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ABSTRACT. Using the concepts of Lukasiewicz t-norm and Lukasiewicz
t-conorm, the Lukasiewicz intuitionistic fuzzy set based on an intuitionistic
fuzzy set is introduced and applied it to BCK-algebras and BCI-algebras.
The notion of (strong) Lukasiewicz intuitionistic fuzzy subalgebra is in-
troduced and its various properties are investigated. Characterizations of
Lukasiewicz intuitionistic fuzzy subalgebras are discussed. Conditions for
Lukasiewicz intuitionistic fuzzy set to be a Lukasiewicz intuitionistic fuzzy
subalgebra are explored, and the conditions under which Lukasiewicz in-
tuitionistic fuzzy subalgebra becomes strong are provided. Three types
of subsets so called Lukasiewicz €-set, Lukasiewicz g-set and Lukasiewicz
O-set are established, and the conditions under which they can be subal-
gebras are displayed.
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1. INTRODUCTION

The intuitionistic fuzzy set, which was introduced by Krassimir Atanassov in
1986 (See [1]), is an extension of a fuzzy set that accounts for both membership
and non-membership degrees, as well as the hesitation or indeterminacy associated
with an element’s belongingness. The intuitionistic fuzzy set is particularly valuable
in situations where partial and contradictory information is present, allowing for
a nuanced representation of uncertainty, and it is applied to various fields such as
decision-making under uncertainty, pattern recognition, medical diagnosis, knowl-
edge representation in artificial intelligence, etc. The Lukasiewicz t-norm is a pop-
ular triangular norm (t-norm) used in fuzzy logic and multi-valued logic systems.
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It defines a mathematical framework for combining fuzzy truth values in the unit
interval [0,1]. Jun constructed the concept of Lukasiewicz fuzzy sets based on a
given fuzzy set, and applied it to BCK-algebras, BCI-algebras, BE-algebras, hoops,
Sheffer stroke Hilbert algebras, etc. (See [2, 3, 8, 9, 10, 11, 12, 13, 14, 15]). The
Lukasiewicz t-conorm is the dual operation to the Lukasiewicz t-norm under the De
Morgan laws and it is also used in fuzzy logic.

In this paper, using the idea of Lukasiewicz t-norm and Lukasiewicz ¢-conorm,
we introduce the concept of Lukasiewicz intuitionistic fuzzy set based on an intu-
itionistic fuzzy set, and apply it to BCK-algebras and BCI-algebras. We define the
concepts of (strong) Lukasiewicz intuitionistic fuzzy subalgebras, and investigate
several properties. We explore conditions for Lukasiewicz intuitionistic fuzzy set to
be a Lukasiewicz intuitionistic fuzzy subalgebra, and provide the conditions under
which Lukasiewicz intuitionistic fuzzy subalgebra becomes strong. We disuss char-
acterizations of Lukasiewicz intuitionistic fuzzy subalgebras. We construct a three
kind of subsets so called Lukasiewicz €-set, Lukasiewicz g-set and Lukasiewicz O-set,
and we find the conditions under which they can be subalgebras.

2. PRELIMINARIES

A BCK/BCl-algebra is an important class of logical algebras introduced by K.
Iséki (See [6] and [7]) and was extensively investigated by several researchers. We
recall the definitions and basic results required in this paper. See the books [5, 16]
for further information regarding BCK-algebras and BCl-algebras.

If a set X has a special element “0” and a binary operation “x” satisfying the
conditions:

(I1) (Va,b,€ X) (((axb)*(axc))*(cxb)=0),
(I2) (Va,b€ X) ((ax(axb))xb=0),
(I3) Vae X) (axa=0),
(I4) Va,b € X) (axb=0,bxa=0 = a=0),
then we say that X is a BCl-algebra. If a BCl-algebra X satisfies the following
identity:
(K) (Vae X) (0xa=0),
then X is called a BCK-algebra.
A BCl-algebra X is said to be p-semisimple (See [5]), if 0 % (0 *a) = a for all

ac X.
The order relation “<” in a BCK/BClI-algebra X is defined as follows:

(2.1) (Va,be X)(a<b < axb=0).
Every BCK/BCl-algebra X satisfies the following conditions (See [5, 16]):
(2.2) (Mae X)(ax0=a),

(Va,b,ce X)(a<b = axc<bxc, cxb<cxa),
(Va,b,c€ X) ((axb)xc=(axc)*b).
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Every BCI-algebra X satisfies (See [5]):

(2.5) (Va,be X)(ax*(ax(axb))=axb),
(Va,b € X)(0x(axb)=(0xa)*(0xb)).
A subset K of a BCK/BCl-algebra X is called a subalgebra of X (See [5, 10]), if
axbe K forall a,b € K.

Let X be a set. An intuitionistic fuzzy set K* in X (See [1]) is an object having
the form

K*:={(a, [k (a), 9k (a)) | fK(a) + 9K (a) <1, a € X},

which is simply denoted by K* := (X; fx, gk ) where fx and gx are fuzzy sets in X,
The intuitionistic fuzzy set K* := (X; fx,gx) in X can be represented as follows:

K= (X; fr,9x) : X = [0,1] x [0,1], & = (fx (a), gxc (1))

such that fx(a)+ gk (a) < 1.
An intuitionistic fuzzy set K* := (X; fk, gk ) in a set X of the form:
K" = (X; fk,9x) : X = [0,1] x [0,1],
(s,t) € (0,1] x [0,1) if b=a,
bH{(O,l) it b#a,

is said to be an intuitionistic fuzzy point with the support and the value (s,t) such
that s +¢ < 1, and is denoted by a(, ;-
Given an intuitionistic fuzzy set K* := (X fx, g ) and intuitionistic fuzzy point
a(s,t) in X, we say
(2.7) a(sp) € K™ if fi(a) > s and gx(a) < t.
(28) a(s,t) gK* if fK(Cl) +s>1and gK(a) +t<1.
Given (s,t) € (0,1] x [0,1) and an intuitionistic fuzzy set K* := (X; fx,gk) in
X, consider the following sets:
(fx,s)e :=={a€ X | fk(a) = s},
(9, t)e = {a € X [ gx(a) <t},
(fx,8)q:={ae X | fx(a)+s>1},
( +

gK,t)q ={ae X |gk(a)+t<1}.

Also, we consider the sets below.
(K%, (s,1)e = (frs8)e N (gr, t)e,
(K", (5,1)q := (fr: 8)q N (9K, 1)g,

which are called the intuitionistic level set and intuitionistic q-set of K* := (X; fx, 9x),

respectively.
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3. LUKASIEWICZ INTUITIONISTIC FUZZY SETS

Using the ideas of Lukasiewicz t-norm and Lukasiewicz ¢t-conorm and the intu-
itionistic fuzzy set, we build Lukasiewicz intuitionistic fuzzy set on a set. From now
on, all elements (s, ¢) in [0, 1] x [0, 1] are elements that satisfy s+t € [0,1]. Also the
intuitionistic fuzzy set K* := (X; fx,gx) in X is simply denoted by (X; £, g).

Definition 3.1. Let (X f, g) be an intuitionistic fuzzy set in a set X and ¢,6 € [0, 1]
be such that e+§ < 1. A Eukasiewicz intuitionistic fuzzy set L of (X; f, g) is defined
as an object in the form below

(3.1) L:= {(z,L},L) | = € X},

where
L‘]Sc : X = [0,1],  — max{0, f(x) + 0 — 1},
L : X —[0,1],  — min{1, g(x) + ¢}

such that L‘;f (z) +Lg(x) € [0,1] for all z € X.

We use the simple notation L := (L‘;c7 L7) instead of the Lukasiewicz intuitionistic
fuzzy set L := {(z, L‘S,L§> | z € X} of (X f,g), and it can be represented as follows:

L= (L},L) : X —[0,1] x [0,1],
x +— (max{0, f(z) + § — 1}, min{1, g(x) + €})

such that max{0, f(z) + § — 1} + min{1,g(z) + e} € [0,1] for all z € X.

Let L := (L‘}, L§) be a Lukasiewicz intuitionistic fuzzy set of (X; f, g). If (6,¢) =
(1,0), then max{0, f(z) + § — 1} = max{0, f(z) + 1 — 1} = max{0, f(z)} = f(z)
and min{1, g(z) + ¢} = min{1, g(z) + 0} = g(x). This shows that if (4,e) = (1,0),
then the Lukasiewicz intuitionistic fuzzy set L := (L‘}7 L7) of (X, £, g) is the classical
intuitionistic fuzzy set (X, f,g) in X. If (4,¢) = (0,1), then max{0, f(z) +J — 1} =
max{0, f(z)+0—1} = max{0, f(z)—1} = 0 and min{1, g(x)+ec} = min{1, g(x)+1} =
1. Thus, if (J,€) = (0, 1), then the Lukasiewicz intuitionistic fuzzy set L := (L‘}, LZ)
of (X, f,g) is the constant function with the value (0,1). Therefore, in handling the
Lukasiewicz intuitionistic fuzzy set, the value of (§,¢) can always be considered to
be in (0,1) x (0,1).

Proposition 3.2. Let (X; f,g) be an intuitionistic fuzzy set and let (6,¢) € (0,1) X
(0,1). For the Lukasiewicz intuitionistic fuzzy set L := (L‘}, £3) of (X; f,9), we have
(1) if f(x) > f(y) and g(x) > g(y), then L}(x) > E5(y) and E5(x) > L5(y) for
allz,y € X,
(2) if x56)q L, then L‘sf(m) = f(x) +d—1 and £ (x) = g(x) + € for allz € X,
(3) B} (x) > P (x) and L (x) > L2 (x) for all z € X and (61,1), (0, €2) €
(0,1) x (0,1) with 61 > b2 and &1 > &3.

Proof. Straightforward. O

Proposition 3.3. Let (X; f,g) and (X;&,9) be intuitionistic fuzzy sets in a set X
and let (0,€) € (0,1) x (0,1). If £ := (L‘SfiLZ) and L := (Lg,L;) are Lukasiewicz
29
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intuitionistic fuzzy sets of (X; f,g) and (X;§,9), respectively, then L‘}m& = L‘} N Lg
and Ly, = L N L.

Proof. For every x € X, we have
L}ne(x) = max{0, (fN&)(x) +46 -1}
= max{0, min{ f(z),&{(x)} + 0 — 1}
= max{0, min{f(z) + 6 —1,&(z) + 0 — 1}}
min{max{0, f(z) + 6 — 1}, max{0,&{(x) + 6 — 1}}
min{L}(z), L (2)}
(L} NLE)(x)

and
Lo (2) = min{L, (9 N 9)(z) + ¢}
— min{1, min{g(z), 9(z)} + }
= min{1, min{g(z) + &, %(z) + }}
= min{min{1, g(x) + e}, min{1,¥(z) + ¢} }
= min{LE (2), 5 (2))
= (L; NL)(x).
This completes the proof. O

4. LUKASIEWICZ INTUITIONISTIC FUZZY SUBALGEBRAS

In what follows, let X be a BCK-algebra or a BCI-algebra unless otherwise spec-
ified. We start with the concept of intuitionistic fuzzy subalgebra in BCK/BCI-
algebras. An intuitionistic fuzzy set (X; f, g) is called an intuitionistic fuzzy subal-
gebra of X (See [1]), if it satisfies:

(4.1) flexy) = min{f(z), f(y)}, g(z xy) <max{g(x),g(y)}
for all z,y € X.

Lemma 4.1 ([17]). An intuitionistic fuzzy set (X; f,g) is an intuitionistic fuzzy
subalgebra of X if and only if it satisfies:

(sl,t)e(X fa )7 sy7ty)€(X;fvg)
= (.’B * y)(min{sz,sy},max{tm,ty}) € (Xv fa g)
for all z,y € X and (sg, tz), (sy, ty) € [0,1] x [0, 1].

(4.2)

Definition 4.2. Given an intuitionistic fuzzy set (X f, g), its Lukasiewicz intuition-
istic fuzzy set L := (L‘}, L;) is called a Lukasiewicz intuitionistic fuzzy subalgebra of
X, if it satisfies:

(4.3) T(seta) € Ly Ylso 1) €L = (T % Y) (minfsa,se }max{ta,te}) € L

for all z,y € X and (sq, tq), (Se, ts) € (0,1] x [0, 1).
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TABLE 1. Cayley table for the operation “x”

* ‘ Co C1 Co C3 Cq
Co Co Co Co Co Co
C1 C1 Co C1 Co Co
C2 C2 C2 Co Co Co
C3 C3 C3 C3 Co Co
Cq Cq C3 Cq C1 Co

Example 4.3. Consider a set X = {co, ¢1, ¢, 3,4}, and define a binary operation
“x” by Table 1.

Then (X, *,¢o) is a BCK-algebra (See [10]). Define an intuitionistic fuzzy set
(X; f,9) in X as follows:

(0.75,0.17) if = = co,
(0.68,0.29) if z = ¢y,
(X;f,9): X —=[0,1] x [0,1], z — { (0.62,0.23) if = = cg,
(0.56,0.36) if & = c3,
(0.41,0.48) if = = c4.

If we take (d,¢) = (0.53,0.38), then the Lukasiewicz intuitionistic fuzzy set L :=
(L‘},L;) of (X, x,cg) is given as follows:

(0.28,0.55) if 2 = co,

(0.21,0.67) if x = ¢y,

L= (L},L5): X = [0,1] x [0,1], z = (0.15,0.61) if 2 = cy,
‘ (0.09,0.74) if = = c3,
(0.00,0.86) if 2 = cy.

It is simple to check that L := (Lfc7 Lg) is a Lukasiewicz intuitionistic fuzzy subalge-
bra of X.

Theorem 4.4. If (X; f, g) is an intuitionistic fuzzy subalgebra of X, then its Lukasiewicz
ir}tggtionistic fuzzy set L = (L‘sf, £7) is a Lukasiewicz intuitionistic fuzzy subalgebra
of X.

Proof. Let z,y € X and (sq, ta), (e, ts) € (0,1] x [0,1) be such that z(, ¢, € L
and y(s,,+,) € L. Then L‘}(w) > sq, Lg(z) <t L‘sf(y) > sp, and L (y) < tp. Thus

L‘}(m xy) = max{0, f(x xy)+d—1}
> masc{0, min{f(z), f(y)} +5 — 1}
)46 -1, f(y) +6—1})
= min{max{0, f(z) + 6 — 1}, max{0, f(y) +J — 1}}
= min{L?(mLLfc(y)} > min{s,, Sp }
296
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and

LS (7 xy) = min{1, g(x x y) + €}
x),9(y)} + €}
& 9(y) +et}

which shows that (= * ¥) (min{sa,se},max{tae,ts}) € L S0 L= (L‘}, Lf) is a Lukasiewicz
intuitionistic fuzzy subalgebra of X.

The converse of Theorem 4.4 is not true in general as seen in the following exam-

ple.

< min{1, max{g

= min{1, max{g

)
(
(
(

), g
x) +
)

max{min{1, g(x) + ¢}, min{1, g(y) + ¢}}
max{L; (7), Lg(y)} < max{tq,tp}

Example 4.5. Let X = {cp, c1, ¢2, 3, ca} be a set with a binary operation

by Table 2.

TABLE 2. Cayley table for the operation

Wy

*

* ‘ Co C1 C2 C3 C4
Co Co Co C2 C3 Cq
C1 C1 Co C2 C3 Cq
C2 C2 C2 Co Cyq C3
C3 C3 C3 Cyq Co C2
Cyq Cq Cyq C3 C2 Co

Then (X, *,¢g) is a BCI-algebra (See [5]). Define an intuitionistic fuzzy set (X; f, g)

as follows:

(X5 f,9): X = [0,1] x [0,1],

(L?,Lg) of (X; f,g) is given as follows:

(
(
L:=(L},L5): X = [0,1] x [0,1], z—~ ¢ (
(

(0.72,0.28
(0.68,0.32
(0.61,0.39
(0.57,0.43
(0.39,0.61)

If we take (,e) = (0.41,0.54), then the Lukasiewicz intuitionistic

0.14,0.86
0.10,0.90
0.03,0.97
0.00, 1.00
(0.00,1.00)

It is routine to check that L := (L‘},LZ) is a Lukasiewicz intuitionistic fuzzy sub-
algebra of X. But (X;f,g) is not an intuitionistic fuzzy subalgebra of X since
flea ®¢3) = flea) = 0.39 # 0.57 = min{f(c2), f(c3)} and/or g(ca x ¢3) = g(ca)
0.61 £ 0.43 = max{g(c2), g(c3)}.

)
)
)
)

if x=co,
if x=cq,
if x=co,
if z=cs,
if x=c4.

if x = co,
if z=c¢,
if x=co,
if ©=cs,
if Tr = C4.

We find a characterization of Lukasiewicz intuitionistic fuzzy subalgebra.

297
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Theorem 4.6. If (X; f,q) is an intuitionistic fuzzy set, then its Lukasiewicz intu-
itionistic fuzzy set L = (L‘;f, L;) 1s a Lukasiewicz intuitionistic fuzzy subalgebra of
X if and only if the following is valid:

LS (z % y) > min{ £ (z), E4
4) (v%yex)( Hoey) 2 min{ L (@), Z3(0)) )
E (@ % y) < max{ L5 (2), L5 (1)}
Proof. Assume that L := (L‘},L;) is a Lukasiewicz intuitionistic fuzzy subalge-

bra of X and let z,y € X. It is clear that z(,, ;) € L and y, +) € L for
(Sa, ta) = (L‘}(x),Lf](x)) and (sp, tp) = (L‘}(y),LZ(y)) It follows from (4.3) that
(x * y)(min{sa,sb},max{tn,th}) € L. Then

L} (2 % y) > min{sq, sp} = min{L}(2), L} ()}
and L{ (z x y) < max{t,,ts} = max{L{(z), L (y)}.

Conversely, suppose that L := (L‘;“Lz) satisfies (4.4). Let 2,y € X and (sq, tq),
(6, tp) € (0,1] x [0,1) be such that z(,, +,) € L and y(s, +,) € L. Then Lfc(x) > Sa,
Li(z) < tq, L‘}(y) > sp, and Lg(y) < tp. It follows from (4.4) that L‘}(a: *y) >
min{L‘}(z),L‘}(y)} > min{s,, sp} and

LS (7 * y) < max{L;(v),L; (y)} < max{tq,tp}-
Thus (Z*Y) (min{sa,se}max{ta,te}) € L S0 L 1= (L‘}, L) is a Lukasiewicz intuitionistic
fuzzy subalgebra of X. O

Lemma 4.7. If (X; f, g) is an intuitionistic fuzzy subalgebra of X, then its Lukasiewicz
intuitionistic fuzzy set L := (L‘;c, L7) satisfies:
(4.5) (Vo € X)(E5(x) < £5(0), L5(x) > £5(0)).
Proof. If (X; f,g) is an intuitionistic fuzzy subalgebra of X, then
L}(0) = L}(z * ) > min{L}(z),L}(z)} = L}(2)

and L§(0) = Lg (v * v) < max{L{(z),L{(z)} = L{(z) for all z € X. O
Proposition 4.8. If (X; f,g) is an intuitionistic fuzzy subalgebra of X, then its
Lukasiewicz intuitionistic fuzzy set L := (L‘;f, L3) satisfies:

Ei(z) = £5(0) & ES(z*y) > LS
(4.6) (Va,y € X) g( ) g( ) Ej( y) > Ej(y) .

L(z) = £5(0) & EG(zxy) < £5(y)
Proof. Assume that L‘sf(:n) = Lfc (0) and Lg (z) = L (0) forallz € X. If (X; f, g) is an
intuitionistic fuzzy subalgebra of X, then L := (L‘}7 L7) is a Lukasiewicz intuitionistic

fuzzy subalgebra of X by Theorem 4.4. Thus the combination of Theorem 4.6 and
Lemma 4.7 induces

L} (2 +y) > min{L}(2), L}(y)} = min{L}(0), L3(y)} = L(y)
and L§ (z x y) < max{L{(z),L;(y)} = max{L{(0),L;(y)} = L5 (y) for all y € X.
Conversely, suppose that L4 (z#y) > L$(y) and L5 (x*y) < Li(y) for all 2,y € X.

It follows from (2.2) that L} (z) = L (x *2%)82 L5(0) and L§(x) = L5 (2 % 0) < L£(0).
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Usin)g( Lemma 4.7, we conclude that L?(z) = L‘}(O) and Li(z) = L{(0) for aél
T e X.

Proposition 4.9. If (X; f,g) is an intuitionistic fuzzy subalgebra of a BCI-algebra
X, then its Lukasiewicz intuitionistic fuzzy set £ := (L‘}, Lg) satisfies:

(4.7 L‘}(O *xx) > Lfc(:n), £(0% x) < £5(x),

(4.8) T(sata) € Ly Yise, 1) €L = (% (0% Y)) (min{sa,s }max{tate}) € L

for all x,y € X and (Sq, ta), (Se, te) € (0,1] x [0,1).

Proof. If (X; f,g) is an intuitionistic fuzzy subalgebra of a BCI-algebra X, then
L:= (L‘sf, Lg) is a Lukasiewicz intuitionistic fuzzy subalgebra of X by Theorem 4.4.
Thus Theorem 4.6 and Lemma 4.7 induce

L‘}(O *x) > min{L‘}(O), L‘sf(ac)} = L‘} (x)
and L (0% x) < max{L{(0),L{(z)} = L (z) for all z € X. Let z,y € X and (sq, ta),
(6, tp) € (0,1] x [0,1) be such that z(,, +,) € L and y,, +,) € L. Then L‘}(m) > Sq,
LS (7) < tq, Lfc(y) > sp, and L (y) < tp. Thus it follows that
Lf‘-(m * (0xy)) = max{0, f(x* (0*y)) +J — 1}
> max{0, min{ f(z), f(0*xy)} + 5 — 1}
> max{0, min{ £ (2), min{f(0), f(5)}} + & — 1}
— {0, min{ (), f(4)} + 6 — 1}
= max{0, min{f(z) +6 — 1, f(y) + — 1}}
= min{max{0, f(x) + ¢ — 1}, max{0, f(y) + 6 — 1}}
= min{L} (z), L3(0)}
> min{sq, Sp }
and
Lo (2% (0% y)) = min{1, g(x * (0xy)) + ¢}
< min{l, max{g(z),g(0xy)} + &}
< min{1, max{g(x), max{g(0), g(y)}} + €}
= min{1, max{g(z),g(y)} + ¢}
= min{1, max{g(z) +¢,9(y) +c}}
= max{min{1, g(z) + e}, min{1, g(y) + €}}
= max{LZ (2), Lz(y)} < max{tq,tp}.
So (2 # (0% Y)) (min{sqa,se }max{ta,ts}) € L O

We explore conditions for a Lukasiewicz intuitionistic fuzzy set to be a Lukasiewicz
intuitionistic fuzzy subalgebra.

Theorem 4.10. Let (X; f,g) be an intuitionistic fuzzy set. If its Lukasiewicz intu-
itionistic fuzzy set L := (Lfc7 £7) satisfies:
(4.9) Y(sa ta) € Ly 2(sp,t5) €L = (T *Y)(min{sa,s0},max{ta,ts}) € L
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for all z,y,z € X with z < x and (sq, ta), (Se, te) € (0,1] x[0,1), then L := (L‘sf, L)
is a Lukasiewicz intuitionistic fuzzy subalgebra of X .

Proof. Tt is verified right from (73), (2.1) and (4.9). O

Proposition 4.11. Let X be a BCl-algebra. If (X; f,g) is an intuitionistic fuzzy
subalgebra of X, then its Lukasiewicz intuitionistic fuzzy set L := (Lfc, Lf]) satisfies:

(4.10) T(sata) € Iy Yiso,te) €L = (% (0% Y)) (min{sa,se }max{tate}) € L
for all z,y € X and (sq, tq), (Sp, te) € (0,1] x [0,1).

Proof. Assume that (X; f, g) is an intuitionistic fuzzy subalgebra of a BCI-algebra X .
Then L := (L‘}, L) is a Lukasiewicz intuitionistic fuzzy subalgebra of X by Theorem
4.4. Let w,y € X and (84, ta), (Sp, ts) € (0,1] x [0,1) be such that z(,, ;) € L and
Y(sy,to) € L. Then L‘}(x) > sa, Lg(7) < tq, L‘}(y) > sp, and L{(y) < tp. It follows
from Theorem 4.6 and Lemma 4.7 that

L4 (2 (0% y)) > min{L}(z),L5(0 = y)}
> min{Lfc(m), min{Lfc(O)7 L‘}(y)}}
= min{Lfc(m), L‘}(y)} > min{sq, Sp }
and

LS (2 + (0xy)) < max{Ly(x),L;(0*y)}
< ma{L2 (2), max{L5(0), 15(5)})
= max{L (v), L{(y)} < max{tq,tp}.

This shows that (2 * (0 * ¥)) (min{sa,se },max{te,ts}) € L- O

aste

Let X be a BClI-algebra. For the Lukasiewicz intuitionistic fuzzy set L := (L‘Sf, L7)
of an intuitionistic fuzzy set (X; f, g), consider the following condition:

(4.11) (Vo € X)(L}(0* 2) = L}(x) and L5(0 * x) = L5(x)).

The question arises: Will a Lukasiewicz intuitionistic fuzzy subalgebra L :=
(L‘},Lg) satisfy with the condition (4.11). We can look at an example that show
that the answer to this question is negative. In fact, Consider the Lukasiewicz
intuitionistic fuzzy subalgebra L := (L‘},L;) of X in Example 4.5. If we take
((i), g = (0.42, 0.5?;))é3then L?y‘*?(co *xcp) = L%‘l;(co) =0.14#0.10 = L(}"lz(cl) and/or
L% (co * e1) = Ly ™2 (co) = 0.86 # 0.90 = L% (c1).

If a Lukasiewicz intuitionistic fuzzy set L := (L‘sf, L7) of an intuitionistic fuzzy set
(X; f,9) in a BCI-algebra X satisfies the condition (4.11), we say it is strong.

We provide a condition for a Lukasiewicz intuitionistic fuzzy subalgebra to be
strong.

Theorem 4.12. Let X be a p-semisimple BCI-algebra. If (X; f,g) is an intuition-
istic fuzzy subalgebra X, then its Lukasiewicz intuitionistic fuzzy set L := (L‘sf, Lg)
s a strong Lukasiewicz intuitionistic fuzzy subalgebra of X.
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Proof. Let X be a p-semisimple BCI-algebra. If (X; f, g) is an intuitionistic fuzzy
subalgebra X, then its Lukasiewicz intuitionistic fuzzy set L := (Lfc7 Lg) is a Lukasiewicz
intuitionistic fuzzy subalgebra of X by Theorem 4.4. In the same way as the proof
in Theorem 4.6, we can check that the condition (4.10) is equivalent to the following:

L3 (2 * (0+ y)) > min{L3(x), L3 (y)} )
LE (@ % (0 % y)) < max{L{(z),LE(y)}

Since X is p-semisimple, it follows from Theorem 4.6 and Lemma 4.7 that

(Vz,y € X) (

L‘}(x) = L‘}(O x (0xx)) > min{L‘}(O),Lfe(O *x)}
=L$(0%2) = L0 (0% (0% 2)))
> min{Lfc(O), L?(O * (0% x))}
= L‘}(O * (0xx)) > L‘}(x)

and

L5 (x) = L5(0 % (0 % z)) < max{L;(0),L;(0*z)}
= L;(O *x) = L‘;(O * (0% (0xx)))
< max{L(0), L5 (0 (0*))}
= L;(O *(0xx2)) < L;(a:)

for all z € X. Thus Lj(z) = L$(0 % 2) and L5 () = LE(0 * z) for all z € X. So
L:= (Lfc, L;) is a strong Lukasiewicz intuitionistic fuzzy subalgebra of X. O

Corollary 4.13. Let X be a BCI-algebra which satisfies any one of the following
conditions:
X={0xz|zeX},
(Va,y € X)(z* (0% y) =y (0xx)),
Vee X)(0xx=0 = z=0),
Va,y € X)(0* (yxx) =z xy),
Ve,y,2 € X)(zxx=z2xy = x=y),

—~ S /S

Vo,y,z € X)((z*y) * (xx2) = 2% y).

If (X; f,g) is an intuitionistic fuzzy set in X, then its Lukasiewicz intuitionistic
fuzzy subalgebra £ := (L‘}, £7) of X is strong.

Theorem 4.14. Let L := (L‘},L;) be a Eukasiewicz intuitionistic fuzzy set of an

intuitionistic fuzzy set (X; f, g). Then the nonempty sets (Lfc, s)e and (Lg,t)e, called

Lukasiewicz €-sets, are subalgebras of X for all (s,t) € (0.5,1] x [0,0.5) if and only

if L= (L‘sf, £3) satisfies:
max{Z5(z *y),0.5} > min{Z5(z), £

1 (e [ P 0.05) 2w, B0} )
min{Z; (v * y), 0.5} < max{L{(z), £;(y)}
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Proof. Let (s,t) € (0.5,1] x [0,0.5) be such that (L‘},s)e and (L3, t)e are nonempty
subalgebras of X. Suppose that (4.12) is not valid. Then there exist a,b € X such
that max{L}(ab),0.5} < min{L4(a),L}(b)} or

min{L(a*b),0.5} > max{L;(a),L;(b)}.

If max{L}(ab),0.5} < min{L}(a),£5(b)}, then a,b € (L}, 5)c and axb ¢ (L5, s)c
for s := min{L‘}(a),L‘}(b)} € (0.5,1]. This is a contradiction. If
min{L{(a*b),0.5} > max{L(a),L;(b)},

then a,b € (L{,t)c and a*b ¢ (L{,t)e for t := max{L{(a),L;(b)} € [0,0.5), which
is a contradiction. Thus maX{L‘sf(ac *y),0.5} > min{L‘}(x),L?(y)} and min{L (7 *
y),0.5} < max{L{(z),L(y)} for all z,y € X.

Conversely, suppose that L := (L‘},L;) satisfies (4.12). Let (s,t) € (0.5,1] x
[0,0.5). If 2,y € (LS, s)c and a,b € (L5, 1), then L}(x) > s, L}(y) > s, L5(a) <,
and L§(b) < ¢. It follows from (4.12) that

maX{L‘}(a: xy),0.5} > min{L?(x),Lfc(y)} >s>05

and min{L{(a x b),0.5} < max{L{(a),L{(b)} <t < 0.5. Thus L‘}(gc xy) > s and
Li(axb) <t ie,z*xy€ (Lfc,s)e and axb € (L,t)e. So (L‘},s)e and (Lj,t)e are
subalgebras of X. O

Corollary 4.15. Let (X; f,g) be an intuitionistic fuzzy set in X. If its Lukasiewicz
intuitionistic fuzzy L = (L‘},L;) in X satisfies (4.12), then the nonempty intu-
itionistic level set (L, (s,t))e of L := (Lfc, L) is a subalgebra of X for all (s,t) €
(0.5,1] x [0,0.5).

Theorem 4.16. Let L := (L‘},LZ) be a Lukasiewicz intuitionistic fuzzy set of an
intuitionistic fuzzy set (X; f,g). If (X;f,g) is an intuitionistic fuzzy subalgebra
of X, then the nonempty sets (L‘sf,s)q and (L5, t)y, called Lukasiewicz g-sets, are
subalgebras of X for all (s,t) € (0,1] x [0,1).

Proof. If (X; f,g) is an intuitionistic fuzzy subalgebra of X, then L := (L‘}, L7) is
a Lukasiewicz intuitionistic fuzzy subalgebra of X by Theorem 4.4. Let (s,t) €
(0,1] x1[0,1). If z,y € (Lfc, s)q and a,b € (L5, 1)y, then L‘}(m) +s5>1, Lfc(y) +s5>1,
Lg(a) +t <1, and L (b) +¢ < 1. Using Theorem 4.6, we have

L‘;(x *xy)+ s> min{Lfc(x), Lfc(y)} +s= min{L?(x) + s, L‘}(y) +s}>1
and
L5 (axb) +t <max{L(a),L;(b)} + ¢ =max{L](a) +¢,L5(b) +1} <1
ihus TxyY € (L‘Js‘-7 s)g and axb € (Lg,t),. So (L‘}, s)q and (L, 1), are subalgebras Ef

Corollary 4.17. Let L := (L‘}, Lf]) be a Lukasiewicz intuitionistic fuzzy set of an
intuitionistic fuzzy set (X; f,9). If (X; f,g) is an intuitionistic fuzzy subalgebra of
X, then the nonempty intuitionistic g-set (L, (s,t))q of L:= (L‘}, L) is a subalgebra
of X for all (s,t) € (0,1] x [0,1).
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Proposition 4.18. Let L := (L‘},LZ) be a Lukasiewicz intuitionistic fuzzy set of
an intuitionistic fuzzy set (X; f,g). If the nonempty sets (L‘},s)q and (Lg,t), are
subalgebras of X, then L := (L‘sf, LY) satisfies:

(413) L(sq,ta) qLa Y(sp,te) qL = (‘I * y)(max{sn,sb},min{tu,tb}) €L

for all z,y € X and (sq, ta), (sp, ts) € (0,0.5] x [0.5,1).

Proof. Let x,y € X and (sq, ta), (56, te) € (0,0.5] x [0.5,1) be such that x(,, +,)qL
and y(s,, ¢,) ¢ 1. Then

1< Lfc(x) + 54 < Lfc(x) + max{sq, Sp |,
1< L‘}(y) +sp < L‘Sf(y) + max{sq, Sp }
1> Lg(z) +ta > L () + min{tq, e},
1>L5(y) +te > L (y) + min{ta, te}.
Thus z,y € (L‘},max{sa, s6})g N (L, min{ta, tp}),. So

zxy € (L%, max{s,, so})q N (L5, min{tq, to}),
Since (max{sq, sp}, min{tq, tp}) € (0,0.5] x [0.5,1), it follows that

L‘;(z xy) > 1 — max{sq, sp} > max{sq, sp}

and L (z xy) <1 —min{t,, ts} < min{ts,tp}. Hence

(z * y)(maX{Sme},min{tu,tb}) €L

This completes the proof. O
Let L := (L‘},LZ) be a Lukasiewicz intuitionistic fuzzy set of an intuitionistic

fuzzy set (X; f,g). Consider the following sets:

(4.14) O(L}) :=={z € X | L}(z) > 0}, O(L5) = {z € X | Li(z) < 1}

which are called the Lukasiewicz O-sets of L := (L‘Xsf7 L7) . It is observed that
OLy) ={reX|flx)+6-1>0}
and O(L) = {r € X | g(z) +e < 1}.
We explore conditions for the Lukasiewicz O-sets to be subalgebras.

Theorem 4.19. Let L := (L‘},L‘;) be a Lukasiewicz intuitionistic fuzzy set of an
intuitionistic fuzzy set (X; f,9). If (X; f,g) is an intuitionistic fuzzy subalgebra of
X, then the nonempty Lukasiewicz O-sets of L := (L‘sf, L;) are subalgebras of X.

Proof. Assume that (X; f, ¢) is an intuitionistic fuzzy subalgebra of X. Then L :=
(L‘;”L;) is a Lukasiewicz intuitionistic fuzzy subalgebra of X by Theorem 4.4. If
x,y € O(L‘sf) NO(L;), then f(z)+6—-1>0, f(y) +0—-1>0, g(z) +¢ < 1, and
g(y) + e < 1. It follows from Theorem 4.6 that

L (2 *y) > min{L}(2),L5(y)} = min{f(z) + 6 — L, f(y) + 6 — 1} > 0
and L (z * y) < max{L{(z),L;(y)} = max{g(z) +¢,9(y) + e} < 1. Thus z*y €

O(L‘}) NO(L;). So O(Lfc) and O(Lg) ar;ozubalgebras of X. O
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Theorem 4.20. Let (X; f,g) be an intuitionistic fuzzy set. If its Lukasiewicz intu-
itionistic fuzzy set L := (L‘}, £3) satisfies:
(415) L(sq,ta) € L7 Y(so,to) €L = (1‘ * y)(max{su,sb},min{ta,t[,}) qL
forallz,y € X and (sq, ta), (sp, te) € (0,1] x[0,1), then the nonempty Lukasiewicz
O-sets of L := (L‘sf, LY) are subalgebras of X.
Proof. Assume that L := (L‘sf, L7) satisfies (4.15) for all z,y € X and (sq, ta),
(s6, to) € (0,1] x [0,1). Let 2,y € O(L$) NO(L5). Then f(x)+46—1>0, f(y) +
0—1>0,g(x)+e<1,and g(y) + ¢ < 1. If we take (sq, tq) = (L‘}(x),Lg(a:)) and
(Sp, ty) = (L‘}(y),Lg(y)), then z(,, ;.) € L and y(, . +,) € L. Using (4.15), we have
(T % Y) (max{sa,se },min{ta,te}) L T xy & O(L‘sf) or zxy ¢ O(Lg), then L‘}(w xy) =0
or Lg(z xy) = 1. Thus
L} (2 % y) + max{sq, sp} = max{sa, 5o} = max{L}(x), L}(y)}
— max{max{0, f(z) + 5 — 1}, max{0, /(y) + 8 — 1}}
=max{f(z) +0 -1, f(y) +0—1}
=max{f(z), f(y)}+0-1<14+6-1=6<1
or
Lg(z * y) + min{te, te} = 1+ min{tq, tp} = 1 + min{L{ (z), Lg (y)}
=1+ min{min{1, g(x) + e}, min{1,g(y) + ¢}}
=1+ min{g(z) +¢,9(y) + ¢}
=1+ min{g(z),9(y)} +e>1+e> 1.
This is a contradiction, and therefore z x y € O(L5) NO(L5). So O(L$) and O(Lf)
are subalgebras of X. O
Theorem 4.21. Let (X; f,g) be an intuitionistic fuzzy set. If its Lukasiewicz in-
tuitionistic fuzzy set L := (L‘},L;) satisfies (4.13) for all x,y € X and (sq, tq),
(se, to) € (0,1] x [0,1), then the nonempty Lukasiewicz O-sets of L := (L‘sf, LY) are
subalgebras of X.
Proof. Assume that L := (L‘Sf, Lg) satisfies (4.13) for all z,y € X and (sq, ta),
(s6, to) € (0,1]x[0,1). Let z,y € O(L$)NO(LE). Then f(x)+5—1> 0, f(y)+5—1 >
0, g(z) + e <1, and ¢g(y) + ¢ < 1. Thus
L} (z) +1=max{0, f(z) + 0 — 1} +1=f(x) + 5 — 1+ 1= f(x)+6 > 1,
Li(y) + 1 =max{0, f(y) + 6 — 1} +1=f(y) +6—1+1=f(y) + 5> 1,
Ly (7) +0=min{l,g(z) + e} +0=g(z) +e < 1,
L5 (y) + 0 =min{l,g(y) + e} +0=g(y) +e < L.
So z(1,0) ¢ L and y(1,0) ¢ L. It follows from (4.13) that

(z*Y)1,0) = (% * Y) (max{1,1},min{0,0}) € L
Hence L‘}(x xy) =1 >0and Li(z*xy) = 0 < 1, and thus x xy € O(L‘}) and

rxy € O(Lj). Therefore O(L‘}) and O(Lj) are subalgebras of X. O
304



Y. B. Jun /Ann. Fuzzy Math. Inform. 29 (2025), No. 3, 291-305

(1]
2]

(13]

(14]
(15]

[16]
(17)

REFERENCES

K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1) (1986) 87-96. https:
//doi.org/10.1016/50165-0114(86)80034-3

S. S. Ahn, E. H. Roh and Y. B. Jun, Ideals in BE-algebras based on Lukasiewicz fuzzy set,
European Journal of Pure and Applied Mathematics 15 (3) (2022) 1307-1320. DOI:https:
//doi.org/10.29020/nybg.ejpam.v15i3.4467

R. A. Borzooei, S. S. Ahn and Y. B. Jun, Lukasiewicz fuzzy filters of Sheffer stroke Hilbert alge-
bras, Journal of Intelligent & Fuzzy Systems 46 (2024) 8231-8243. D0I:10.3233/JIFS-233295
S. M. Hong, K. H. Kim and Y. B. Jun, Intuitionistic fuzzy subalgebras in BCK/BClI-algebras,
The Korean Journal of Computational & Applied Mathematics 8 (1) (2001) 261-272.

Y. S. Huang, BCl-algebra, Science Press: Beijing, China, 2006.

K. Iséki, On BCl-algebras, Mathematics Seminar Notes 8 (1980) 125-130.

K. Iséki and S. Tanaka, An introduction to the theory of BCK-algebras, Mathematica Japonica
23 (1978) 1-26.

Y. B. Jun, Lukasiewicz fuzzy subalgebras in BCK-algebras and BCl-algebras, Ann. Fuzzy
Math. Inform. 23 (2) (2022) 213-223. https://doi.org/10.30948/afmi.2022.23.2.213

Y. B. Jun, Lukasiewicz anti fuzzy set and its application in BE-algebras, Transactions on Fuzzy
Sets and Systems 1 (2) (2022) 37-45. http://doi.org/10.30495/tfss.2022.1960391.1037
Y. B. Jun, Lukasiewicz fuzzy ideals in BCK-algebras and BClI-algebras, Journal of Algebra
and Related Topics 11 (1) (2023) 1-14.

Y. B. Jun, Positive implicative BE-filters of BE-algebras based on Lukasiewicz fuzzy sets,
Journal of Algebraic Hyperstructures and Logical Algebras 4 (1) (2023) 1-11.

Y. B. Jun and S. S. Ahn, Lukasiewicz fuzzy BE-algebras and BE-filters, European Journal
of Pure and Applied Mathematics 15 (3) (2022) 924-937. DOI:https://doi.org/10.29020/
nybg.ejpam.v15i3.4446

M. Mohseni Takallo, A. Aaly Kologani, Y. B. Jun and R. A. Borzooei, Lukasiewicz fuzzy filters
in hoops, Journal of Algebraic Systems 12 (1) (2024) 1-20. DOI:10.22044/JAS.2022.12139.
1632

G. R. Rezaei and Y. B. Jun, Commutative ideals of BCI-algebras based on Lukasiewicz fuzzy
sets, Journal of Algebraic Hyperstructures and Logical Algebras 3 (4) (2022) 25-36.

S. Z. Song and Y. B. Jun, Lukasiewicz fuzzy positive implicative ideals in BCK-algebras,
Journal of Algebraic Hyperstructures and Logical Algebras 3 (2) (2022) 47-58.

J. Meng and Y. B. Jun, BCK-algebras, Kyungmoonsa Co. Seoul, Korea 1994.

K. J. Lee, Generalizations of intuitionistic fuzzy subalgebras in BCK/BCl-algebras, Applied
Mathematical Sciences 9 (127) (2015) 6347—6355. http://dx.doi.org/10.12988/ams.2015.
53283

Y. B. JUN (skywine@gmail.com)
Department of Mathematics Education, Gyeongsang National University, Jinju 52828,
Korea

305


https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/S0165-0114(86)80034-3
DOI: https://doi.org/10.29020/nybg.ejpam.v15i3.4467
DOI: https://doi.org/10.29020/nybg.ejpam.v15i3.4467
DOI:10.3233/JIFS-233295
 http://doi.org/10.30495/tfss.2022.1960391.1037
DOI: https://doi.org/10.29020/nybg.ejpam.v15i3.4446
DOI: https://doi.org/10.29020/nybg.ejpam.v15i3.4446
DOI: 10.22044/JAS.2022.12139.1632
DOI: 10.22044/JAS.2022.12139.1632
http://dx.doi.org/10.12988/ams.2015.53283
http://dx.doi.org/10.12988/ams.2015.53283

	Łukasiewicz intuitionistic fuzzy sets and its application in BCK-algebras and BCI-algebras. By 
	Łukasiewicz intuitionistic fuzzy sets and its application in BCK-algebras and BCI-algebras. By 

