S U+ V) <0, i dg=1-1.
Thus we have a contradiction with (2.13)—(2.15), which leads to the desired result.
(3) Denote J;(t) = U;(t + () — Ui(t), Li(t) = Vi(t + ¢) — Vi(t) and G;(t) =
Wi(t+¢) —Wi(t) fori=1,...,I and t € [0,T}). Using (1) and (2.4), we show that

Ji(0) >0, L;(0) > 0 and G;(0) > 0 for ¢ = 1,...,I. It is not hard to see thanks to
proof of lemma 2.3 that

JI(t) — 62 T;(t) — es(t)J;(t) — ;) Ls(t) >0, i=1,....,1, tel0,T}),

R; (to) —

Li(t) = 82Li(t) — a; () Li(t) — Bi(1)Ga(t) > 0, i=1,....1, te[0,T}),

GI(t) = 62G,(t) — Ni(DGi(t) — (0 J;(8) > 0, i=1,...,1, tel0,T}),
42
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’

where ¢ (t) = puidi(a; (£))P 71, ¢(8) = pradi (A (8)72 71, g (t) = paadi(A; (1)) 72,
Bi(t) = pasdi(v; ()71, \i(t) = pasdy(y; (£)P»~ and 7;(t) = pardi(a; ()P .
We have a; (t), \; (t) and ~; (t) lie, respectively, between U; (t+¢) and U;(t), between
Vi(t +¢) and V;(t), between W;(t + ¢) and W;(t), for i=1,...,1,Vt € [0,T}). Tt
follows from lemma 2.2 that J;(t) > 0, L;(t) > 0 and G;(¢t) > 0 for i = 1,...,1,
t € [0,TP). This implies that U;, V; and W; increase in time. This ends the proof. [

3. SEMIDISCRETE BLOW-UP SOLUTION

In this section under some assumptions, we show that the solution (U, Vi, W)
of (2.1)—(2.4) blows up in a finite time.

Definition 3.1. We say that the solution (Up, V3, W) of (2.1)—(2.4) blows up in a
finite time, if there exist a strictly positive finite time TP such that for ¢ € [0, 7}),

max {[|Ux (t)[[oo, [Va (8 [[oos [Wh(#)[loo} < 400

and

Hm (|Un(8)lloc + IVa(D)lloo + IWh(E)]loc) = +00,

t—=1Ty
where [[U(8) e = ma [U3(0), V(D) = o [ViO, [Wi(6) oo = s, [WH(0),
In this case, T? is called the blow-up time of the solution (U, Vi,, Wy,).

In the continuation, we have the conditions of global existence of the solution of
the semi-dicrete problem.

Theorem 3.2. The solution (Uy, Vi, W},) of the system (2.1)—(2.4) exists globally,
if

max {pi1, P22, P33, P12P23Ps1} < L.

Proof. Suppose max {p11, pa22, P33, pr2p2spsit < 1. Let Uy, Vi and W), defined
by: fori=1,...,1, t € (0,1}),

Uz(t) _ Aevnlt-‘r(i—l)nlh7vi(t) _ Bem2t+(i_1)n2}L7Wi(t) _ Lem3t+(i_1)"3h,
where A, B, L, mj, n; (j = 1,2,3) are positive constants satisfying:
A > max |U;(0)], B> max |V;(0)|, L > max |W;(0)|,
i<I 1<i<I 1<i<TI

1<4

{m1 = Maop12 = M3paspPiz > max{Y,J, X}

N1 = N2Pi12 = N3P23Pi12
and
ma = M3p23
N2 = Nn3p23,

Where2 5
Y = ﬁ (en1h — 14+ h(A;Du +BP12) /A), J = ﬁ (enzh — 14 h(szz + szz)/B),
43
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2
X = 72 (e”3h — 1+ h(LPss + APar) /L)
Since pa3p12ps1 < 1, it is not hard to see that fori =1,...,1,
mapi2t+(i—1)napizh

emlt—i-(i—l)n] h m3paspizt+(i—1)nzpaspizh
b)

=¢ =€

mat+(i—1)nah mapast+(i—1)ngpash
)

(§ =e

ematt(i—Dngh ~ (mapaspiapait+(i—1)napaapizpsih _ gmipsit+(i—Dnipsih
Since p1; < 1, we have
APt 4 BP12 > Aplleml(1711—1)t-ﬁ-(i—1)7111(1011—1)h_’_Bz’)n7
AP11 | BP12) /A __ ApP11gma(pri—1)t+(i—1)ni(pri—1)h 4+ BP2) JA__
o +h )/ Ui(t)22( ‘ )/ 7).

5 (APM + BP12) /AUZ(t)

(2AP11 emipuit+(i—nipnh + 23?12em1t+(i*1)n1h) /A
>
- h

(A;Un + BPlz) /AU (t) o 2A1011em1p11t+(i—1)n1p11h + 2Bplzem1t+(i—1)n1h
h 1 - h b

e—mlt—(i—l)nl hUi (t),

(A;Dll + BPlz) /AU 92 AP11gmipiit+(i—1)nipuh + 9 BP12gmapizt+(i—1)napizh

h i) 2 h

Then we have

LA+ BP2) AL 207 (1) + 277 (1)

(3.1) : () = !
By the same way, we prove that for i =1,...,1,
(B4 L) /B 2777 (1) + 2777 (1)
3.2 2 Vi(t) >
(32) . 0 = :
and
(LPss 4 APs1) /L __ QW (t) + 205" (¢)
3.3 2——————W;(t) > L ! .
(33) ; 0 = -
Thus we have
— 2U5(t) — 2U4 (t)
62U1(t) = Tl’ te (O,T}:),
— Ui—1(t) —2U;(t) + Ui (t
S2U(t) = 1) h;” “(),ng’gI—Lte(o,T,’;),
= 201 (t) — 20,(t)
52U1(t) = B2 ;e (07TFIZ)7
o 24 mit+(1+1—1)n1h _ 24 mit+(1—1)nih
UL = == o L te(0,1)),
627 Aem1t+(i7171)n1h _ 2Aem1t+(i71)n1h 4 Aem1t+(i+171)n1h
U;(t) = B2 )

44
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2Aem1t+(17171)n1h _ 2Aem1t+(171)n1h

2T (t) = - , e (0,T3).
77 et —1
62U (1) = 24emtt(-D lhT, t e (0,T}),
o m i 1\n efn1h72+en1h )
S2U (1) = 24emttli—lnh 2 ,2<i<I—1,te(0,T}),
77 m - e_nlh —1
SUL(t) = 24emt+d UMT’ t e (0,TP),
_ e”lh— _
S2UL(t) = QTUl(t), te (0,T}),
— cosh (n1h) — 1~ .
§2U(t) = 2TUi(t), 2<i<I—1,te(0,T}),
_ e*’nlh _ .
82U (t) = QTUI(t), t € (0,T7).
By the same way, we also prove that
= enzh —1_
Vi) = 2—5—Va(t), te (0,T}),
— cosh (ngh) — 1— .
2Vi(t) = ZTVi(t), 2<i<I—1,te(0,T)),
— e—n2h _1__
Vi) = 25— Vi), t€ (0, T).
And
P = 22 T @, te 0.
1 - h2 1 ) sy L h/y
— cosh (ngh) — 1 .
82W4(t) 2 o3 Wit), 2<i<I—1,te(0,T}),
P = 25 YT w. e (0.10)
I - h2 I ) sy h).
Fori=1,...,1,

Ui (t) = mqAe™tH0=bmh 4 e (0,T7),
Vi (t) = maBemat+(i—Un2h 4 ¢ (0, TP),

’

Wi (t) = mgLemst+(—Unsh 4 € (0, T}),

which implies that for i =1,...,1,

’

U; (t) = miU4(1),

So we have, fori =1,...,1,

’

Vi () = maVi(t), Wi (t) =msW,(t), te(0,T}).

T (1) > YT(t), Vi) = JValt), W, (1) > XWi(t), te(0,T),
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which implies that fort=1,...,1I,

__ 2 . _

Ui (t) > ﬁ( 14 h(APY 4 BP2) JA)Uy(t), te€(0,T7),

_ 2 _

Vi (t) > 2 (e — 1+ h(BP= + LP>) /B)V,(t), te (0,T}),
2

Wi (£) 2 o (& = 1+ h (LM + A7) /L) Wi(t), ¢ € (0,T)),

which implies that for i =1,...,1,

T3 (1) > o (" = ) Tilt) + = (47 + BY2) JA)Ti(t), b€ (0,TF),
7/ (t) > % (e”zh -1 V,@) + % (BP>2 + LP>) /B)V,(t), te€ (0,TP),
Wi (1) > % (e"h — 1) Wy(t) + % (LP2 + AP21) JL)Wi(t), te (0,TD).

e"h —1>cosh(nh)—1>e
e"2" — 1> cosh (ngh) —1>e 2" — 1
e™h — 1> cosh (ngh)—1>e

from (3.1), (3.2) and (3.3), we obtain

T (02 000 + - (T 0+ V7°(0), =11, 1€ (0,T)),
V/()>52V()+%(vp22()+wp23()) i=1,...,1, t€(0,T}),
W/(t) > 82W,(t) + % (Wf“(t) +Uf“(t)) , i=1,...,1, t€(0,T}).

Hence we have the following inequalities:

T () = Uit +a (U7 (0 + V12 (0)) i fre I,

Vi (t) 2 8*Vat) + ds (VI () + WP (), fe I,

W) 2 PWi(0) +ds (W00 + T @) i =11 1€ 0T)
Ti0) 2 Ui(0), Vi(0) 2 i(0), TWi0) 2 Wif0),  i=1,...,1.

From lemma 2.3, we can conclude that (U, Vi, W3) is an upper solution of (2.1)—
(2.4). Therefore the global existence of the solution of (2.1)—(2.4) and the proof is
complete. O

Theorem 3.3. Let (Up, Vi, Wh) be the solution of the semidiscrete problem (2.1)-
(2.4). If p11, P22, pss > 1 and there exists a real n € (0,1) such that

(34)  0PPri+didl +didh'? > n(digl) + digh'?), i=1,....1,
(3.5) 8% ¢oi + didh?? + digh% > n(digh?? + digh?), i=1,...,1,
(3.6)

8% ¢3i + didh? + dig}?t > n(digh% + digl?), i=1,...,1,
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then (Un, Vi, W) blows up in a finite time T?.

Proof. We only demonstrate case where p1; > 1.
Define the functions g, (t), sp(t) and z,(¢) such that

an(t) = Up(t) = (Un ()P + (Va(1))P2) , t € (0, Ty),
=1 ((Va(t))P22 + (Wa(t))P2), t € (0,T}),
) =0 (Wh(t)P* + (Un(t))P*), t € (0,T3).

With a straightforward calculation, we get: i =1,...,I, t € (0,T}),

¢i(t) = qi(t) — p1ads (Ui (£))™ 1 qi(t) — pradi(Vi(£))"* ™ si(t) > 0
si(t) — (1) — pazd; (Vi(t)"> ™ 54(t) — pasdi(Wi(t)"> ™" 24(t) > 0,
#i(t) — 6%2i(t) — paadi (Wi (1))P* ™ 2i(t) — pardi (Ui ()P ~'qa(t) > 0

Thanks to lemma 2.2, we get g (t) > 0, sp(t) > 0 and z,(¢) > 0.

Assume max {p11, pa2, P33, P12P23P31} = P11 > 1, since ¢x(t) > 0, we obtain the

following inequality

d||Un(t)]ls0

dt

Then U, blows up in a finite time T,f and integrating (3.7) from 0 to Tﬁ, we prove

[prnlloc™

n(pin — 1)

Analogously, we show that V}, and W) blow up in a finite time T}? if poo > 1 and
1—p22 1—p33

o2l o < Danll?

n(p22 — 1) n(pss — 1)

So if p11 > 1, pag > 1 and ps3 > 1, then (Up, Vi, W},) blows up in a finite time T,i’

and we have

(3.7) = n||Un()[15"-
that 77 <

p3z > 1. Thus we get T} <

T < min{ [¢1,nlloc™ ? ||¢2,h||(1,gp22’ [l s || 2 Pa } |
o — 1) nlpzz — 1) npas — 1)
Now, we prove that (U, Vi, W},) blows up in a finite time when pi2 pa3 p31 > 1.

Assume that max {p11, p2a, P33, P12P23P31} = P12p23pa1 > 1.
We may assume without loss of generality that infi<;<7r¢;; > ¢ >0 (j = 1,2,3).

Let (61, 62, 93)T be the solution of

1 —D12 0 01 1
0 1 —Pp23 0| =—|1
-p31 O 1 03 1

and denote Ty = Rp™* — 1, Ui(t) = (R—p—pt) ", Vi(t) = (R—p—pt) ",
Wi(t) = (R—p— pt)" % fori=1,...,I,t € [0,Ty] ( R, p are positive constants to
be determined). A simple computation shows for ¢« = 1,...,1I, ¢t € [0,Ty]. Denote
—92])12 = —91 — 1, —93p23 = —92 —1 and —91])31 = —93 — 1. Then we have
Ui (1) = 82Ui(t) — iU () + Vi (1))
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(91p—*)(R p — pt) 92“2—%(1%—/)—015)‘9”’“7
7()—52 i(t) — di (Vi (1) + Wi ()

2
= (02p - E)(R —p— pt)ft%pzs _ E(R —p— ‘0]5)792;0227

Wi (1) - 62 Wi(t) — di(WiP* () + U (1))

2
= (03p — E)(R p—pt)=P — = (R — p — pt) =7,

2
Take p to be so small 6;p < 7
(j =1,2,3), we have
U; () — 62Us(t) — di (U™ () + VP2 (1)) < 0,

Vi (1) — 82Vi(t) — dy(ViP*2 () + WP (1)) < 0,
Wi (1) — 8*Wi(t) — da(Wi™ (1) + U (1)) < 0,

0<Ui(0) S (R—p)™", 0< Vi(0) S (R—p)™", 0< W;(0) < (R—p)~ ™.

Ui(0) = (R—p)™", Vi(0) = (R—p)™ ", Wi(0) = (R—p)~ ™.

and R to be so large such that R > p + ¢

L
6

)

Thus (U, Vi, Wa) is a lower solution of (2.1)—(2.4). Since gn%g((l)i(t), Vi(t), Wsi(t)) —
0
0

+00. S0 (Up, Vi, Wi) blows up. This ends the proof.

Remark 3.4. With an integration of the inequality (3.7) over (¢,T}), we have

1 1
>p (TP — ¢
p11— 1 ||U, (¢) |22t (T —t)

and there exists a constant k17 > 0 such that

1Un(t)l|oe < k11 (T —t) 277t € (0,T7),

where pi; > 1.

For pos > 1 and p33 > 1, there exists constants koo > 0 and x33 > 0 such that

Vi)l < ka2 (T —t) 7277 [t € (0,T}),

where pas > 1.

IWa(®)lloo < ss (T — £) 77T Lt € (0,T),

where p33 > 1.
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4. SIMULTANEOUS BLOW-UP

We identify simultaneous blow-up in this section. We consider (U, Vi, W},) the
solution of (2.1)—(2.4).

Definition 4.1. We say that the solution (Uy, Vi, W},) of (2.1)—(2.4) blows up simul-
taneously in a finite time, if there exist a finite time 77 > 0 such that for ¢ € [0,7}),

max{ || Un (8)[]oos [V (8)[loos [[Wa(t)[loo } < 00

and
lim sup min{[|Ux () [loos VA (#)[loos [Wa(#)[loc} = +00,
t—TP
where U (1) e = max. [U(0)] [Vi(t) oo = mass [Vi(OL, Wi (0)lloe = amax [Wi(r)],
t €[0,17).

In this case, T}Z is called the simultaneous blow-up time of the solution (Uy,, Vi, Wh,).

In this subsection, we give sufficient conditions for the existence simultaneous
blow-up.
P33 — 1

Theorem 4.2. Assumepzz > 1, p11 <1,paa <1, p33 < paz+1,p12 > ———
P23+ 1 —p33

and
P33 — 1
P12 (P23 + 1 —p33) + 1 —pa3
Then for every positive initial data, simultaneous blow-up occurs.

p31 <

Proof. This proof consists of two steps.

Step 1. V;, and W), blow up simultaneously at T}L’ .

First, assume that W}, remains bounded up to time T,i’. Since p11,p22 < 1, Uy and
V}, also remain bounded. This is a contradiction to the blow-up property of solution
(Un, Vi, Wp,) for pss > 1.

Next, assume that V;, remains bounded up to time T,l; . Since p1; < 1, there exists
M > 0 such that U;(t) < M for i =1,...,1, Vt € (0,T7). Then W}, satisfies

2

Wi(t) < 5 (W7 () + MP) vt € (0,T5),

>

because V¢t € (0,77), W;(t) < Wiy1(t) for i =1,...,I (Lemma 2.4),
which implies that

Wi(t) <2 MPs b
W]Pss (t) E 1+ W]pss (t) vt € (07 Th)7

which implies that

WII (t) 2 D31 b
Wf”(t) <5 (14 MP3v) | Yt e (0,Ty), because (Wi(t) >1).
Integrating this inequality from ¢ to T}, we obtain
1
(4.1) Wi(t) > e(Tp —t) Ps3s—1 telo,T)),
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1
2 T pas — 1
where ¢ = <h (14 MPst) (p33 — 1)) p3z— 1
From (2.2) and (4.1), for t € (0,7}), we have

P23
2Vi_1(t) — 2V (t 2 -
I 1( 3?/2 I( ) + E VIZ722 (t) + cp23 (Tl:l _ t) P33 — 1

(42)  Vi(t) =

as V}, is bounded. Thus there exists a constant N; dependent of h such that

o P23 ) B P23 : )
Vi) > N1+T(Th—t) P33z =1 ¢te(0,T7),
D23

Vi(t) > Ni+No(Tf —t) Pz =1 te (0,1,

2cP23
with Ny = Ch
Integrating this inequality from ¢g to T,i’, we have
0 P23
b __£23
Vi(Ty) > Vi(to) + M (T;l{—to)+N2/ (Tp —t) P~ 1La.
to

The boundedness of V}, requires pso3 + 1 < p33, which contradicts pa3 + 1 > ps33. So
V;, must blow up.

Step 2. U}, blows up at T,i’.
Assume that Uj, remains bounded up to time T}.
From (4.2), there exists a constant b dependent of h such that

D23
2cP23 i —
Vi(t) > b Ch (10— 1) P1—1 te(0,1)).
Integrating this inequality from ¢ to ¢, we obtain for ¢ € (¢, T}L’),

\%; (t)

( 0 P33 — P23 — 1 ( D D23+ 1 —ps3

(P33 — b 1 (P33 — b B -1
> Vi(tg)+—————— (1Y — 1o P33 4— 7 (TP —t P33
( )229333—]323—1( h ) P23+1—p33( n )
c

where r = b

Then there exists a constant ¢ such that

p23 +1—ps3

(4.3) Vi) >q (TP —t)  Ps—1  te(0,T)).

From (4.3) and (2.1), we have
Up(t)
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S (1) — 20 () 2 P12 (p2s +1 —ps3)

1-1(t) — 2Ur _

> e +- Up(t) + g2 (T} — t) P33 — 1 , t€(0,T),
as Uy, is bounded. Thus there exists a constant K7 dependent of h such that

P12 (P23 + 1 — pa3)

2q1012

Uust) > Kl—i—T(T}j—t) P33 — 1 , t € (to, T}),
P12 (p23 + 1 — p33)
U;(t) > Ki+ K> (Tflz_t) P33 —1 , te (t07Tfl;)a
2qP12
with Ky = qh .

Integrating this inequality from to to T}, we have

P12 (P23 + 1 — p33)

7!
UTE) > Uilto) + K1 (Tf —to) + KQ/ (T} — ) P33 — 1 dt.
to
-1
The boundedness of U requires pia < L, which contradicts p1o >
p23 +1—ps3
L. So Up must blow up. That means Uy, V,, Wj must blow up si-
p23 + 1 — ps3
multaneously and the proof is completed. O
—1
Theorem 4.3. Assume paa > 1, p11 <1, p33 < 1, paa < pr2+1, p31 > 2 I
P12 + 1 —pao
and 1
P22 —
P23 < .
P31 (P12 +1 —poz) +1 —pao
Then for every positive initial data, simultaneous blow-up occurs.
Proof. The proof is similar to Theorem 4.2. O
-1
Theorem 4.4. Assumepi1 > 1, paa <1, p3z < 1, p11 < p31+1, paz > LS S
p31+1—pu
and 1
P11 —
P12 < .
2 pas (P31 +1—pu) + 1 —pu
Then for every positive initial data, simultaneous blow-up occurs.
Proof. The proof is similar to Theorem 4.2. O

5. CONVERGENCE OF THE SEMIDISCRETE BLOW-UP TIME

In this section, first under some assumptions, we show that the solution of the
semidiscrete problem converges to the solution of the continuous problem when the
mesh size goes to zero. Then, we prove that the semediscrete simultaneous blow-up
time converges to the theoretical one when the mesh size tends to zero. Before, we
denote

up(t) = (U(.Tl,t),...,u(l'],t))T, vh(t):(v(xl,t),...,v(xf,t))T,

wh(t) = (w(ml,t),...,w(x[,t))T.
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Theorem 5.1. Assume that the problem (1.1)—(1.10) has a solution (u,v,w) €
(C**(]0,1] x [O,T*]))3 and the initial data (1.5, 2.0, P3,5) at (2.4) satisfies

(5.1) lér — un(0)llso = 0(1). 1 = 0,
(5.2) 62— v(O)]loc = 0(1), h =0,
(5.3) 5.0 — wn(0)loc = o(1), ko = 0.

Then, for h sufficiently small, the problem (2.1)—(2.4) has a unique solution (Up, Vi, Wp,) €

(C* ([0,T7], RI))g such that, as h — 0

G 10 () = un(®)lleo = Ol @10 = un(O)lloo + 11821 = vn(0)lloo + @3, = wn(O)oc + 1),

,ohax Vi (t) = vn(t)lloo = O(l[@1.n — un(0)l[co + [IP2.0 = vr(0)llco + ll¢3,n — wh(0)[lo + P),

max |[[Wh(t) = wn(t)|oo = O[¢1.n — un(0)llco + lI$2.n = vr(0)llo + ll¢3,n — wn(0)[loc + h).

te[0,T*]

Proof. Let £ > 0 be such that

(5-4) (lulloos 1vlloos lwlleo) < €, ¢ € [0,T7].

Let t(h) < T* be the greatest value of ¢ > 0. Then for ¢ € (0,t(h)), we have
(5.5) max {[|Un(t) — un(t)lloc; [[Va(t) = vn(t)[[oo; [Wi(t) — wa ()]} < 1.

The relation (5.1)—(5.3) implies that ¢(h) > 0 for h small enough. Using the triangle
inequality, we obtain

(5.6) [Un()lloc < 1+¢, for ¢ € (0,£(R)),
(5.7) Va(®)lloo <1+, for ¢ € (0,2(h)),
(5.8) [Wh(t)|le < 1+¢, for t € (0,¢(h)).

Let (e1,4,€2,,€3,:)(t) = (U; —w;, Vi — vj, Wy —w;)(t) for i = 1,...,1I, Vt € [0,T*] be
the discretization error. These error functions verify
e14(t) = 0%e1i(t) + pradi(ei ()P " ler () + prad (Bi(1)72 tea,i(t) + O(h
e3,1(t) = 6%e2,i(t) + paadi(Bi(1)P22 ™ ea,i(t) + pasdi (N (1)) s i(t) + O(h
e3,(t) = 0%es,i(t) + paadi(Ni(1))P** e, (t) + pardi(ai(t)P ~Feri(t) + O(h),

where «;(t), B;(t) and \;(t) lie, respectively, between U;(t) and u(x;,t), between
Vi(t) and v(z;,t) and between W;(t) and w(x;, t), for i = 1,...,1. Using (5.4) and
(5.6)—(5.8), there exist P and @ positive constants such that

e (t) < 6%e1;(t) + diPleyi(t)| + diPleai(t)| + Qh, i=1,...,I, t€[0,T%],
eh i (t) < 6%ei(t) + diPlea,i(t)| + d;Ples;(t)| + Qh, i=1,...,1, te[0,T7],
eh i (t) < 6%esi(t) + diPles,i(t)| + diPlevi(t)| + Qh, i=1,...,1, te€[0,T"].
Let (g, f,1) € (C*+1([0,1],[0,7%])) be such that

9@, 6) = (|65 = un(0) oo + |62, = va(0)loo + [|63,1 — WA (0) ]| + Q) e FH1F20" =3
52



N’guessan Yao Mathieu et al. /Ann. Fuzzy Math. Inform. 30 (2025), No. 1, 37-64

and g = f =1, V(x,t) € [0,1]x][0,T*], with H, @ positive constants. Then by Lemma
2.3, we prove that

(ler,: ()], le2,i ()]s les,i(8)]) < (g(wmi, t), f(zs,t),1(xs,t)) with 1 <i < T for ¢t € (0,t(h)).

Thus we get
[UR(t) — un(t)||oc
< (61,0 = un(0)[loo + 1620 = VA (0)l|oo + l|#3,0 — wi(0)]|oo + QR) HHDE,
[Va(t) = vn(t)lloo
< (61,0 = wn(0)[loo + I$2,0 = VA (0)l|oo + 93,0 — wi(0)]|oo + QR) HHDE,
[Wh(t) = wn(t)]|o
< (61,0 = un(0)[loo + [I$2,0 = VA (0)lloo + l|P3,n — wi(0)]|oo + QR) HHHE,
where ¢ € (0,t(h)).
Assume that ¢(h) < T*. Then from (5.5), we obtain
1= [[Un(t(R)) — un(t(h))]le
< (61,1 = wn(0)loo + I92,0 = v8(0)l|oo + l|P3,n — Wi (0)]|oo + QR) HHDHR),
Since the term on the right hand side of the above inequality goes to zero as h tends
to zero, we deduce that 1 < 0, which is impossible. Consequently ¢(h) = T* and we
conclude the proof. O

Theorem 5.2. Suppose that the problem (1.1)—(1.10) has a solution (u,v,w) which
blows up in a finite time T such that (u,v,w) € (C*'([0,1] x [O,T)))3 and the
initial data at (2.4) satisfies (5.1)~(5.3). Under the assumption of Theorem 3.3, the
problem (2.1)~(2.4) has a solution (U, Vi,, Wi,) which blows up in a finite time Ty
and we have

lim 7p = T.

Proof. Set ¢ > 0, there exists ¢ > 0 such that
ylfpn
n(pi1 —1)
Since u blows up in a finite time 7', there exists a time T3 € (T'— ¢/2; T') such that

hW+T
(., t)]|oe = 26 for t € [Ty, T). Denote Ty = — +

SuPyefo, 1) U)o < 00. It follows from Theorem 5.1 that for h sufficiently small

sup |[Un(t) = un(t)]loc < <.
te[0,Tx]

(5.9) S%,cgy

, we see easily that

Applying the triangle inequality, we get

1U(T2)lloe = [lun(T2) oo = [IUA(T2) — un(T2)[loc = -
From Theorem 3.3, U, blows up at the time T,ll’ . We deduce from Remark 3.4 and
(5.9) that

T, o

n(pin — 1) 2

Cases where pag, p33 > 1 or p1apagps1 > 1 are resolved analogously. O
53
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6. NUMERICAL EXPERIMENTS

In this section, we present some numerical approximations to the simultaneous
blow-up time of (1.1)—(1.10). We consider the following explicit scheme:

n 2At, ny  20L, ) 2At, n n
Ul( +1) _ <1 = )U( ) = Uz( ) =" ((Ul( ))pn +(V1( ))pw),

Ut = %U}fjl) + (1 - 2%”) U + Ahi Uiy, 2<i<r-n,
ot = 2+ (1- 2 o)+ 2 (i 4 ).
Ve = (1 2 v 2R 4 2 (e ),
vt = Sy (1 = > Ve g Sy s cicr o,
v = 2y (12 252 v+ B (e 4 ).
Wi = (1 - 2%") Wi g gy 220 (s g i),
Wt = Bl (1 - 2@?) Wy S a<i<r o,

n 2At n
WI( o = hZTLWI( )1+

2A 2A
(1 o tn) Wln) + ht” ((WI(”))Pss + (UI(”))PM) ,

UP =614 VO =600, W =63, 1<i<I,

where n > 0 P11,p227p33,p127p23,p31 >0,
Atpo = mln{HU ||(1x717117 ||V}f") [S2ER ||V}f")”<1)o—pzz7

||W}(ln ||<1>o ,1)237 !Whn)‘léo paa, HU'}(l”)||C1>CT[131}7

h
At,, = min 5 Aty o ¢ for T €]0,1[.
We also consider the implicit scheme:
2At, 2At, - (n 2At,
<1 N ) AR O (W 4 @),

2 =

(= Ahtz U + (1 " 222%) AR (%)Uﬁfl) =U", 2<i<I-1,
(- <1 + 225”) U = o 4 0 (g ),
(14 22 ) Vi) = 2R =i 4 28 (0 4 )

(- AhQ LA (H Qﬁt )Vf"*” (Ah Wi =y, 2<i<r-u,

o4
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At n 2At n n ZAt n n
(— . )V(;H) 14 220 VI +1) V( )+ ((VI( ))Pzz + (WI( ))p23)’
h h2 h
2Atn (n+1) 2Atn (n+1) _ (n ) 2Atn (n)\ps: (n)\ps1
(1 + 12 ) W T2 Wi =" h ((W1 )Pes 4+ (U )Ps ) )
(—Ahtg WD 4 (1 + 22’5 > Wit — (Ah Wi =w", 2<i<i-1,

At’”/ n 2At7l n n 2At7b n Py n
(— . )WI(_Jlrl) + (1+ - )WI( +1) :WI( ) 4 - ((WI( ))pss +(UI( ))p31),

UP =614 VO =60, W =63, 1<i<I,
where n > 0, p11,p227p337p127p237p31 >0,
Aty = 2 min{ U P, VO VO
I, W i e, U571y
for 0 < 7 < 1. In both cases we use : 7 = h, ¢1; = ¢o; = ¢3; = ((i — 1)h)?,
i=1,...,1. In Tables 1-6, in rows, we present the numerical simultaneous blow-up
times, numbers of iterations, the CPU times and the orders of the approximations
corresponding to meshes of 16, 32, 64, 128, 256, 512. The numerical simultaneous
blow-up time T" = Z;l;ol At; is computed at the first time when At, = [T —
T™| < 10716, The order(s) of the method is computed from
_ log((Tun = Ton) /(Ton = Ti))
log(2 '

)
First case: (pi1;p12;P22; P23; P33 Pa1) = (1/4;2;1/4;2;2;1/4).

TABLE 1. Explicit TABLE 2. Implicit

Euler method Euler method
1 Al n CPUt s I T n CPUt s
16 | 0.225104579 718 0.34 - 16 | 0.227827774 723 0.11 -
32 | 0.218606750 | 1851 0.38 - 32 |0.219371864 | 1857 0.36 -
64 | 0.216650020 | 5537 1.59 | 1.73 64 | 0.216852808 | 5545 15.20 1.74
128 | 0.216077530 | 18724 | 10.73 | 1.77 128 | 0.216129818 | 18733 129.44 | 1.80
256 | 0.215913572 | 68622 | 76.75 | 1.80 256 | 0.215926878 | 68633 | 1390.11 | 1.83
512 | 0.215867375 | 263043 | 604.25 | 1.83 512 | 0.215870739 | 263055 | 29936.25 | 1.85
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Second case: (pi11;pi2; pa2; P23; ps3ipa1) = (1/4;4:4;1/2;1/2;4).

TAaBLE 3. Explicit
Euler method

TABLE 4. Implicit
Euler method

I T n CPUt s I Tm n CPUt s
16 | 0.058637168 | 216 0.11 - 16 | 0.060905443 | 219 0.06 -
32 | 0.054339712 | 513 0.20 - 32 | 0.055030180 | 517 0.14 -
64 | 0.053017052 | 1411 0.42 1.70 64 | 0.053206110 | 1415 4.44 1.69
128 | 0.052624347 | 4461 2.64 | 1.75 128 | 0.052673671 | 4467 28.97 | 1.78
256 | 0.052510692 | 15677 | 17.33 | 1.79 256 | 0.052523277 | 15684 | 316.70 | 1.82
512 | 0.052478413 | 58741 | 143.78 | 1.82 512 | 0.052481590 | 58748 | 7427.47 | 1.85
Third case: (p11; p12; P22; P23; P33; Pa1) = (4;251/4;4;1/2;4).
TABLE 5. Explicit TABLE 6. Implicit
Euler method Euler method
1 ™ n CPUt s I T n CPUt s
16 | 0.049450109 | 206 0.06 - 16 | 0.051797292 | 208 0.06 -
32 | 0.045105246 | 474 0.13 - 32 | 0.045832940 | 478 0.16 -
64 | 0.043768015 | 1257 0.48 | 1.70 64 | 0.043968386 | 1262 3.80 1.68
128 | 0.043371418 | 3854 3.78 1.75 128 | 0.043423753 | 3860 26.28 1.78
256 | 0.043256776 | 13257 | 15.08 | 1.79 256 | 0.043270130 | 13264 | 271.16 | 1.83
512 | 0.043224252 | 49072 | 115.27 | 1.82 512 | 0.043227623 | 49080 | 5997.19 | 1.85

In the following, we also give some plots to illustrate our analysis. For the different
plots, we used both explicit and implicit schemes.
First case: [ = 32 and (p11, p12, P22, P23, P33, p31) = (1/4;2;1/4;2;2;1/4)

Number of space steps i

FIGURE 1. (Explicit scheme): Evolution of components Uy, V}, and
W, according to space and time.
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FIGURE 2. (Implicit scheme): Evolution of components Uy, V3, and
W}, according to space and time.
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FIGURE 3. (Explicit scheme): Evolution of components Uy, V}, and

W, according to the node.
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FIGURE 4. (Implicit scheme): Evolution of components Uy, V}, and

W, according to the node.
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FIGURE 5. (Explicit scheme): Evolution of the norm of components
Un, Vi and W}, according to the time.
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FIGURE 6. (Implicit scheme): Evolution of the norm of components
Un, Vi and W}, according to the time.

Second case: I = 32 and (p11, P12, P22, P23, P33, p31) = (1/4;4;4;1/2;1/2; 4)
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FIGURE 7. (Explicit scheme): Evolution of components Uy, V3, and

W}, according to space and time.
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FIGURE 8. (Implicit scheme): Evolution of components Uy, V3, and
W}, according to space and time.
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FIGURE 9. (Explicit scheme): Evolution of components Uy, V}, and
W, according to the node.
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FIGURE 10. (Implicit scheme): Evolution of components Uy, Vj,

and W}, according to the node.
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FIGURE 11. (Explicit scheme): Evolution of the norm of compo-
nents Uy, Vi, and W}, according to the time.
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FIGURE 12. (Implicit scheme): Evolution of the norm of compo-
nents Uy, V;, and W}, according to the time.

Third case: I =32 and (p11, p12, P22, P23, P33, P31) = (4;2;1/4;4;1/2;4)

Numerical approximation U,

Number of space steps i

x10*

Numerical approximation V,
Numerical approximation W, <

Number of space steps |

Number of space steps i
Number of time steps n Number of time steps n

FiGure 13. (Explicit scheme): Evolution of components Uy, V},
and W}, according to space and time.
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FIGURE 15. (Explicit scheme): Evolution of components Uy, V},

and W}, according to the node.
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FIGURE 16. (Implicit scheme): Evolution of components Uy, Vj,
and W}, according to the node.
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FIGURE 17. (Explicit scheme): Evolution of the norm of compo-
nents Uy, Vi, and W}, according to the time.
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FIGURE 18. (Implicit scheme): Evolution of the norm of compo-
nents Uy, Vi, and W}, according to the time.

7. MAIN RESULTS

p3z — 1
p23 + 1 — p33
Jor (pe2 > 1, p11 < 1, p33 < 1, paa < p12 + 1,

p22 — 1
P31 (p112 +1—pa)+1—po .
P11 — and pry < P11 —

ps1+1—pn P23 (P31 +1—pu) +1—pn
simultaneous blow-up cannot be produce only in one point, which confirms the

results known theoretical of the simultaneous blow-up of the problem (1.1)—(1.10)
(See [9]).

For Tables 1 and 2 with (pi1;p12;po2;pe3;p33;p31) = (1/4;2;1/4;2;2;1/4), an
approximate value of the simultaneous blow-up time is 0.2.

For Tables 3 and 4 with (p11;p12;p22;pes; pss;ps1) = (1/4;4;4;1/2;1/2;4) an
approximate value of the simultaneous blow-up time is 0.05.

For Tables 5 and 6 with (p11;pi2; p2o; p2s; p3s; pa1) = (4;2;1/4;4;1/2;4) an ap-
proximate value of the simultaneous blow-up time is 0.04.
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In fact, when (pss > 1, p11 <1, paa < 1, p3g < paz + 1, p12 > and

p33z—1

D23 -li 1—p33)+1—pas
P22 —
P31 > ———— and pog <
p12 +1—pao

p31 <
P12 (

) or (pi1 > 1, pee <1,

p33 <1, p11 <p31+1, pag >
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We remark that when we refine the spatial step, simultaneous blow-up times
decrease for explicit Euler method and implicit Euler method. Ultimately, we see
that the CPU times are increasing, as we refine the spatial step, or if we compare
CPUT of explicit method with that of implicit method.

8. CONCLUSION

In this paper using the finite difference method, we have constructed a semidiscrete
scheme in space of the continuous problem. We have proved that the solution of
a semidiscrete form of the continuous problem blows up in a finite time at the
center point and we have estimated its semidiscrete blow-up time. Under some
assumptions, we have showed that the semidiscrete simultaneous blow-up occurs.
We also have established the convergence of the semidiscrete simultaneous blow-up
time to the theoretical one when the mesh size tends to zero. Finally, we have given
some numerical experiments to illustrate our analysis.
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