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ABSTRACT. A picture fuzzy multirelation over picture fuzzy multiset,
defined via (r, s, t)-cut set provides a means of studying the relationships at
various thresholds of positive, neutral, and negative membership degrees.
In this paper, we have introduced the notion of picture fuzzy equivalence
multirelations over picture fuzzy multisets via (r,s,t)-cut set of picture
fuzzy multirelations and investigate some of the properties related to them.
We have shown that a picture fuzzy multirelation over a picture fuzzy mul-
tiset is a picture fuzzy equivalence multirelation if and only if the (r, s, )-
cut set of the picture fuzzy multirelation is an equivalence relation. The
picture fuzzy equivalence class with respect to the picture fuzzy equiv-
alence multirelation on a picture fuzzy multiset was defined and it was
proved that the two picture fuzzy equivalence classes of a picture fuzzy
equivalence multirelation are equal with respect to the (r,s,t)-cut set of
picture fuzzy equivalence multirelation. Furthermore, we have established
that the intersection of two picture fuzzy equivalence multirelations on a
picture fuzzy multiset is again a picture fuzzy equivalence multirelation
on the picture fuzzy multiset but their union need not be a picture fuzzy
equivalence multirelation. This development of picture fuzzy equivalence
multirelation can be employed to form new methodologies for dealing with
complex, multi-dimensional relationships in uncertain environments, and
also its applications can be explored in decision-making problems, cluster-
ing and data analysis.
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1. INTRODUCTION

Fuzzy set theory which accommodates only degree of membership was intro-
duced by Zadeh, 1965 [1] as an extension of classical set theory. This theory has
numerous extensions and has been applied to various real life problems such as in
medicine, economics, engineering etc (See [2, 3, 4, 5, 6] for more details). Zadeh’s
work was generalised to intuitionistic fuzzy set by Atanassov, 1984 [7] to accommo-
dates the additional degree, degree of nonmembership in addition to the degree of
membership of an element of a given set. Many researchers have studied intuition-

istic fuzzy set and applied it to real life decision-making problems (See [8, 9, 10] for
more details).
In 2013, Cuong and Kreinovich [11] generalised both fuzzy set and intuitionistic

fuzzy set to picture fuzzy set. In other theories before the adventure of picture fuzzy
set, the degree of neutrality was not incorporated. This important concept can be
seen in the voting system where human beings are of the opinions to vote for, vote
against, abstain from voting and refusal of voting, and also in medical diagnosis.
The theory of picture fuzzy set has been widely studied and applied in various real

life problems such as decision-making problem [12, 13, 14, 15, 16], image processing
[17] and pattern recognition [18].
Zadeh, [19] generalised the classical relation to fuzzy relation and also introduced

the fuzzy versions of reflexivity, symmetric and transitivity which resulted into the
equivalence relation. Some of the properties of fuzzy relations and fuzzy equiva-
lence relations were established by Murali and Nemitz in [20] and [21], respectively.
In [22], Bustince and Burillo introduced the notion of intuitionistic fuzzy relations
and established some of the properties. Some properties of the composition of in-
tuitionistic fuzzy relation were obtained by Deschrijver and Kerre [23]. In [24], Hur
et al studied some properties of intuitionistic fuzzy equivalence relations, and also
introduced the notion of intuitionistic fuzzy transitive closures and level sets of an in-
tuitionistic fuzzy relation and obtained some of their properties. Rajarajeswari and
Una in 2013 [25] introduced the concept of intuitionistic fuzzy multirelations, studied
basic properties and the inverse of intuitionistic fuzzy multirelations and obtained
reflexitivity, symmetry and transitivity of intuitionistic fuzzy multirelations.
Picture fuzzy relation (PFR) was first introduced by Cuong and Kreinovich [11] as
a generalisation of fuzzy relation (FR) and intuitionistic fuzzy relation (IFR). Some
properties of composition of PFRs was examined by Phong et al [26] and a new
approach for medical diagnosis using composition of fuzzy relations was proposed.
Dutta and Saikia [27] introduced equivalence picture fuzzy relation (EPFR) and
obtained some of its properties such as equivalence class, intersection and union of
equivalence relations via cut set of picture fuzzy sets. Hasan et al [28] defined max-
min and min-max compositions for PFRs, some of their properties were investigated
and applied in decision making. In [29], Hasan et al defined PFR over PFS, numer-
ous properties related to PFR were established and some operations were discussed
with examples. Sangodapo [30] introduced Picture fuzzy multirelation (PFMR) as
an extension of PFR. Some of its basic properties, and inverse of PFMR and their
properties were obtained, some operators, Arithmetic mean, Geometric mean and
Harmonic mean operators were derived and illustrated with examples to establish
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both operations and operators. Also, composition of PFMRs was defined and prop-
erties associated with them were obtained. Sangodapo [31] contributed to the work
of Sangodapo [30] by discussing reflexivity, symmetricity and transitivity of PFMRs
over PFMs and some properties associated with them.

In this paper, contribution was made to the work of Sangodapo [31] by introducing
picture fuzzy equivalence multirelation (PFEMR) and to obtain its associated prop-
erties. Also, Dutta and Saikial’s work [27] was generalised from EPFR to PFEMR.
Organisation of the paper is as follows; Section 2 reviews the preliminaries on pic-
ture fuzzy sets, picture fuzzy multisets and picture fuzzy multirelations. Section 3,
introduces the picture fuzzy equivalence multirelation and establishes its associated
properties.

2. PRELIMINARIES

In this section, we list some preliminaries of picture fuzzy sets, picture fuzzy multisets
and picture fuzzy multirelations.

Definition 2.1 ([11]). Let X be a universe. A picture fuzzy set (briefly, PFS) N of
X is an object of the form

N ={(r,on(r), v (r),nn(r))lr € X)},

such that oy (r) € [0, 1] is referred to as the degree of positive membership, T (r) €
[0,1] is called the degree of neutral membership and nx (r) € [0, 1] is called the degree
of negative membership of r € N and for all r € X|

on(r)+7n(r) +nn(r) <1
and the degree of refusal membership of r € N is 1 — (on(r) + 75 (1) + nn (7).

Definition 2.2 ([11]). Let Ny and N3 be two PFSs. Then

e N1 C Ny if and only if for all r € X, on, (1) < on,(7), 7, () < Ta, (1) and
N, (1) 2 1, (1),
N1 = N2 if and only if N1 Q NQ and N2 Q ]\/vl7
N1 UN; = {(T’ 0N,y (T) v UN2(r)aTN1 (T) A TNQ(T))777N1 (7‘) /\77N2(7"))| re X}’
N1 Ny = {(r,on, (1) Aon, (1), Tn, (1) AT, (1)), v, (1) Vo, (7)) m € X},
Ny = {(r,nn, (r), v, (r), o, (7)) 7 € X
Definition 2.3 ([11]). Let N be nonempty set. Then a picture fuzzy relation (briefly,
PFR) U is a PFS over N defined as

U ={{(r1,72),on(r1,72), 75 (r1,72), 8 (r1,72))|(r1,72) € N x N'}

with oy : N X N = [0,1], 7w : N x N = [0,1], nv : N x N — [0,1], such that
0<on(ri,r2) + 75 (r1,r2) + nn(r1,7m2) < 1 for every (ry,72) € N x N.

Definition 2.4 ([32]). Let X be a nonempty set. A picture fuzzy multiset (briefly,
PFMS) N in X is characterised by three functions namely the positive member-
ship count function pmc, the neutral membership count function nemc and the neg-
ative membership count function nmc such that pmec : X - W, ngme : X —
W and nmc : X — W, respectively, where W is the set of all crisp multisets
drawn from [0,1]. Thus, for any r € X, pmc is the crisp multiset from [0, 1]
whose positive membership sequence is defined by (o} (r), 0% (r), -+ ,o%(r)) such
3
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that o) (r) > o%(r) > -+ > o%(r), nemc is the crisp multiset from [0,1] whose
neutral membership sequence is defined by (75(r),73(r),- -+ ,7%(r)) and nmc is
the crisp multiset from [0,1] whose negative membership sequence is defined by
(& (r),n3(r),--- ,n%(r)), these can be either decreasing or increasing functions
satisfying 0 < ok (r) + 78 (r) + 9% (r) <1Vre X, k=1,2,--- ,n.

Thus N is represented by

N = {(r, o (r), T8 (r), iy (r)|r € X}
k=1,2-,n.
Example 2.5. Let X = {a,b, c}. Then the PFMS N is given as

N = {{a, (0.6,0.3,0.1), (0.8,0.05,0.1)), (b, (0.7,0.1,0.2), (0.5,0.3,0.2)),
(¢,(0.4,0.3,0.3), (0.65,0.2,0.15))}.

Definition 2.6 ([32]). Let

Ny = {(r, o8, (r), 78, (), i, (P)| r € X}
and
Ny = {(r,o%,(r), 7%, (r), 5, (M) r € X}
be two PFMSs drawn from X. Then
o Ni C Ny & (0, (r) < ok, (r), (7h, (r) < 7x,(r)) and (1%, (r) > 0y, (1)),
k=1,2,--- ,n, reX,
e Ni=Ny & Ny C Ny and Ny C Ny,
o N1UNy = {(r, (o, (r)\Vax, (7)), (Tx, (MATR, (1), (1R, (M AR, (M) r € X}, k=

1,2, ,m,
. -iVl;Nz = {(r, (oR, (AR, (M) (TR, (ATR, (1)), (, (VR (M) € X}, k=

e Ni = {(r,77]]“\,1(7"),7]’31(7“),0]’“\,1(7“))| re Xh k=1,2,---,n.

Definition 2.7 ([30]). Let N be a nonempty set. Then a picture fuzzy multirelation
(briefly, PFMR) U on N is PFMS defined by

U = {{(r1,r2),05:(r1,72), 75 (r1,72), ngy (1, 72)) | (11, 72) € N x N}
where k = 1,2,---,8 (B is the cardinality of the PFMS Z) o¥ (r), 78 (r), nk(r) :
N x N — W and W is the set of all crisp multisets drawn from [0, 1].

Example 2.8. Consider a scenario where a company evaluates his employees pro-
ficiency in various skills. Let Ny = {ej,es,e3} represent employees and Ny =
{81, 82, 83} represents skills. Then the PFMS reflects the proficiency of each em-
ployee in each skill, expressed as follows:
o(ny,ng) stands for positive membership, representing confidence in the skill,
7(n1,n2) stands for neutral membership, representing uncertainty and n(ni,ns)
stands for negative membership, representing a lack of proficiency.
Thus PFMR is given as:

U= {<((€1, 81)7 (0.6, 0.2, 0.2)), ((61, 82), 0.87 0.1, 0.05), ((61, 83)7 0.7, 0.1, 0.2),

((e2,81),0.5,0.3,0.2), ((e2, $2),0.65,0.2,0.1), ((es, s3),0.75,0.05,0.15),

((es, $1),0.9,0.05,0.04), ((es, s2),0.85,0.1,0.05), ((es, s3),0.45,0.4,0.1)) }.
So for (e1, $1),
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o(e1,81) = 0.6 employee ey is highly proficient in the skill s1, 7(e1,s1) = 0.2 em-
ployee e; is slightly uncertain about e} s proficient in the skill s; and n(e;, s1) = 0.2
employee ey lacks proficient in the skill s;.

For (e, $2),

o(e1, s2) = 0.8 employee e; is highly proficient in the skill s2, 7(e1,82) = 0.1 em-
ployee e, is slightly uncertain about e} s proficient in the skill s and 5(eq, s2) = 0.05
employee e; has almost no lack of proficiency in the skill ss.

For (eq, s3),

o(e1,s3) = 0.7 employee e; is highly proficient in the skill s3, 7(e1,s3) = 0.1 em-
ployee e; is slightly uncertain about e s proficient in the skill s3 and (e, s3) = 0.2
employee e lacks proficient in the skill s3, and so on.

Definition 2.9 ([30]). Let U € PFMR(N x N). Then the inverse relation of U,
denoted by U1, is defined by for all 1,75 € N x N,

0-5*1(7“27741) = O-(k}(rl7r2)77—[];*1(r27r1> = T[];(T17T2)7775*1(T27T1) = n{c](r17r2)‘

Definition 2.10 ([30]). Let U,V € PFMR(N; x N3). Then U C V if for every
71,79 € N X N, (U{C](Tlﬂ’g) < a{“,(rl,rg)), (T,’}(rl,rg) < T"j(rl,rg)) and (n,’}(rl,rg) >
e (ri,me)); k=1,2,--- ,n. fUCV and V C U, then U = V.

Definition 2.11 ([30]). Let U,V € PFMR(N; X N3). Then UUV is a PEMR such
that

oty (ri,re) = \[{op(r1, ), 0% (r1,m2)

mov (r,re) = N (r, ), 6 (r1,m) }
and

oy (rr2) = N (), md (r1,m2)}
k=1,2---,n

Definition 2.12 ([30]). Let U,V € PFMR(N; x N3). Then UNV is a PEMR such
that

a-lkffTV(rlﬁ T2) = /\{0’5(7’1’ r?); O"k/(’]"l,’l"g)},

v (r1,m2) = N6 (r1,r2), 7 (r1,m2) }

and
v (r1r2) = \/{ng (e, r2), md (r1,m2)}
k=1,2,---,n
Proposition 2.13 ([30]). Let U,V,W € PFMR(Zy x Z3). Then
(1) (UH)*t=U,
2 (UuVv)t=Uu"tuv-t
@By Unv)yt=u"'tnv-,
4HUNVUW)=UnV)u(Vnw),
G)YUuUVnW)=UuV)n(VUW)
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Definition 2.14 ([30]). Let U = {{(r1,72), 0% (r1,72), 7F (r1, ro), n¥ (r1,72))|(r1,72) €
NxN}and V = {{(ry,72),05(r1,72), 78 (r1,72), n5 (11, 72))|(r1,72) € N x N}, where
k=1,2,---,8 (B is the cardinality of the PFMS N) be two PFMRs on N. Then
the composite relation U oV is a PFMR defined by

UoV ={{((r1,rs),of 0 o5 (r1,7s), 71 o 75 (ri,73),nf o5 (ri,m3))|(r1,73) € N x N},

where
ot ook(ry,rs) \/{01 1,72 /\02 T9,T3)}, T2 € N,
le OTQk(’I“l,’I“:;) = /\{Tf(’l“l,rg)/\TQk(Tg,Tg)}7 ro € N
and

771 0772 T1,73) /\{771 1,72 \/772 T2,73)}, T2 € N

are called the positive membership, neutral membership and negative membership
functions, respectively.

Proposition 2.15 ([30]). Let U € PFMR(N; x Na) and V € PFMR(N2 x N3).
Then V oU is in PEMR(Ny x N3).

Proposition 2.16 ([30]). Let U € PFMR(Ny; x Na) and V € PFMR(N2 x N3).
Then (VoU) L =U"1oV~!

Proposition 2.17 ([30]). Let U,V € PEMR(N3x N3) and W € PFM R(Ny x N3).
Then

(1) (VAU) oW = (Vo W)NU o W),

(2) (VUU)o W = (Vo W)U(U o W).

Proposition 2.18 ([30]). Let V. € PFMR(Ny x N2), U € PFMR(N3 x N3) and
W € PFMR(Z3 x Z4). Then WoU)oV=Wo(UoV).

Proof.

o—écWoU)oV(T17r4) = \/{O—\k/(TlvTQ)/\(UI;VOU)(T%TS)}

T2

= \Hob(ri,r2) A\ ot (ra,m3) Aoty (rs,ma)}}}

= VAot (r1,72) Aol (ra,ms) Aoty (rs,ma)}}}
= \{\VA{ot (r1.72) Aof(ra,rs)} Aoty (rs,ma)}

= \Aotov(ri,ms) Aoty (rs,ra)

T3

- Ulleo(UoV) (Tla 7’4)
6
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Tworyov (r171) = N{T8(r1,m2) A (Tror) (r2,73)}
ro

= A, r2) AN (r2,m8) Ay (rs,ma) 1)
= NN @ r2) Al (ra,ms) Ay (rs,ma) 1}

T2 T3

= NN r2) AT (r2,73)} ATy (rs, )}

T2 T3

= N{rbov(rims) Ay (rs, 7a)
r3

- 7—I]/CVO(UOV) (Tla 7"4)

Niwornoy (r1,74) = {\{775(7”177”2) A (Myorr) (2, 73) }
= [\{Thk/(ﬁﬁz) A {{\{775(7"2»7’3) Ay (r3,74) 1}
= [\{{\{7}5(7‘1#2) AS {nt; (r2,73) A e (ra,ra) } 1}
= [\{5{77"3(7“17 ra) A1ty (r2, 73)} Ay (r3,74)}
= [\{ﬂgjov(Tl»TS) A (r3,7a)

- nIIjVo(UoV) (7’1, 7’4)
O
Definition 2.19 ([31]). Let U = {((r1,72), 0% (r1,72), 7&(r1, m2), nk-(r1,72)) | (r1, 72) €
N x N}, where k =1,2,---, 8 (8 is the cardinality of the PFMS N.) Then U is said
to be reflezive, if
ot (r,r) =1, 78(r,7) =0, and 0 (r,r) = 0.

k=1,2,---,8 (B is the cardinality of N) for all r € N.
Proposition 2.20 ([31]). Let U € PFMR(N x N) be reflexive. Then

(1) U~ is reflexive if and only if U = U1,

(2) U V'V is reflexive for every V.€ PFMR(N x N),

(3) U AV is reflexive if and only if V.€ PEMR(N x N) is reflexive.

Proposition 2.21 ([31]). IfU and V are reflexive PFMRs, then UUV and UNV
are reflexive PFMRs.

Definition 2.22 ([31]). Let U € PFMR(N x N). Then U is said to be Symmetric,
if

ofi(r1,r2) = oy (r2,m1), T4(r1,m2) = 7 (r2,m1), and g (r1, r2) = ng(ra,r1).
7
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k=1,2,---,8 (B is the cardinality of N) for all 1,75 € N.
Proposition 2.23 ([31]). If U is symmetric, then U~ is also symmetric.

Proposition 2.24 ([31]). Let U € PFMR(N x N). Then U is symmetric if and
only if U =U"1,

Proposition 2.25 ([31]). IfU and V are symmetric PFMRs, then UNV and UUV
are symmetric PFMRs.

Proposition 2.26 ([31]). Given U € PFMR(Ny x N3) andV € PFMR(N3 x N3).
Then U oV is symmetric if and only if U oV =V o U, for symmetric relations U
and V.

Definition 2.27 ([31]). Let U € PFMR(N x N). Then U is said to be transitive,
ifUoUCU.

Transitivity can also be defined as;

Definition 2.28 ([31]). Let U € PEMR(N x N). Then, U is said to be transitive,
if for every triplet (r1,r2,73) in N X N x N whenever (r1,73) and (re,r3) € U with
certain degrees of relatedness of(r1,72) and o (ra,r3), 78 (r1,7r2) and 78 (ra,r3),
nt(r1,72) and 0k (ra,73) then (r1,73) € U with a degree of relatedness

oty (ri,rs) > \{oti(r1,r2), 00 (r2,73)},

t(r1,rs) < \/{rt(r1,r2), 7 (ra, 73)}
and

i (rurs) < \ng(re ), i (ra, )},
respectively.

Proposition 2.29 ([31]). Let U be a transitive relation. Then U~ is transitive if
and only if U = U1,

Proposition 2.30 ([31]). If U and V are transitive, then U NV is transitive but
U UV not transitive.

Proof. Suppose U and V are transitive and let (r1,72,73) € N x N x N. Then we
have

Ulffﬁv(rlﬂ TQ) = /\{05(7‘1, 7‘2), O—(C/(Tlv TQ)}v

v (r1,m2) = \/{r6(r1,m2), 7 (r1,m2) }
and

Moav (r1,ma) = \/ g (r1,m2), mt (r1,72) }.
For o~y (71,73),

ot (r1,rs) = N{of(r1, ), 0% (ra, )}

Since U and V are transitive, we have

of(ry,r3) > /\ (a(’}(rl,rg),o{j(m,rg)) .
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and
ot (ry,rs) > /\ (U{“,(Tl,rg),a"c/(rg,rg))
Thus we get
/\ (Jlk}(rla 3)a (7’1,7"3))
> A [/\ (0[’}(“,7"2) 05(7“2,7“3)) A (0{“,(7’1, T2), 0"“/(7"2,7“3))} .
Since A (Ulkjmly (r1,72), 08 v (ra, rg))
U

:/\[/\ 4 (7"17?”2)70\’3(7"177°2))a/\(Jsz(Tz,Ts)aU\k/(T277“3m7

we have
oty (r1,73) = N\ (05 (r1,72), 0fny (r2,73)) -

For T(]jﬁv(rl, r3),

Tav (r1,ms) = \/{r (1, m2), 7 (ra, ) }.

Since U and V are transitive, we have

7'{}(7‘1,7“3) < \/ (7'[’}(7'1,1"2),7'5(1"2,1"3))
and
T"}(rl,rg) < \/ (7‘13(7”1,7”2),7"3(7“2,7"3)) .
Thus we get
\/(TU(Tlv T3), T (7“177“3))
<V IV (75 (r1,m2), 75 (r2,m3) ), V(78 (1, m2), (2, 73)) | -
Since \ (78 (r1,72), Thqy (12, 73))

=V [V (75 (r1,m2), 7 (r1,m2)) , V(65 (2, 73), 7 (2, m3) )]

we have
v (r1,ms) < \/ (76w (r1,72), Thav (r2,73)) -

For Urkmv(rh 73),

Noov (r1,7s) =\t (r1,m2), nt (r2,73) }.

Since U and V are transitive, we have

i (r1,rs) < \/ (g (ru,ra) gy (ra,ms))
and
- (r1,rs) < \/ (0 (r1,m2), 1% (r2, 73)) -
Thus we get
V (g (r1,73),my (11, 73))
<V IV 0 (rasra)ngr(ra,m3)) s V(0 (1, m2), mg (2, 73)) | -
Since \/ (nUmV(rl,rg) nUmV(rg,rg))
=V [V (5 (risr2),mi (r1,m2)) V(1155 (r2073) i (ra, 3)) |
we have
MGev (r1,73) <\ (v (r1,m2), ey (r2,73)) -
So U NV is transitive.
Next we show that U UV is not transitive. This will be done using counter

example.
9
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Let N = {1,2,3}. Define relation U as
ou(1,2) = 0.9, 7(1,2) = 0.1 and nu(1,2) = 0.0
ou(2,3) = 0.8, 7(2,3) = 0.1 and ny(2,3) = 0.1,
ou(1,3) = 0.7, 7y(1,3) = 0.2 and ny(1,3) = 0.1
Also, define relation V' as

ov(1,2) = 0.7, 7v(1,2) = 0.2 and 5y (1,2) = 0.1,
ov(2,3) =0.6, 7v(2,3) =0.3 and ny(2,3) = 0.1,
ov(1,3) =0.5, 7v(1,3) = 0.4 and ny(1,3) = 0.1.

For U,
ou(1,3) = 0.7 > A{0.9,0.8} = 0.8,
T7v(1,3) = 0.2 <Vv{0.1,0.1} = 0.1
and
nu(1,3) =0.2 <Vv{0.0,0.1} = 0.1.
For V,
oy (1,3) =0.5 > A{0.7,0.6} = 0.6,
v(1,3) = 0.4 <Vv{0.2,0.3} = 0.3
and
nu(1,3) =0.1 <Vv{0.1,0.1} = 0.1.
Now, for U UV,
oyuv(1,2) =v{0.9,0.7} = 0.9,
rouv(1,2) = A{0.1,0.2} = 0.1
and
nouv (1,2) = A{0.0,0.1} = 0.0
oyuv(2,3) = Vv{0.8,0.6} = 0.8,
Touv(2,3) = A{0.1,0.3} = 0.1
and
nuov(2,3) = A{0.1,0.1} = 0.1
ouvuv(1,3) =Vv{0.7,0.5} = 0.7,
Tuuv(1,3) = A{0.2,0.4} = 0.2
and

nouv(1,3) = A{0.1,0.1} = 0.1.
So, checking transitivity for U UV,

O’qu(]., 3) =0.7 7& /\{O'qu(l, 2),0qu(2,3)} = /\{09,08} =0.8.
10
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Since 0.7 < 0.8, i.e,
ouuv(1,3) # Movuv (1,2), ouuv(2,3)}

which implies that oyuy (1,3) does not satisfy the transitivity condition. Similarly,
Tvuv(1,3) and Tyuy (1,3) satisfy not the transitivity condition. Hence U UV not
transitive. g

3. PICTURE FUZZY EQUIVALENCE MULTIRELATIONS

Definition 3.1 ([32]). Let N be a PFMS of X. Then the (r,s,t)-cut set of N,
denoted by C, s (INV), is defined as

Crst(N)={y e X|ok(y) =r, T8(y) <s, ny(y) <t}

Example 3.2. Let X = {a,b,c} and
N = {(a, {(0.7,0.2,0.1), (0.5,0.3,0.2)}), (b, {(0.6,0.3,0.1), (0.4,0.3,0.3)}),
(¢,{(0.8,0.1,0.1),(0.3,0.6,0.1)})}.

Take r = 0.5, s = 0.3, t =0.2. Then the (r, s, t)-cut set is

Co5.0.3.0.2(N) = {(a, (0.7,0.2,0.1), (0.5,0.3,0.2)), (b, (0.6,0.3,0.1)), (¢, (0.8,0.1,0.1))}.

The (r, s,t)-cut set of N simplifies the multiset by focusing on elements with signif-
icant positive, neutral and negative membership degrees.

Definition 3.3 ([27]). Let U be a PFR of X x X. Then the (r,s,t)-cut set of U,
denoted by C, s (U), is defined as

Crst(U) ={y1,92 € X x X| ou(y1,vy2) > 7, 0(y1,92) < s, nu(ys,y2) <t}

Definition 3.4 ([30]). Let U be a PEFMR of X x X. Then the (r,s,t)-cut set of U,
denoted by C, s (U), is defined as

C'r,s,t(U) = {(yhy?) € X x X| Ug(yhyQ) Z T, T[I;(yluy2) S S, nllj'(yhyQ) S t}u
where 7, s,t € [0,1] such that 0 <7 +s+¢ < 1.

Example 3.5. Let X; = {a,b}, X2 = {¢,d} and
U ={((a,c),(0.7,0.2,0.1)), ((a,d)(0.5,0.3,0.2)), ((b, ¢)(0.8,0.1,0.1)), ((b,d)(0.3,0.6,0.1)) }.
Take r = 0.5, s = 0.3, t = 0.2. Then the (r, s, t) cut set is

Co5.05.02(0) = {((a,¢)(0.7,0.2,0.1)), ((a, d)(0.5,0.3,0.2)), (b, ¢), (0.8,0.1,0.1))}.

This (r,s,t)-cut set provides a crisp relation derived from the original PFMR by
applying thresholds 7, s, and ¢ which can also be used to analyse properties like
reflexivity, symmetry or transitivity for further exploration of the multirelation.
This can be seen in the next definition with example.

Definition 3.6. A PFMR U is said to be a picture fuzzy equivalence multirelation
(briefly, PFEMR), if U is reflexive, symmetric and transitive.

Example 3.7. Let X = {a,b,c} and
U ={((a,a),(0.9,0.1,0.0)), ((b,)(0.9,0.05,0.05)), ((¢, ¢)(1,,0,0)),
((a,)(0.7,0.2,0.1)), ((b,a)(0.7,0.2,0.1)), ((a, ¢)(0.8,0.1,0.1)),
11
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((¢,a)(0.8,0.1,0.1)), ((b,¢)(0.6,0.3,0.1)), ((¢,)(0.6,0.3,0.1)) }.
Take r =0.5, s =0.3, t =0.2.
Reflexive:
For (a,a), oy(a,a) =0.9 > r, my(a,a) =0.1 <s, ny(a,a) =0.0 <t.
For (b,b), opy(b,b) =0.9 > r, 75(b,b) =0.05 < s, nuy(b,b) =0.05 < t.
For (c,c), ou(c,c) =1=>r, 1y(c,¢) =0<s, nu(c,ec) =0<t.
Then (a,a), (b,b), (¢,c) € R. Thus reflexive property holds.

Symmetric:
For (a,b), opy(a,b) =0.7> 7, 7y(a,b) =0.2 <s, ny(a,b) =0.1 <t.
For (b,a), opy(b,a) =0.7>r, 7y(bya) =0.2<s, ny(b,a) =0.1 <t.
For (b,¢), oy(b,c) =0.6 > r, 7y(b,c) =0.3<s, nu(b,c) =0.1<t.
For (¢,b), ouy(c,b) =0.6 >, 7y(c,b) =0.3 < s, nu(e,b) =0.1 <+t.
For (

a,c), oy(a,c) =08>r, ty(a,c) =0.1<s, ny(a,c) =0.1<t.
For (a,c) (a,¢) =08 >r, ty(a,c) =0.1<s, nu(a,c)=0.1<t.
Then (a,b), (b,a), (b, c), (c,b), (a,c), (¢,a) € R. Thus symmetric property holds.
Transitive:
(a,b),(b,c) € R = (a,c) € R, since

ou(a,c) =08 >r, ty(a,c) =0.1<s, nu(a,c)=0.1<t.
(b,¢),(c,a) € R = (b,a) € R, since
ou(b,a) =0.7>r, 1y(b,a) =02 <s, nu(b,a) =0.1 <t
(b,a), (a,c) € R = (b,c) € R, since
oy(b,e) =0.6 >r, 1y(b,c)=0.3<s, nu(b,c)=0.1<t.
Similarly, we have
(a,¢),(c,b) € R= (a,b) € R,
(¢,a),(a,b) € R= (c,b) € R,
(¢,b),(b,a) € R= (c,a) € R.
Thus transitive property holds. So the (r, s, t)-cut set is
Co.5,0.3,0.2(U) = {(a,a)(b,b), (¢, ¢), (a,b), (b,a), (b,c), (¢,b), (a,¢), (¢, a)}.
So U is a PFEMR.
Theorem 3.8. Let U = {{(y1,¥2), 07 (y1, y2), 785 (Y1, y2) s 0t (y1, y2)) | (91, 92) € X x

X} be a PFMR on X. Then U is « PFEMR on X if and only if Cps+(U) is an
equivalence relation on X with r,s,t € [0,1] and 0 <r+ s+t <1.

Proof. Suppose that U is a PFEMR. Then we have
Crst(U) = {(y1,y2) € X x X| o (y1,52) > 7, 75 (y1,92) < s, nr(y1,2) <t}

Thus of(y,y) =1 > r, 78(y,y) =0 < s and 1 (y,y) = 0 < ¢t for all y € X. So
(y,y) € Cr5,¢(U) which means that C, s ;(U) is reflexive.

Now, let (y1,¥2) € Crst(U). Then o (y1,y2) > 7, 74 (y1,y2) < s and ng; (y1,y2) <
t. Since U is a PFEMR, we get

U@(yz,yl) = 05(1117?/2) >,

T{}(Z/Zayl) = 5(1/1»92) S S,
2

— 3
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and
0t (2, 1) =0t (y1,y2) < t.
Thus (y2,y1) € Cr,s,+(U), which means that C, s (U) is symmetric.
Also, let (y1,y2) € Crs,.(U) and (y2,y3) € Cr5..(U). Then we have

of (i, y2) >, (Y1, y2) < s and 0 (y1,y0) < t

and
ot (Y2, y3) =1, 4 (y2,y3) < s and g (y2,y3) < t.
Thus
U(@(?Jla?&) /\05(1‘/27%) Z T,
% (Y1, y2) /\75(1/273/3) <s
and

i y2) \/ 0t (y2,ys) <t
which imply that

VAot (i, v2) N\ ot (w2, y3)} = 7 = (o 0 08 (y1,y3) > 7
AN, w2) \ 78 (w2, y)} < 5= (7 0 78 (41, 93) < s

ANt (Wi y2) \ 0 (w2, y3)} < ¢ = (055 0 0t (y1,9s) > ¢
Since U is a PFEMR, we get

ol (y1,y3) > (oF o of) (Y1, y3) >,

5 (W1,y3) < (5 0 75) (Y1, 93) < s

and
k E .k

n (Y, y3) < (g o mg) (Y, y3) < ¢
So (y1,¥3) € Crs4(U), which means that C, 5 (U) is transitive. Hence C, 5 +(U) is
an equivalence relation on X.

Conversely, Suppose that C, s (U) is an equivalence relation on X with r,s,t €

[0,1] and 0 < r+s+t <1, and let y € X. Then clearly, (y,y) € C,5:(U). Note that
C1,0,0(U) is an equivalence relation on X. Thus we have

of(y,y) > 1, 4 (y,y) <0 and nfi(y,y) < 0.

So a%}(y, y) =1, T(’}(y,y) =0 and n[’}(y,y) = 0. Hence U is reflexive.

NeXt7 given Y1, Y2 S X7 let U[]j'(ylva) =T, Tllj(yhyQ) = s and 77(]3(91792) =t
Then (y1,y2) € Crs,¢(U). By the hypothesis, C, s +(U) is symmetric. Thus (y2,31) €
Cr,st(U). So we have

ot (2. yn) =1 =04 (y1,y2), 76 (W2 y1) < s =70 (Y1, y2) and g (y2, y1) < t =g (Y1, y2)-

Similarly, if of;(y2,y1) > I, 5(y2,51) < m and nf(y2,y1) < n, then (y1,y2) €
Cim.n(U). Now, we have

ot (i, y2) = 1= o (Y2, y1), 761, y2) < m =7 (Y2, y1) and ngs (1, y2) < =g (y2,m1).-

Hence o7 (y1,y2) = o0 (Y2, y1), 76 (y1,y2) = 70 (y2,91) and 0§ (y1, y2) = 055 (Y2, 91).
Therefore U is symmetric.
13
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Finally, given y1,y2,ys € X, let
otr (Y1, y2) Ao (ya,ys) =7,

6 (Wi y2) Al (Y2, y3) = s

and
6 (1, y2) V g (y2,ys) = t,
where r >0, s<1,t<land 0 <r+ s+t <1. Then we have

ol (1, y2) =1, of(y2,y3) > 7,

6 (Y1, y2) < 5,70 (Y2, y3) < s

and

ne (1, y2) < t, 77(’3(.@273/3) <t.
Thus (y1,y2) € Cr5.:(U) and (y2,y3) € Cps+(U). Since Cy 5 +(U) is transitive by the
hypothesis, (y1,y3) € Cr5.:(U). So we get

ot (y1,y3) =7, i (y1,ys) < s and g (y1,ys) < t.
Furthermore, we have the following implications:
ot (y1,y3) > 7 = ofy(y1, y2) Ao (Y2, ys)
(Wi ys) < s =70 Wi y2) AT (Y2, ys),
16 (Y1, ys) <t =g (Y1, y2) Vs (y2, vs)

=
o (y1,ys) > Vi (1, y2) A o (ya, ys)},
4 (Y1, y3) < ATE (Y1, y2) AT (Y2, y3) -
6 (1 ys) < Ay, y2) Vg (2, ys) }
=
oty (y1,y3) = (o7 0 o) (1, ys),
Tg(ylay3) (Tllj' OT(]})(ylvyl?))a
8 (y1,y3) < (nf o 0 (y1, y3).-
= ok Dok ook, Tk Crkork, nk Cnk onk. Hence U is transitive. Therefore
U is a PFEMR. O

Definition 3.9. Let U = {<(y17y2)7(j[k](y17y2)v’r{]§(y17y2)anlkj(ylay2)>|(y17y2) € X x
X} be a PFEMR on X and p € X. Then the PFMS pU defined by

pU = {(y.poty(v), p5 (), iy (y) | y € X))},
where
(pot)(y) = app’, priy)(y) = 76p¥ and pigy)(y) = 1p°.
for all y € X is called a picture fuzzy equivalence multiclass (PFEMC) of p with

respect to U.
14
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Example 3.10. Let X = {a,b, ¢} and consider the PFEMR on X given by
U ={((a,a),(0.9,0.1,0.0)), ((b,)(0.9,0.05,0.05)), ((¢, ¢)(1.0,,0.0,0.0)),
((a,0)(0.7,0.2,0.1)), ((b,a)(0.7,0.2,0.1)), ((a, ¢)(0.8,0.1,0.1)),
((¢,a)(0.8,0.1,0.1)), (b, ¢)(0.6,0.3,0.1)), ((c, b)(0.6,0.3,0.1)) }.

Take r = 0.5, s =0.3, t =0.1. Then we have

ou(a,a) > 0.5, 7y(a,a) <0.3, nu(a,a) <0.1,

ou(a,b) > 0.5, 7u(a,b) < 0.3, nula,b) < 0.1,

ou(a,c) > 0.5, y(a,c) <0.3, ny(a,c) <0.1.
Thus we get aU = (a,a)(a,b)(a,c) = {a,b,c}

ou(b,b) > 0.5, Tu(b,b) < 0.3, nu(b,d) <0.1,

ou(b,c) > 0.5, Ty(b,c) <0.3, nu(b,c) <0.1,

ou(b,a) > 0.5, 1y(b,a) <0.3, nu(b,a) <0.1.
Also we have bU = (b,b)(b, ¢)(b,a) = {a, b, c}

ou(c,¢) > 0.5, Ty(c,c) <0.3, nu(e,e) <0.1,

ou(c,a) > 0.5, Ty(c,a) < 0.3, nu(e,a) <0.1,

ou(c,b) > 0.5, 7y(c,b) <0.3, ny(e,b) <0.1

So aU = bU = ¢U = {a,b,c}. Hence U partitions X into equivalence classes,
consistent with the properties of reflexivity, symmetry and transitivity.

This ensures that the equivalence class includes element with sufficiently high posi-
tive membership and controlled levels of neutral and negative memberships.

Theorem 3.11. Let U = {{(y1,y2), o (41, y2), 7 (1, y2), 0 (w1, y2)) | (1, 2) € X x
X} be a PFEMR on X and p € X. Then for r,s,t € [0,1] with 0 <r+ s+t <1,

Crs.t(pU) = [p] is the equivalence class of p with respect to the equivalence relation
Crst(U) on X.

Proof.

e X | () el (U}

{ye X |opp? >rip? <smpp? <t}

{y e X | (pot)(y) = (pr)(y) < s, (o) (y) < t}
- Cr,s,t(pU)~

[p]

O

Theorem 3.12. Let U = {{(y1,y2), o7, (41, y2), 7 (1, ¥2), 0ty (1, 92)) | (1, 2) € X %
X} be a PFEMR on X. Then [p| = [q] if and only if (p,q) € Crs+(U) where [p] and
lq] are equivalence classes of p and q with respect to the equivalence relation C, s +(U)
in X forr,s,t€[0,1]] with0<r+s+t<1.

15
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Proof. Suppose [p] = [q]. Then C, s +(pU) = Cy5,.(qU). Thus
{lye X | (pUz'“J)](Cy) >, (pri)(y) < s, (pniy)(y) < t}
={y € X | (qo;)(y) =, (q5)(y) < s, (qnfy)(y) < t}.
Let y € Cr 5 (pU) = Cy s t(qU). Then we have
(pot) (y) = 7, (p) (y) < s, (pnls)(y) < ¢ and
(go0)(y) > (qT’“)(y) < s, (gp)(y) <t
= O'[k]py >, TUpy < s,nlkjpy <t and J[k}qy >, T{qu < s,mquy <t
= (agp¥ A Uz‘?qy) >, (Tz’?py A Tz’?qy) <s,(fp? Vlig¥) <t
= \/(U{C,py A Jqu) >, /\(TUpy A Tqu) <s, /\(n@py Vv n,’qu) <t
= (of00p) >, (Tz’}OTU) < sand (n;ong) <t
(pv )Ecr,s,t( )
Conversely, suppose the necessary condition holds and let (p,q) € Cy5,.(U). Then

(3.1) ot (p.q) >, T(p,q) < s, n(p.q) < t.

Let y € Cy 5, (pU). Then we have
(pot)(y) =, (p5) (y) < s, (o) (y) <t
= ogpy >, T,’jpy <s, m’jpy <t
= (of:q” Nagp?) 2 7, (haP ATipY) < s, (ngg” Vongp?) <t [By (3.1)]
= \/(U[k]qp A JUpy) >, /\(Tqu A TUpy) < sand A (n[’}qp Vv n[’}py) <t
= (J(k]OUU) >, (Tl’}oTU) < s and (775017[’}) <t
= (qof)(y) =7, (q7)(y) < s and (gng)(y) <t
= (p,q) € Crs4(qU).
Thus we get

(32) Cr,s,t(pU) g Cr,s,t(qU)'

Similarly, let y € Cy 5+(qU). Then we have
(go8)(y) = 7, (a$)(y) < s, (qn)(y) <t
= a[k]qy >, Tl’}qy < s,n[k]qy <t
= (op? A aﬁqy) >, (T@pq A T{?qy) <, (nip? Vre?) <t [By (3.1)]
= V(okpt Aokg¥) > r, AN(TEp? A ThgY) < s and A (nfp? Vv nkg?) <t
= (oF ook) >, (7‘507'[]) <sand (nfonk) <t
= (pogy)(y) > 7, (p783)(y) < s and (pig;)(y) <t
= (¢,p) € Cr 5t (pU).

Thus we get

(33) Cr,s,t(qU) g Cr,s,t<pU)-

So by (3.2) and (3.3), Cr5..(qU) = C,.5,.(pU).

Hence [p] = [q]. O

Theorem 3.13. Let

U= {{(y1,92), 05 (Y1, y2), T (1, y2) s 1 (1, y2)) | (1, 92) € X x X}
and

V= {{(y1,92), o8 (Y1, 92), T (1, ¥2)s 0¥ (w1, 92)) | (1, v2) € X x X}

be two PFEMRs on X. Then UNV is a PFEMR on X.
16
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Proof. Let r,s,t € [0,1] with 0 <7+ s+ ¢ < 1. Then we have
Crs (UNV)=Crs4(U)NCys (V).

We know that C, 5 ;(U) and C, 5 (V') are equivalence relations on X. So C, s (UNV)
is also an equivalence relation on X. O

Remark 3.14. Union of two PFEMRs on a set need not be a PFEMR (See Example
3.15).

Example 3.15. Let N = {1, 2,3} and consider two PFEMRs U and V on N defined
as follows:

O'U(L 1) = UU(272) = 0'U<3,3) = 1,
Tv(1,1) =m7(2,2) =1(3,3) =0,
TIU(L 1) = nU(sz) - nU(?’v?’) =0,

ou(1,2) = op(2,1) = 0.8,

w(1,2) =10(2,1) = 10(2,3) = 70v(3,2) = v (1,2) = nu(2,1) = 0.1,
ou(1,3) = ou(3,1) = 0.6,
ou(2,3) =ou(3,2) =0.7,

Tv(1,3) =710 (3,1) =nu(1,3) =nu(3,1) =nu(2,3) =nu(3,2) = 0.2.

Also,
Uv(L 1) = Uv(2,2) = 0'\/(3,3) = 1,

7'\/(1, 1) = Tv(2,2) = Tv(3,3) = 0,
) - 77\/(272) - 77\/(373) =0,
2) = o (2,1) = 0.8,

3

<

=
—_

UV(lv
TV(LQ) = TV(Q, 1) = 7]\/(1,2) = 7]\/(2, 1) = 0.05,

)
Uv(1,3) = Uv(3,1) = Tv(1,3 = 7'V(37 1) = 0.4,
2

Checking the transitivity,

O'qu(l,?)) /\{UU(1,2)7JU(273)}
A(0.8,0.7)

0.7.

(A\YARAVARLYS

But opuyv(1,3) = 0.6. Then oyuv(1,3) = 0.6 # 0.7. Thus transitivity property
fails. So the union of two PFEMRs is not a PFEMR.
17
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4. CONCLUSIONS

In this paper, the notion of picture fuzzy equivalence multirelations over picture
fuzzy multisets via (r, s, t)-cut set of picture fuzzy multirelations was introduced,
and some of the properties related to them were investigated. We have established
that a picture fuzzy multirelation over a picture fuzzy multiset is a picture fuzzy
equivalence multirelation if and only if the cut set of the picture fuzzy multirelation
is an equivalence relation. It was also proved that the two picture fuzzy equivalence
classes of a picture fuzzy equivalence multirelation are equal with respect to the
cut set of picture fuzzy equivalence multirelation. Furthermore, we have established
that the intersection of two picture fuzzy equivalence multirelations on a picture
fuzzy multiset is again a picture fuzzy equivalence multirelation on the picture fuzzy
multiset but their union need not be a picture fuzzy equivalence multirelation. In
future work, applications of PFEMR in decision-making, clustering as well as data
analysis will be explored.
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