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octahedronKU -ideals of the Cartesian product of twoKU -algebras is stud-
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1. Introduction

Logical algebra, commonly known as Boolean algebra, is a foundational concept
in digital circuit design and computer science. Boolean algebra plays a crucial role
in various fields of computer science and electrical engineering. Understanding and
applying it is fundamental to modern technological advancements, enabling the de-
sign and optimization of complex systems. In 1978, Iséki and Tanaka [1] defined a
BCK-algebra as a generalization of Boolean algebras and deal with its various prop-
erties. After then, many researchers [2, 3, 4, 5, 6, 7] proposed various types of logical
algebra, which are subclasses of Boleanalgebra, and studied their properties. In par-
ticular, Prabpayak and Leerawat [8] defined a new algebraic structure which is called
KU -algebra and investigated some properties of the images and the preimages of a
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homomorphism of KU -algebras (See [9, 10, 11, 12, 13, 14] for the further research).
In 2023, Almuhaimeed [15] defined an interior KU -algebra and studied some of its
structures. In 2024, Beak et al. [16] introduce the notion of Γ-KU -algebras as a
generalization of KU -algebras and discussed its various structures. Also, Ansari and
Koam [17] dealt with some properties of modules over KU -algebras.

In 2020, Lee et al. [18] introduced the notion of octahedron sets combined by
fuzzy sets (See [19]), intuitionistic fuzzy sets (See [20]) and interval-valued fuzzy
sets (See [21, 22]) as a tool expressing mathematically uncertainty problems. Also,
Lee et al. [23] introduced the concepts of octahedron subdroups and octahedron
subrings, and dealt with some of their properties. Şenel et al. [24] discussed decision-
making problems defining distance and similarity measures for octahedron sets. Lee
et al. [25] applied octahedron sets to topological structures. Mostafa et al. [26]
introduced the concept of crossing octahedron sets and studied some properties of
crossing octahedron Q-ideals of a Q-algebra.

In logical algebra, the concept of an ideal is important because it helps in under-
standing the structure and properties of logical algebras. It aids in the simplification
and optimization of digital circuits, enhances structural analysis, ensures logical con-
sistency, and supports various applications in computer science and cryptography.
So, we would like to study the structures of the ideal in KU -algebra based on the
octahedron set.

We intend to conduct research as follows. In Section 2, we list some basic concepts
needed in the next sections. In Section 3, we define the octahedron KU -ideal of a
KU -algebra and discuss its various properties. In particular, by an level set of an
octahedron set, we obtain a relationship between octahedron KU -ideals and KU -
ideals of a KU -algebra. In Section 4, we deal with some results on the images
and preimages of octahedron KU -ideals of a KU -algebra under a homomorphism
of KU -algebras. In Section 5, we study the Cartesian product of two octahedron
KU -ideals of the Cartesian product of two KU-algebras in the viewpoint of Section
3.

2. Preliminaries

In this section, we recall some notions related to KU -algebras and octahedron
sets. Throughout this paper, we denote I = [0, 1].

Definition 2.1 ([8]). An algebra (X, ∗, 0) of type (2, 0) with a single binary op-
eration ∗ is called a KU -algebra, if it satisfies the following conditions: for any
x, y, z ∈ X,

(KU1) (x ∗ y) ∗ [(y ∗ z) ∗ (x ∗ z)] = 0,
(KU2) x ∗ 0 = 0,
(KU3) 0 ∗ x = x,
(KU4) x ∗ y = 0 = y ∗ x implies x = y.

From now on, unless otherwise specified, X represents KU -algebra. We define a
binary relation ≤ on X by: for any x, y ∈ X,

x ≤ y if and only if y ∗ x = 0.
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Result 2.2 (See [27]). An algebra (X, ∗, 0) is a KU -algebra if and only if it satisfies
the following conditions: x, y, z ∈ X,

(KU1′ ) (y ∗ z) ∗ (x ∗ z) ≤ x ∗ y,
(KU2′ ) 0 ≤ x ∗ 0,
(KU3′ ) x ≤ y and y ≤ x imply x = y,
(KU4′ ) x ≤ y if and only if y ∗ x = 0.

Result 2.3 (See [27]). In X, the followings hold: x, y, z ∈ X,
(1) x ∗ x = 0,
(2) z ∗ (x ∗ z) = 0,
(3) x ≤ y implies y ∗ z ≤ x ∗ z,
(4) z ∗ (y ∗ x) = y ∗ (z ∗ x),
(5) y ∗ [(y ∗ x) ∗ x] = 0.

Definition 2.4 ([28]). A subset S of X is called a subalgebra of X, if x ∗ y ∈ S for
any x, y ∈ S.

Definition 2.5 ([28]). Let A be a nonempty subset of X. Then A is called a
KU -ideal of X, if it satisfies the following conditions: for any x, y, z ∈ X,

(KUI1) 0 ∈ A,
(KUI2) x ∗ (y ∗ z), y ∈ A implies x ∗ z ∈ A.

For a nonempty set X, a mapping A : X → I is called a fuzzy set in X (See [19]).
The empty fuzzy set and the whole fuzzy set, denoted by 0 and 1, are fuzzy sets in
X defined by, respectively: for each x ∈ X,

0(x) = 0, and 1(x) = 1.

We will denote the set of all fuzzy sets in X by IX .

Let I ⊕ I = {ā = (a∈, a̸∈) ∈ I × I : a∈ + a̸∈ ≤ 1}, where I = [0, 1]. Then each
member ā of I⊕ I is called an intuitionistic point or intuitionistic number (See [29]).
In particular, we denote (0, 1) and (1, 0) as 0 and 1, respectively. Refer to [29] for
the definitions of the order (≤) and the equality (=) of two intuitionistic numbers,
and the infimum and the supremum of any intuitionistic numbers.

For a nonempty set X, a mapping A = (A∈, A/∈) : X → I ⊕ I is called an
intuitionistic fuzzy set (briefly, IFS) in X, where A(x) = (A∈(x), A̸∈(x)) for each
x ∈ X (See [20]). The empty intuitionistic fuzzy set and the whole intuitionistic
fuzzy set, denoted by 0 and 1, are defined by, respectively: for each x ∈ X,

0(x) = 0 and 1(x) = 1.

We will denote the set of all IFSs in X by IFS(X).
For the definitions of the inclusion, the equality, the union and the intersection of

two IFSs, the complement of an IFS, two operations [ ] and ⋄ on (I⊕I)X , refer to [20].

The set of all closed subintervals of I is denoted by [I], and members of [I] are

called it interval numbers and are denoted by ã, b̃, c̃, etc., where ã = [a−, a+] and
0 ≤ a− ≤ a+ ≤ 1. In particular, if a− = a+, then we write as ã = a (See [30]).

For the definitions of the order and the equality of two interval numbers, and the
infimum and the supremum of any interval numbers, refer to [18, 31, 32].
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For a nonempty set X, a mapping Ã = [A−, A+] : X → [I] is called an interval-

valued fuzzy set (briefly, IVFS) in X, where for x ∈ X, Ã(x) = [A−(x), A+(x)]
is called the degree of membership of an element x to A, and A− and A+ ∈ IX

are called the lower fuzzy set and the upper fuzzy set in X of Ã(x), respectively

(See [21, 22]). 0̃ and 1̃ denote the empty interval-valued fuzzy set and the whole
interval-valued fuzzy set in X defined by, respectively: for each x ∈ X,

0̃(x) = 0 and 1̃(x) = 1.

We will denote the set of all IVSs in X by IV FS(X).
For the definitions of the inclusion, the equality, the union, the intersection of two

IVSs and the complement of an IVS, refer to [21, 22].

For a nonempty set X, a mapping A =
〈
Ã, A

〉
: X → [I]× I is called a cubic set

in X. We will denote the set of all cubic sets in X by C(X) (See [33]).
Now members of [I]×(I⊕I)×I are written as ˜̄a = ⟨ã, ā, a⟩ = ⟨[a−, a−], (a∈, a̸∈), a⟩,˜̄b = ⟨̃b, b̄, b⟩ = ⟨[b−, b−], (b∈, b̸∈), b⟩, etc. and are called octahedron numbers. See [18]

for the definition of octahedron numbers.

Definition 2.6 ([18]). For a nonempty set X, a mapping A =
〈
Ã, A,A

〉
: X →

[I]× (I ⊕ I)× I is called an octahedron set in X.
We can consider following special octahedron sets in X:〈
0̃, 0̄,0

〉
= 0̈,〈

0̃, 0̄,1
〉
,
〈
0̃, 1̄,0

〉
,
〈
1̃, 0̄,0

〉
,〈

0̃, 1̄,1
〉
,
〈
1̃, 0̄,1

〉
,
〈
1̃, 1̄,0

〉
,〈

1̃, 1̄,1
〉
= 1̈.

In this case, 0̈ [resp., 1̈] is called the empty [resp. whole] octahedron set in X.
We denote the set of all octahedron sets as O(X). See [18] for some operations on
O(X).

We can consider octahedron sets as a generalization of cubic sets proposed by Jun
et al. [33]. Moreover, we can see that octahedron sets as a generalization of classical
subsets of a set.

3. Octahedron KU-ideals of KU-algebras

In this section, a concept of octahedron KU -ideals is introduced and some of its
basic properties are discussed. Unless otherwise specified, X represents KU -algebra.

Definition 3.1. A ∈ IX is called a fuzzy KU -subalgebra of X, if the following
inequality holds:

A(x ∗ y) ≥ A(x) ∧A(y) for any x, y ∈ X.

Definition 3.2 ([34]). A ∈ IFS(X) is called an intuitionistic fuzzy KU -subalgebra
of X, if the following inequality holds:

A(x ∗ y) ≥ A(x) ∧A(y) for any x, y ∈ X.
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Definition 3.3 ([35]). Ã ∈ IV FS(X) is called an interval-valued fuzzy KU -subalgebra
of X, if the following inequality holds:

Ã(x ∗ y) ≥ Ã(x) ∧ Ã(y) for any x, y ∈ X.

Definition 3.4. A =
〈
Ã, A

〉
∈ C(X) is called a cubic KU -subalgebra of X, if it

satisfies the following conditions:

(CKUSA1) Ã is an interval-valued fuzzy KU -subalgebra of X
(CKUSA2) A(x ∗ y) ≤ A(x) ∨A(y) for any x, y ∈ X.

Definition 3.5. A =
〈
Ã, A,A

〉
∈ O(X) is called an octahedron KU -subalgebra of

X, if the following conditions hold:

(OKUSA1) Ã is an interval-valued fuzzy KU -subalgebra of X,
(OKUSA2) A(x ∗ y) ≤ A(x) ∨A(y) for any x, y ∈ X,
(CKUSA2) A(x ∗ y) ≤ A(x) ∨A(y) for any x, y ∈ X.

Example 3.6. Let X = {0, 1, 2, 3, 4} be the KU -algebra in which defined by the
following Cayley table:

∗ 0 1 2 3 4
0 0 1 2 3 4
1 0 0 0 0 1
2 0 3 0 3 4
3 0 1 2 0 1
4 0 0 0 0 0

Table 3.1

Consider the octahedron set A =
〈
Ã, A,A

〉
in X defined as follows: for each x ∈ X,

Ã(x) =

 [0.3, 0.9] if x ∈ {0, 1, 2}

[0.1, 0.6] if x ∈ {2, 4},

A(x) =

 (0.1, 0.3) if x ∈ {0, 1, 2}

(0.4, 0.1) if x ∈ {2, 4},

A(x) =

 0.1 if x ∈ {0, 1, 2}

0.4 if x ∈ {2, 4}.
Then by routine calculations, we can see that A is an octahedron KU -subalgebra of
X.

Remark 3.7. (1) If A =
〈
Ã, A,A

〉
is an octahedron KU -subalgebra of X, then

A−, A+, A∈c
, A/∈ and Ac are fuzzy subalgebras of X, respectively. Furthermore,〈

Ã, A
〉
and

〈
[A/∈, (A∈)c], A

〉
are cubic KU -subalgebras of X, respectively.
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(2) If A =
〈
Ã, A

〉
is a cubic KU -subalgebra of X, then〈

Ã, (A,Ac), A
〉

is an octahedron KU -subalgebra of X.

(3) If Ã = [A−, A+] is an interval-valued KU -subalgebra of X, then〈
Ã, (A+c

, A−), A+c
〉

is an octahedron KU -subalgebra of X.
(4) If A = (A∈, A/∈) is an intuitionistic fuzzy KU -subalgebra of X, then〈

[A∈, A/∈c
], A,A∈c

〉
and

〈
[A∈, A/∈c

], A,A/∈
〉

are octahedron KU -subalgebras of X.

Lemma 3.8. If A =
〈
Ã, A,A

〉
is an octahedron KU -subalgebra of X, then the

following inequalities hold: for each x ∈ X,

Ã(0) ≥ Ã(x), A
c
(0) ≤ A

c
(x), Ac(0) ≤ Ac(x).

Proof. Suppose A is an octahedron KU -subalgebra of X and let x ∈ X. Then we
get

Ã(0) = Ã(x ∗ x) [By Result 2.3 (1)]

≥ Ã(x) ∧ Ã(x) [By Definition 3.3]

= Ã(x).
Similarly, A(0) ≥ A(x). Thus Ac(0) ≤ Ac(x). On the other hand, by [Lemma 4.4,
[34]], A∈(0) ≥ A∈(x) and A/∈(0) ≤ A/∈(x). So we have

A
c
(0) = (A/∈(0), A∈(0)) ≤ (A/∈(x), A∈(x)) = A

c
(x).

This completes the proof. □

Definition 3.9. A =
〈
Ã, A,A

〉
∈ O(X) is called an octahedron KU -ideal of X, if

it satisfies the following conditions: for any x, y ∈ X,

(OKUI1) Ã(0) ≥ Ã(x), A(0) ≤ A(x), A(0) ≤ A(x),

(OKUI2) Ã(x ∗ z) ≥ Ã(x ∗ (y ∗ z)) ∧ Ã(y), A(x ∗ z) ≤ A(x ∗ (y ∗ z)) ∨A(y),
A(x ∗ z) ≤ A(x ∗ (y ∗ z)) ∨A(y).

Example 3.10. Let X = {0, 1, 2, 3, 4} be the KU -algebra given in Example 3.6.

Consider the octahedron set A =
〈
Ã, A,A

〉
in X defined as follows: for each x ∈ X,

Ã(x) =


[0.6, 0.7] if x = 0

[0.4, 0.5] if x ∈ {1, 3}

[0.1, 0.3] if x ∈ {2, 4},
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A(x) =


(0.1, 0.6) if x = 0

(0.3, 0.4) if x ∈ {1, 3}

(0.6, 0.3) if x ∈ {2, 4},

A(x) =


0.1 if x = 0

0.3 if x ∈ {1, 3}

0.6 if x ∈ {2, 4}.
Then by routine calculations, we can check that A is an octahedron KU -ideal of X.

Remark 3.11. (1) If A =
〈
Ã, A,A

〉
is an octahedronKU -ideal ofX, then A−, A+,

A∈c
, A/∈ and Ac are fuzzy KU -ideals of X, respectively in the sense of Mostafa

et al. [27]. Furthermore,
〈
Ã, A

〉
and

〈
[A/∈, (A∈)c], A

〉
are cubic KU -deals of X,

respectively in the viewpoint of Yaqoob et al. [36].

(2) If A =
〈
Ã, A

〉
is a cubicKU -ideal ofX, then

〈
Ã, (A,Ac), A

〉
is an octahedron

KU -ideal of X.
(3) If Ã = [A−, A+] is an interval-valued KU -ideal of X in the sense of Mostafa

et al. [35], then
〈
Ã, (A+c

, A−), A+c
〉
is an octahedron KU -ideal of X.

(4) If A = (A∈, A/∈) is an intuitionistic fuzzy KU -ideal of X in the viewpoint of

Mostafa et al. [34], then
〈
[A∈, A/∈c

], A,A∈c
〉
and

〈
[A∈, A/∈c

], A,A/∈
〉
are octahedron

KU -ideals of X.

Lemma 3.12. Let A =
〈
Ã, A,A

〉
be an octahedron KU -ideal of X. If x ≤ y in X,

then the following inequalities hold:

Ã(x) ≥ Ã(y), A(x) ≤ A(y), A(x) ≤ A(y).

Proof. Suppose x ≤ y in X. Then clearly, y ∗ x = 0. Thus we have

Ã(x) = Ã(0 ∗ x) [By (KU3)]

≥ Ã(0 ∗ (y ∗ x)) ∧ Ã(y) [By (OKUI2)]

= Ã(0 ∗ 0) ∧ Ã(y) [Since y ∗ x = 0]

= Ã(0) ∧ Ã(y) [By Result 2.3 (1)]

= Ã(y) [By (OKUI1)],
A(x) = A(0 ∗ x)
≤ A(0 ∗ (y ∗ x)) ∨A(y)
= A(0 ∗ 0) ∨A(y)
= A(0) ∨A(y)
= A(y).

Similarly, we get A(x) ≤ A(y). The proof is complete. □

Lemma 3.13. Let A =
〈
Ã, A,A

〉
be an octahedron KU -ideal of X. If x ∗ y ≤ z in

X, then the following inequalities hold:
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(1) Ã(y) ≥ Ã(x) ∧ Ã(z),
(2) A(y) ≤ A(x) ∨A(z),
(3) A(y) ≤ A(x) ∨A(z).

Proof. Suppose x ∗ y ≤ z in X. It is clear that z ∗ (x ∗ y) = 0. Then we get

Ã(y) = Ã(0 ∗ y) [By (KU3)]

≥ Ã(0 ∗ (x ∗ y)) ∧ Ã(x) [By (OKUI2)]

= Ã(x ∗ y) ∧ Ã(x) [By (KU3)]

≥ (Ã(x ∗ (z ∗ y)) ∧ Ã(z)) ∧ Ã(x) [By (OKUI2)]

= (Ã(z ∗ (x ∗ y)) ∧ Ã(z)) ∧ Ã(x) [By Result 2.4 (4)]

= (Ã(0) ∧ Ã(z)) ∧ Ã(x) [Since z ∗ (x ∗ y) = 0]

= Ã(z) ∧ Ã(x) [By (OKUI1)],
A(y) = A(0 ∗ y)
≤ A(0 ∗ (x ∗ y)) ∨A(x)
= A(x ∗ y) ∨A(x)
≤ (A(x ∗ (z ∗ y)) ∨A(z)) ∨A(x)
= (A(z ∗ (x ∗ y)) ∨A(z)) ∨A(x)
= (A(0) ∨A(z)) ∨A(x)
= A(z) ∨A(x).

Similarly, we have A(y) ≤ A(z) ∨A(x). Thus (1), (2) and (3) hold. □

Definition 3.14 ([18]). LetX be a nonempty set and let (Aj)j∈J =
(〈

Ãj , Aj , Aj

〉)
j∈J

be a family of octahedron sets in X, where J denotes an index set. Then

(i) the union
⋃

j∈J Aj =
〈⋃

j∈J Ãj ,
⋂

j∈J Aj ,
⋂

j∈J Aj

〉
of (Aj)j∈J is an octahe-

dron set in X defined as follows: for each x ∈ X,⋃
j∈J

Aj

 (x) =

〈∨
j∈J

Ãj(x),
∧
j∈J

Aj(x),
∧
j∈J

Aj(x)

〉
,

(ii) the intersection
⋂

j∈J Aj =
〈⋂

j∈J Ãj ,
⋃

j∈J Aj ,
⋃

j∈J Aj

〉
of (Aj)j∈J is an

octahedron set in X defined as follows: for each x ∈ X,⋂
j∈J

Aj

 (x) =

〈∧
j∈J

Ãj(x),
∨
j∈J

Aj(x),
∨
j∈J

Aj(x)

〉
.

Proposition 3.15. Let (Aj)j∈J =
(〈

Ãj , Aj , Aj

〉)
j∈J

be a family of octahedron

KU -ideals of X. Then
⋂

j∈J Aj is an octahedron KU -ideal of X.

Proof. Let A =
⋂

j∈J Aj and x ∈ X. Then by (OKUI1), we have⋂
j∈J

Ãj

 (x) =
∧
j∈J

Ãj(x) ≤
∧
j∈J

Ãj(0) = (
⋂
j∈J

Ãj)(0),
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j∈J

Aj

 (x) =
∨
j∈J

Aj(x) ≥
∨
j∈J

Aj(0) = (
⋃
j∈J

Aj)(0),⋃
j∈J

Aj

 (x) =
∨
j∈J

Aj(x) ≥
∨
j∈J

Aj(0) = (
⋃
j∈J

Aj)(0).

Thus A satisfies the condition (OKUI1).
To prove that A satisfies the condition (OKUI2), let us take x, y, z ∈ X. Then

by Definition 3.14 and the hypothesis, we get(⋂
j∈J Ãj

)
(x ∗ z) =

∧
j∈J Ãj(x ∗ z)

≥
∧

j∈J [Ãj(x ∗ (y ∗ z)) ∧ Ãj(y)]

=
(∧

j∈J Ãj(x ∗ (y ∗ z))
)
∧
(∧

j∈J Ãj(y)
)

=
(⋂

j∈J Ãj

)
(x ∗ (y ∗ z)) ∧

(⋂
j∈J Ãj

)
(y),(⋃

j∈J Aj

)
(x ∗ z) =

∨
j∈J Aj(x ∗ z)

≤
∨

j∈J [Aj(x ∗ (y ∗ z)) ∨Aj(y)]

=
(∨

j∈J Aj(x ∗ (y ∗ z))
)
∨
(∨

j∈J Aj(y)
)

=
(⋃

j∈J Aj

)
(x ∗ (y ∗ z)) ∨

(⋃
j∈J Aj

)
(y).

Similarly, we have
(⋃

j∈J Aj

)
(x∗z) ≤

(⋃
j∈J Aj

)
(x∗(y∗z))∨

(⋃
j∈J Aj

)
(y). Thus

A satisfies the condition (OKUI2). So A is an octahedron KU -ideal of X. □

Proposition 3.16. If A =
〈
Ã, A,A

〉
is an octahedron KU -ideal of X, then the

following inequalities hold: for any x, y ∈ X,

Ã(x ∗ (x ∗ y)) ≥ Ã(y), A(x ∗ (x ∗ y)) ≤ A(y), A(x ∗ (x ∗ y)) ≤ A(y).

Proof. Suppose A is an octahedron KU -ideal of X and let x, y ∈ X. Then we have

Ã(x ∗ (x ∗ y)) ≥ Ã(x ∗ (y ∗ (x ∗ y))) ∧ Ã(y) [By (OKUI2)]

= Ã(x ∗ (x ∗ (y ∗ y))) ∧ Ã(y) [By Result 2.3 (4)]

= Ã(x ∗ (x ∗ 0)) ∧ Ã(y) [By Result 2.3 (1)]

= Ã(0) ∧ Ã(y) [By (KU1)]

= Ã(y) [By (OKUI1)],
A(x ∗ (x ∗ y)) ≤ A(x ∗ (y ∗ (x ∗ y))) ∨A(y)
= A(x ∗ (x ∗ (y ∗ y))) ∨A(y)
= A(x ∗ (x ∗ 0)) ∨A(y)
= A(0) ∨A(y)
= A(y).

Similarly, A(x ∗ (x ∗ y)) ≤ A(y). Thus the inequalities hold. □

Definition 3.17. Let X be a nonempty set, let ˜̄a = ⟨ã, ā, a⟩ be an octahedron

number and let A =
〈
Ã, A,A

〉
∈ O(X). Then two subsets [A]˜̄a and [A]∗˜̄a of X are

defined as follows:

[A]˜̄a = {x ∈ X : Ã(x) ≥ ã, A(x) ≤ ā, A(x) ≤ a},
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[A]∗˜̄a = {x ∈ X : Ã(x) > ã, A(x) > ā, A(x) > a}.
In this case, [A]˜̄a is called an ˜̄a-level set of A and [A]∗˜̄a is called a strong ˜̄a-level set
of A.

We have a relationship between octahedron KU -subalebras and KU -subalgebras
of a KU -algebra X.

Theorem 3.18. A =
〈
Ã, A,A

〉
∈ O(X) is an octahedron KU -sualgebra of X if

and only if either [A]˜̄a = ∅ or [A]˜̄a is a KU -subalgebra of X for each octahedron
number ˜̄a = ⟨ã, ā, a⟩.

In this case, [A]˜̄a is called an ˜̄a-level KU -subalgebra of A.

Proof. The proof follows from Definition 3.4 and 3.17. □

The following give a relationship between octahedron KU -ideal and KU -ideal of
a KU -algebra X.

Theorem 3.19. A =
〈
Ã, A,A

〉
∈ O(X) is an octahedron KU -ideal of X if and

only if either [A]˜̄a = ∅ or [A]˜̄a is a KU -ideal of X for each octahedron number˜̄a = ⟨ã, ā, a⟩.
In this case, [A]˜̄a is called an ˜̄a-level KU -ideal of A.

Proof. Suppose A is an octahedron KU -ideal of X, let ˜̄a be any octahedron number
such that [A]˜̄a ̸= ∅ and x ∈ [A]˜̄a. Then by (OKUI1), we have

Ã(0) ≥ Ã(x) ≥ ã, A(0) ≤ A(x) ≤ a, A(0) ≤ A(x) ≤ a.

Thus 0 ∈ [A]˜̄a. So the condition (KUI1) holds.
Suppose x ∗ (y ∗ z), y ∈ [A]˜̄a for any x, y, z ∈ X. Then clearly,

Ã(x ∗ (y ∗ z)) ≥ ã, A(x ∗ (y ∗ z)) ≤ a, A(x ∗ (y ∗ z)) ≤ a,

Ã(y) ≥ ã, A(y) ≤ a, A(y)) ≤ a.

Thus by (OKUI2), we get

Ã(x ∗ z) ≥ Ã(x ∗ (y ∗ z) ∧ Ã(y) ≥ ã,

A(x ∗ z) ≤ A(x ∗ (y ∗ z) ∨A(y) ≤ a,

A(x ∗ z) ≤ A(x ∗ (y ∗ z) ∨A(y) ≤ a.

So x ∗ z ∈ [A]˜̄a, i.e., the condition (KUI2) holds. Hence [A]˜̄a is a KU -ideal of X.
Conversely, suppose [A]˜̄a is a KU -ideal of X. Assume that the condition (OKUI1)

does not hold, i.e., there is x ∈ X such that

(3.1) Ã(0) < Ã(x), A(0) > A(x), A(0) > A(x).

Let us take an octahedron number ˜̄a = ⟨ã, ā, a⟩ as follows:

(3.2) ã =
1

2
(Ã(0) + Ã(x)), ā =

1

2
(A(0) +A(x)), a =

1

2
(A(0) +A(x)).

Then by (3.1) and (3.2), we have the following inequalities:

(3.3) Ã(0) < ã < Ã(x), A(0) > ā > A(x), A(0) > a > A(x).
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Thus by (3.3), x ∈ [A]˜̄a but 0 /∈ [A]˜̄a. This is a contradiction from the fact that
0 ∈ [A]˜̄a. So the condition (OKUI1) holds.

Now assume that the condition (OKUI2) does not hold, i.e., there are x, y, z ∈ X
such that
(3.4)

Ã(x∗z) < Ã(x∗(y∗z))∧Ã(y), A(x∗z) > A(x∗(y∗z))∨A(y), A(x∗z) > A(x∗(y∗z))∨A(y).

Let us take an octahedron number ˜̄a = ⟨ã, ā, a⟩ as follows:

(3.5) ã =
1

2
[Ã(x ∗ z) + (Ã(x ∗ (y ∗ z)) ∧ Ã(y))],

(3.6) a =
1

2
[A(x ∗ z) + ((x ∗ (y ∗ z)) ∨A(y))],

(3.7) a =
1

2
[A(x ∗ z) + (A(x ∗ (y ∗ z)) ∨A(y))].

Then from (3.4), (3.5), (3.6) and (3.7), we get the following inequalities:

(3.8) Ã(x ∗ z) < ã < Ã(x ∗ (y ∗ z)) ∧ Ã(y),

(3.9) A(x ∗ z) > a > A(x ∗ (y ∗ z)) ∨A(y),

(3.10) A(x ∗ z) > a > A(x ∗ (y ∗ z)) ∨A(y).

Thus by (3.8), (3.9) and (3.10), x ∗ (y ∗ z) ∈ [A]˜̄a but x ∗ y /∈ [A]˜̄a. This is a
contradiction. So the condition (OKUI2) holds. Hence A is an octahedron KU -
ideal of X. □

4. The images and the preimages of octahedron KU-ideals

In this section we obtain some results on the images and the preimages of octa-
hedron KU -ideals of a KU -algebra under a KU -homomorphism.

Definition 4.1 ([18]). Let X, Y be two sets, f : X → Y be a mapping and

A =
〈
Ã, A,A

〉
∈ O(X), B =

〈
B̃, B,B

〉
∈ O(Y ).

(i) The preimage of B under f , denoted by f−1(B) =
〈
f−1(B̃), f−1(B), f−1(B)

〉
,

is the octahedron set in X defined as follows: for each x ∈ X,

f−1(B)(x) =
〈
[B−(f(x)), B+(f(x))], (B∈(f(x)), B ̸∈(f(x))), (B(f(x))

〉
.

We will denote [B−(f(x)), B+(f(x))] and (B∈(f(x)), B ̸∈(f(x))) by B̃(f(x)) and
B(f(x)), respectively.

(ii) The image of A under f , denoted by f(A) =
〈
f(Ã), f(A), f(A)

〉
, is the

octahedron set in Y defined as follows: for each y ∈ Y ,

f(Ã)(y) =

{
[
∨

x∈f−1(y) A
−(x),

∨
x∈f−1(y) A

+(x)] =
∨

x∈f−1(y) Ã(x) if f−1(y) ̸= ∅
0 otherwise,

f(A)(y) =

{
(
∨

x∈f−1(y) A
∈(x),

∧
x∈f−1(y) A

̸∈(x)) =
∨

x∈f−1(y) A(x) if f−1(y) ̸= ϕ

1̄ otherwise,
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f(A)(y) =

{ ∨
x∈f−1(y) A(x) if f−1(y) ̸= ϕ

1 otherwise.

It is obvious that f(x˜̄a) = [f(x)]˜̄a for each x˜̄a ∈ OP (X).

Proposition 4.2. Let (X, ∗, 0) and (Y, ∗′
, 0

′
) be two KU -algebras, let f : X → Y be

a homomorphism and let B =
〈
B̃, B,B

〉
∈ O(Y ). If B is an octahedron KU -ideal

of Y , then f−1(B) is an octahedron KU -ideal of X.

Proof. Suppose B =
〈
B̃, B,B

〉
is an octahedron KU -ideal of Y , let A = f−1(B)

and let x ∈ X. Then we get

Ã(x) = B̃(f(x)) [By Definition 4.1 (i)]

≤ B̃(0
′
) [By (OKUI1)]

= B̃(f(0)) [Since f is a homomorphism]

= Ã(0),

A(x) = B(f(x)) ≥ B(0
′
) = B(f(0)) = A(0).

Similarly, A(x) ≥ A(0). Thus A satisfies the condition (OKUI1).
To show that A satisfies the condition (OKUI2), pick x, y, z ∈ X. Then we have

Ã(x ∗ y) = B̃(f(x ∗ y)) [By Definition 4.1 (i)]

= B̃(f(x) ∗′
f(y)) [Since f is a homomorphism]

≥ B̃(f(x) ∗( f(y) ∗′
f(z))) ∧ B̃(f(y)) [By (OKUI2)]

= B̃(f(x ∗ (y ∗ z))) ∧ B̃(f(y)) [Since f is a homomorphism]

= Ã(x ∗ (y ∗ z)) ∧ Ã(y) [By Definition 4.1 (i)],
A(x ∗ y) = B(f(x ∗ y))
= B(f(x) ∗′

f(y))

≤ B(f(x) ∗( f(y) ∗′
f(z))) ∨B(f(y))

= B(f(x ∗ (y ∗ z))) ∨B(f(y))
= A(x ∗ (y ∗ z)) ∨A(y).

Similarly, A(x ∗ y) ≤ A(x ∗ (y ∗ z))∨A(y). Thus A satisfies the condition (OKUI2).
So A = f−1(A) is an octahedron KU -ideal of Y . □

Proposition 4.3. Let (X, ∗, 0) and (Y, ∗′
, 0

′
) be two KU -algebras, let B =

〈
B̃, B,B

〉
∈

O(X) and let f : X → Y be an epimorphism. If f−1(B) is an octahedron KU -ideal
of X, then B is an octahedron KU -ideal of Y .

Proof. Suppose f−1(B) is an octahedron KU -ideal of X and let y ∈ Y . Since f is
surjective, there is a ∈ X such that y = f(a). Then we obtain

B̃(y) = B̃(f(a)) [Since y = f(a)]

= f−1(B̃)(a) [By Definition 4.1 (i)]

≤ f−1(B̃)(0) [By (OKUI1)]

= B̃(f(0)) [By Definition 4.1 (i)]

= B̃(0
′
) [Since f is a homomorphism],

B(y) = B(f(x)) = f−1(B̃)(a) ≥ f−1(B)(0) = B(f(0)) = B(0
′
).

Similarly, B(y) ≥ B(0
′
). Thus B satisfies the condition (OKUI1).
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To prove that the condition (OKUI1) holds, let x, y, z ∈ X. Since f is sujective,
there are a, b, c ∈ X such that x = f(a), y = f(b), z = f(c). Since f is a
homomorphism, x ∗ y = f(a ∗ b) and x ∗ (y ∗ z) = f(a ∗ (b ∗ c)). Then we have

B̃(x ∗ y) = B̃(f(a ∗ b)) [By Definition 4.1 (i)]

= f−1(B̃)(a ∗ b) [By Definition 4.1 (i)]

≥ f−1(B̃)(a ∗ (b ∗ c)))) ∧ f−1(B̃)(c) [By (OKUI2)]

= B̃(f(a ∗ (b ∗ c))) ∧ B̃(f(c)) [By Definition 4.1 (i)]

= B̃(f(a) ∗′
(f(b) ∗′

f(c))) ∧ B̃(f(c)) [Since f is a homomorphism]

= B̃(x ∗′
(y ∗′

z)) ∧ B̃(y),
B(x ∗ y) = B(f(a ∗ b))
= f−1(B)(a ∗ b)
≤ f−1(B)(a ∗ (b ∗ c)))) ∨ f−1(B)(c)
= B(f(a ∗ (b ∗ c))) ∨B(f(c))

= (f(a) ∗′
(f(b) ∗′

f(c))) ∨B(f(c))

= B(x ∗′
(y ∗′

z)) ∨B(y).

Similarly, B(x∗′
y) ≤ B(x∗′

(y∗′
z))∨B(y). Thus B satisfies the condition (OKUI2).

So B is an octahedron KU -ideal of X. □

Definition 4.4 (See [23]). Let X be a nonempty set and A =
〈
Ã, A,A

〉
∈ O(X).

Then we say that A has the sup-property, if for each T ∈ 2X , there is t0 ∈ T such
that

A(t0) =

〈∨
t∈T

Ã(t),
∧
t∈T

A(t),
∧
t∈T

A(t)

〉
.

It is obvious that if A takes on only finitely many values, then it has the sup-

property. In fact, A ∈ O(X) has the sup-property if and only if Ã has the sup-
property, A and A have the inf-property.

Proposition 4.5. Let (X, ∗, 0) and (Y, ∗′
, 0

′
) be two KU -algebras, let f : X → Y

be a homomorphism and let A =
〈
Ã, A,A

〉
∈ O(X) have the sup-property. If A an

octahedron KU -ideal of X, then f(A) is an octahedron KU -ideal of Y .

Proof. Suppose A an octahedron KU -ideal of X and let B = f(A), y ∈ Y . If

f−1(y) = ∅, then by Definition 4.1 (i), B̃(y) = 0, B(y) = 1 and B(y) = 1. It is
clear that B = f(A) satisfies the condition (OKUI1). Without loss of generality, we
can suppose f−1(y) ̸= ∅ for each y ∈ Y . Then we get

B̃(0
′
) =

∨
t∈f−1(0′ ) Ã(t) [By Definition 4.1 (ii)]

= Ã(0) [Since f is a homomorphism, 0
′
= f(0).]

≥ Ã(a) for each a ∈ X [By (OKUI1)],

B(0
′
) =

∧
t∈f−1(0′ ) A(t) = A(0) ≤ A(a) for each a ∈ X

Similarly, B(0
′
) ≤ A(a) for each a ∈ X. Thus

(4.1) B̃(0
′
) ≥ Ã(a), B(0

′
) ≤ A(a), B(0

′
) ≤ A(a) for each a ∈ X.

By (4.1) and Definition 4.1 (ii), we have

(4.2) B̃(0
′
) ≥ B̃(y), B(0

′
) ≤ B(y), B(0

′
) ≤ B(y).
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So B satisfies the condition (OKUI1).
Take x, y, z ∈ Y such that f−1(x) ̸= ∅, f−1(y) ̸= ∅ and f−1(z) ̸= ∅. Since A

has the sup-property, there are x0 ∈ f−1(x), y0 ∈ f−1(y) and z0 ∈ f−1(z) such that
the following identities hold:

(4.3) Ã(x0 ∗ z0) =
∨

t∈f−1(x∗′z)

Ã(t), Ã(y0) =
∨

t∈f−1(y)

Ã(t),

(4.4) A(x0 ∗ z0) =
∧

t∈f−1(x∗′z)

A(t), A(y0) =
∧

t∈f−1(y)

A(t),

(4.5) A(x0 ∗ z0) =
∧

t∈f−1(x∗′z)

A(t), A(y0) =
∧

t∈f−1(y)

A(t),

(4.6) Ã(x0 ∗ (y0 ∗ z0)) =
∨

t∈f−1(x∗′ (y∗′z)

Ã(t),

(4.7) A(x0 ∗ (y0 ∗ z0)) =
∧

t∈f−1(x∗′ (y∗′z)

A(t),

(4.8) A(x0 ∗ (y0 ∗ z0)) =
∧

t∈f−1(x∗′ (y∗′z)

A(t).

Then we have
B̃(x ∗′

z) =
∨

t∈f−1(x∗y) Ã(t) [By Definition 4.1 (ii)]

= Ã(x0 ∗ z0) [By (4.3)]

≥ Ã(x0 ∗ (y0 ∗ z0)) ∧ Ã(y0) [By (OKUI2)]

=
(∨

t∈f−1(x∗′ (y∗′z)) Ã(t)
)
∧
(∨

t∈f−1(y) Ã(t)
)

[By (4.3) and (4.6)]

= B̃(x ∗′
(y ∗′

z)) ∧ B̃(y) [By Definition 4.1 (ii)],

B(x ∗′
z) =

∧
t∈f−1(x∗y) A(t)

= A(x0 ∗ z0) [By (4.4)]
≤ A(x0 ∗ (y0 ∗ z0)) ∨A(y0)

=
(∧

t∈f−1(x∗′ (y∗′z)) A(t)
)
∨
(∧

t∈f−1(y) A(t)
)

[By (4.4) and (4.7)]

= B(x ∗′
(y ∗′

z)) ∨B(y),

B(x ∗′
z) =

∧
t∈f−1(x∗y) A(t)

= A(x0 ∗ z0) [By (4.5)]
≤ A(x0 ∗ (y0 ∗ z0)) ∨A(y0)

=
(∧

t∈f−1(x∗′ (y∗′z)) A(t)
)
∨
(∧

t∈f−1(y) A(t)
)

[By (4.5) and (4.8)]

= B(x ∗′
(y ∗′

z)) ∨B(y).
Thus B = f(A) satisfies the condition (OKUI2). So f(A) is an octahedron KU -ideal
of Y . □
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5. The Cartesian product of octahedron KU-ideals

In this section, we define the Cartesian product of two octahedron sets and study
some of its octahedron ideals of the Cartesian product of two KU -algebras.

Definition 5.1. Let X, Y be two nonempty sets and A ∈ O(X), B ∈ O(Y ). Then

the Cartesian product A×B =
〈
Ã× B̃, A×B,A×B

〉
of A and B is an octahedron

set in X × Y defined as follows: for each (x, y) ∈ X × Y ,

(i) (Ã× B̃)(x, y) = Ã(x) ∧ B̃(y),
(ii) (A×B)(x, y) = A(x) ∨B(y),
(iii) (A×B)(x, y) = A(x) ∨B(y).

Remark 5.2. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras. We define the opera-

tion ∗′
on X × Y by: for any (x, y), (u, v) ∈ X × Y ,

(x, y) ∗
′
(u, v) = (x ∗ u), (y ∗ v).

Then it is obvious that (X × Y, ∗′
, (0, 0)) is a KU -algebra.

Proposition 5.3. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras and A ∈ O(X), B ∈
O(Y ). If A and B are octahedron KU -subalgebras of X and Y ,respectively, then A×B
is an octahedron KU -subalgebra of X × Y .

Proof. Suppose A and B are octahedron KU -subalgebras of X and Y , respectively
and let (x, y), (u, v) ∈ X × Y . Then we get

(Ã× B̃)((x, y) ∗′
(u, v)) = (Ã× B̃)(x ∗ u, y ∗ v) [By Remark 5.2]

= Ã(x ∗ u) ∧ B̃(y ∗ v) [Definition 5.1 (i)]

≥ (Ã(x) ∧ Ã(u)) ∧ (B̃(y) ∧ B̃(v))
[By (OKUSA1)]

= (Ã(x) ∧ B̃(y)) ∧ (Ã(u) ∧ B̃(v))

= (Ã× B̃)(x, y) ∧ (Ã× B̃)(u, v),

(A×B)((x, y) ∗′
(u, v)) = (A×B)(x ∗ u, y ∗ v)

= A(x ∗ u) ∨B(y ∗ v) [Definition 5.1 (ii)]
≤ (A(x) ∨A(u)) ∨ (B(y) ∨B(v))
[By (OKUSA2)]
= (A(x) ∨B(y)) ∨ (A(u) ∨B(v))
= (A×B)(x, y) ∨ (A×B)(u, v),

(A×B)((x, y) ∗′
(u, v)) = (A×B)(x ∗ u, y ∗ v)

= A(x ∗ u) ∨B(y ∗ v) [Definition 5.1 (iii)]
≤ (A(x) ∨A(u)) ∨ (B(y) ∨B(v)) [By (OKUSA3)]
= (A(x) ∨B(y)) ∨ (A(u) ∨B(v))
= (A×B)(x, y) ∨ (A×B)(u, v).

Thus A× B is an octahedron KU -subalgebra of X × Y. □

Proposition 5.4. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras and A ∈ O(X), B ∈
O(Y ). If A and B are octahedron KU -ideals of X and Y , respectively, then A × B
is an octahedron KU -ideal of X × Y .

Proof. Suppose A and B are octahedron KU -ideals of X and Y , respectively and
let (x, y) ∈ X × Y. Then we have
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(Ã× B̃)(x, y) = Ã(x) ∧ B̃(y)

≥ Ã(0) ∧ B̃(0) [By (OKUI1)]

= (Ã× B̃)(0, 0),
(A×B)(x, y) = A(x) ∨B(y)
≤ A(0) ∨B(0)
= (A×B)(0, 0),
(A×B)(x, y) = A(x) ∨B(y)
≤ A(0) ∨B(0)
= (A×B)(0, 0).

Thus A× B satisfies the condition (OKUI1).
To show that the condition (OKUI1) holds, let (x1, x2), (y1, y2), (z1, z2) ∈ X×Y.

Then we obtain
(Ã× B̃)((x1, x2) ∗

′
(z1, z2))

= (Ã× B̃)(x1 ∗ z1, x2 ∗ z2)
= Ã(x1 ∗ z1) ∧ B̃(x2 ∗ z2)
≥ (Ã(x1 ∗ (y1 ∗ z1)) ∧ Ã(y1)) ∧ (B̃(x2 ∗ (y2 ∗ z2)) ∧ B̃(y2)) [By (OKUI2)]

= (Ã(x1 ∗ (y1 ∗ z1)) ∧ B̃(x2 ∗ (y2 ∗ z2))) ∧ (Ã(y1) ∧ B̃(y2))

= (Ã× B̃)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∧ (Ã× B̃)(y1, y2),

(A×B)((x1, x2) ∗
′
(z1, z2))

= (A×B)(x1 ∗ z1, x2 ∗ z2)
= A(x1 ∗ z1) ∨B(x2 ∗ z2)
≤ (A(x1 ∗ (y1 ∗ z1)) ∨A(y1)) ∨ (B(x2 ∗ (y2 ∗ z2)) ∨B(y2))
= (A(x1 ∗ (y1 ∗ z1)) ∨B(x2 ∗ (y2 ∗ z2))) ∨ (A(y1) ∨B(y2))

= (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2).

Similarly, we get

(A×B)((x1, x2)∗
′
(z1, z2)) ≤ (A×B)((x1, x2)∗

′
((y1, y2)∗

′
(z1, z2)))∨(A×B)(y1, y2).

Thus A× B satisfies the condition (OKUI2). So A× B is an octahedron KU -ideal
of X × Y. □

From Definitions 3.17 and 5.1, we obtain the following.

Lemma 5.5. Let X, Y be two nonempty sets, ˜̄a = ⟨ã, ā, a⟩ an octahedron number
and A ∈ O(X), B ∈ O(Y ). Then [A× B]˜̄a = [A]˜̄a × [B]˜̄a.

The following is a similar consequence to Theorem 3.18.

Theorem 5.6. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras and A ∈ O(X), B ∈
O(Y ). Then A×B is an octahedron KU -subalgebra of X ×Y if and only if for each
octahedron number ˜̄a = ⟨ã, ā, a⟩, either [A×B]˜̄a = ∅ or [A×B]˜̄a is a KU -subalgebra
of X × Y.

Proof. The proof is straightforward. □

Also, we have a similar consequence to Theorem 3.19.

Theorem 5.7. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras and A ∈ O(X), B ∈
O(Y ). Then A × B is an octahedron KU -ideal of X × Y if and only if for each
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octahedron number ˜̄a = ⟨ã, ā, a⟩, either [A × B]˜̄a = ∅ or [A × B]˜̄a is a KU -ideal of
X × Y.

Proof. Suppose A×B is an octahedron KU -ideal of X × Y . Without loss of gener-
ality, assume that [A× B]˜̄a ̸= ∅ and let (x, y) ∈ [A× B]˜̄a. Then by Lemma 5.5 and
(OKUI1), we have

ã ≤ (Ã× B̃)(x, y) = Ã(x) ∧ B̃(y) ≤ Ã(0) ∧ B̃(0) = (Ã× B̃)(0, 0),

ā ≥ (A×B)(x, y) = A(x) ∨B(y) ≥ A(0) ∨B(0) = (A×B)(0, 0),

a ≥ (A×B)(x, y) = A(x) ∨B(y) ≥ A(0) ∨B(0) = (A×B)(0, 0).

Thus (0, 0) ∈ [A× B]˜̄a. So A× B satisfies the condition (KUI1).

Now suppose (x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2)), (y1, y2) ∈ [A× B]˜̄a for any (x1, x2),

(y1, y2), (z1, z2) ∈ X × Y. Then clearly,

(5.1) (Ã× B̃)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ≥ ã, (Ã× B̃)(y1, y2) ≥ ã,

(5.2) (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ≤ ā, (A×B)(y1, y2) ≤ ā,

(5.3) (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ≤ a, (A×B)(y1, y2) ≤ a.

Thus we have
(Ã× B̃)((x1, x2) ∗

′
(z1, z2))

≥ (Ã× B̃)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∧ (Ã× B̃)(y1, y2) [By (OKUI1)

≥ ã [By (5.1)],

(A×B)((x1, x2) ∗
′
(z1, z2))

≤ (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2)

≤ ā [By (5.2)],

(A×B)((x1, x2) ∗
′
(z1, z2))

≤ (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2)

≤ a [By (5.3)].

Thus (x1, x2)∗
′
(z1, z2) ∈ [A×B]˜̄a. So [A×B]˜̄a satisfies the condition (KUI2). Hence

[A× B]˜̄a is a KU -ideal of X × Y.
Conversely, suppose the necessary condition holds, say [A×B]˜̄a is a KU -ideal of

X×Y for each octahedron number ˜̄a. Assume that the condition (OKUI2) does not
hold, i.e there is (x, y) ∈ X × Y such that

(5.4) (Ã× B̃)(0, 0) < (Ã× B̃)(x, y),

(5.5) (A×B)(0, 0) > (A×B)(x, y),

(5.6) (A×B)(0, 0) > (A×B)(x, y).

Let us take an octahedron number ˜̄a such that

(5.7) ã =
1

2

(
(Ã× B̃)(0, 0) + (Ã× B̃)(x, y)

)
,

(5.8) ā =
1

2

(
(A×B)(0, 0) + (A×B)(x, y)

)
,
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(5.9) a =
1

2
((A×B)(0, 0) + (A×B)(x, y)) .

Then we obtain the following inequalities:

(5.10) (Ã× B̃)(0, 0) < ã < (Ã× B̃)(x, y),

(5.11) (A×B)(0, 0) > ā > (A×B)(x, y),

(5.12) (A×B)(0, 0) > a > (Ã× B̃)(x, y).

Thus (x, y) ∈ [A × B]˜̄a but (0, 0) /∈ [A × B]˜̄a. This is a contradiction. So A × B
satisfies the condition (OKUI1).

Now assume that the condition (OKUI2) does not hold, i.e., there are (x1, x2),
(y1, y2), (z1, z2) ∈ X × Y such that

(Ã× B̃)((x1, x2) ∗
′
(z1, z2))

< (Ã× B̃)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∧ (Ã× B̃)(y1, y2),

(A×B)((x1, x2) ∗
′
(z1, z2))

> (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2),

(A×B)((x1, x2) ∗
′
(z1, z2))

> (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2).

Let us take an octahedron number ˜̄a such that
ã = 1

2 [(Ã× B̃)((x1, x2) ∗
′
(z1, z2))

+(Ã× B̃)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∧ (Ã× B̃)(y1, y2)],

ā = 1
2 [(A×B)((x1, x2) ∗

′
(z1, z2))

+(A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2)],

a = 1
2 [(A×B)((x1, x2) ∗

′
(z1, z2))

+(A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2)].

Then we obtain the following inequalities:

(Ã× B̃)((x1, x2) ∗
′
(z1, z2)

< ã < (Ã× B̃)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∧ (Ã× B̃)(y1, y2),

(A×B)((x1, x2) ∗
′
(z1, z2)

> ā > (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2),

(A×B)((x1, x2) ∗
′
(z1, z2)

> a > (A×B)((x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2))) ∨ (A×B)(y1, y2).

Thus (x1, x2) ∗
′
((y1, y2) ∗

′
(z1, z2)), (y1, y2) ∈ [A × B]˜̄a but (x1, x2) ∗

′
(z1, z2) /∈

[A×B]˜̄a. This is a contradiction. So A×B satisfies the condition (OKUI2). Hence
A× B is an octahedron KU -ideal of X × Y. □

For two KU -algebras (X, ∗, 0) and (Y, ∗, 0), we define binary operation ≤′
on

X × Y as follows: for any (x, y), (u, v) ∈ X × Y ,

(x, y) ≤
′
(u, v) if and only if x ≤

X
u, y ≤

Y
v,

where ≤
X

and ≤
Y
denote the partial orders on X and Y , respectively.

It is obvious that ≤′
is a partial order on X × Y .
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The following is the similar consequence of Lemma 3.12.

Proposition 5.8. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras, A ∈ O(X), B ∈
O(Y ) and A × B be an octahedron KU -ideal of X × Y . If (x1, x2) ≤′

(y1, y2) for
any (x1, x2), (y1, y2) ∈ X × Y , then the following inequalities hold:

(Ã× B̃)(y1, y2) ≥
′
(Ã× B̃)(x1, x2),

(A×B)(y1, y2) ≤
′
(A×B)(x1, x2),

(A×B)(y1, y2) ≤
′
(A×B)(x1, x2).

Proof. The proof follows from Lemma 3.12 and the definition of the partial order
≤′

. □

Also, we have the similar consequence of Lemma 3.13.

Proposition 5.9. Let (X, ∗, 0) and (Y, ∗, 0) be two KU -algebras, A ∈ O(X), B ∈
O(Y ) and A×B is an octahedron KU -ideal of X×Y . If (x1, x2)∗

′
(y1, y2) ≤

′
(z1, z2)

for any (x1, x2), (y1, y2), (z1, z2) ∈ X × Y , then the following inequalities hold:

(Ã× B̃)(y1, y2) ≥
′
(Ã× B̃)(x1, x2) ∧ (Ã× B̃)(z1, z2),

(A×B)(y1, y2) ≤
′
(A×B)(x1, x2) ∨ (A×B)(z1, z2),

(A×B)(y1, y2) ≤
′
(A×B)(x1, x2) ∨ (A×B)(z1, z2).

Proof. The proof follows from Lemma 3.13 and the definition of the partial order
≤′

. □

6. Conclusions

By defining the notions of octahedron KU -subalgeras and octahedron KU -ideals
of a KU -algebra, we obtained some of their properties. In particular, we dealt with
a relationship between octahedron KU -subalgebras [resp. KU -ideals] and classical
KU -subalgebras [resp. KU -ideals] of a KU -algebra. Also, we discusses some prop-
erties of the images and the preimages of octahedron KU -ideals of a KU -algebra
under a homomorphism of KU -algebras. Furthermore, we studied that the Carte-
sian products of two octahedron KU -ideals [resp. KU -subalgebras] of the Cartesian
products of two KU -algebras have similar properties as discussed in Section 3.

In the future, we expect to define a new octahedron set that combines the octa-
hedron set with soft set, bipolar fuzzy set, hesitant fuzzy set, Pythagorean fuzzy set,
and neutrosophic set, and apply each to topology, abstract algebra, logical algebra,
decision making problems, etc.

Acknowledgments: This paper was supported by Wonkwang University in
2025. We are very grateful to the reviewers for their careful reading and their
meaningful suggestions.

125



Baek et al. /Ann. Fuzzy Math. Inform. 29 (2025), No. 2, 107–127

References
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