Annals of Fuzzy Mathematics and Informatics
Volume 29, No. 3, (June 2025) pp. 267-290 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2025.29.3.267 http://ribs.wonkwang.ac.kr

['-B(C'I-algebras and their application to topology

D. L. Sui1, J. I. BAEK, SAMY M. MosTAFA, S. H. HAN, KuL Hur

=
=L

® ©II
= =12[5] 15
[==]

M I

@F MTI
@F M I
@QF MT
@ MI

Q[ M
@QF MI
@F MI
@F M T

@F MI

©
= (G)
®
= =] 2 ®le
o

QFMI, @FMTI
Q@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 29, No. 3, June 2025



Annals of Fuzzy Mathematics and Informatics
Volume 29, No. 3, (June 2025) pp. 267-290 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2025.29.3.267 http://ribs.wonkwang.ac.kr

['-B(C'I-algebras and their application to topology
D. L. Sui, J. I. BAEK, SAMY M. MosTArA, S. H. HAN, KuL Hur

Received 12 December 2024; Revised 28 December 2024; Accepted 26 January 2025

ABSTRACT. In this paper, we define a I'-BCI-algebra as a subclass
of I'-BC K-algebras and obtain its various properties. Next, we propose
the notion of I'-ideals and deal with some of its properties. Finally, we
study some topological structures on I'- BCI-algebras and quotient I'-BC'I-
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1. INTRODUCTION

In 1980, Iséki [1] proposed the concept of BCI-algebras as a generalization of
BC K-algebras introduced by Iséki and Tanaka [2]. After then, Some researchers
introduced and studied some proper subclasses of BC K-algebras, for example, BCC-
algebras (Dudek, [3]), BC H-algebras (Hu and Li [1]), BE-algebras (Kim and Kim
[5]) and BRK-algebras (Bandaru [6]). In particular, Dong and Ryu [7], Roudabri
and Torkzadeh [8] and Mohammed et al. [9] studied topological structures on BCK-
algebras respectively. Jun et al. [10] and Hasankhani et al. [11] applied BCI-
algebras to topology respectively. Ahn and Kwon [12], and Setudeh and Kouhestani
[13] dealt with topological properties on BC'C-algebras respectively. Mehrshad and

Golzarpoor [14] studied some topological structures on BE-algebras. Jansi and
Thiruveni [15, 16] applied BC H-algebras to topology and topological group. Mostafa
et al. [17] discussed topological properties on KU-algebras proposed by Prabpayak
and Leerawat [18]. Sivakumar et al. [19] investigated topological structures on
BRK-algebras

In 2022, Saeid et al. [20] proposed the concept of I'-BC K-algebras and studied

some of its properties. By modifying a I'-BC K-algebra proposed by Saeid et al.,
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Shi et al. [21] redefined a I'-BCK-algebra introduced by Saeid et al. [20] and
investigated its various properties.

The purpose of our study is to introduce the concept of I'-BCI-algebras as a
subclass of I'-BC K-algebras and study its topological structures. To accomplish
our purpose, our research proceeds as follows: First, we define a I'-BCI-algebra and
obtain its various properties. Next, we define a I'-ideal and investigate some of its
properties. Also, we obtain some properties of the quotient I'-BC'I-algebra and the
kernel of a I'-homomorphism respectively. Finally, we discuss some of topological
properties on I'-BC'I-algebras and quotient I'-BCI-algebras respectively.

2. PRELIMINARIES
We recall some definitions needed in next sections.

Definition 2.1 (]I, 2]). Let X be a nonempty set with a constant 0 and a binary
operation *. Consider the following axioms: for all x, y, z € X,

(A1) [(z*y) * (z % 2)] * (zxy) =0,

(Az) [z (zxy)xy =0,

(Az) zxx =0,
(Agy) zxy=0and y+xx =0 imply z =y,
(A5) 0%z =0..

Then X is called a:
(i) BCI-algebra, if it satisfies axioms (A1)—(Ay),
(ii) BCK -algebra, if it satisfies axioms (A;)—(As).

In BCI-algebra or BC K-algebra X, we define a binary relation < on X as follows:
forall x ,y € X,
r <y if and only if x xy = 0.

Definition 2.2 ([22]). Let X and I' be two nonempty sets. Then X is called a
[-semigroup, if there is a mapping f : X xI' x X — X denoted by f(z,a,y) = zay
for each (z,a,y) € X x T' x X such that it satisfies the following condition: for all
z,y, z€ X and all a, B €T,

(2.1) za(yBz) = (zay)B-.

Definition 2.3 ([21]). Let X be a set with a constant 0 and let I" be a nonempty
set. Then X is called a I'-BCK -algebra, if there is a mapping f: X xI' x X — X,
denoted by f(z,a,y) = zay for each (z,a,y) € X xI' x X, satisfying the following
axioms: for all z, y, z€ X and all o, B €T,

(TA1) [(zay)B(zaz)]B(zay) = 0,

(T'Az) [za(zBy)]oy = 0,

(TAs) if zay = 0 = yax, then z =y,

(FA4) zaxr =0,

(TA5) Oazx = 0.

For aI'-BC K-algebra X and a fixed o € T', we define the operation x : X x X — X
as follows: for all z, y € X,

T *yY = zay.
Then it is clear (X, *,0) is a BC'K-algebra and is denoted by X,.
268
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3. I'-BCI-ALGEBRAS

Definition 3.1. Let X be a set with a constant 0 and let I' be a nonempty set.
Then X is called a I'-BCI-algebra, if it satisfies the axioms (I'A;)—(I'Ay).

If T is a singleton set, then a I'-BCT/BCK-algebra is a classical BCK/BCI-
algebra.

In a I'-BCI-algebra X, we define a binary relation < on X as follows (See [20]):
for all z, y € X and each a € T,

(3.1) x < y if and only if zay = 0.

In this case, < is called a I'-BCI ordering. Then from the definition of <, we obtain
a characterization of a I'-BCI-algebra.

Theorem 3.2 (See Theorem 3.3, [21]). X is a ['-BCI-algebra if and only if it
satisfies the following conditions: for all x, y, z € X and all o, S €T,

(1) (zay)B(zaz) < zay,

(2) za(zBy) <y,

(3)ifx <y andy <z, then x =y,

(4) z <z

Example 3.3. (1) Let I' = {o, 8,7} and X = {0,1,2} be a set with the ternary
operation defined as the following table:

al0 1 2|10 1 2| ~v|0 1 2

0/{0 2 2(/0|0 2 1{/l0|0 1 2

1/1 0 Of/11 0 Of|1]1 0 O

212 0 01|22 0 01|22 0 O
Table 3.1

Then clearly, X is a I'-BC'I-algebra.
(2) Let T' = {a, 8} and let X = {0,1,2,3} be a set with the ternary operation
defined as the following table:

al0 1 2 3||B]0 1 2 3

00 0 O 3||0]0 O O 3

1/1 0 1 1f/1]1 0 1 3

212 2 0 2(/2]2 1 01

313 3 3 0|33 2 1 0
Table 3.2

Then we can easily check that X is a I'-BCI-algebra.

Proposition 3.4. Let X be an algebra satisfying the axioms (T'As), (TAy). Ifx <0
for each x € X, then x = 0.

Proof. Suppose x < 0 for each x € X. Then clearly, xa0 = 0 for each o € I". By the
axiom (I"'A4), 0c0. Thus za0 = 0 = 0a0 = 0. So by the axiom (I'A3), z = 0. O
269
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Proposition 3.5. Let X be a I'-BCI-algebra and let x, y, z € X.
(1) If x <y, then zay < zax for each o € T
(2) Ifc <y andy < z, then x < z.

Proof. (1) Suppose < y and let o, 8 € I'. Then by Theorem 3.2(1) and the
hypothesis, we get
(zay)B(zaz) < zay = 0.

Thus by Proposition 3.4, (zay)B(zaz) = 0. So zay < zax.
(2) Suppose x <y, y < z and let @ € . Since y < z, by (1), zaz < zay. Since
z <y, xzay = 0. Then zaz < 0. Thus by Proposition 3.4, xaz = 0. So = < z. 0

Corollary 3.6. Let X be a I'-BCI-algebra and let x, y, z € X, a € I'. Ifray < z,
then xaz < y.

Proof. Suppose zay < z. Then by (3.1) and Proposition 3.5(1),

zaz < zfB(xay) <y for each § € T.
Thus by Proposition 3.5(2), zaz < y. O
Proposition 3.7. Let X be a I'-BC1I-algebra. If the following condition holds:
(3.2) (zay)Bz < (zaz)By for all z, y, z € X and all a, B €T,
then the axiom (I'As) holds.

Proof. Suppose (3.2) holds and let z, y, z € X, a, f € I. Then by Theorem 3.2
(1), Proposition 3.5(1), the hypothesis and the axiom (T'Aj),

[za(zfy)loy < (zay)B(zay) = 0.
Thus by Proposition 3.4, [za(xBy)]ay = 0. So the axiom (I'As) holds. O
Proposition 3.8. Let X be a I'-BC1I-algebra. Then
(3.3) (xay)Bz = (xaz)By for all z, y, z€ X, a, B eT.
Proof. Let z, y, z € X and a, 8 € T'. Then by Theorem 3.2(2), we get
za(zaz) < z.
Thus by Theorem 3.2(2) and Proposition 3.5(1), we have
(zay)Bz < (vay)Blra(raz)] < (zaz)pBy.
Since z, y, z € X and a, B € I" are arbitrary, we obtain the following inequality:

(vaz)By < (vay)Bz.
So by Theorem 3.2(3), (zay)fz = (zaz)By. O

Corollary 3.9. Let X be a I'-BCI-algebra. Then the followings are equivalent: for
allz, y, z€ X and all o, B €T,

(1) (zay)B(zaz) < zay,

(2) (zaz)B(yaz) < zay.

Proof. The proof follows from Propositions 3.8 and 3.5(1). d
270
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Proposition 3.10. Let X be a I'-BC1I-algebra. Then the followings hold: for all
z, Yy, 2, u€ X and all a, B €T,
(1) x < y implies zaz < yaz,
(2) zalzB(zay)] = vay,
(3) (0ax)B(0ay) = 0B(xBy) or (0ax)B(0ay) = 0B(zay),
(4) [(way)Bzla(ufz) < (zau)By,
(5) [(way)Bzlal(zau)By] < uby,

Proof. (1) Suppose z < y. Then clearly, zay = 0. Thus by Corollary 3.9(2), we have

)
2)
3)
4)
5)

(raz)B(yaz) < zay = 0.

So by Proposition 3.4, (zaz)f(yaz) = 0. Hence zaz < yaz.
(2) By Theorem 3.2(1) and the axiom (I'As), we get

(zay)Blra(zf(ray))] < [z4(zay)]By = 0.
Then by Proposition 3.4, we have

(zay)Blza(zf(zay))] = 0.
Also by the axiom (I'As), we have

[za(zB(zay))]B(zay) = 0.

Thus by the axiom (T'A3), za[zf(zay)] = zay.
(3) By the axiom (I'A4) and Proposition 3.8, we have
(Oax)B(0ay) = [((xBy)a(xBy))ax] B(0ay)

= [((zBy)az)a(zBy)]B(0ay)
= [((zBz)ay)a(zBy)]B(0ay)
= [(Oay)a(zBy)|B(0ay)
= [(0ay)a(0ay)]B(xBy)
= 08(zBy).

Also, we have
(0ax)B(0ay) = [((xBy)o(xBy))ax] B(0cy)
= [((zay)az)a(zay)]B(0ay)
= [(zax)ay)a(zay)]B(0ay)
= [(0ay)a(zay)]B(0ay)
= [(Oay)a(0ay)] B(zay)
= 08(zay).

(4) By Corollary 3.9(2) and Proposition 3.8, we have

[(zay)Bzla(ufz) < (zay)Bu = (zau)By.

Then the result holds.
(5) The proof follows from Theorem 3.2(2) and (4).
0

Lemma 3.11. Let X be an algebra satisfying the azioms (I'As), (I'A4) and Propo-
sition 3.4. If Proposition 3.10(4) holds, then Propositions 3.10(5) and 3.8 hold.
271
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Proof. Suppose Proposition 3.10(5) holds. Then clearly, Proposition 3.10(5) holds.
For all z, y, z, w € X and all a, 8 €T, let uw = z. Then from Proposition 3.10(5)
and the axiom (I"'A,), we have

[(zay)Bzlal(zaz)By] < zaz = 0.

Thus by Proposition 3.4, [(zay)Bz]al(zaz)fy] = 0. Similarly, from Proposition
3.10(5) and Proposition 3.4, we get

[(zaz)Bylal(zay)Bz] = 0.
So by the axiom (I'A3), (zaz)By = (xay)Bz. Hence Proposition 3.8 hold. O
Lemma 3.12. Let X be an algebra satisfying the azioms (I'As), (I'A4) and Proposi-

tion 3.4. If Proposition 3.10 (5) holds, then Propositions 3.8 and Proposition 3.10(4)
hold.

Proof. The proof is straightforward from Lemma 3.11. 0
We give a characterization of I'- BC'I-algebras.

Theorem 3.13. X is a I'-BCI-algebra if and only if it satisfies the azioms (I'Aj),
(T'Ay4), Proposition 3.4 and Proposition 3.10(4) or (5).

Proof. 1t is obvious that the necessary conditions hold. Suppose the axioms (I'Aj),
(T'A4) and Proposition 3.10(4) hold. For all x, y, z, v € X and all a, 5 € T, let
y = zau. Then from Proposition 3.10(4) and (T'A4), we have

[za(zou))Bzla(ufz) < (zou)B(zau) = 0.

Thus by Proposition 3.4, [zra(rau))Bz]a(ufz) = 0. From Lemma 3.11 or 3.12, since
Proposition 3.8 holds, we get

[(zaz)B(xau)]a(ufz) = 0.

So [(zxay)B(zaz)]a(zBy) = 0. Hence the axiom (T'A;) holds.
Now for all z, y, z, v € X, a, 8 € I, let y = zay, u = z = y. Then from
Proposition 3.10(4) and the axiom (I"'A4), we have

[(zB(zay))Byla(yBy) < (xBy)a(zBy) = 0.
Thus by Proposition 3.4, [(z8(zay))Byla(yBy) = 0. Since yBy = 0, by by Proposi-
tion 3.4, we get
(zB(zay))By = 0.
So the axiom (T'A,) holds. This completes the proof. O

From Theorem 3.13 and the definition of I'- BC' K -algebra, we obtain the following.

Corollary 3.14. X is a I'-BCK -algebra if and only if it satisfies the axioms (I'A3),
(T'A,), (I'A5) and Proposition 3.10(4) or (5).

Now we give another characterization of I'-BCI-algebra.

Theorem 3.15. X is a I-BCI-algebra if and only if it satisfies the azioms (T'Ay),
(T'A3) and the following condition:

(3.4) xa0 =z for each x € X and each o € T'.
272
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Proof. Suppose X is a I'-BCT-algebra. It is sufficient to show that (3.4) holds. For
all x, y, 2 € X and all o, B €T, let y = 0. Then by the axiom (I"A,), we have

(3.5) [za(xzB0)]al = 0.

On the other hand, let y = 280 and let z = z. Then from the axiom (I'A;), we have
[(za(z00))B(xax)]Blza(z80)] = 0.

Thus by the axiom (I'A,), we get

(3.6) [(za(x50)) 50] B[z 30)] = 0.
From (3.5), (3.6) and the axiom (T'A;), we have

(3.7 za(zp0) = 0.

Also by the axioms (I'As) and (T'A4), we get

(3.8) (xa0)Bz = [za(zfx)]ax = 0.

So by (3.7), (3.8) and the axiom (I'A3), 2a0 = . Hence (3.5) holds.

Suppose the necessary conditions hold. It is sufficient to prove that the axioms
(TA) and (T'A4) hold. Let z, y € X and let o, § € I. Then by the axiom (T'A;)
and (3.6), we have

[za(zBy)|ay = [(x80)a(zBy)|a(yB0) = 0.
Thus the axiom (I'As) holds.
Now let € X and let o, 8 € T'. Then by (3.6) and the axiom (T'A;), we get

zax = (zax)B0 = [(280)a(x50)]8(0a0) = 0.
Thus the axiom (I"A4) holds. This completes the proof. O
The following is an immediate consequence of Theorems 3.2 and 3.15.

Corollary 3.16. X is a I'-BCI-algebra if and only if there is a partial order < on
X satisfying the following conditions: for all x, y, 2z € X and all a, B €T,

(1) (zay)B(zaz) < zay,

(2) za(zBy) <y,

(3) zay =0 if and only if x < y.
Definition 3.17. X is a I-BC'I-algebra and let € X. Then z is called a positive
element of X, if Oaxz = 0, i.e., x > 0 for each € I'. We will denote the set of all
positive elements of X as P(X).

Example 3.18. Let X be the I'-BCI-algebra given in Example 3.3. Then we can
easily see that P(X) = {0,1}.

Proposition 3.19. Let X be the '-BCI-algebra. Then za[08(0ax)] € P(X) for
eachx € X and all a, f €T

Proof. Let x € X and let a, B € T'. Then we have
08[za(08(0ax))] = (0ax)B[0a(08(0ax))]
[By the second part of Proposition 3.10 (3)]
= (0az)B(0az) [By Proposition 3.10 (2)]
=0.
Thus za[08(0ax)] € P(X). O
273
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Definition 3.20. X is a I'-BCI-algebra and let a € X. Then « is said to be:

(i) minimal, if xaa =0 (z € X) implies z = a for each a € T,

(ii) the least element of X, if acw = 0 for each z € X and each a € T,

(iii) mazimal, if o =0 (x € X ) implies a = x for each o € T,

(iv) the greatest element of X, if xaa = 0 for each x € X and each a € T

We will denote the set of all minimal [resp. maximal] elements of X as Min(X)
[resp. Max(X)].

It is obvious that 0 is a minimal element of X and if there is the least element a
of X, then a = 0.

Example 3.21. (1) Let X be the I-BCI-algebra given in Example 3.3(1). Then
we can easily check that Min(X) = {0} and Maxz(X) = {2}. In particular, 0 is the
greatest element and 2 the least element of X.

(2) Let X be the I'-BCTI-algebra given in Example 3.3(2). Then clearly, Min(X) =
@ and Maz(X) = {}.

Proposition 3.22. Let X be the '-BCI-algebra and let a € X. Then the followings
are equivalent: for all a, B €T,

(1) a € Min(X),

(2) 0a(08a) = a,

(3) there is x € X such that a = Oax.

Proof. (1)=(2): Suppose a € Min(X) and let o, 8 € T'. Then by the axiom (I'As),
[0a(0Ba)]ova = 0. Thus by the hypothesis, 0a(05a) = a.

(2)=(3): Suppose 0a(08a) = a for any a, 5 € I' and let = 0Ba. Then clearly,
x € X. Moreover, by the hypothesis, a = 0a(05a) = Oaz.

(3)=(1): Suppose the condition (3) holds and suppose ySa = 0 for each § € T.
Then clearly, we have

(3.10) yB(0azx) = 0.

On the other hand, we get
aBy = (0ax)By
= [0a(08(0cxz))] By [By Proposition 3.10(2)]
= (0ay)B[05(0ax)] [By Proposition 3.8]
= 08JyS(0ax)] [By Proposition 3.10(3)]
= 060 [By (3.10)]
=0.
Thus afy = 0 = yfa. So by the axiom (T'Aj3), y = a. Hence a € MIn(X). O

Definition 3.23. Let X be a I'-B(C'I-algebra and let .S be a nonempty subset of X.
Then S is called a I'-subalgebra of X, if S itself is a I'-BC'I-algebra.

It is obvious that X and {0} are I'-subalebras of X. In this case, X and {0} will
be called the trivial I'-subalgebras of X. A nonempty subset S is called a proper
[-subalgebra of X, if S is a I'-subalgebra of X and S G X. It is clear that {0} is a
proper I'-subalgebra of X.

From the above definition, we obtain easily the following.
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Theorem 3.24. Let X be a I'-BC1I-algebra and let S be a nonempty subset of X.
Then S is a I'-subalgebra of X if and only if xay € X for all x, y € S and each
ael.

Proposition 3.25. Let X be a I'-BCI-algebra. Then P(X) and Min(X) are T-
subalgebra of X.

Proof. Tt is clear that 0a0 = 0 for each o € T'. Then P(X) # &. Let z, y € P(X)
and let o, § € T'. Then Oax = 0 = Oay. Thus by Proposition 3.10(3), we have

Oa(zay) = (08x)a(08y) = 0a0 = 0
or
08(zay) = (0ax)B(0ay) = 080 = 0.
So zay € P(X). Hence P(X) is a I'-subalgebra of X. O

4. T'-1 DEALS OF I'-BCI-ALGEBRAS

Definition 4.1. Let X be a I'-BC'I-algebra and let I be a nonempty subset of X.
Then [ is called a I'-ideal of X, if it satisfies the following conditions: for all z, y € X
and o € T,

(i)oel,

(ii) if zay € I and y € I, then x € I, equivalently, if x <y and y € I, then x € I.

We will denote the set of all I-ideals of X by I'Z(X).

Example 4.2. (1) Let X be the I'-BC1I-algebra given in Example 3.3(1). Then we
can easily check that {0,1}, {0,2} ¢ T'Z(X).
(2) Let X be the I-BCT-algebra given in Example 3.3(2). The we can see that

{0,1}, {0,2}, {0,3} € 'Z(X).
From Definition 4.1, we obtain easily the following characterization of I'-ideals.

Theorem 4.3. Let X be a I'-BC1I-algebra and let I be a monempty subset of X.
Then I € TZ(X) if and only if it satisfies the condition (i) and the following condi-
tion:

(4.1) if zay<zandy, z€ I, thenx €l for all z, y, z € X and each a € T.
Lemma 4.4. Let X be a T'-BCI-algebra. If I € TZ(X), then

1= |J Ay,

z, yel
where A(x,y) ={z € X : (zaz)By =0 for all z, y € X and all o, § €T}.
Proof. Suppose I is a I'-ideal of X and let z € I. Then clearly, for all a, 5 €T,

(za0)Bz = zaz)p0 =080 = 0.
Since 0 € I, z € A(0, z). Thus we have
rclJAo2)c |J A@y.

zel x, yel
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Now let z € U, ,e; A(z,y). Then there are a, b € I such that z € A(a,b). Thus
(z2a)Bb = 0. Since I € I'Z(X), by Theorem 4.3, z € I. So U, ,c;A(z,y) C I.
Hence I =, ,er Al,y). O

Corollary 4.5. Let X be a I'-BCT-algebra. If I € TZ(X), then
I=JAQ ).

zel
Proof. From Lemma 4.4, it is clear that J,.; A(0,2) C U, ,c; A(z,y) = I. Let
v €l andlet a, f €T. Then (za0)Bz = 0. Thus = € A(0,z). So I C J,; A0, z).
Hence I =J_.; A(0, x). O

xzel

Lemma 4.6. Let I be a subset of a I'-BCI-algebra X such that 0 € I. If I =
Us. yer A(@,y), then I € TZ(X).

Proof. Suppose I = Uw vel A(z,y) and zay, y € I forany x, y € X and each « € T
Then by the axiom the axiom (T'As), [z8(zay)]By = 0. Thus z € A(zay, y) C 1.
So I € TT(X). O

From Lemmas 4.4 and 4.6, we have a characterization of I'-ideals.

Theorem 4.7. Let I be a subset of a I'-BCI-algebra X such that 0 € I. Then
I € 'I(X) if and only if I =, ,er Alz,y).

Definition 4.8. Let X be a I'-BCTI-algebra X and let I € I'Z(X). Then I is called
a closed I'-ideal of X, if x € I implies Oax € I for each a € T
We will denote the set of all closed T-ideals of X by I'Z.(X).

Example 4.9. Let X be the I'-BC1I-algebra given in Example 3.3(2). The we can
see that {0,1}, {0,2}, {0,3} € TZ.(X).

Proposition 4.10. FEvery closed I'-ideal of a I'-BC1I-algebra X is a I'-subalgebra of
X.

Proof. The proof follows from Definitions 3.23 and 4.8, and Proposition 3.10(3). O

The following is a characterization of closed I'-ideals.

Theorem 4.11. Let X be a I'-BCI-algebra and let I be a subset of X. Then
I € TZ.(X) if and only if it satisfies the following conditions: for all z, y, z € X
and each o € T,

(1) 0el,

(2) if zaz, yaz, z € I, then zay € 1.

Proof. Suppose I € T'Z.(X) and zaz, yaz, z € I for all z, y, z € X and each
a €T'. Then clearly, 0 € I and =, y € I. Thus by Proposition 4.10, zay € I.
Conversely, suppose the necessary conditions hold and zay, y € I for any x, y €
X and each « € T'. Tt is obvious that 0a0, ya0, 0 € I. Then by (2), Oay € I. Also,
by (2), x = za0 € I. Thus I € Z(X). Now let x € X and let o € T'. Then clearly,
0a0, za0, 0 € I. Thus by (2), 0Oax € I. So I € I'Z.(X). O
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Proposition 4.12. Let I be a I'-ideal of a T-BCI-algebra X. Then the subset I
of X defined by

R ={reX:0azxcl for each a €T}
is the greatest closed I'-ideal of X such that I C I.

Proof. By the definition of I?, it is clear that 0 € I2. Suppose zay, y € IP for all
z, y € X and each o € I'. Then by the definition of I2 and Proposition 3.10(3), we
have: for each 5 €T,

Oay, (Oaz)B(0ay) = 08(zay) € I.

Since I € T'Z(X), Oax € I. Thus z € I2. So I € T'Z(X).
Now let z € I2. Then by the definition of I and the axiom (I'Ay), we get: for
any «a, B €T,
Oax € I, [08(0ax)]Bx = 0.

Thus 08(0az) € I. So Oaz € I2. Hence I2 € TZ.(X) .

Finally let J € T'Z.(X) such that J C I and let © € J, « € I". Then Oazx € J.
Since J C I, Ocx € I. Thus z € I2. So J C I2. So I is the greatest closed I'-ideal
of X contained in I. O

Now we discuss some properties of commutative I'-ideals of a I'-BC'I-algebra.

Definition 4.13. Let X be a I'-BC'I-algebra and let I be a nonempty subset of X.
Then I is called a commutative I'-ideal of X, if it satisfies the following conditions:
forall z, y, z,€ X and all v, B €T,

ioel,

(ii) if (zay)Bz, z € I, then zal(yB(yax))B(0a(08(zay)))] € I.

We will denote the set of all commutative I'-ideals and the set of all commutative

closed T'-ideals of X by I'CZ(X) and I'CZ.(X) respectively.
Proposition 4.14. Every commutative I'-ideal is a I'-ideal.

Proof. Let X be a I-BCTI-algebra and let I € I'CZ(X). Suppose zay, y € I for all
z, y € X and each « € 7. Then by the axiom (I'A4), (z80)ay € I and y € I. Thus
by the condition (ii), we have

za[(05(0ax)) B(0a(05(za0)))] € I.

By Theorem 3.15 and Proposition 3.10(2), x = xz«[(08(0ax))B(0a(058(za0)))]. So
x € I. Hence I € TT(X). O

The converse of Proposition 4.14 does not hold in general (See Example 4.15).

Example 4.15. Let T' = {a, 8} and let X = {0,1,2,3,4} be a set with the ternary
operation defined as the following table:

Then we can easily check that X is a I'-BCI-algebra and {0,1} € I'Z.(X) but
{0,1} ¢ TCZ(X).

We give a characterization of I'-ideals.
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al0 1 2 3 4(|p]0 1 2 3 4

0/0 0 OO OJ0O]O0 1 2 3 4

1/1 0 1 0 0|11 0 3 0 O

212 2 0 0 0f|2|12 3 0 0 O

3133 3 0 0|33 3 3 0 O

414 4 4 3 0|44 4 4 3 0
Table 4.1

Theorem 4.16. Let I be a I'-ideal of a T'-BCI-algebra X. Then I € TCZ(X) is
commutative if and only if it satisfies the following condition: for oll x, y € X and
alla, BT,

(4.2) if xay € I, then xa|(yB(yax))B(0a(08(zay)))] € I.
Proof. The proof is straightforward from Definition 4.13. O

The following is another characterization of commutative I'-ideals.

Theorem 4.17. Let I be a closed T-ideal of a T-BC1-algebra X. Then I € TCZ(X)
if and only if it satisfies the following condition: for all x, y € X andall a, f €T,

(4.3) if zay € I, then zalyB(yax)] € I.

Proof. Suppose I € I'CZ(X) and zay € I for all z, y € X and each a € T'. Since I
is closed, 08(xzay) € I for each § € T. Since I € TCZ(X), by (4.2), we get

zaf(yB(yax))B(0a(0B(zay)))] € 1.
On the other hand, we have

[wa(yB(yas))|Blzal(yB(yaz))B0a(08(zay)))
[za(yB(yax))|Blza(0a(08(zay))))]B(yB(yax)) [By Proposition 3.8]
(08(zoy)))a(yB(yaer) B(yB(yox)) By Theorem 3.2(1)
(0(08(zay)))) 80 [By the axiom (I'Ay)]
= 0a(05(zay)). [By Theorem 3.15]
= 08(zay) € I.
Then by Theorem 4.3, za(yB(yax)) € I. Thus the condition (4.3) holds.
Conversely, suppose the condition (4.3) holds and let zay € I for all z, y € X
and each a € I'. Then clearly, za(yS8(yaz)) € I for each § € I'. From Definition 4.1,
it is obvious that 0a(08(xay)) € I. On the other hand, we have

[(za(yB(yax))) B0 (05 (zay)))] B[za(yS(yoax))]

= [(wa(yByax)))B(za(yb(yar)))]B(0a(05(zay)))

< [(yByax))ByB(yax))]B(0a(05(zay)))

< 0a(08(zay)) € I.
Thus by Theorem 4.3, (za(yB(yax)))B(0a(08(zay))) € I. So by Theorem 4.16,
I € TCI(X). O

VAN

Proposition 4.18. Let I, J be two I'-ideals of a I'-BCI-algebra X such that I C J.
If J €TZ.(X) and I € TCI(X), then J € TCZ(X).

Proof. Suppose zay € J for all z, y € X and each a € T and let u = zay. Since
J €TZ.(X), 0Bu € J for each g € T'. Then by Proposition 3.8 and the axiom (I"'A,),
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(zau)By =0 € I. Since I € TCZ(X), by Theorem 4.16, we have

(wow)Blya(yB(zau))] = (vay)B[(ya(yS(zau)))B(0a(08((zau)By)))] € 1.
Since I C J, by Proposition 3.8, we get

(zau)Blya(yf(zau))] = [za(ya(yb(zau)))]fu € J.
Since u € J, zafya(yB(xau))] € J. On the other hand, we have
[va(ya(yse)) Blzalyalys(zan)))]
< [ya(yB(zau))]alya(yfz)] [By Corollary 3.9(1)]
< (ypz)a(yB(rau))]
< (zau)ax
= (zax)au [By Proposition 3.8]
= O0au € J. [By the axiom (T'Ay)]
Thus by Theorem 4.3, za(ya(ypzx)) € J. So by Theorem 4.17, J € TCZ(X). O

Definition 4.19. A T'-BClI-algebra X is said to be commutative, if it satisfies the
following condition: for all z, y € X and all o, B €T,

(4.4) if x <y, then z = ya(yB).
We have a similar result to Theorem 3.18 in [21].

Theorem 4.20. A I'-BCI-algebra X is commutative if and only if it satisfies the
following condition: for all xz, y € X and all a, B €T,

(4.5) za(zfy) = yalyB(za(zfy))].
Theorem 4.21. Let X be A T'-BC1I-algebra. The the followings are equivalent:

(1) X is commutative,
(2) every closed T-ideal of X is commutative,

(3) {0} € TCZ(X).

Proof. (1)=(2): Suppose X is commutative and let I € I'Z,(X). For all z, y € X
and each a € T', suppose zay € I. Then clearly, 03(zay) € I for each 8 € T'. On the
other hand, we get

[wo(yB(yez))B(zay)

= [za(zay)]|BlyB(yaz)] [By Proposition 3.8]
[ya(ya(za(zay)))]BlyB(yax)] By Theorem 4.20]
[ya(yB(yax))]Blya(zalzay))] [By Proposition 3.8]
(yazx)Blya(za(xzay))] [By Proposition 3.10(2)]
[z
Ocx
by

a(zay)]azx [By Corollary 3.9 (1)]
(xay) € I.
Theorem 4.3, za(yB(yazx)) € I. So I € I'CZ(X).
)=(3): The proof is straightforward.

(3)=(1): Suppose {0} € TCZ(X) and suppose z < y for all z, y € X. Then
clearly, By = 0 € {0}. for each 8 € I'. Since {0} € I'CZ.(X), by Theorem 4.17, we
have

xBlya(yBz)] € {0}, ie., zBlya(yfx)] =0, ie., v < ya(yBz) for all o, S €T.
Since X is a I-BCT-algebra, by Theorem 3.2(2), we get

ya(yBz) < x for all a, B €T
279
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Thus by Theorem 3.2(3), z = ya(ySz). So X is commutative. This completes the
proof. O

Lemma 4.22 (See Proposition 4.1, [23]). Let X be A T'-BCI-algebra and let I €
TZ(X). Let ~ be the relation on X define as follows: for all z, y € X,

x ~ y if and only if zay, yax € I for each € T.

Then ~ is a congruence relation on X, i.e., it satisfies the following conditions: for
any x, y, 2 € X and each a € T,

(1) z ~ z, i.e., ~ is reflexive,

(2) if x ~y, then y ~ x, i.e., ~ is symmetric,

(3) ifx ~y and y ~ z, then ~ z, i.e., ~ is transitive,

(4) if x ~u and y ~ v, then zay ~ uaw.

Proof. The proof is similar to Proposition 4.1 in [23]. O

For a congruence relation ~ on a I'-BCI-algebra X and each x € X, a subset
I[z] of X defined by
Izl ={ye X 2 ~y}
is called the congruence class in X determined by = with respect to ~. The set of
all congruence classes in X is denoted by X/I. It is obvious that if I € I'Z.(X), then
I[0] =1 but if I ¢ TZ.(X), then I[0] # I.

Example 4.23. Let X be the I'-BCI-algebra and let I = {0,1} be the closed
I'-ideal of X given in Example 4.15. Then by the calculation, we have

I0) = I = I[1), I[2] = {2}, I[3] = {3}, I[4] = {4}.
Thus X/I = {1, ]2, I[3], I[4]}.

We obtain a similar consequence of Proposition 4.2 in [23].

Lemma 4.24. Let X be a T-BCI-algebra, I € TZ.(X) and let ~ be a congruence
relation on X. We define a mapping f : X/I xT'x X/I — X/I as follows: for each
(I[z], e, Iy]) € X/I x T x X/I,

flal], e, Ily]) = Izlally] = Izay].
Then X /I is a T-BCI-algebra. In this case, X/I is called the quotient I'-BCI-algebra
of X by I.

We define a partial ordering < on X/I as follows: for any z, y € X and each
ael,
I[z] < Ify] if and only if I[z]al]y] = I[0] = I.

Then we have a similar consequence of Theorem 3.2.

Proposition 4.25. Let X be a I'-BCI-algebra and let X/I be the quotient T-BC1I-
algebra of X by I € Z.(X). Then the followings hold: for all x, y, z € X and all
a, BeT,

(1) (Ul ) B(Ielal[:]) < Iz]odly)

(2) Iz]a(Ix]BI[y]) < Iy),

(3) if I[z]leqlly] and Iy] < I[x], then Ifx] = Iy,
(4) Iz] < I[z].
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Theorem 4.26. Let X be a I'-BCI-algebra and let I € TZ.(X). Then I € TCI(X)
if and only if X/I is a commutative T'-BCI-algebra.

Proof. Suppose I € TCZ.(X). It is clear that I[0] = I and {I[0]} is the zero I'-ideal
of X/I. Suppose I[z]al[y] € {I[0]}, I[z]al[y] = I[0] for all z, y € X and each o € T
Then zay € I. Thus by Theorem 4.17, za[yB(yax)] € I. So we have

Iz]alI[y]B(Iylad[2])] = I[za[yB(yax)]] = I = I[0] € {I[0]}.

Hence {I[0]} € I'CZ(X/I). Therefore by Theorem 4.21, X/I is commutative.

Conversely, suppose X/I is a commutative I'-BCT-algebra. Then by Theorem
4.21, {I[0]} € TCZ(X/I). Suppose zay € I for all x, y € X and each a € I'. Then
we have

Ialally] = Izay] = I - 1(0] € {1[0]}.

Thus IzalyB(yaa)]] = zlalIy)8(Iglal(z)] € {I0]}. So zayB(yaz)] € I. Hence
[ € TCI(X). O

Definition 4.27. Let X and Y be I'-BCI-algebras. Then a mapping f: X — Y is
called a I'-homomorphism, if f(zay) = f(x)af(y) for all x, y € X and each o € T".
In this case, the subset ker(f) (called the kernel of f) of X and the subset Im(f)
(called the image of f) of Y are defined as follows respectively:

ker(f)={z e X : f(x) =0}, Im(f)={f(z) €Y :z € X}.
We have easily similar consequences of some properties given in [20].

Proposition 4.28. Let X and Y be I'-BCI-algebras and let f : X — Y be a
I'-homomorphism. Then

(1) Im(f) is a T-subalgebra of Y (See Theorem 3.18, [20]),

(2) ker(f) is a T'-subalgebra of X (See Lemma 3.19, [20]).

Proposition 4.29 (See Lemma 3.20, [20]). Let X and Y be I'-BCI-algebras and
let f: X =Y be al'-homomorphism.

(1) f(0)=0.
(2) If zay =0 for all z, y € X and each a € T, then f(z)af(y) =

Theorem 4.30 (See Theorem 3.21, [20]). Let X and Y be I'-BC1I-algebras and let
f: X =Y be aT-homomorphism. Then f is injective if and only if ker(f) = {0}.

Proposition 4.31 (See Theorem 4.10, [20]). Let X and Y be I'-BCI-algebras and
let f: X =Y be aT-homomorphism. Then ker(f) € TZ.(X).

Proof. Since f is a a I'-homomorphism, f(0) = f(0a0) = f(0)af(0) = 0 for each
a € T. Then 0 € ker(f). Now suppose zay, y € ker(f) for all z, y € X and each
o € I'. Then we have

0= fzay) = f(zay) = f(x)af(y) = f(x)ab = f(z).
Thus = € ker(f). So ker(f) € TZ(X). Finally, let € ker(f). Then f(z) = 0. On
the other hand, we get

f(0az) = f(0)af(z) = 0a0 = 0 for each a € T

Thus Oax € ker(f) for each o € T'. So ker(f) € T'Z.(X). O
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Theorem 4.32. Let X and Y be I'-BC1I-algebras and let f : X — Y be a I'-
epimorphism. Then ker(f) € TCZ(X) if and only if Y is a commutative IT'-BCI-
algebra.

Proof. By Proposition 4.31, ker(f) € I'Z.(X). Then by Theorem 4.26, ker(f) €
I'CZI(X) if and only if X/ker(f) is a commutative I'-BCI-algebra. Since f is surjec-
tive, it is obvious that X/ker(f) is isomorphic to Y. Thus the result holds. O

Remark 4.33. Let X be a I'-BCI-algebra and let I € T'Z.(X). We define the
mapping 7 : X — X/I as follows:

w(x) = I[x] for each z € X.

Then we can easily check that 7 is a surjective homomorphism. In this case, 7 is
called the natural homomorphism.

Proposition 4.34. Let X be a T-BCI-algebra and let m: X — X/I be the natural
homomorphism, where I € TZ.(X). If J € TZ.(X/I), then n=1(J) € TZ.(X) such
that I C w=1(J).

Proof. The proof is straightforward. O

5. TOPOLOGICAL STRUCTURES ON I'-BCI-ALGEBRAS

We recall some terms and notations related to a general topology (See [24, 25]).
For a subset A of a topological space (X, 7), we denote the closure and the interior
of A as cl,;(A), cl(A) or A and int,(A), int(A) or A°. A subfamily B of 7 is called
a base for 7, if for each U € 7 either U = @ or there is B C B such that U = [JB'.
A subset A of X is called a neighborhood of x € X, if there is U € 7 such that
x € U C A. We denote the set of all neighborhoods of « as N (z) or N(z) and N(x)
is called the neighborhood filter of © € X. A subfamily N(x) of N(z) is called a
fundamental system of neighborhoods of x, if for each U € N(x) there is V € N (x)
such that V' C U. In fact, N'(x) is a filter base of N(z). In particular, it is well-known
([24]) that N, (z) satisfies the following properties:

(N1) z € U for each U € N, (x),

(Ng) if U € Ny(z) and U C V C X, then V € N.(z),

(Ng) if Uy, Uy € N-,—(.’l?), then Uy NU; € NT(,T),

(Ny) if V € N.(x), there is W € N,(x) such that V € N, (z) for each y € W.

Furthermore, it is well-known (Proposition 1.1.2, [24]) that for each z € X if B(x)
be a set of subsets of X satisfying the properties (N;)—(N4), then a unique topology
on X such that B(z) = N, (z). In fact,

T={VCX:VeeV, 3U € B(x) such that U C V'}.

Definition 5.1 (See Theorem 3.3, [10]). Let X be a BCI-algebra and let T be a
topology on X. Then X is called a topological BCI-algebra (briefly, T BCI-algebra),
if x: (X x X,7 x7) — (X,7) is continuous, i.e., for all z, y € X and each
W € N(z xy), there are U € N(z) and V € N(y) such that U x V' C W, where
UxV={zxxyeX:xelU yeV}.
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Definition 5.2. Let X be a I'-BC-algebra and let 7 be a topology on X. Then
X is called a topological T'-BCI-algebra (briefly, TT-BCI-algebra), if the mapping
(X, 7)xT'x (X,7) = (X, 7) is continuous at each (z,a,y) € X xI' x X, i.e., for
each o €T, all z, y € X and each W € N(zay), there are U € N(z) and V € N(y)
such that UaV C W, where UaV C W ={zay:z €U, ye V}.

It is obvious that if X is a TT-BC-algebra, then X, is a T BC'I-algebra for each
ael.

Example 5.3. Let X = {0,1,2,3,4}, let ' = {«, 8} and let X = {0,1,2,3,4} be
the I'-BCI-algebra having the the ternary operation defined as the following table:

al0 1 2 3 4|0 1 2 3 4

0/0 O O O 4/|0JO0 1 0 0 4

111 0 0 1 4(f/1(1 0 2 1 4

212 2 0 2 41|22 2 0 3 4

3113 3 3 0 43|13 1 3 0 4

414 4 4 4 0|44 4 4 4 0
Table 5.1

Consider the topology 7 on X given by:
T ={2,{4},{0,1,2,3}, X}.

Then we can easily check that (X, 7) is a TT-BC1I-algebra. Moreover, X, and Xz
are T BC'I-algebras.

Proposition 5.4. Let X be a TT-BCI-algebra. If {0} is open in X, then X is
discrete.

Proof. Suppose {0} is open in X and let 2 € X. Then clearly, zaxz = 0 € {0}. for
each a € T'. Thus by the hypothesis, there are U, V € N(z) such that UaV C {0},
ie, UaV ={0}. Let W =UNV. Then WaW C UaV, ie., WaW = {0}. Since
U VeN(),zeUNV. Thus z € W. So W = {z} and W is open in X. Hence
X is discrete. 0

The following is an immediate consequence of Proposition 5.4.

Corollary 5.5 (See Proposition 3.5, [10]). Let X be a TT-BCI-algebra. If {0} is
open in X, then each X, is discrete.

Theorem 5.6. Let X be a TT-BCI-algebra. Then {0} is closed in X if and only
if X is Hausdorff.

Proof. Suppose {0} is closed in X, let z, y € X such that  # y. and let € T
Then zay # 0 or yax # 0, say zay # 0 for each o € T'. Since {0} is closed in X
and zay # 0, {0}¢ is open in X and zay € {0}°. Thus {0} € N(zay). Since X is
a TT-BCT-algebra, by Definition 5.2, there are U € N(z) and V € N(y) such that
UaV C {0}°. So UNV = @. Hence X is Hausdorff.

Conversely, suppose X is Haousdorfl and let € {0}¢. Then x # 0. By the
hypothesis, there are U € N(z) and V € N(0) such that UNV = @. Thus 0 ¢ U.
So U C {0}°. Hence {0}° is open in X. Therefore {0} is closed in X. O
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The following is an immediate consequence of Theorem 5.6.

Corollary 5.7 (See Proposition 3.6, [10]). Let X be a TT-BCI-algebra. Then {0}
is closed in X if and only if each X, is Hausdorff.

Proposition 5.8. Let X be a TT'-BC1I-algebra and let A be open in X. If A is
I'-subalgebra of X, then A is a TT-BCI-algebra.

Proof. Let 7 be the topology on X and let 7, be the subspace topology on A with
respect to 7. Let z, y € A. Since A is a I-subalgebra of X, xay € A for each a € T
Let W4 € N; (zay), where N; (wray) denotes the neighborhood of xay in the
subspace (A, 7, of (X, 7). Then there is W € N(zay) such that W4 = ANW. Since
X is a TT-BC1I-algebra, there are U € N(z) and V € N(y) such that UaV C W.
Thus Us = ANU € N; () and Vo = ANV € N; (z). It is clear that

UpsaVy = (A N U)a(A N V) C W and UyqaVy C A.
SoUsaVy C ANW = Wy4. Hence A is a TT-BCI-algebra. O

We have an immediate consequence of Proposition 5.8.

Corollary 5.9. Let X be a TT-BC1I-algebra and let A be open in X, for each o € T.
If A is subalgebra of X, then A is a T BCI-algebra.

Proposition 5.10. Let X be a TT-BCI-algebra and let I be open in X. If I is a
I'-ideal of X, then I is closed in X.

Proof. Let © € I¢ and let € T'. Since zax = 0 € I and I is open, I € N(0).
Since X is a TT-BCTI-algebra, there is U € N(z) such that UaU C I. Assume that
U ¢ I°. Then there is y € X such that y € UNI. It is obvious that zay € UaU C I
for each z € U. Since [ is a I'-ideal of X and y € I, z € I. Thus U C I. This is a
contradiction. So U C I, i.e., I is open in X. Hence I is closed in X. O

We obtain an immediate consequence of Proposition 5.10.

Corollary 5.11 (See Proposition 3.8, [10]). Let X be a TT-BCI-algebra and let I
be open in X, for each o € T'. If I is an ideal of X, then I is closed in X,.

Proposition 5.12. Let X be a TT'-BCI-algebra and let I be a T'-ideal of X. If
0 € int(I), then I is open in X.

Proof. Let x € I and let a € T'. Since 0 € int(I) and zax = 0 € I, there is
W e N(0) = N(zax) such that W C I. Since X is a TT-BCI-algebra, by Definition
5.2, there are U, V € N(x) such that UaV C W C I. It is clear that yax € UaV C I
for each y € U. Since I is a I'-ideal of X and x € I, y € I. Then y € I. Thus U C I.
So I is open in X. O

In Proposition 5.12, when 0 # x € int(I), I need not open in X (See Example
3.12, [23)]).

Proposition 5.13. Let X be a TT-BCI-algebra. Then (YN(0) = {0} and thus
NN(0) = {0}.

Proof. The proof is similar to Proposition 3.13 in [23]. O
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Proposition 5.14. Let (X, 7) be a TT-BCI-algebra and let By, Bs be the families
of subsets of X given by:

Bi={zaU:z€ X, ael, UeN(0)}, Bo={Uaz:z€ X, acl, UecN(0)},

where xaU = {zau : v € U} and Uax = {uax : w € U}. Then By and By are bases
for T.

Proof. The proof is similar to Proposition 3.14 in [23]. O

To give a filter base on X generating a topology on a I'-B('I-algebra, let us define
a subset U(a) of X generated by each a € X and each U € P(X) as follows:

U(@)={re X :zaa €U, aax €U, a €T}
It is obvious that U(a) C V(a) for U, V € P(X) such that U C V.

Proposition 5.15. Let X be a I'-BCI-algebra. Suppose B is a filter base on X
satisfying the following condition: for any a, b € U € B, each x € X and any
«, B € F7

(1) Oaa € U,

(2) (zaa)Bb =0 implies x € U.
Then there is a unique topology T on X such that B = N;(0) and (X,7) is a TT-
BC1I-algebra.

Proof. Let 7 = {O € P(X) : for each a € O there is B € B such that B(a) C O}.
Claim 1: 7 is a topology on X. The proof is same as Claim 1 of Proposition 3.15
in [21].
Claim 2: B = N,(0). Let a € B € B and let a € I'. Then by (1), Oca € B. Thus
by Proposition 3.10(2) and the axiom (I'A4), (Oca)B(0aa) = 0. So by (2), 0 € B.
Let € B(a). Then zaa, acx € B and thus there is u € U such that zaa = u.
By the the axiom (I'A4), (zaa)Bu = 0 for each g € T'. By (2), x € B. So B(a) C B.
By Claim 1, B € 7. Since 0 € B, B € N,(0). Hence B C N,(0). Now let V € N.(0).
Then there is B € B such that B(0) C V. It is clear that Oaa, aa0 € B for each
a € B and each o € T'. Thus a € B(0) and 0 € B C B(0) C V. So B = N;(0).
Claim 3: B(a) € 7 for each @ € X and each B € B. Let z € B(a). Then
zaa, aax € B for each o € T'. Note that there are By, Bs € B such that By (zaa) C
B and Bs(acz) C B. Since B is a filter base on X, there is U € B such that
U € By N By. Thus we have

U(zaa) C Bi(zaa) C B and U(aax) C Ba(aax) C B.
Let y € B(x). Then zay, yax € B. By Corollary 3.9(2), we have
(zaa)B(yaa) < zay, (yaa)B(zay) < yax for all a, B €T, ie.,

[(zaa)B(yaa)|f(zay) = 0, [(yaa)B(zay)]B(yox) = 0.
By (2), (zaa)B(yaa), (yaa)B(zay) € U. Thus yaa € U(xaa) C Bi(zaa) C B. So
yaa € B. Similarly, we can show that aay € B. Hence y € B(a), i.e., U(xz) C B(a).
Therefore B(a) € .
Claim 4: A mapping f : (X,7) x ' x (X,7) — (X, 7) is continuous at each
(r,a,y) € X xI'x X. Let z, y € X and let zay € W € 7 for each a € I'. Then
285



Shi et al./Ann. Fuzzy Math. Inform. 29 (2025), No. 3, 267-290

there is V' € B such that V(zay) C W. Let a € V(z) and let b € V(y). Then we
have

[(zay)B(aad)|f(zaa) = [(zay)B(xaa)]B(acbd) [By Proposition 3.8]

< (aay)B(aad) [By Theorem 3.2(1)]

< bay. [By Theorem 3.2(1)]
Thus ([(zay)B(aab)]|(aad))s(bay) = 0. By (2), (zay)B(aadb) € V. From Proposition
3.8 and the axiom (I'A,), we have: for all u, v € V and any «, § €T,

[(uaw)Bu)a(06b) = 0.
So by (1) and (2), we get
(5.1) uov € V for any u, v € V each a € T
Since (zay)B(aad),zaa € V, by (5.1), we have

[(zay)B(aad)|f(zaa), (zaa)fl(zay)Blaab)] € V.

Thus (zay)B(aab) € V(zaa). By (2), V(zaa) C V. So (ray)B(aad) € V. Hence
aab € V(zay), ie., V(z)aV(y) C V(zay) C W. Therefore by Claim 3, f is continu-
ous. The proof of uniqueness for 7 is easy. This completes the proof. O

Corollary 5.16. Let X be a I'-BCI-algebra. Then (X,7., ) is a TI-BCI-
algebra.

Proof. We can easily prove that I'Z.(X) is a filter base in X. By Definition 4.8, it is
obvious that Oaa € I for each a € I € IT'Z,(X) and each a € I". Then the condition
1 of Proposition 5.15 holds. Suppose (zaa)pfb = 0 for all a, b € I € T'Z.(X), all
a, €T and each x € X. Then zaa < b and b € I. Thus by Definition 4.1, x € I.
So the condition 2 of Proposition 5.15 holds. Hence by Proposition 5.15, there is a
unique topology 7. on X. Therefore (X, ) is a TT-BCI-algebra. O

Zce(X) ) 'TZe(X)

Example 5.17. Let X = {0, 1,2, 3} be the I'-BCI-algebra given in Example 5.3 and
let B ={{0,1},{0,1,2},{0,1,3}}. Then we can easily check that B is a filter base
on X satisfying the conditions (1) and (2) of Proposition 5.15. Thus the topology
T, on X generated by B is given as follows:

TB = {®7 {07 1}7 {07 17 2}7 {07 1’ 3}’ {07 1’4}’ {O’ 1’ 273}7 {0) 17 274}7 {07 17 3? 4}7X}'
So (X, 7,) is a TT-BCI-algebra.

Unless otherwise specified, B denotes a filter base on a I'-BCI-algebra X satisfying
the conditions 1 and 2 of Proposition 5.15.

Lemma 5.18 (See Lemma 3.17, [23]; Lemma 3.14, [10]). Let (X,7,) be a TT-BCI-
algebra. Then for each B € B,

(1) B(a) € N.(a) for each a € X,

(2) B(A) = Uqea Bla) € N, (A) € 7, such that A C B(A) for each A € P(X).

Proof. The proof is obvious. g

Proposition 5.19 (See Proposition 3.18, [23]; Theorem 3.15, [10]). If (X,7,) is a
TT-BCl-algebra, then A = (\pep B(A) for each A C X.

Proof. The proof is similar to Proposition 3.18 in [23]. O
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Corollary 5.20 (See Corollary 3.19, [23]; Corollary 3.16, [10]). Let (X,7,) be a
TT-BCI-algebra. Then every B € B is closed in X, i.e., B is a collection of clopen
subsets of X.

Proof. The proof is similar to Corollary 3.19 in [23]. O

Proposition 5.21. Let (X,7,) be a TT-BCI-algebra. If A is a compact subset of
X and U € 1, such that A C U, then there is B € B such that A C B(A) C U.

Proof. Suppose A is a compact subset of X and U € 7, such that A C U and
let @ € A. Then there is B, € B such that B,(a) C U. It is clear that A C
e Ba(a). Since A is a compact subset of X, there are a1, as, ---, an, € A such
that A C U}, Ba,(a;). Let B = (), Ba, and a € A. It is obvious that there is
i€{1,2,--- ,n} such that a € By, (a;). Then aaa;, a;aa € B,, for each a € T'. Now
let « € B(a) and let o, § € T'. Then by Corollary 3.9(2), we have

(aca;)B(zaa;) < aax, ie., [(aca;)B(zaa;)]B(acx) = 0.
Since a, x € B, by the condition (2) of Proposition 5.15, (aca;)f(zaa;) € B.
Similarly, (zaa;)B(aca;) € B. Thus we get
zaa; € B(aaa;) C By, (aca;) C By, (Ba;) C Ba,-

Similarly, a;ax € B,,. Thus y € B,, C U. So B(a) C U for each a € A, i.e.,
B(A) C U. Since B is a filter base on X, thereis V € B such that V. C (I, B,, = B.

Hence V(a) C B(a) C U for each @ € A. Therefore V(A) C B(A) C U. This
completes the proof. d

Proposition 5.22. Let (X,7,) be a TT-BCI-algebra, let A be a compact subset
of X and let F is closed in X. If ANF = @, then there is B € B such that
B(A)NB(F) =2.

Proof. Suppose ANF = @. Then clearly, F° € 7, and A C F°. Thus by Proposition
5.21, there is B € B such that A C B(A) C F*. Assume that B(4) N B(F) # @.
Then there are © € X, a € A and f € F such that © € B(a) and y € B(f). By
Theorem 3.2(1), we have: for any o, § €T,

(aazx)B(aaf) < fax € B, (aaf)f(acz) < aaf € B.
Thus aaf € B(aax) C B(B) C B, i.e., aaf € B. Similarly, fax € B. So f € B(a).
This contradicts to B(A) C F*°. Hence B(A) N B(F) = @. O

Now we discuss topological properties on quotient I'-BC'I-algebras. To do this,
we denote subsets of X/I as A, B, C,etc. and & =@, X = X/I. All the proofs
of propositions, lemmas and corollaries listed below are almost same as these corre-
sponding to [23] respectively, so they are omitted.

Proposition 5.23 (See Proposition 4.13, [23]). Let (X, 7) be a TT-BCK -algebra,
I € TZ.(X) and let m : X — X/I be the natural homomorphism. We define a
collection 7 of subsets of X/I as follows:
e ={A e P(X/I): 7 (A) e 7},
where A = {I[a] : a € A} for some A C X. Then
(1) 7z is a topology on X/I,
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(2) m: (X, 7) = (X/I,72) is continuous, open and closed,

(3) 7o is the finest topology on X /I with respect to which 7 is continuous,

(4) (X/I,7z) is a TT-BCI-algebra.

In this case, 7 is called the quotient topology on X/I induced by = and (X/I, 1)
is called a quotient TT-BC1I-algebra and w is called a quotient mapping.

Proposition 5.24 (See Proposition 4.14, [23]). Let (X,7) be a TT-BCI-algebra,
Ie€TZ.(X) and let m : X — X/I be the natural homomorphism. If {I} is open in
(X/I, 1), then X/I is discrete.

The following is an immediate consequence of Propositions 5.23 and 5.24.

Corollary 5.25 (See Corollary 4.15, [23]). Let (X,7) be a TT-BCI-algebra, I €
I'Z.(X) and let m : X — X/I be the natural homomorphism. If {0} is open in X,
then X/I is discrete.

Proposition 5.26 (See Proposition 4.16, [23]). Let (X,7) be a TT-BCI-algebra,
I €TZ.(X) and let w : X — X/I be the natural homomorphism. If (X/I,7:) is a
T, -space, then {0} is closed in X.

Theorem 5.27 (See Theorem 4.17, [23]). Let (X,7) be a TT-BCI-algebra, I €
I'Z.(X) and let w : X — X/I be the natural homomorphism. Then {I} is closed in
(X/I,7z) if and only if X/I is Hausdorff.

The following is an immediate consequence of Proposition 5.23 and Theorem 5.27.

Corollary 5.28 (See Corollary 4.18, [23]). Let (X,7) be a TT-BCI-algebra, I €
I'Z.(X) and let m: X — X/I be the natural homomorphism. Then {0} is closed in
X if and only if X/I is Hausdorff.

Proposition 5.29 (See Proposition 4.19, [23]). Let (X, 7) be a TT-BCI-algebra,
I €TZ.(X) and let w P X = X/I be the natural homomorphism. If A is a T'-ideal
of X/I and I € int,_(A), then A is open in X/I.

Lemma 5.30 (See Lemma 4.20, [23]). Let X be a I'-BC1I-algebra, I € TZ.(X) and
let m: X — X/I be the natural homomorphism. If A is a T'-ideal of X, then w(A)
is a T'-ideal of X/I.

The following is an immediate consequence of Propositions 5.23, 5.29 and Lemma
5.30.
Corollary 5.31 (See Corollary 4.21, [23]). Let (X,7) be a TT-BCK -algebra, I €

I'Z.(X) and let m : X — X/I be the natural homomorphism. If A is an ideal of X
and I € int.(mw(A)), then w(A) is open in X/I.

Proposition 5.32 (See Proposition 4.22, [23]). Let (X, 7) be a TT-BCI-algebra,
I €TZ.(X) and let m : X — X/I be the natural homomorphism. If A is a T'-ideal
of X/I and is open in X/I, then A is closed in X/I.

The following is an immediate consequence of Propositions 5.23 and 5.32.

Corollary 5.33 (See Corollary 4.23, [23]). Let (X,7) be a TT-BCI-algebra, I €
I'Z.(X) and let w : X — X/I be the natural homomorphism. If A is a T'-ideal of X
and is open in X, then w(A) is closed in X/I.
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Proposition 5.34 (See Proposition 4.24, [23]). Let (X,7) be a TT-BCI-algebra,
I €eTZ.(X) and let m : X — X/I be the natural homomorphism. If (X/I,7z) is
Hausdorff, then (e nU= {I}. Moreover, e, nU= {I}.

Lemma 5.35 (See Lemma 4.25, [23]). Let (X, 7) be a TT-BCI-algebra, I € TZ.(X)
and let m: X — X/I be the natural homomorphism. Then w(N-(0) = N, (I).

Lemma 5.36 (See Lemma 4.26, [23]). Let (X, 7) be a TT-BCI-algebra, I € TZ.(X)
and let m: X — X/I be the natural homomorphism. Then If X is Hausdorff, then
(X/I,7,) is Hausdorff.

The following is an immediate consequence of Propositions 5.23, 5.34 and Lemmas
5.35, 5.36.
Proposition 5.37 (See Proposition 4.27, [23]). Let (X,7) be a TT-BCI-algebra,
I eTZ(X) and let m: X — X/I be the natural homomorphism. If X is Hausdorff,

then Npen, U =1{1}.
6. CONCLUSIONS

We obtained various properties of I'-BC'I-algebras. Also, we dealt with some
properties of I'-ideals, quotient I'-BC'I-algebras and the kernel of a I'- BC'I-homomorphism.
Moreover, we studied some of topological properties on I'-BC'I-algebras and quotient
I'-BCI-algebras.

In the future, we will define various types of logical I'-algebras and discuss their
properties, and apply them to topology.
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