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ABSTRACT. The first aim of this article is to investigate the further prop-
erties of fuzzy Sheffer stroke BFE-filters/BE-subalgebras. Next, concepts
of normalized fuzzy Sheffer stroke B E-filters/ B E-subalgebras, translations
and extensions are introduced and related properties are studied. Char-
acterizations of a fuzzy Sheffer stroke BFE-filters are considered, and the
conditions under which the fuzzy set which is maded by the upper set can
be a fuzzy Sheffer stroke BE-filter are explored. How to configure a fuzzy
Sheffer stroke B E-filter/ B E-subalgebra using a collection of Sheffer stroke
BE-filters/ BE-subalgebras is displayed. The methods of constructing the
normalization of a given fuzzy Sheffer stroke BFE-filter/ B E-subalgebra are
given. Relations between a fuzzy Sheffer stroke B FE-filter/ B E-subalgebra
and its normalization are discussed, and extensions of a fuzzy Sheffer stroke
BE-filter/ BE-subalgebra are established.
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1. INTRODUCTION

In the late 19th century and early 20th century, Charles S. Peirce and H. M.
Sheffer independently discovered that a single binary logical connective suffices to
define all logical connectives, the Sheffer stroke (denoted by | or 1) and the Peirce
arrow (denoted by ). The concept of Sheffer operation (the so-called Sheffer stroke
in [6]) was first introduced by Sheffer [21] in 1913. The Sheffer stroke is defined by the
truth table given in Table 1. The Sheffer stroke has been applied to several algebraic
structures, for example, Boolean algebra, MV-algebra, BL-algebra, BC K-algebra,
ortholattices, and Hilbert algebra, etc., and it is also being dealt with in the fuzzy
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TABLE 1. Truth table for the classical Sheffer stroke

pla|lptq

00 1

011 1

110 1

111 0
environment (See [7, 11, 12, 13, 14, 16, 17]). BE-algebras, which are first introduced
in [10], are a generalization of BC'K-algebras. Since then, several studies have been
conducted on BE-algebras (See [1, 2, 3, 4, 5, 18, 19, 20]). Katican et al. [9] first

applied the Sheffer stroke to BFE-algebras. They introduced the notions of Sheffer
stroke BFE-algebras, Sheffer stroke BE-filters and Sheffer stroke BFE-subalgebras,
and investigated several properties (See also [3]). Oner et al. [15] dealt with the
fuzzy notion of Sheffer stroke B F-algebras. They introduced the concepts of fuzzy
Sheffer stroke B E-filters and fuzzy Sheffer stroke B E-subalgebras, and investigated
several properties.

In this paper, we first investigate further properties of fuzzy Sheffer stroke BFE-
filters/ B E-subalgebras. Using a collection of Sheffer stroke B E-filters/ B E-subalgebras,
we establish a fuzzy Sheffer stroke BE-filter/BFE-subalgebra. We introduce the no-
tion of normalized fuzzy Sheffer stroke BE-filters/ B E-subalgebras, and investigate
its properties. For a given fuzzy Sheffer stroke BE-filter/BFE-subalgebra, we pro-
vide a way to normalize it. We discuss the translation and extension of fuzzy Sheffer
stroke B E-filters/ B E-subalgebras, and consider several properties. We establish the
relationship between a fuzzy Sheffer stroke B E-filter/ B E-subalgebra and its normal-
ization. We introduce S-extension and F-extension, and investigate their properties
related to a translation.

2. PRELIMINARIES

Definition 2.1 ([21]). Let A := (4,7) be a groupoid. Then the operation “ 17 is
said to be Sheffer stroke or Sheffer operation, if it satisfies:

(s1) (Va,be A) (aTb=>b7a),

() tabed) (a10) (010 ~ o)
(3) (Va,b,c € 4) (at (b1 )1 (b1 ) = ((atd) T (ath) T c),
(s4) (Va,b,ce A) (a1 ((ata) T (b10) T (at((ata)? (b1D)))=a)

Definition 2.2 ([9, 13]). A groupoid X := (X,1) with a Sheffer stroke “ 1 7 is
called a Sheffer stroke BE-algebra, if it satisfies:

(sBEl) a1t (ata)=1,

(SBE2) at (b1 (1)1 (BT (et ) =bt (@t (cTe)(at(cte)
for all a,b,c € X.

Let X := (X, 7) be a Sheffer stroke BE-algebra. Define a relation “ <” on X by

(2.1) (Va,be X)(a=<b < at(b1h)=1).
250
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The relation “ <7 is not a partial order on X. It is only a reflexive relation on
X (See [9]).

Proposition 2.3 ([9]). Every Sheffer stroke BE-algebra X := (X, 1) satisfies:
(2.2 (Vae X)at(111)=1),
(2.3) (Va € X)(11 (ata)=a),

Definition 2.4 ([9]). A Sheffer stroke BE-algebra X := (X, 1) is said to be self-
distributive, if it satisfies:

(24) a1t (01T (cte) @t (cte)) =@t (®1b)T{(at(cte)T(at(cTc)))
for all a,b,c € X.
Definition 2.5 ([9]). Let X := (X,7) be a Sheffer stroke BE-algebra. A subset F'

of X is called
e a Sheffer stroke BE-subalgebra of X := (X, 1), if it satisfies:

(2.5) (Va,b € X)(a,b€ F = a1 (b1b) €F),

e a Sheffer stroke BE-filter of X := (X, 1) if it satisfies:
(2.6) 1e€F,
(2.7) (Va,be X)(a, e F,at(b1b)eF = beF).

Definition 2.6 ([15]). Let X := (X, 1) be a Sheffer stroke BE-algebra. A fuzzy set
¢ in X is called

e a fuzzy Sheffer stroke BE-subalgebra of X := (X, 1) if it satisfies:

(2.8) (Vz,y € X)(€(z 1 (y T y)) = min{¢(2),{(y)}),

e a fuzzy Sheffer stroke BE-filter of X := (X, 1) if it satisfies:
(2.9) (Vo € X)(£(1) = £(2)),
(2.10) (Va,y € X)(§(y) = min{&(z),£(x T (y Tw)})-

3. PROPERTIES OF FUZZY SHEFFER STROKE BFE-FILTERS

In what follows, X := (X, 1) stands for a Sheffer stroke BFE-algebra, unless oth-
erwise stated.

Proposition 3.1. Every fuzzy Sheffer stroke BE-filter & of X := (X, 1) satisfies:
(3.1) (Vo,y € X) €z 1 (yTy) =&(1) = &(x) <&(y)).
Proof. Let z,y € X be such that £(z 1 (y T y)) = &(1). Then
&(y) = min{&(z),&(z 1 (y T 9))} = min{(2),£(1)} = ()

by (2.10) and (2.9). O

The combination of (2.1) and (3.1) induces the following corollary.
Corollary 3.2 ([15]). Every fuzzy Sheffer stroke BE-filter £ of X := (X, 1) satisfies:
(3.2) (Vz,y € X)(z 2y = &(z) < &),

that is, £ is order preserving.
251
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We discuss a characterization of a fuzzy Sheffer stroke B E-filter.

Theorem 3.3. A fuzzy set € in X is a fuzzy Sheffer stroke BE-filter of X := (X, 1)
if and only if it satisfies (3.1) and
(3.3) Ezt(z12) Zzmin{é(z T ((y 1 (212) T (y1(212)))),£)}
forall z,y,z € X.
Proof. Let £ be a fuzzy Sheffer stroke BE-filter of X' := (X,1). Then it satisfies the
condition (3.1) by Proposition 3.1. Using (2.10) and (sBE2) leads to
£zt (z12) Z2min{é(y T ((z 1 (212) 1 (z1(212))), &)}
=min{{(z T ((y 1 (z12) T (¥ 1 (212)))),&)}
for all z,y,z € X.

Conversely, suppose that & satisfies (3.1) and (3.3) for all z,y,z € X. The com-
bination of (2.2) and (3.1) derives to £(z) < £(1) for all z € X. If we take x := 1 in
(3.3) and use (2.3), then

£(z)=¢(11(212))

>min{{(1 T ((y 1 (212) T (y1(2712)))),&y)}

=min{¢(y 1 (2 1 2)), ()}
for all y, z € X. Therefore £ is a fuzzy Sheffer stroke BE-filter of X := (X,1). O
Lemma 3.4 ([15]). A fuzzy set & in X is a fuzzy Sheffer stroke BE-filter of X :=
(X,71) if and only if the non-empty set

& ={re X |[¢(z) >t}

is a Sheffer stroke BE-filter of X for all t € [0,1].

Consider the following set for x,y € X.
(3.4) Uy ={zeX|z=2yt(z12)}

which is called the upper set of x and y (See [9]).
For every z,y € X, we consider the following fuzzy set in X.

tl 1fZ€U;,I

Y.
(3.5) & X =01, 2 { ty otherwise,

where t; > t3. In the following example, we know that £Y is not a fuzzy Sheffer
stroke BE-filter of X' in general.

Example 3.5. Consider a set X = {0,1,2,3,4,5}, and define a Sheffer stroke “1”
by Table 2. Then X := (X,7) is a Sheffer stroke BFE-algebra (See [9]). Note that
4,5 € U} and 3 ¢ U?. Hence £3(3) =ty < t1 = min{&}(4),£2(4 1 (5 1 5))}, and so
€2 is not a fuzzy Sheffer stroke BE-filter of X'

We explore the conditions under which the fuzz set £ can be a fuzzy Sheffer
stroke BFE-filter.

Lemma 3.6 ([9]). If X := (X,1) is a self-distributive Sheffer stroke BE-algebra,
then the upper set of x and y is a Sheffer stroke BE-filter of X for all x,y € X
252



Song et al. /Ann. Fuzzy Math. Inform. 29 (2025), No. 3, 249-266

TABLE 2. Cayley table for the Sheffer stroke “ 17

Otk W N O—
= = = = O
W=~ = Wl
N = = N = =W
Gl = O~ — |
N N Y e e e KA
O = DN W=

Theorem 3.7. If X := (X, 1) is a self-distributive Sheffer stroke BE-algebra, then
the fuzzy set €Y is a fuzzy Sheffer stroke BE-filter of X for all x,y € X.

Proof. Note that (£¥); = UY or (£¥); = X for all z,y € X. Hence &Y is a fuzzy
Sheffer stroke BE-filter of X for all z,y € X by Lemma 3.4 and Lemma 3.6. d

Given a subset F' of X, we consider the following fuzzy set in X.

t7 ifzeF

(3.6) Er: X —[0,1], 2z { to otherwise,

where t1 > to.
In the following example, we show that £z is not a fuzzy Sheffer stroke BFE-filter
of X in general.

Example 3.8. Consider a set X = {0,1,2,3,4,5}, and define a Sheffer stroke “1”
by Table 3.

TABLE 3. Cayley table for the Sheffer stroke “ 17

= Otk W N Ol—
—_ e = = O
[ N N
= R W
W N W
N N N = = = Ot
O N Wk U=

Then X := (X, 1) is a Sheffer stroke BFE-algebra (See [9]). If we take F := {1,2,5},
then £r is not a fuzzy Sheffer stroke BE-filter of X, since p(4) = to < t; =

min{¢p(5),Er(5 1 (41 4))}

Lemma 3.9 ([15]). The fuzzy set &p in (3.6) is a fuzzy Sheffer stroke BE-filter of
X :=(X,?) if and only if F is a Sheffer stroke BE-filter of X.

Lemma 3.10 ([9]). If a subset F of X satisfies:
(3.7) (Va,y € X)(UY C F),

then F' is a Sheffer stroke BE-filter of X := (X, 7).
253
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The combination of Lemmas 3.9 and 3.10 induces the following theorem.

Theorem 3.11. If a subset F' of X satisfies the condition (3.7), then the fuzzy set
&F is a fuzzy Sheffer stroke BE-filter of X := (X, 1).

Theorem 3.12. Let Fy C F, C --- C F, C --- be an ascending sequence of
Sheffer stroke BE-filters/BE-subalgebras of X := (X, 1) and let {(t,)nen be a strictly
decreasing sequence in (0,1]. If we define a fuzzy set £ in X as follows:

0 ifaéF,
ty ifz€F,\ F,

forn € N, where Fy = &, then & is a fuzzy Sheffer stroke BE-filter/BE-subalgebra
of X.

Proof. 1t is clear that F' := |J F,, is a Sheffer stroke BE-filter/BE-subalgebra of
neN
X, because it is the union of an ascending sequence of Sheffer stroke BE-filters/BE-

subalgebras of X := (X, 7). Let ,y € X. Since 1 € Fy, we get {(1) = t; > &(x) for
alze X. fy¢ F,thenz ¢ Forz 1 (yTy) ¢ F. Thus

(y) =0 =min{{(z),{(z T (y T y)}.
Assume that y € F,, \ Fj,—1 for some n € N. Thenz ¢ F,_q1orz 1 (yTy) ¢ Fr_1.
Thus &(x) <t, or &z 1 (y Ty)) < tn. So

£(y) = tn > min{é(x),&(x T (y T y))}-

Also, if x 1+ (y T y) ¢ F,thenxz ¢ Fory ¢ F. Thus(z T (y Tt y)) =0 =
min{{(z),&(y)}. Assume that z T (y T y) € Fp,\Fy—1 forsomen € N. Thenx ¢ F,,_

ory & Fy—1. Thus (x) <ty or {(y) <t,. So&(x 1 (y Ty)) =tn > min{{(z),{(y)}.
Hence £ is a fuzzy Sheffer stroke BE-filter/ B E-subalgebra of X. O

§:X—>[071]x'—>{

For a family {€, | a € I'} of fuzzy sets in X where I is any index set, we define
two operations meet Hrﬁa and join urga as follows:
ac [e1S

agr o X = [0,1], 2 érel?ga(m),

U & : X —[0,1], 2 — supéa ().
ael’ a€el

Theorem 3.13. The family of fuzzy Sheffer stroke BE-filters of X := (X,7) forms
a completely distributive lattice with respect to the operations meet and join.

Proof. Let {{, | @ € T} be the family of fuzzy Sheffer stroke BE-filters of X. Tt
is sufficient to show that I_Irfa and urga are fuzzy Sheffer stroke BFE-filters of
(¢S ac

X = (X,7) because the unit interval [0, 1] is a completely distributive lattice under
the usual ordering in [0, 1]. For every € X, we have

(D0 = B& D) = Bfae) = ([ &)

and

(U,€a)(1) = supéa(1) > supéa(z) = ( U £) ()
ac acrl a€er a€

254
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For every z,y € X, we get
(0,€a)(6) = nf€a(y) > inf & (minféa (o), &ale T (5 7)1}

i { ite(o), el 1 (1)

= min {(agrga)(m), (D&t (y 1 y))}

and
( Iglrgoz)(y) = supéa (y) > supé, {min{ga (J?), €a (JZ ) (y ) y))}}
« ael ael
i {supe(s), supe(c 1 (1)
ael acl
= min {( U €)(a). (L&) (079D |
Then agrfa and alglréa are fuzzy Sheffer stroke BFE-filters of X. g

By the similar process to the proof of Theorem 3.13, we have the following asser-
tion.

Theorem 3.14. The family of fuzzy Sheffer stroke BE-subalgebras of X = (X, 1)
forms a completely distributive lattice with respect to the operations meet and join.

Theorem 3.15. Let {F, | a € A C[0,1]} be a collection of Sheffer stroke BE-filters
of X .= (X,1) such that X = |J F,, and

a€cA
(3.8) Va,BeN)(a>p < F, C Fp).
Define a fuzzy set £ in X as follows:
(3.9) & : X —1[0,1], x — supF,.

~YEA
Then £ is a fuzzy Sheffer stroke BE-filter of X.

Proof. Given v € [0, 1], we consider the following two cases:
vy=sup{a € A|a <~} and y#sup{a € A | a <~}
The first case implies that

zel & (VB<)(zeFs) & ze()Fs
B<y

Then £ = () Fs which is a Sheffer stroke BE-filter of X' := (X, 7). If the second

case is valid5,<t7hen there exists € > 0 such that (y —e,7) N A = @. We claim that

&= U Fs. lf v € |J Fp, then x € Fj for some 8 > . Thus £*(z) > 8 > 7. So

T € fgz’ylfx ¢ U Fi?lhen x ¢ Fg for all 8 > . Thus = ¢ Fg for all 8 > v — ¢,

ie, if x € Fg, ﬁtign B <vy—e Sof&*(r) <vy—e Hencez ¢ &. Consequently,
255
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§ = |J Fp which is a Sheffer stroke BE-filter of X' := (X, 1). This completes the
B2~
proof. O

By the similar process to the proof of Theorem 3.15, we have the following asser-
tion.

Theorem 3.16. If {F, | a € A C [0,1]} is a collection of Sheffer stroke BE-

subalgebras of X := (X, 1) such that X = |J F, and satisfying (3.8), then the fuzzy
a€c
set & in X given by (3.9) is a fuzzy Sheffer stroke BE-subalgebra of X.

4. THE NORMALIZEDIZED FUZZY SHEFFER STROKE BE-FILTERS AND
BE-SUBALGEBRAS

Definition 4.1. A fuzzy Sheffer stroke BE-filter/BE-subalgebra £ of X := (X, 1)
is said to be normalized, if there exists © € X such that £(z) = 1.

Example 4.2. (1) Let X := (X, 1) be the Sheffer stroke BE-algebra in Example
3.8. Define a fuzzy set € in X as follows:

1.00 ifx=1
058 if 2 =5
§: X =01, x> (s =9

0.36 otherwise.

It is routine to verify that £ is a normalized fuzzy Sheffer stroke B FE-subalgebra of
X.
(2) Consider a set X = {1,2,3,0}, and define a Sheffer stroke “1” by Table 4.

TABLE 4. Cayley table for the Sheffer stroke “ 17"

—w N Ol
e ) =)
W = W N
N N = =W
O N W=

Then X := (X, 1) is a Sheffer stroke BE-algebra (See [9]). A fuzzy set € in X defined
by

1.00 if z € {1,3}

£: X —10,1], xH{ 0.52 if x € {0,2}.

It is routine to verify that £ is a normalized fuzzy Sheffer stroke BE-filter of X.

It is clear that if a fuzzy Sheffer stroke B E-filter/ B E-subalgebra & of X := (X, 1)
is normalized, then £(1) = 1. Thus & is a normalized fuzzy Sheffer stroke BE-
filter/ B E-subalgebra of X if and only if £(1) = 1.

256
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Theorem 4.3. Let € be a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X := (X, 1
). Then the fuzzy set £ in X defined by

(4.1) EY X = [0,1], 0 &(z)+1-£(1)
is a normalized fuzzy Sheffer stroke BE-filter/BE-subalgebra of X which is greater
than &, i.e, £ C ET.

Proof. 1t is clear that £ C €T, If € is a fuzzy Sheffer stroke BE-subalgebra of X,
then

@t (yty) =@t (yty)+1-€1)

> min{¢(x),&(y)} + 1 —&(1)

= min{{(z) +1 - £(1),&(y) +1 - &(1)}
min{¢* (z),£7 ()}

for all z,y € X. Thus £T is a fuzzy Sheffer stroke BE-subalgebra of X. Let £ be a
fuzzy Sheffer stroke BE-filter of X. Then

(1) =€) +1-€(1) 2 &(x) +1-¢(1) =€ (2)

and

£7(y) = &(y) + 1 - &(1) > min{é(x),&(z 1 (y Ty)} +1-&(1)
=min{¢{(z) +1-£(1), 81 (yTy) +1-¢(1)}
=min{¢" (), (@ 1 (y T 9)}
for all z,y € X. Thus £T is a fuzzy Sheffer stroke BE-filter of X. O

It is clear that a fuzzy Sheffer stroke B E-filter/ B E-subalgebra ¢ of X := (X, 1)
is normalized if and only if £ = £7.

Theorem 4.4. Let & and f be fuzzy sets in X. Then
(1) If € is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X = (X,1), then
() =¢t.
(2) If€ is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X, then it is normal-
ized if and only if there exists a fuzzy Sheffer stroke BE-filter/BE-subalgebra
f of X such that f+ C&.

(3) If €T is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X, then so is €.
Proof. (1) Suppose £ is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X'. Then
€t(1) =1. Thus (M) (x) =T (2)+1-€6T(1) = &F(z) forallz € X. So (€7)T = &7

(2) Suppose ¢ is a normalized fuzzy Sheffer stroke BE-filter/B E-subalgebra of
X. Then £t = £ Thus we are done by choosing f = £.

Conversely, suppose there exists a fuzzy Sheffer stroke B E-filter/BE-subalgebra f
of X such that f* C ¢ Then 1= ¢ (1) < £(1). Thus (1) = 1. So £ is normalized.

(3) Suppose £T is a fuzzy Sheffer stroke B E-filter/ B E-subalgebra of X. Then

Extyrty)+1-£61) = (1 (yty) = min{(z), 64 (y)}
=min{&(z) +1 - £(1),&(y) +1-£(1)}
= min{&(x),&(y)} + 1 - £(1).
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Thus £(z 1 (y T y)) > min{&(x),&(y)} for all z,y € X. Also, we have
E(1) +1-¢(1) =€7(1) 2 ¥ (2) = &(z) +1-€(1)

and

£y) +1-¢&(1) = £ (y) > min{€F (2), €5 (2 1 (y T9)}
= min{{(z) +1-£(1),8(= 1 (y Ty) +1-&(1)}
= min{{(z),&(z 1 (y T )} +1-¢£(1)

forallz,y € X. So &(1) > &(z) and £(y) > min{&(x),&(x T (y Ty))} for all z,y € X.
Hence ¢ is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X'. O

Theorem 4.5. Let & be a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X := (X, 1
) and let ¢ : [0,£(1)] < [0,1] be a non-decreasing inclusion map. Then a fuzzy set &,
in X defined by

§: X = [0,1], z—u(§(x))
is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X. Moreover, if {,(1) =1, then
&, is normalized and if 1(t) >t for all t € [0,£(1)], then & C&,.
Proof. For every x,y € X, we have

&zt (yTy) =@t (yTy)) = (min{{(z),&(y)})
= min{u({(2)), L(§(y)) } = min{&, (), & (y)}-
Then &, is a fuzzy Sheffer stroke BE-subalgebra of X. Also, we have

&(1) = u(§(1)) = u(§(x)) = &u(x)

and

t(min{&(z),&(x 1 (y T y))})
))se€(x 1 (y19)}
=min{{,(z),{(z T (y T y))}

for all z,y € X. Thus ¢, is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X.
It is clear that if (1) = 1, then ¢, is normalized. Assume that (¢t) > ¢ for all
t €10,&(1)]. Then & (x) = t(&{(x)) > &(z) for all z € X. Thus £ C&,. O

E(y) = ué(y) >
(z

= min{¢(¢

Theorem 4.6. Let & be a normalized fuzzy Sheffer stroke BE-filter/BE-subalgebra
of X := (X, 1) such that there exists at least one © € X such that £(x) # £(1). Then
every mazimal element £ of (NF(X), C) is described as follows:

1 ifz=1
(4.2) §: X =01, 2 { 0 otherwise,

where N F(X) is the set of all normalized fuzzy Sheffer stroke BE-filters/BE-subalgebras
of X.

Proof. It is obvious that (NF(X), C) is a poset. Let £ be a maximal element of
(NF(X), C€). Since ¢ is normalized, we have {(1) = 1. Let x € X be such that
258
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&(x) # 1. We will show that £(z) = 0 for such z € X. If £(x) # 0, then 0 < £(a) < 1
for some a € X. Define a fuzzy set f in X as follows:

FX =101, 2 5(&(2) +&(a))
for every n(# 1) € N. If 1 = x5 in X, then
fa1) = 3(&(@1) +€(a)) = 5(E(x2) +&(a) = fla2).
Thus f is well-defined. For every z,y € X, we have
@t (y1y) =3¢ 1 (y1y) +E@) > 3(min{é(z),£(y)} +&(a))
3 (min{é(2) +&(a), £(y) +&(a)})

me{g( £(z) +&(a)), 3(6(y) +&(a))}

= min{f(z), f(y)}-
Then f is a fuzzy Sheffer stroke B E-subalgebra of X. Also, we have

F1) = 3(€Q) +&(a) = 5(6(x) +&(a) = f(2)

and
fly) = 5(&(y) +&(a)) > z(min{é(2), &z 1 (y T y))} +E(a))
%( n{{(z) +&(a), &z T (y Ty) +&(a)})
min{3(&(z) +£(a)), 3(E( 1 (y T y) +&(a)}
—mm{f( ), flet (yTy)}

for all 2,y € X. Then f is a fuzzy Sheffer stroke BE-filter of X. Thus f¥ is a
normalized fuzzy Sheffer stroke BE-filter/B E-subalgebra of X by Theorem 4.3, i.e.,
ft e N(X). We can observe that

fr@) = flz)+1- f(1) = 5(&(@) +&(a)) + 1 - 3(5(1) +&(a))
= 3(&(x) +1) > &(@)

for all x € X. So £ C f*. This shows that £ is not a maximal element of (NF(X),
Q), a contradiction. Hence &(z) = 0 for all z € X with &(z) # 1. Therefore € is
described as (4.2). O

5. TRANSLATIONS AND EXTENSIONS

Given a fuzzy set £ in X, we denote 0 := 1 —sup{&(z) | x € X} unless otherwise
specified.

Definition 5.1. Let £ be a fuzzy set in X and v € [0,6]. If v < 1 — &(x) for all
x € X, then the fuzzy set «ff/ in X given by

(5.1) & X = [0,1], z— &(x) +

is called a ~y-translation of &.
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Example 5.2. Let X =R be the set of all real numbers. Define a fuzzy set £ in X
as follows:

0.23 if <0
€:X =[0,1], 2> { 044 if =0
0.56 if = > 0.

Then 0 = 0.44. If we take v := 0.39, then the y-translation fﬁoy of £ is given as follows:

0.62 if 2 <0
X =001, z—~<¢ 083 if =0
0.95 if = > 0.

Theorem 5.3. If ¢ is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X := (X, 1),
then so is its ~y-translation for every v € [0, 6].

Proof. Let z,y € X. Then 52(1) =&{)+v>&(x)+v= 52(1:) and

&(y) = &(y) +v = minfé(2), & T (y T )} +7
= min{{(z) +7,{(= T (y Ty)) + 7}
= min{&)(2), & (x T (y T 9))}-
Also, we have
St (yty) =& 1 (yTy)+v = min{é(),E(y)} +v
= min{{(z) +7,£(y) + 7}
= min{& (), & (y)}-
Thus fﬁoy is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X'. O
Theorem 5.4. Let & be a fuzzy set in X such that its ~-translation 52 s a fuzzy

Sheffer stroke BE-filter/BE-subalgebra of X := (X,1) for v € [0,0]. Then £ is a
fuzzy Sheffer stroke BE-filter/BE-subalgebra of X .

Proof. Suppose fﬁ‘; is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X for v €
[0,0]. Then for every z,y € X, we have
Eatyty)+y =81 (y1y) = min{g (@), &)}
= min{¢(z) +7,£(y) + 7}
= min{¢(2),{(y)} + 7,

Ey) +7 =& (y) > min{¢(z),&(z 1 (y T 9)}
=min{{(z) +v.{(z 1T (y T y)) + 7}
=min{{(z),{(z T (y Ty))} +7
and
) +v=81) > &) = &) + -
It follows that
{(z 1 (yTy) =min{(z),{(y)},

£(1) > €(x) and £(y) > min{€ (@), &(x T (y 7))} for all 2,y € X. Thus € is a fuzzy
Sheffer stroke B E-filter/ B E-subalgebra of X. O
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Definition 5.5. A fuzzy set f in X is called an S-extension (resp., F-extension) of
a fuzzy set £ in X if it satisfies:

(i) £ C f, that is, &(x) < f(z) for all z € X,
(i) If £ is a fuzzy Sheffer stroke BE-subalgebra (resp., fuzzy Sheffer stroke BE-
filter) of X := (X, 1), then so is f.

Using the definition of v-translation and Theorem 5.3, we have the following
theorem

Theorem 5.6. Let £ be a fuzzy Sheffer stroke BE-filter (resp., fuzzy Sheffer stroke
BE-subalgebra) of X := (X,?) for v € [0,6]. Then the ~y-translation fg of € is an
F-extension (resp., S-extension) of €.

The example below shows that the converse of Theorem 5.6 may not be true.
Example 5.7. Consider the Sheffer stroke BFE-algebra X in Example 3.8. Define
a fuzzy set € in X by

0.33 if z €{0,2,3}
E:X—=1[0,1, z—< 052 if v e {4,5}
0.79 if z=1.
Then ¢ is a fuzzy Sheffer stroke BFE-filter of X'. Let f be a fuzzy set £ in X defined
by
0.39 if = €{0,2,3}
f:X—=10,1, x— < 059 if x € {4,5}
0.81 if z=1.

It is routine to check that f is a fuzzy Sheffer stroke B E-filter of X and £ C f. Thus
f is an F-extension of £. But it is not the y-translation 52 of £ for all v € [0, 6].

Theorem 5.8. Let & be a fuzzy Sheffer stroke BE-filter (resp., fuzzy Sheffer stroke
BE-subalgebra) of X = (X,1). Then the intersection of F-extensions (resp., S-
extensions) of € is an F-extension (resp., S-extension) of &.

Proof. Let f and g be F-extensions of £. Then £ C f and £ Cg. Thus £ C fNg.
For every z,y € X, we have

(fNg)(1) = min{f(1),9(1)} = min{f(x),g(x)} = (f Ng)(z)

and
(f N g)(y) = min{f(y),9(y)}
> min{min{ f(x), f(z 1 (y T y))}, min{g(x), g(z T (y T y))}}
= min{min{f(z), g(x)}, min{f(z * (y T y)),9(z T (y T v))}}
=min{(fNg)(z),(fNg)(z T (yTy)}

Also, we get

(fOg)@t (yty) =min{f(z 1 (yTy) 91y Ty)}
> min{min{ f(z), f(y)}, min{g(z), g(v)}}
= min{min{f(x), g(x)}, min{f(y), 9(y)}}
= min{(f N g)(x), (fNg)(y)}.
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So fNg is a fuzzy Sheffer stroke B E-filter (resp., fuzzy Sheffer stroke B E-subalgebra)
of X. Hence f N g is an F-extension (resp., S-extension) of £. O

The following example shows that the union of F-extensions (resp., S-extensions)
of £ may not be an F-extension (resp., S-extension) of .

Example 5.9. (1) Let X := (X, 1) be the Sheffer stroke BE-algebra in Example
3.8. Define a fuzzy set € in X as follows:

0.7 ifx=1
04 ifx=2
E: X =101, 2~ 05 ifz—5

0.3 otherwise.

It is routine to verify that £ is a fuzzy Sheffer stroke BE-subalgebra of X'. Let f and
g be fuzzy sets in X defined by

0.73 ifx=1
f:X—=10,1], z— < 062 if x € {3,4}
0.51 otherwise,

and
0.77 ifx=1
g: X —=1[0,1], x—< 067 ifzx=5
0.46 otherwise,

respectively. Then f and g are S-extensions of £. The union of f and g is given as
follows:

077 ifz=1
. 0.62 if € {3,4}
fUug: X —=10,1], 2~ 067 if = —5

0.51 otherwise,

and it is not an S-extension of £, because f U g is not a fuzzy Sheffer stroke BFE-
subalgebra of X, since

(fUg)(B1(313))=051%0.62=min{(fUg)(5),(fUg)B3)}-

(2) Let X :={0,1,2,3,4,5,6,7} be a set and 1 be a Sheffer stroke on X given by
Table 5. Then X := (X, 1) is a Sheffer stroke BE-algebra (see [9]). Consider a fuzzy

TABLE 5. Cayley table for the Sheffer stroke 1

T 0 2 3 4 5 6 7 1
0 1 1 1 1 1 1 1 1
2 1 7 1 1 7 7 1 7
3 1 1 6 1 6 1 6 6
4 1 1 1 5 1 5 5 5
5 1 7 6 1 4 7 6 4
6 1 7 1 ) 7 3 5 3
7 1 1 6 ) 6 5 2 2
1 1 7 6 ) 4 3 2 0
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Sheffer stroke BE-filter ¢ and its F-extensions f and g which are given in Table 6.
The union of f and g is given by Table 7. Since

TABLE 6. Tabular representation of &, f, and g

reX 0 2 3 4 ) 6 7 1

&(z) 039 039 039 052 056 039 039 068
f(x) 042 042 042 054 063 042 042 0.72
g(x) 043 046 046 051 062 043 046 0.83

TABLE 7. Tabular representation of f U g

rEX 0 2 3 4 5 6 7 1
(fUg)(x) | 043 046 046 054 063 043 046 0.83

(fUg)(6) =0.43 2 0.46 = min{(f U g)(2),(fUg)(21(616))},
we know that f U g is not an F-extension of &.

Theorem 5.10. Let £ be a fuzzy set in X and v € [0,0]. Then the y-translation
52 of & is a fuzzy Sheffer stroke BE-filter/BE-subalgebra of X := (X,1) if and only
if Uy(&,t) is a Sheffer stroke BE-filter/BE-subalgebra of X for all t € Im(&) with
t> .

Proof. Suppose fg is a fuzzy Sheffer stroke BE-filter of X. It is clear that 1 €
Uy(§,t). Let x,y € X be such that « € U,(§,t) and « 1 (y T y) € U,(&,t). Then
g(x) = &)+~ >tand &z 1 (yty) =& 1 (yty)+v >t It follows from
(2.10) that

) +7=¢&y) = min{¢(2), &= T (y )} > ¢
Thus £(y) >t — 7, ie., y € Uy(§,t). So Uy(&,1) is a Sheffer stroke BE-filter of X.

The similar way is to show that if fﬁoy is a fuzzy Sheffer stroke BF-subalgebra of
X, then U, (&,t) is a Sheffer stroke BE-subalgebra of X.

Conversely, suppose U, (¢, t) is a Sheffer stroke BE-filter of X for all ¢t € Im(&)
with ¢ > 7. Assume that £J(1) < &(a) := ¢ for some a € X. Then £(1) + v < ¢.
Thus 1 ¢ U, (&,t). This is a contradiction. So ¢9(1) > &9(xz) for all z € X.

Assume that £9(b) < min{¢?(a),&(a 1 (b1 b))} for some a,b € X and let us take

t :=min{&!(a),&(a 1 (b1 b))}

Then &(a) +7 = €%(a) > ¢ and (a1 (b1 b)) +7 = &(a 1 (b 15) > 1, ic.
a €Uy t)and a T (b1 D) € Uy(§,t). Since Uy(&,t) is a Sheffer stroke BE-filter
of X, it follows that b € U,(£,t). Thus £(b) > t — 7, ie., &(b) > t. This is a
contradiction. So 52(3/) > min{{f{(x),fg(:c T(yty))} forall z,y € X. Hence 52 is a
fuzzy Sheffer stroke BE-filter of X. By the similar way, we can verify that if U, (&, t)
is a Sheffer stroke BE-subalgebra of X := (X, 1) for all ¢t € Im(§) with ¢ > ~, then
ffoy is a fuzzy Sheffer stroke BFE-subalgebra of X. a
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Theorem 5.11. Let & be a fuzzy Sheffer stroke BE-filter (resp., fuzzy Sheffer stroke
BE-subalgebra) of X = (X,1) and § € [0,0]. If f is an F-extension (resp., S-
extension) of the d-translation ég of &, then there exists v € [0,0] such that v > ¢
and f is an F-extension (resp., S-extension) of the y-translation 5,‘3 of €.

Proof. Suppose f is an F-extension (resp., S-extension) of the d-translation 5(‘? of .
Since ¢ is a fuzzy Sheffer stroke BE-filter (resp., fuzzy Sheffer stroke B E-subalgebra)
of X, by Theorem 5.3, its d-translation £ is a fuzzy Sheffer stroke BE-filter (resp.,
fuzzy Sheffer stroke BE-subalgebra) of X for every ¢ € [0, 6]. Then by the hypothe-
sis, €9 C f,i.e., £(z)+6 < f(x) for allz € X and f is a fuzzy Sheffer stroke B E-filter
(resp., fuzzy Sheffer stroke B E-subalgebra) of X'. Thus there exists v € [0, 6] such
that v > § and f is an F-extension (resp., S-extension) of the ~-translation 52 of
£ O

The following example illustrates Theorem 5.11.

Example 5.12. Consider the Sheffer stroke BE-algebra X' := (X,7) in Example
4.2(2). Let £ be a fuzzy set in X defined by

07 ifz=1
05 fx=2
E: X =101, z— 06 if x—3
04 if x=0.

Then ¢ is a Sheffer stroke BFE-filter of X and 6 = 0.3 If we take § := 0.2, then the
S-translation 7 of ¢ is give by

09 ifzx=1
0 0.7 ifz=2
& :X = [0,1], z— 08 fx—3
0.6 if x=0.
Let f be a fuzzy set in X defined by
097 ifzx=1
0.77 ifz=2
X =00 =9 089 ifr—3
0.68 if z =0.

Then f is an F-extension of /. But f is not a y-translation of ¢ for all v € [0,6] =
[0,0.3]. If we take vy := 0.26, then v = 0.26 > 0.2 = § and the 7-translation fz of £
is provided as follows:

0.96 if z=1

, 0.76 if =2
S X =00 w9 s i o3
0.66 if z =0

which is a Sheffer stroke BE-filter of X. Note that f(z) > &f(z) for all z € X, i.e.,
ffoy C f. Thus f is an F-extension of the y-translation 55‘; of £.
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6. CONCLUSION

In classical logic, Sheffer stroke, also called NAND or alternative denial, is one of
the two operations that can be used by itself, without any other logical operations,
to constitute a logical formal system. The stroke symbol is “ 1”7 as in

(p1q) < (=pV—q),

and it is a logical connective whose truth table is presented by Table 1. Fuzzy
Sheffer stroke B E-algebras are first studied by Oner, Katican and Borumand Saeid.
In this paper, we first investigated the further properties of fuzzy Sheffer stroke B F-
filters/BE-subalgebras. Next, we introduced the concepts of normalized fuzzy Sheffer
stroke B E-filters/ B E-subalgebras, translations, S-extensions and F-extensions, and
investigated related properties. We considered characterizations of a fuzzy Sheffer
stroke BFE-filters, and explored the conditions under which the fuzzy set which is
maded by the upper set can be a fuzzy Sheffer stroke B E-filter. We displayed how
to configure a fuzzy Sheffer stroke BE-filter/BE-subalgebra using a collection of
Sheffer stroke B E-filters/ B E-subalgebras. We provided the methods of constructing
the normalization of a given fuzzy Sheffer stroke BE-filter/BFE-subalgebra. We
discussed relations between a fuzzy Sheffer stroke BE-filter/BE-subalgebra and its
normalization, and established extensions of a fuzzy Sheffer stroke BE-filter/BE-
subalgebra.

The contents and ideas of this paper will be applied to almost all applications,
where fuzzy set theory is applied, including logical algebras, in the future. This
will actively apply to the fuzzy set theory of the substructures in Sheffer stroke ba-
sic algebras, Sheffer stroke BCK/BC1I/BC H-algebras, Sheffer stroke BL-algebras,
Sheffer stroke MV -algebras, Sheffer stroke hoops, etc., when limited to the Sheffer
stroke theory based on logical algebras.
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