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1. Introduction

Ward et al. [1] introduced a complete residuated lattice which is an alge-
braic structure for many valued logic as an extension of left continuous t-norms.
Bělohlávek [2, 3, 4, 5] investigated the properties of fuzzy closure operators and
fuzzy closure systems on a complete residuated lattice. By using their concepts,
topological structures, logic, formal concept, information systems and decision rules
are investigated on complete residuated lattices [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. As a
non-commutative algebraic structure, Turunen [10] introduced a generalized resid-
uated lattice as an generalization of weak-pseudo-BL-algebras and left continuous
pseudo-t-norm [12, 13]. Ko and Kim [14, 15] introduced the notions of right (resp.
left) closure operators and right (resp. left) closure systems on a generalized resid-
uated lattice.

Qiao and Hu. [16] introduced fuzzy rough sets based on residuated and co-
residuated lattices as an extension of right continuous t-conorms [12, 13, 10]. Em-
ploying distance spaces over fuzzy partially ordered spaces, topological structures
and formal concepts on complete co-residuated lattices were investigated [9, 17, 18,
19].
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The goal of this paper, we introduce the two types (right, left) of interior (clo-
sure) operators, interior (closure, extensional) systems and distance functions on a
generalized co-residuated lattice defined in [16, 19] as a noncommutative structure.
They are basic tools for analyzing information systems.

This paper is organized as follows. In Section 2, we recall some definitions and
basic properties of the generalized co-residuated lattice.

In Section 3, we investigate the relations among two types (right, left) of interior
(closure) operators, interior (closure, extensional) systems and distance functions.

Moreover, we show that a right interior induces a right (resp. left) interior system
and right (resp. left) closure operators induces a right (resp. left) system. We study
that a right interior (resp. closure) system induces a right interior (resp. closure)
operator and a right distance function, and conversely a right interior (resp. closure)
operator induces a right distance function. We show that a right distance function
induces a right extensional system, a right interior operator and a right closure
operator. We investigate that a right interior (resp. closure) operator induces a right
distance function. Left structures, with similar results to those of right structures,
are depicted in corollaries.

2. Preliminaries

As an extension of co-residuated lattices [15, 17, 18, 19, 20], we define generalized
co-residuated lattices as an non-commutative algebraic structure.

Definition 2.1 ([19]). A structure (L,∨,∧,⊕,⊖,⊘,⊥,⊤) is called a generalized
co-residuated lattice, if it satisfies the following conditions:

(GR1) (L,∨,∧,⊥,⊤) is lattice with the least element ⊥ and the greatest element
⊤,

(GR2) ⊥⊕ x = x⊕⊥ = x and x⊕ (y ⊕ z) = (x⊕ y)⊕ z for all x, y, z ∈ L,
(GR3) it satisfies a co-residuation , i.e., for any x, y, z ∈ X,

x⊕ y ≥ z iff x ≥ z ⊖ y iff y ≥ z ⊘ x.

A generalized co-residuated lattice is called co-residuated lattice if x⊕ y = y ⊕ x
for any x, y ∈ L.

For α ∈ L, A ∈ LX , x ∈ X, we denote (A⊖ α), (α ⊕ A) ∈ LX as (A⊖ α)(x) =
A(x)⊖ α, (α⊕A)(x) = α⊕A(x) ∀x ∈ X and ⊥x ∈ LX defined as

⊥x(y) =

{
⊥ if y = x
⊤ if y ̸= x.

Put n1(x) = ⊤⊖x and n2(x) = ⊤⊘x for each x ∈ L. The condition n1(n2(x)) =
n2(n1(x)) = x for each x ∈ L is called a double negative law.

In this paper, we assume (L,∨,∧,⊕,⊖,⊘,⊥,⊤) is a generalized co-residuated
lattice with a double negative law and if the family supremum or infumum exists,
we denote

∨
and

∧
.

Lemma 2.2 ([19]). For each x, y, z, xi, yi ∈ L, we have the following properties.
(1) y ⊕ (x⊘ y) ≥ x, (x⊖ y)⊕ y ≥ x, x⊖ (x⊘ y) ≤ y and x⊘ (x⊖ y) ≤ y.
(2) If y ≤ z, then (x ⊕ y) ≤ (x ⊕ z), (y ⊕ x) ≤ (z ⊕ x), x ⊖ y ≤ x ⊖ z and

z ⊖ x ≤ y ⊖ x for ⊖ ∈ {⊖,⊘}.
86
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(3) x⊖(
∧

i∈Γ yi) =
∨

i∈Γ(x⊖yi) and (
∨

i∈Γ xi)⊖y =
∨

i∈Γ(xi⊖y) for ⊖ ∈ {⊖,⊘}.
(4) x⊖(

∨
i∈Γ yi) ≤

∧
i∈Γ(x⊖yi) and (

∧
i∈Γ xi)⊖y ≤

∧
i∈Γ(xi⊖y) for ⊖ ∈ {⊖,⊘}.

(5) x⊕ (y ⊖ z) ≥ (x⊕ y)⊖ z and (x⊘ y)⊕ z ≥ (x⊕ z)⊘ y.
(6) x⊖ (y ⊕ z) = (x⊖ z)⊖ y and (x⊘ y)⊘ z = x⊘ (y ⊕ z).
(7) (x⊖ y)⊘ z = (x⊘ z)⊖ y.
(8) (y ⊘ z)⊕ (x⊘ y) ≥ x⊘ z and (x⊖ y)⊕ (y ⊖ z) ≥ x⊖ z.
(9) (x⊘ z) ≥ (y ⊕ x)⊘ (y ⊕ z) and (x⊖ z) ≥ (x⊕ y)⊖ (z ⊕ y).
(10) y ⊘ z ≥ (x⊘ z)⊖ (x⊘ y) and x⊘ y ≥ (x⊘ z)⊘ (y ⊘ z).
(11) x⊖ y ≥ (x⊖ z)⊖ (y ⊖ z) and y ⊖ z ≥ (x⊖ z)⊘ (x⊖ y).
(12) x⊖ x = x⊘ x = ⊥.
(13) x⊖ y = ⊥ iff x ≤ y iff x⊘ y = ⊥.
(14) (

∨
i∈Γ yi)⊖ (

∨
i∈Γ yi) ≤

∨
i∈Γ(xi⊖yi) and (

∧
i∈Γ xi)⊖ (

∧
i∈Γ yi) ≤

∨
i∈Γ(xi⊖

yi) for ⊖ ∈ {⊖,⊘}.
(15) x⊖ y = n1(y)⊘ n1(x) and x⊘ y = n2(y)⊖ n2(x).
(16) n1(y ⊕ z) = n1(z) ⊖ y and n2(y ⊕ z) = n2(y) ⊘ z. Moreover, n2(x ⊖ y) =

y ⊕ n2(x) and n1(x⊘ y) = n1(x)⊕ y.
(17) x⊖⊥ = x⊘⊥ = x.
(18) For any k = 1, 2, nk(

∧
i∈Γ xi) =

∨
i∈Γ nk(xi) and nk(

∨
i∈Γ xi) = nk(

∧
i∈Γ xi).

3. Various systems, operators and distance functions

Definition 3.1. Let X be a set. A function drX : X × X → L is called a right
distance function, if it satisfies the following conditions: for any x, y, z ∈ X,

(D1) drX(x, x) = ⊥,
(D2) if drX(x, y) = drX(y, x) = ⊥, then x = y,
(R) drX(x, y)⊕ drX(y, z) ≥ drX(x, z).

A function dlX : X ×X → L is called a left distance function, if it satisfies (D1),
(D2) and

(L) dlX(y, z)⊕ dlX(x, y) ≥ dlX(x, z) for all x, y, z ∈ X.

Remark 3.2. (1) Let drX (resp. dlX) be a right (resp. left) distance function on X.

Define functions d−r
X , d−l

X : X×X → L as d−r
X (x, y) = drX(y, x), d−l

X (x, y) = dlX(y, x).

Then d−r
X (resp. d−l

X ) is a left (resp. right) distance function on X.
(2) Define functions drL, d

l
L : L×L → L as drL(x, y) = x⊖ y, dlL(x, y) = x⊘ y. By

Lemma 2.2 (8), drL (resp. dlL) is a right (resp. left) distance function on L.
(3) Define functions drLX , dlLX : LX × LX → L as

drLX (A,B) =
∨

x∈X(A(x)⊖B(x)), dlLX (A,B) =
∨

x∈X(A(x)⊘B(x)).

By Lemma 2.2 (8), drLX (resp. dlLX ) is a right (resp. left) distance function on LX .

Definition 3.3. An operator Ir : LX → LX is called a right interior operator on
X, if it satisfies the following conditions: for any A, B ∈ LX ,
(I1) Ir(A) ≤ A and Ir(A) ≤ Ir(B) for A ≤ B,
(I2) Ir(Ir(A)) = Ir(A),
(IR) Ir(A⊘ α) ≥ Ir(A)⊘ α for each α ∈ L.
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An operator I l : LX → LX is called a left interior operator on X, if it satisfies
the conditions (I1), (I2) and
(IL) I l(A⊖ α) ≥ I l(A)⊖ α for each α ∈ L, A ∈ LX .

Definition 3.4. An operator Cr : LX → LX is called a right closure operator on X
if it satisfies the following conditions: for any A, B ∈ LX ,
(C1) Cr(A) ≥ A and Cr(A) ≤ Cr(B) for A ≤ B,
(C2) Cr(Cr(A)) = Cr(A),
(CR) α⊕ Cr(A) ≥ Cr(α⊕A) for each α ∈ L.

An operator Cl : LX → LX is called a left closure operator on X if it satisfies the
conditions (C1), (C2) and for any A, B ∈ LX ,
(CL) Cl(A)⊕ α ≥ Cl(A⊕ α).

Definition 3.5. (i) A family Gr is called a right closure system on X, if (α⊕Ai) ∈
Gr,

∧
i∈Γ Ai ∈ Gr for all Ai ∈ Gr and α ∈ L.

(ii) A family Gl is called a l-closure system on X, if (Ai ⊕ α),
∧

i∈Γ Ai ∈ Gl for

all Ai ∈ Gl and α ∈ L.
(iii) A family Hr is called a r-interior system on X, if (Ai ⊘α) ∈ Hr,

∨
i∈Γ Ai for

all Ai ∈ Hr and α ∈ L.
(iv) A family H l is called a l-interior system on X, if (Ai ⊖ α) ∈ H l,

∨
i∈Γ Ai for

all Ai ∈ H l and α ∈ L.
(v) A family Kr is called a right extensional system on X, if Kr is both a right

interior system and a right closure system.
(vi) A family Kl is called a left extensional system on X, if Kl is both a left

interior system and a left closure system.

Theorem 3.6. (1) Let Ir : LX → LX be a right interior operator on X. Then
Hr

Ir = {A | A = Ir(A)} is a right interior system on X.
(2) Let I l : LX → LX be a left interior operator on X. Then H l

Il = {A | A =

Cl(A)} is a left interior system on X.
(3) Let Cr : LX → LX be a right closure operator on X. Then Gr

Cr = {A | A =
Cr(A)} is a right closure system on X.

(4) Let Cl : LX → LX be a left closure operator on X. Then Gl
Cl = {A | A =

Cl(A)} is a left closure system on X.

Proof. (1) Let A ∈ Hr
Ir . By (IR) and (I1), since A⊘ α ≥ Ir(A⊘ α) ≥ Ir(A)⊘ α =

A⊘ α for each α ∈ L, A ∈ LX , Ir(A⊘ α) = A⊘ α, i.e, A⊘ α ∈ Hr
Ir .

For all Ai ∈ Hr
Ir ,

∨
i∈Γ I

r(Ai) ≤ Ir(
∨

i∈Γ Ai) ≤
∨

i∈Γ Ai =
∨

i∈Γ I
r(Ai). Then∨

i∈Γ Ai ∈ Hr
Ir . Thus Hr

Ir is a right interior system on X.
(2) It is similarly proved as (1).
(3) Let B ∈ Gr

Cr . By (CR) and (C1), since α ⊕ B = α ⊕ Cr(B) ≤ Cr(α ⊕ B) ≤
α⊕ Cr(B), α⊕B ∈ Gr

Cr .
For all Ai ∈ Gr

Cr ,
∧

i∈Γ Ai =
∧

i∈Γ C
r(Ai) ≤ Cr(

∧
i∈Γ Ai) ≤

∧
i∈Γ C

r(Ai). Then∧
i∈Γ Ai ∈ Gr

Cr . Thus Gr
Cr is a right closure system on X.

(4) It is similarly proved as (3). □

Theorem 3.7. Let Hr be a right interior system on X. Then the following proper-
ties hold.
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(1) IrHr (A) =
∨

C∈Hr (C ⊘ drLX (C,A)) =
∨

i∈Γ{Ai | Ai ≤ A,Ai ∈ Hr}.
(2) IrHr is a right interior operator on X.
(3) Hr

Ir
Hr

= Hr where Hr
Ir
Hr

= {A ∈ LX | A = IrHr (A)}.
(4) Define erHr (x, y) =

∨
A∈Hr (A(y)⊘ A(x)). Then erHr is a right distance func-

tion.
(5) If Ir is a right interior operator on X, then IrHr

Ir
= Ir and erHr

Ir
(x, y) =

Ir(⊥x)(y) for any x, y ∈ X.

Proof. (1) Let I(A) =
∨
{Ai ∈ Hr | Ai ≤ A}. Since drLX (Ai, A) ⊕ A ≥ Ai iff

A ≥ Ai ⊘ drLX (Ai, A), A ≥
∨

Ai∈Hr (Ai ⊘ drLX (Ai, A)) ∈ Hr for Ai ∈ Hr. Then

IrHr (A) ≤ I(A). Since I(A) ∈ Hr, by Lemma 2.2 (13) and (17), we have

IrHr (A) ≥ I(A)⊘ drLX (I(A), A) = I(A)⊘⊥X = I(A).

Thus IrHr (A) =
∨
{Ai ∈ Hr | Ai ≤ A}.

(2) (I1) By the definition of IrHr , it can be proved easily.
(I2) For each A ∈ LX , we have

IrHr (A) =
∨

i∈Γ{Ai | Ai ≤ A,Ai ∈ Hr}
≤

∨
i∈Γ{Ai | Ai = IrHr (Ai) ≤ IrHr (A), Ai ∈ Hr}

≤
∨

i∈Γ{Bi | Bi ≤ IrHr (A), Bi ∈ Hr}
= IrHr (IrHr (A)).

By (I1), IrHr (A) = IrHr (IrHr (A)).
(IR) For each A ∈ LX , α ∈ L, we have

IrHr (A)⊘ α =
∨

i∈Γ{Ai | Ai ≤ A,Ai ∈ Hr} ⊘ α
≤

∨
i∈Γ{Ai ⊘ α | Ai ⊘ α ≤ A⊘ α,Ai ⊘ α ∈ Hr}

≤
∨

i∈Γ{Bi | Bi ≤ A⊘ α,Bi ∈ Hr}
= IrHr (A⊘ α).

(3) Hr
Ir
Hr

= Hr ,where Hr
Ir
Hr

= {A ∈ LX | A = IrHr (A)}.
If A ∈ Hr, then A = IrHr (A). Thus A ∈ Hr

Ir
Hr

.

If A ∈ Hr
Ir
Hr

, then A = IrHr (A) ∈ Hr. Thus A ∈ Hr.

(4) It is easily proved from erHr (x, y) ⊕ erHr (y, z) =
∨

A∈Hr (A(y) ⊘ A(x)) ⊕∨
A∈Hr (A(z) ⊘ A(y)) ≥

∨
A∈Hr ((A(y) ⊘ A(x)) ⊕ (A(z) ⊘ A(y))) ≥

∨
A∈Hr (A(z) ⊘

A(x)) = erHr (y, z).
(5) For any A, B ∈ LX , since drLX (C,A) ≥ drLX (Ir(C), Ir(A)), IrHr

Ir
= Ir from:

IrHr
Ir
(A) =

∨
i∈Γ{Ai | Ai ≤ A,Ai ∈ Hr

Ir}
≤

∨
i∈Γ{Ai | Ai = Ir(Ai) ≤ Ir(A), Ai ∈ Hr

Ir}
≤ Ir(A),

IrHr
Ir
(A)(x) =

∨
C∈LX (C(x)⊘ drLX (C,A))

≥ dLX (Ir(A)(x)⊘ drLX (Ir(A), A)) = Ir(A)(x).

For any x, y ∈ X, we get

erHr
Ir
(x, y) =

∨
A∈Hr

Ir
(A(y)⊘A(x))

=
∨

A∈Hr
Ir
(A(y)⊘ drLX (A,⊥x))

= IrHr
Ir
(⊥x)(y) = Ir(⊥x)(y).
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□

Corollary 3.8. Let H l be a left interior system on X. For each A ∈ LX . Then the
following properties hold.

(1) I lHl(A) =
∨

C∈Hl(C ⊖ dlLX (C,A)) =
∨

i∈Γ{Ai | Ai ≤ A,Ai ∈ H l}.
(2) I lHl is a left interior operator on X.

(3) H l
Il

Hl

= H l, where H l
Il

Hl

= {A ∈ LX | A = I lHl(A)}.

(4) Define elHl(x, y) =
∨

A∈Hl(A(y)⊖A(x)). Then elHl is a left distance function.

(5) If I l is a left interior operator on X, then I l
Hl

Il

= I l and el
Hl

Il

(x, y) = I l(⊥x)(y)

for any x, y ∈ X.

Theorem 3.9. Let Gr be a right closure system on X. Then the following properties
hold.

(1) Cr
Gr (A) =

∧
B∈Gr (drLX (A,B)⊕B) =

∧
{B ∈ Gr | A ≤ B}.

(2) Cr
Gr is a right closure operator on X.

(3) Gr
Cr

Gr
= Gr where Gr

Cr
Gr

= {A ∈ LX | A = Cr
Gr (A)}.

(4) Define erGr (x, y) =
∨

A∈Gr (A(y) ⊘ A(x)). Then eGr is a right distance func-
tion.

(5) If Cr is a right closure operator on X, then Cr
Gr

Cr
= Cr.

(6) Define H l
Gr = {n1(A) | A ∈ Gr}. Then H l

Gr is a l interior system. Moreover,
define Hr

Gl = {n2(B) | B ∈ Gl}. Then Hr
Gl is a right interior system. Moreover,

for any x, y ∈ X,

el
Hl

Gr
(x, y) =

∨
B∈Hl

Gr
(B(y)⊖B(x)) =

∨
A∈Gr (n1(A)(y)⊖ n1(A)(x))

= n1(C
r
Gr (n2(⊥x))(y)),

erHr

Gl
(x, y) =

∨
B∈Hr

Gl
(B(y)⊘B(x)) =

∨
A∈Gl(n2(A)(y)⊘ n2(A)(x))

= n2(C
l
Gl(n1(⊥x))(y)).

(7) For each A ∈ LX , n1(C
r
Gr (A)) = I l

Hl
Gr

(n1(A)) Moreover, A ∈ Gr
Cr

Gr
iff

n1(A) ∈ H l
Il

Hl
Gr

.

Proof. (1) Put C1(A) =
∧

i∈Γ{Ai | A ≤ Ai, Ai ∈ Gr}. SinceA ≤
∧

C∈Gr (drLX (A,C)⊕
C) and

∧
C∈Gr (drLX (A,C) ⊕ C) ∈ Gr, C1(A) ≤ CGr (A). Since C1(A) ∈ Gr,

Cr
Gr (A) ≤ drLX (A,C1(A))⊕ C1(A) = C1(A). Then we get

Cr
Gr (A) =

∧
i∈Γ

{Ai | A ≤ Ai, Ai ∈ Gr}.

(2) (C1) By the definition of Cr
Gr , it easily proved.

(C2) For each A ∈ LX , we have

Cr
Gr (A) =

∧
i∈Γ{Ai | A ≤ Ai, Ai ∈ Gr}

≥
∧

i∈Γ{Ai | Cr
Gr (A) ≤ Ai = Cr

Gr (Ai), Ai ∈ Gr}
≥

∧
i∈Γ{Bi | Cr

Gr (A) ≤ Bi, Bi ∈ Gr}
= Cr

Gr (Cr
Gr (A)).

By (C1), Cr
Gr (A) = Cr

Gr (Cr
Gr (A)).
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(RI) Since x ⊕
∧

i∈Γ yi ≤
∧

i∈Γ(x ⊕ yi) and
∧

i∈Γ(x ⊕ yi) ⊖
∧

i∈Γ yi ≤
∨

i∈Γ((x ⊕
yi)⊖ yi) ≤ x iff

∧
i∈Γ(x⊕ yi) ≤ x⊕

∧
i∈Γ yi, we have x⊕

∧
i∈Γ yi =

∧
i∈Γ(x⊕ yi).

For each A ∈ LX , α ∈ L, we have

α⊕ Cr
Gr (A) = α⊕

∧
i∈Γ{Ai | A ≤ Ai, Ai ∈ Gr}

≥
∧

i∈Γ{α⊕Ai | α⊕A ≤ α⊕Ai, α⊕Ai ∈ Gr}
≥

∧
i∈Γ{Bi | α⊕A ≤ Bi, Bi ∈ Gr}

= Cr
Gr (α⊕A).

Since Cr
Gr (A) ∈ Gr, Cr

Gr (A) = Cr
Gr (Cr

Gr (A)) from:

Cr
Gr (Cr

Gr (A)) ≤ drLX (Cr
Gr (A), Cr

Gr (A))⊕ Cr
Gr (A) = Cr

Gr (A).

Then Cr
Gr is a right closure operator on X.

(3), (4) The proofs are similar to Theorem 3.7 (3) and (4), respectively.
(5) For any A, B ∈ LX , since drLX (A,B) ≥ drLX (Cr(A), Cr(B)),

Cr
Gr

Cr
(A) =

∧
i∈Γ{Ai | A ≤ Ai, Ai ∈ Gr

Cr}
≥

∧
i∈Γ{Ai | Cr(A) ≤ Cr(Ai) = Ai, Ai ∈ Gr

Cr}
≥ Cr(A).

Cr
Gr

Cr
(B)(x) =

∧
A∈Gr

Cr
(drLX (B,A)⊕A(x))

≤ drLX (B,Cr(B))⊕ Cr(B)(x) = Cr(B)(x).

(6) If A = n1(n2(A)) ∈ H l
Gr , then n2(A) ∈ Gr and k ⊕ n2(A) ∈ Gr. Thus

n1(k ⊕ n2(A)) = A⊖ k ∈ H l
Gr .

If Ai = n1(n2(Ai)) ∈ H l
Gr for each i ∈ Γ, then n2(Ai) ∈ Gr and

∧
i∈Γ n2(Ai) ∈

Gr. Thus n1(
∧

i∈Γ n2(Ai)) = n1(n2(
∨

i∈Γ Ai)) =
∨

i∈Γ Ai ∈ H l
Gr . So H l

Gr is a left
interior system. Similarly, Hr

Gl is a right interior system.
Moreover, for any x, y ∈ X, by Lemma 2.2,

el
Hl

Gr
(x, y) =

∨
B∈Hl

Gr
(B(y)⊖B(x)) =

∨
A∈Gr (n1(A)(y)⊖ n1(A)(x))

=
∨

A∈Gr (n1(A)(y)⊖ dlLX (n1(A),⊥x))
= n1(

∧
A∈Gr (drLX (n2(⊥x), A)⊕A(y)))

= n1(C
r
Gr (n2(⊥x))(y)),

erHr

Gl
(x, y) =

∨
B∈Hr

Gl
(B(y)⊘B(x)) =

∨
A∈Gl(n2(A)(y)⊘ n2(A)(x))

=
∨

A∈Gl(n2(A)(y)⊘ drLX (n2(A),⊥x))
= n2(

∨
A∈Gl(A(y)⊕ dlLX (n1(⊥x), A)))

= n2(C
l
Gl(n1(⊥x))(y)).

(7) For each A ∈ LX ,

n1(C
r
Gr (A)) = n1

(∧
B∈Gr drLX (A,B)⊕B

)
=

∨
B∈Gr

(
n1(B)⊖ drLX (A,B)

)
=

∨
B∈Gr

(
n1(B)⊖ dlLX (n1(B), n1(A))

)
=

∨
C∈Hl

Gr

(
C ⊖ dlLX (C, n1(A))

)
= I l

Hl
Gr

(n1(A)).

Moreover, A ∈ Gr
CGr iff n1(A) = n1C

r
Gr (A) = I l

Hl
Gr

(n1(A)) iff n1(A) ∈ H l
Il

Hl
Gr

.

□
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Corollary 3.10. Let Gl be a left closure system on X. Then the following properties
hold.

(1) Cl
Gl(A) =

∧
B∈Gl(B ⊕ dlLX (A,B)) =

∧
{B ∈ Gl | A ≤ B}.

(2) Cl
Gl is a left closure operator on X.

(3) Gl
Cl

Gl

= Gl where Gl
Cl

Gl

= {A ∈ LX | A = Cl
Gl(A)}.

(4) If Cl is a left closure operator on X, then Cl
Gl

Cl

= Cl.

(5) Define elGl(x, y) =
∨

A∈Gl(A(y)⊖A(x)). Then elGl is a left distance function.

(6) If Cl is a left closure operator on X, then Cl
Gl

Cl

= Cl.

(7) For each A ∈ LX , n2(C
l
Gl(A)) = IrHr

Gl
(n1(A)) Moreover, A ∈ Gl

Cl

Gl

iff

n1(A) ∈ Hr
Ir
Hr

Gl

.

Corollary 3.11. Let Kr be a right extensional system on X. Then the following
properties hold.

(1) IrKr is a right interior operator on X such that IrKr (A) =
∨

C∈Kr (C ⊘
drLX (C,A)) =

∨
i∈Γ{Ai | Ai ≤ A,Ai ∈ Kr}.

(2) Cr
Kr is a right closure operator on X such that Cr

Kr (A) =
∧

B∈Kr (drLX (A,B)⊕
B) =

∧
{B ∈ Kr | A ≤ B}.

(3) For Ir ∈ {Ir, Cr}, Kr
Ir
Kr

= Kr, where Kr
Ir
Kr

= {A ∈ LX | A = IrKr (A)}.

Corollary 3.12. Let Kl be a left extensional system on X. Then the following
properties hold.

(1) I lKl is a left interior operator on X such that I lKl(A) =
∨

C∈Kl(C⊖dlLX (C,A)) =∨
i∈Γ{Ai | Ai ≤ A,Ai ∈ Kl}.
(2) Cl

Kl is a left closure operator on X such that Cl
Kl(A) =

∧
B∈Kl(B⊕dlLX (A,B)) =∧

{B ∈ Kl | A ≤ B}.
(3) For I l ∈ {I l, Cl}, Kl

Il

Kl

= Kl, where Kl
Il

Kl

= {A ∈ LX | A = I lKl(A)}.

Theorem 3.13. Let drX be a right distance function on X and Kr
dr
X

= {A ∈ LX |
A(x)⊕ drX(x, y) ≥ A(y)} be a family on X. Then the following properties hold.

(1) Kr
dr
X

is a right extensional system on X.

(2) Kr
dr
X

= {
∨

x∈X(A(x) ⊖ drX(−, x) | A ∈ LX} = {
∧

x∈X(A(x) ⊕ drX(x,−) | A ∈
LX}.

(3) IrKr
dr
X

(A) =
∨
{B ∈ Kr

dr
X
| B ≤ A} =

∧
y∈X(A(y)⊕ drX(y,−)).

(4) Cr
Kr

dr
X

(A) =
∧
{B ∈ Kr

dr
X
| A ≤ B} =

∨
y∈X(A(y)⊖ drX(−, y)).

(5) Define erKr
dr
X

(x, y) =
∨

A∈Kr
dr
X

(A(y)⊘A(x)) for each x, y ∈ X with erKr
dr
X

= drX .

(6) Let Kr be a right extensional system on X. Define erKr (x, y) =
∨

A∈Kr (A(y)⊘
A(x)). Then erKr is a right distance function with Kr = Kr

er
Kr

, IrKr
dr
X

(A) = IrKr (A)

and Cr
Kr

dr
X

(A) = Cr
Kr (A).

(7) Let Hr be a right interior system on X. Then Kr
er
Hr

= {
∨

x∈X(A(x) ⊖
erHr (−, x) | A ∈ LX} = {

∧
x∈X(A(x) ⊕ erHr (x,−) | A ∈ LX} is the smallest right

extensional system on X containing Hr. Moreover, erKr
er
Hr

= erHr .
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(8) Let Gr be a right closure system on X. Then Kr
er
Gr

= {
∨

x∈X(A(x) ⊖
erGr (−, x) | A ∈ LX} = {

∧
x∈X(A(x) ⊕ erGr (x,−) | A ∈ LX} is the smallest right

extensional system on X containing Gr. Moreover, erKr
er
Gr

= erGr .

Proof. (1) For each A ∈ Kr
dr
X
and α ∈ L, (A⊘α), (α⊕A) ∈ Kr

dr
X
from: (α⊕(A(x)⊘

α))⊕ drX(x, y) ≥ A(x)⊕ drX(x, y) ≥ A(y) iff (A(x)⊘ α)⊕ drX(x, y) ≥ (A(y)⊘ α) iff
(α⊕A(x))⊕ drX(x, y) ≥ α⊕A(y).

(2) Put H = {
∨

x∈X(A(x)⊖ drX(−, x) | A ∈ LX}, G = {
∧

x∈X(A(x)⊕ drX(x,−) |
A ∈ LX}. Let

∨
x∈X(A(x)⊖ drX(−, x) ∈ H. Then

(A(x)⊖ drX(z, x))⊕ drX(z, y)⊕ drX(y, x) ≥ (A(x)⊖ drX(z, x))⊕ drX(z, x) ≥ A(x).

Thus
∨

x∈X(A(x)⊖drX(z, x))⊕drX(z, y) ≥
∨

x∈X(A(x)⊖drX(y, x)). So
∨

x∈X(A(x)⊖
drX(−, x) ∈ Kr

dr
X
. Hence H ⊂ Kr

dr
X
.

Let A ∈ Kr
dr
X
. Then A(x) ⊕ drX(x, y) ≥ A(y). Thus A(x) ≥

∨
y∈X(A(y) ⊖

drX(x, y)) ≥ A(x). So A =
∨

y∈X(A(y)⊖ drX(−, y)) ∈ H. Hence Kr
dr
X
⊂ H.

Let
∧

x∈X(A(x)⊕ drX(x,−) ∈ G. Then∧
x∈X(A(x)⊕ drX(x, y))⊕ drX(y, z) ≥

∧
x∈X(A(x)⊕ drX(x, z)).

Thus
∧

x∈X(A(x)⊕ drX(x,−) ∈ Kr
dr
X
. So G ⊂ Kr

dr
X
.

Let A ∈ Kr
dr
X
. Then

∧
x∈X(A(x) ⊕ drX(x, y)) = A(y). Thus A =

∧
x∈X(A(x) ⊕

drX(x,−)) ∈ G. So Kr
dr
X
⊂ G.

(3) By Corollary 3.11 (1), IrKr
dr
X

(A) =
∨
{B ∈ Kr

dr
X
| B ≤ A}. Since

∧
x∈X(A(x)⊕

drX(x,−)) ∈ Kr
dr
X

and
∧

x∈X(A(x) ⊕ drX(x,−)) ≤ A,
∧

x∈X(A(x) ⊕ drX(x,−)) ≤
IrKr

dr
X

(A). Since IrKr
dr
X

(A) ≤ A and IrKr
dr
X

(A) ∈ Kr
dr
X
, by (2),

IrKr
dr
X

(A) =
∧

y∈X(IrKr
dr
X

(A)(y)⊕ drX(y,−)) ≤
∧

y∈X(A(y)⊕ drX(y,−)).

Then IrKr
dr
X

(A) =
∧

y∈X(A(y)⊕ drX(y,−)).

(4) By Corollary 3.11 (2), Cr
Kr

dr
X

(A) =
∧
{B ∈ Kr

dr
X

| A ≤ B}. Since (A(y) ⊖
drX(x, y))⊕ drX(x, z)⊕ drX(z, y) ≥ A(y),

∨
y∈X(A(y)⊖ drX(−, y))) ∈ Kr

dr
X
. Since A ≤∨

y∈X(A(y)⊖ drX(−, y))), Cr
Kr

dr
X

(A) ≤
∨

y∈X(A(y)⊖ drX(−, y)). Since A ≤ Cr
Kr

dr
X

(A)

and Cr
Kr

dr
X

(A) ∈ Kr
dr
X
, by (2),

Cr
Kr

dr
X

(A) =
∨

y∈X(Cr
Kr

dr
X

(A)(y)⊖ drX(−, y)) ≥
∨

y∈X(A(y)⊖ drX(−, y)).

Then Cr
Kr

dr
X

(A) =
∨

y∈X(A(y)⊖ drX(−, y)).

(5) For all x, y ∈ X,

erKr
dr
X

(x, y) =
∨

A∈LX (
∨

z∈X(A(z)⊖ drX(y, z))⊘
∨

w∈X(A(w)⊖ drX(x,w)))

≥
∨

z∈X(drX(x, z)⊖ drX(y, z)) (put A = drX(x,−))
⊘
∨

w∈X(drX(x,w)⊖ drX(x,w)))
=

∨
z∈X(drX(x, z)⊖ drX(y, z)) = drX(x, y).
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By Lemma 2.2 (11) and (14),

erKr
dr
X

(x, y) =
∨

A∈LX (
∨

z∈X(A(z)⊖ drX(y, z))⊘
∨

w∈X(A(w)⊖ drX(x,w)))

≤
∨

A∈LX (
∨

z∈X(A(z)⊖ drX(y, z))⊘ (A(z)⊖ drX(x, z)))
≤

∨
z∈X(drX(x, z)⊖ drX(y, z)) = drX(x, y).

(6) Let A ∈ Kr. Then we get

A(x)⊕
∨

B∈Kr

(B(y)⊘B(x)) ≥ A(x)⊕ (A(y)⊘A(x)) ≥ A(y).

Thus A ∈ Kr
er
Kr

.

Let A ∈ Kr
er
Kr

. Then we have∧
x∈X

(A(x)⊕ erKr (x, y)) ≥ A(y)

and ∧
x∈X

(A(x)⊕ erKr (x, y)) ≤ A(y)⊕ erKr (y, y) = A(y).

Thus A =
∧

x∈X(A(x)⊕ erKr (x,−)) =
∧

x∈X(A(x)⊕
∨

B∈Kr (B(−)⊘ B(x))). Since∨
B∈Kr (B(−)⊘B(x)) ∈ Kr, A ∈ Kr. So Kr = Kr

er
Kr

. Moreover,

IrKr (A) =
∨

i∈Γ{Ai | Ai ≤ A,Ai ∈ Kr} = IrKr
dr
X

(A),

Cr
Kr (A) =

∧
i∈Γ{Ai | A ≤ Ai, Ai ∈ Kr} = Cr

Kr
dr
X

(A).

(7) It is obvious that Kr
er
Hr

= {B ∈ LX | B(x) ⊕ erHr (x, y) ≥ B(y)} is a right

extensional system such that Hr ⊂ Kr
er
Hr

. By (2), we get

Kr
er
Hr

= {
∨
x∈X

(B(x)⊖ erHr (−, x) | B ∈ LX} = {
∧
x∈X

(B(x)⊕ erHr (x,−) | B ∈ LX}.

Let Kr be a right extensional system such that Hr ⊂ Kr. For each
∧

x∈X(B(x)⊕
erHr (x,−) ∈ Kr

er
Hr

, erHr (x,−) =
∨

A∈Hr (A(−)⊘A(x)) ∈ Kr and B(x)⊕ erHr (x,−) ∈
Kr. Then

∧
x∈X(B(x)⊕erHr (x,−) ∈ Kr. Thus Kr

er
Hr

⊂ Kr. So Kr
er
Hr

is the smallest

right extensional system such that Hr ⊂ Kr. Hence by (5), erKr
er
Hr

= erHr .

(8) It is similarly proved as in that of (7). □

Corollary 3.14. Let dlX be a left distance function on X and Kl
dl
X

= {A ∈ LX |
dX(x, y)⊕A(x) ≥ A(y)} be a family on X. Then the following properties hold.

(1) Kl
dl
X

is a left extensional system.

(2) Kl
dl
X
= {

∨
x∈X(A(x)⊘ dlX(−, x) | A ∈ LX} = {

∧
x∈X(dlX(x,−)⊕A(x)) | A ∈

LX}.
(3) I l

Kl

dl
X

(A) =
∨
{B ∈ Kl

dl
X
| B ≤ A} =

∧
x∈X(dlX(x,−)⊕A(x)).

(4) Cl
Kl

dl
X

(A) =
∧
{B ∈ Kl

dl
X
| A ≤ B} =

∨
y∈X(A(y)⊘ dlX(−, y)).

(5) Define el
Kl

dl
X

(x, y) =
∨

A∈Kl

dl
X

(A(y)⊖A(x)) for each x, y ∈ X with el
Kl

dl
X

= dlX .
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(6) Let Kl be a left extensional system on X. Define elKl(x, y) =
∨

A∈Kl(A(y)⊖
A(x)). Then elKl is a left distance function with Kl = Kl

el
Kl

. Moreover, I l
Kl

dl
X

(A) =

I lKl(A) and Cl
Kl

dl
X

(A) = Cl
Kl(A).

(7) Let H l be a left interior system on X. Then Kl
el
Hl

= {
∨

x∈X(A(x)⊘elHl(−, x) |

A ∈ LX} = {
∧

x∈X(elHl(x,−) ⊕ A(x)) | A ∈ LX} is the smallest left extensional

system on X containing H l.
(8) Let (X,Gl) be a left closure system. Then Kl

el
Gl

= {
∨

x∈X(A(x)⊘ elGl(−, x) |

A ∈ LX} = {
∧

x∈X(elGl(x,−) ⊕ A(x)) | A ∈ LX} is the smallest left extensional

system on X containing Gl.

Theorem 3.15. Let Ir be a right interior operator on X. Then the following
properties hold.

(1) Define erIr (x, y) =
∨

A∈LX (Ir(A)(y)⊘ Ir(A)(x)). Then erIr is a right distance
function with IrKr

er
Ir

(A) ≥ Ir(A).

(2) Define drIr (x, y) = Ir(⊥x)(y) for all x, y ∈ X. Then drIr is a right distance
function with drIr = erHr

Ir
= erIr and IrKr

dr
Ir

(A) ≥ Ir(A). Moreover, if Ir(
∧

i∈I Ai) =∧
i∈I I

r(Ai) and Ir(α⊕A) = α⊕ Ir(A) for all A, Ai ∈ LX , α ∈ L, then IrKr
dr
Ir

(A) =

Ir(A) for each A ∈ LX .
(3) Define Cl

Ir (A) = n1(I
r(n2(A))) for each A ∈ LX . Then Cl

Ir is a left closure
operator such that dl

Cl
Ir
(x, y) = Ir(⊥y)(x) = drIr (y, x) for any x, y ∈ X.

Proof. (1) Since Ir = IrHr
Ir

from Theorem 3.7 (5),

erIr (x, y) =
∨

A∈LX (Ir(A)(y)⊘ Ir(A)(x)) =
∨

B∈Hr
Ir
(B(y)⊘B(x)) = erHr

Ir
(x, y).

By Theorem 3.7 (4), erIr is a right distance function on X. By Theorem 3.13 (3),

IrKr
er
Ir

(A)(y) =
∧

x∈X(A(x)⊕ erIr (x, y)) ≥
∧

x∈X(Ir(A)(x)⊕ (Ir(A)(y)⊘ Ir(A)(x))

≥ Ir(A)(y).

(2) Since A =
∧

y∈X(A(y) ⊕ ⊥y), Ir(⊥x) =
∧

y∈X(Ir(⊥x)(y) ⊕ ⊥y). For any
x, y, z ∈ X,

drIr (x, z) = Ir(⊥x)(z) = Ir(Ir(⊥x))(z) = Ir(
∧

y∈X Ir(⊥x)(y)⊕⊥y)(z)

≤
∧

y∈X Ir(⊥x)(y)⊕ Ir(⊥y)(z)

=
∧

y∈X(drIr (x, y)⊕ drIr (y, z)).

Since Ir = IrHr
Ir

from Theorem 3.7 (5),

drIr (x, y) = Ir(⊥x)(y) = IrHr
Ir
(⊥x)(y) =

∨
C∈Hr

Ir
(C(y)⊘ drLX (C,⊥x))

=
∨

C∈Hr
Ir
(C(y)⊘ C(x)) = erHr

Ir
(x, y)

=
∨

A∈LX (Ir(A)(y)⊘ Ir(A)(x)) = erIr (x, y).

Since α⊕ Ir(A) ≥ Ir(α⊕A),

IrKr
dIr

(A)(y) =
∧

x∈X(A(x)⊕ drIr (x, y)) =
∧

x∈X(A(x)⊕ Ir(⊥x)(y))

≥ Ir(
∧

x∈X(A(x)⊕⊥x))(y) = Ir(A)(y).
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Assume that Ir(
∧

i∈Γ Ai) =
∧

i∈Γ I
r(Ai) and Ir(α⊕A) = α⊕ Ir(A) for all Ai, A ∈

LX . Since A =
∧

x∈X(A(x)⊕⊥x),

IrKr
dIr

(A)(y) =
∧

x∈X(A(x)⊕ drIr (x, y)) =
∧

x∈X(A(x)⊕ Ir(⊥x)(y))

= Ir(
∧

x∈X(A(x)⊕⊥x))(y) = Ir(A)(y).

(3) The operator Cl
Ir is a left closure operator from:

Cl
Ir (A) = n1(I

r(n2(A))) ≥ n1(n2(A)) = A,
Cl

Ir (Cl
Ir (A)) = Cl

Ir (n1(I
r(n2(A)))) = n1(I

r(Ir(n2(A)))) = n1(I
r(n2(A)))

= Cl
Ir (A),

Cl
Ir (A⊕ α) = n1(I

r(n2(A⊕ α))) = n1(I
r(n2(A)⊘ α))

≤ n1(I
r(n2(A))⊘ α)

= n1(I
r(n2(A)))⊕ α = Cl

Ir (A)⊕ α.

Moreover, for any x, y ∈ X,

dl
Cl

Ir
(x, y) = n2(C

l
Ir (n1(⊥y))(x)

= n2(n1(I
r(n2(n1(⊥y))))(x)

= Ir(⊥y)(x)
= drIr (y, x).

□

Theorem 3.16. Let Cr be a right closure operator on X. Then the following prop-
erties hold.

(1) Define erCr (x, y) =
∨

A∈LX (Cr(A)(y) ⊘ Cr(A)(x)). Then erCr is a right dis-
tance function on X with Cr

Kr
er
Cr

(A) ≤ Cr(A).

(2) Define drCr (x, z) = n1(C
r(n2(⊥z))(x)) for all x, y ∈ X. Then drCr is a right

distance function on X with drCr (x, y) = el
Hl

Gr
Cr

(y, x) for any x, y ∈ X, where

H l
Gr

Cr
= {n1(A) | A ∈ Gr

Cr}.
(3) Define I lCr (A) = n1(C

r(n2(A))) for each A ∈ LX . Then I lCr is a left interior
operator with dl

Il
Cr

(x, y) = drCr (y, x) = el
Hl

Gr
Cr

(x, y) = el
Il
Cr

(x, y) for any x, y ∈ X.

(4) Cr
Kr

dr
Cr

(A) ≤ n1(I
l
Cr (n2(A))).

Moreover, if Cr(
∨

i∈Γ Ai) =
∨

i∈Γ C
r(Ai) and Cr(A ⊘ α) = Cr(A) ⊘ α for all

Ai, A ∈ LX , then Cr
Kr

dr
Cr

(A) = n1(I
l
Cr (n2(A))) for each A ∈ LX .

(5) Let d−r
X (x, y) = dX(y, x) for each r ∈ {r, l}, x, y ∈ X. Then B ∈ Kr

dr
X
iff n2(B) ∈

Kl
d−r
X

. Similarly, B ∈ Kl
dl
X
iff n1(B) ∈ Kr

d−l
X

.

Proof. (1) Since Cr = Cr
Gr

Cr
from Theorem 3.9 (5),

erCr (x, y) =
∨

A∈LX (Cr(A)(y)⊘ Cr(A)(x))
=

∨
B∈Gr

Cr
(B(y)⊘B(x)(x)) = erGr

Cr
(x, y).
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By Theorem 3.9 (4), erCr is a right distance function on X. Moreover,

Cr
Kr

er
Cr

(A)(y) =
∨

x∈X(A(x)⊖ erCr (y, x))

≤
∨

x∈X(Cr(A)(x)⊖ (Cr(A)(x)⊘ Cr(A)(y)))
≤ Cr(A)(y).

(2) Since A =
∧

x∈X(⊥x ⊕A(x)), n2(A) =
∨

x∈X(n2(⊥x)⊘A(x)). Then we get

n2(n1(A)) = A =
∨
x∈X

(n2(⊥x)⊘ n1(A)(x)).

Thus Cr(n2(⊥x)) =
∨

y∈X(n2(⊥y)⊘n1(C
r(n2(⊥x)))(y)). Since C

r is a right closure

operator on X and α⊕ (B ⊘ α) ≥ B, Cr(B) ≤ Cr(α⊕ (B ⊘ α)) ≤ α⊕ Cr(B ⊘ α).
Thus Cr(A)⊘ α ≤ Cr(A⊘ α). It follows

Cr(n2(⊥z))(x) = Cr(Cr(n2(⊥z)))(x) = Cr(
∨

y∈X(n2(⊥y)⊘ n1(C
r(n2(⊥z)))(y)))(x)

≥
∨

y∈X(Cr(n2(⊥y))(x)⊘ n1(C
r(n2(⊥z)))(y)).

So we have

drCr (x, z) = n1(C
r(n2(⊥z))(x)) ≤ n1(

∨
y∈X(Cr(n2(⊥y))(x)⊘ n1(C

r(n2(⊥z)))(y)))

=
∧

y∈X(n1(C
r(n2(⊥y)))(x)⊕ n1(C

r(n2(⊥z)))(y)))

=
∧

y∈X(drCr (x, y)⊕ drCr (y, z)).

Hence drCr is a right distance function on X. Moreover, for any x, y ∈ X,

drCr (x, y) = drCr
Gr

Cr

(x, y) = n1(C
r
Gr

Cr
(n2(⊥y)))(x)

= n1(
∧

D∈Gr
Cr

(drLX (n2(⊥y), D)⊕D(x))

=
∨

D∈Gr
Cr

(n1(D)(x)⊖ drLX (n2(⊥y), D))

=
∨

D∈Gr
Cr

(n1(D)(x)⊖ dlLX (n1(D),⊥y))

=
∨

D∈Gr
Cr

(n1(D)(x)⊖ n1(D)(y))

=
∨

B∈Hl
Gr

Cr

(B(x)⊖B(y))

= el
Hl

Gr
Cr

(y, x).

(3) As a similar method in Theorem 3.13 (3), I lCr is a left interior operator on X.
Moreover, for any x, y ∈ X,

dl
Il
Cr

(x, y) = I lCr (⊥x)(y) = n1(C
r(n2(⊥x))(y) = drCr (y, x),

el
Hl

Gr
Cr

(x, y) =
∨

D∈Gr
Cr

(n1(D)(y)⊖ n1(D)(x))

=
∨

B∈LX (n1(C
r(B))(y)⊖ n1(C

r(B))(x))
=

∨
B∈LX (I lCr (n1(B))(y)⊖ I lCr (n1(B))(x))

=
∨

A∈LX (I lCr (A)(y)⊖ I lCr (A)(x))
= el

Il
Cr

(x, y).
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(4) For each A ∈ LX , y ∈ X,

Cr
Kr

dr
Cr

(A)(y) =
∨

x∈X(A(x)⊖ drCr (y, x))

=
∨

x∈X(A(x)⊖ n1(C
r(n2(⊥x))(y)))

=
∨

x∈X(A(x)⊖ I lCr (⊥x)(y))
=

∨
x∈X n1(I

l
Cr (⊥x)(y)⊕ n2(A)(x))

≤
∨

x∈X n1(I
l
Cr (⊥x ⊕ n2(A)(x))(y))

= n1(I
l
Cr (

∧
x∈X(⊥x ⊕ n2(A)(x))(y))

= n1(I
l
Cr (n2(A))(y).

Assume that Cr(
∨

i∈Γ Ai) =
∨

i∈Γ C
r(Ai) and Cr(A ⊘ α) = Cr(A) ⊘ α for all

Ai, A ∈ LX . Since I lCr (A) = n1(C
r(n2(A))) for each A ∈ LX , we have

I lCr (
∧

i∈Γ Ai) = n1(C
r(n2(

∧
i∈Γ Ai))) = n1(C

r(
∨

i∈Γ n2(Ai)))
= n1(

∨
i∈Γ C

r(n2(Ai))) =
∧

i∈Γ n1(C
r(n2(Ai))) =

∧
i∈Γ I

l
Cr (Ai),

I lCr (A⊕ α) = n1(C
r(n2(A⊕ α))) = n1(C

r(n2(A))⊘ α)))
= n1(C

r(n2(A)))⊕ α = I lCr (A)⊕ α.

Then
Cr

Kr
dr
Cr

(A)(y) =
∨

x∈X n1(I
l
Cr (⊥x)(y)⊕ n2(A)(x))

=
∨

x∈X n1(I
l
Cr (⊥x ⊕ n2(A)(x))(y))

= n1(I
l
Cr (

∧
x∈X(⊥x ⊕ n2(A)(x))(y))

= n1(I
l
Cr (n2(A))(y).

(5) By Lemma 2.2, B ∈ Kr
dr
X

iff n2(B(x)) ⊘ drX(x, y) ≤ n2(B(y)) iff d−r
X (y, x) ⊕

n2(B(y)) ≥ n2(B(x)) iff n2(B) ∈ Kl
d−r
X

.

Other case is similarly proved. □

Corollary 3.17. Let I l be a left interior operator on X. Then the following prop-
erties hold.

(1) Define elIl(x, y) =
∨

A∈LX (I l(A)(y) ⊖ I l(A)(x)). Then elIl is a left distance

function with I l
Kl

el
Il

(A) ≥ I l(A).

(2) Define dlIl(x, y) = I l(⊥x)(y) for all x, y ∈ X. Then dlIl is a left distance

function with dlIl = el
Hl

Il

= elIl and I l
Kl

dl
Il

(A) ≥ I l(A). Moreover, if I l(
∧

i∈I Ai) =∧
i∈I I

l(Ai) and I l(A⊕α) = I l(A)⊕α, for all A, Ai ∈ LX , α ∈ L, then I l
Kl

dl
Il

(A) =

I l(A) for each A ∈ LX .
(3) Define Cr

Il(A) = n2(I
l(n1(A))) for each A ∈ LX . Then Cr

Il is a left closure

operator such that drCr

Il
(x, y) = I l(⊥y)(x) = dlIl(y, x) for any x, y ∈ X.

Corollary 3.18. Let Cl be a left closure operator on X. Then the following prop-
erties hold.

(1) Define elCl(x, y) =
∨

A∈LX (Cl(A)(y)⊖Cl(A)(x)). Then elCl is a left distance

function on X with Cl
Kl

el
Cl

(A) ≤ Cl(A).
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(2) Define dlCl(x, y) = n2(C
l(n1(⊥y))(x)) for all x, y ∈ X. Then dlCl is a

left distance function on X with dlCl(x, y) = erHr

Gl
Cl

(y, x) for each x, y ∈ X, where

Hr
Gl

Cl

= {n2(A) | A ∈ Gl
Cl}.

(3) Define IrCl(A) = n2(C
l(n1(A))) for each A ∈ LX . Then IrCl is a right interior

operator with drIr

Cl
(x, y) = dlCl(y, x) = erHr

Gl
Cl

(x, y) = erIr

Cl
(x, y), for any x, y ∈ X.

(4) Cl
Kl

dl
Cl

(A) ≤ n2(I
r
Cl(n1(A)).

Moreover, if Cl(
∨

i∈Γ Ai) =
∨

i∈Γ C
l(Ai) and Cl(A ⊖ α) = Cl(A) ⊖ α for all

Ai, A ∈ LX , then Cl
Kl

dl
Cl

(A) = n2(I
r
Cl(n1(A)) for each A ∈ LX .

Example 3.19. Let K = {(x, y) ∈ R2 | x > 0} be a set and we define an operator
⊕ : K ×K → K as follows: for any (x1, y1), (x2, y2) ∈ K,

(x1, y1)⊕ (x2, y2) = (2x1x2, 2x2y1 + y2 − 2x2).

Then (K,⊕) is a group with e = ( 12 , 1), (x, y)
−1 = ( 1

4x ,
1−y
2x + 1).

We define the order ≤ on K as follows: for (x1, y1), (x2, y2) ∈ K,

(x1, y1) ≤ (x2, y2) ⇔ x1 < x2 or x1 = x2, y1 ≤ y2.

Let L ⊆ K = {(x, y) ∈ R2 | x > 0} be a set. The structure

(L,∨,∧,⊕,⊖,⊘, ( 12 , 1), (1, 0))

is a generalized co-residuated lattice with a double negative law where ⊥ = ( 12 , 1)
is the least element and ⊤ = (1, 0) is the greatest element from the following state-
ments:

(x1, y1)⊕ (x2, y2) = (2x1x2, 2x2y1 + y2 − 2x2) ∧ (1, 0),
(x1, y1)⊖ (x2, y2) = ((x1, y1)⊕ (x2, y2)

−1) ∨ ( 12 , 1)

= ((x1, y1)⊕ ( 1
4x2

, 1−y2

2x2
+ 1)) ∨ ( 12 , 1)

= ( x1

2x2
, 1 + y1−y2

2x2
) ∨ ( 12 , 1),

(x1, y1)⊘ (x2, y2) = ((x2, y2)
−1 ⊕ (x1, y1)) ∨ ( 12 , 1)

= ( x1

2x2
, y1 +

x1

x2
(1− y2)) ∨ ( 12 , 1).

Then (x1, y1) ⊕ (x2, y2) ≥ (x3, y3) iff (x1, y1) ≥ (x3, y3) ⊖ (x2, y2) iff (x2, y2) ≥
(x3, y3)⊘ (x2, y2). Furthermore, we have (x, y) = n2(n1(x, y)) = n1(n2(x, y)) from:

n1(x, y) = (1, 0)⊖ (x, y) = ( 1
2x , 1−

y
2x ),

n2(x, y) = (1, 0)⊘ (x, y) = ( 1
2x ,

1
x (1− y)),

n2(n1(x, y)) = (1, 0)⊘ ( 1
2x , 1−

y
2x ) = (x, y),

n1(n2(x, y)) = (1, 0)⊖ ( 1
2x ,

1
x (1− y)) = (x, y).

Let A = {( 23 , y) | y ∈ R} ⊂ L be given. Then
∨

A and
∧

A do not exist. Thus L is
not complete.

Let A = (( 35 , 2), (
3
4 ,−1), ( 12 , 5)) ∈ LX on X = {a, b, c}. Define functions drA, d

l
A :

X × X → L as drA(x, y) = A(y) ⊘ A(x), dlA(x, y) = A(y) ⊖ A(x). Then drA (resp.
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dlA) is a right (resp. left) distance function such that

drA(x, y) =

 ( 12 , 1) ( 58 ,−
9
4 ) ( 12 , 1)

( 12 , 1) ( 12 , 1) ( 12 , 1)
( 35 ,−

14
5 ) ( 34 ,−7) ( 12 , 1)



dlA(x, y) =

 ( 12 , 1) ( 58 ,−
3
2 ) ( 12 , 1)

( 12 , 1) ( 12 , 1) ( 12 , 1)
( 35 ,−2) ( 34 ,−3) ( 12 , 1)


(1) Hr

A = {A ⊘ α | α ∈ L} is a right interior system because (A ⊘ α) ⊘ β =
A⊘ (α⊕β) and

∨
i∈Γ(A⊘αi) = A⊘

∧
i∈Γ αi from Lemma 2.2. Since A(y)⊘A(x) ≥

(A(y)⊘ α)⊘ (A(x)⊘ α),

erHr
A
(x, y) =

∨
B∈Hr

A
(B(y)⊘B(x)) = A(y)⊘A(x) = drA(x, y)

=
∨

D∈Hr
A
(D(y)⊘ drLX (D,⊥x))

= IrHr
A
(⊥x)(y) = drIr

Hr
A

(x, y) [By Theorem 3.15 (2)],

erIr
Hr

A

(x, y) =
∨

C∈LX (IrHr
A
(C)(y)⊘ IrHr

A
(C)(x))

= erHr
Ir
Hr

A

(x, y) = erHr
A
(x, y) ( by Hr

Ir
Hr

A

= Hr
A).

Define Irdr
A

: LX → LX as Irdr
A
(D)(y) =

∧
x∈X(D(x) ⊕ drA(x, y)). Since Irdr

A
(D ⊘

α)(y) =
∧

x∈X((D(x)⊘α)⊕drA(x, y)) ≥
∧

x∈X(D(x)⊕drA(x, y))⊘α = Irdr
A
(D)(y)⊘α

from Lemma 2.2 (5), Irdr
A
is a right interior operator with Irdr

A
(
∧

i∈Γ Ai) =
∧

i∈Γ I
r
dr
A
(Ai)

and Irdr
A
(α⊕A) = α⊕ Irdr

A
(A) for all Ai, A ∈ LX . For any x, y ∈ X,

drIr
dr
A

(x, y) = Irdr
A
(⊥x)(y) = drA(x, y),

erIr
dr
A

(x, y) =
∨

A∈LX (Irdr
A
(A)(y)⊘ Irdr

A
(A)(x))

≥
∨

z∈X(Irdr
A
(⊥z)(y)⊘ Irdr

A
(⊥z)(x))

=
∨

z∈X(drA(z, y)⊘ drA(z, x)) = drA(x, y),
erIr

dr
A

(x, y) =
∨

D∈LX (
∧

z∈X(D(z)⊕ drA(z, y))⊘
∧

z∈X(D(z)⊕ drA(z, x)))

≤
∨

D∈LX (
∨

z∈X(D(z)⊕ drA(z, y))⊘ (D(z)⊕ drA(z, x)))
≤

∨
z∈X(drA(z, y))⊘ drA(z, x)) = drA(x, y).

Then drIr
dr
A

= erIr
dr
A

= drA.

For B = (( 45 , 1), (
2
3 , 3), (

3
4 , 1)), I

r
Hr

A
(B) ̸= Irdr

A
(B) from

IrHr
A
(B) =

∨
α∈L{A⊘ α ∈ Hr

A | A⊘ α ≤ B}
=

∨
D∈Hr

A
(D ⊘ drLX (D,B))

= A⊘ ( 9
16 ,−2)X

= (( 8
15 ,

26
5 ), ( 23 , 3), (

1
2 , 1)),

Irdr
A
(B) =

∧
y∈X(B(y)⊕ (drA)y)

= (( 23 , 3), (
2
3 , 3), (

2
3 , 3)).
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For each C ∈ LX , since IrHr (C) ∈ Hr
A,

Irdr
A
(IrHr (C))(x) =

∧
y∈X(IrHr (C)(y)⊕ drA(y, x))

≥
∧

y∈X(IrHr (C)(y)⊕ (IrHr (C)(x)⊘ IrHr (C)(y))

≥ IrHr (C)(x),
Irdr

A
(IrHr (C))(x) =

∧
y∈X(IrHr (C)(y)⊕ drA(y, x))

≤ IrHr (C)(x)⊕ drA(x, x) = IrHr (C)(x).

Thus IrHr (C) = Irdr
A
(IrHr (C)) ≤ Irdr

A
(C) for each C ∈ LX . For each C ∈ LX , y ∈ X,

Cl
Ir
dr
A

(D)(y) = n1(I
r
dr
A
(n2(D)))(y)

= n1(
∧

x∈X(n2(D)(x)⊕ drA(x, y)))
=

∨
x∈X(n1(d

r
A(x, y))⊖ n2(D)(x))

=
∨

x∈X(D(x)⊘ n1(n1(d
r
A(x, y))))

For n1(A) = (56 ,−
2
3 ), (

2
3 ,

5
3 ), (1,−4)),

n1(n1(d
r
A(x, y))) = n1(n1(A(y)⊘A(x)))

= n1(n1(A(y))⊕A(x)) = n1(A(x))⊖ n1(A(y))
= dln1(A)(y, x) [By Lemma 2.2 (16)],

n1(n1(d
r
A)) =

 ( 12 , 1) ( 58 ,−
3
4 ) ( 12 , 1)

( 12 , 1) ( 12 , 1) ( 12 , 1)
( 35 ,−1) ( 34 ,−

13
4 ) ( 12 , 1)


So Cl

Ir
dr
A

(D)(y) =
∨

x∈X(D(x)⊘ dln1(A)(y, x)).

(2) H l
A = {A ⊖ α | α ∈ L} is a left interior system because

∨
i∈I(A ⊖ αi) =

A⊖
∧

i∈I αi and (A⊖ α)⊖ β = A⊖ (β ⊕ α) from Lemma 2.2. Since A(y)⊖A(x) ≥
(A(y)⊖ α)⊖ (A(x)⊖ α),

el
Hl

A
(x, y) =

∨
B∈Hl

A
(B(y)⊖B(x)) = A(y)⊖A(x) = dlA(x, y),

=
∨

D∈Hl
A
(D(y)⊖ dlLX (D,⊥x))

= I l
Hl

A
(⊥x)(y) = dl

Il

Hl
A

(x, y) [By Corollary 3.17 (2)],

el
Il

Hl
A

(x, y) =
∨

C∈LX (I l
Hl

A
(C)(y)⊖ I l

Hl
A
(C)(x))

= el
Hl

Il
Hl

A

(x, y) = el
Hl

A
(x, y).

Define I l
dl
A

: LX → LX as I l
dl
A
(D)(y) =

∧
x∈X(dlA(x, y) ⊕ D(x)). Since I l

dl
A
(D ⊖

α)(y) =
∧

x∈X(dlA(x, y)⊕(D(x)⊖α)) ≥
∧

x∈X(dlA(x, y)⊕D(x))⊖α = I l
dl
A
(D)(y)⊖α

from Lemma 2.2 (5), I l
dl
A
is a left interior operator with I l

dl
A
(
∧

i∈Γ Ai) =
∧

i∈Γ I
l
dl
A
(Ai)
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and I l
dl
A
(A⊕ α) = Irdr

A
(A)⊕ α for all Ai, A ∈ LX , α ∈ L.

el
Il

dl
A

(x, y) = I l
dl
A
(⊥x)(y) = dlA(x, y),

el
Il

dl
A

(x, y) =
∨

A∈LX (I l
dl
A
(A)(y)⊖ I l

dl
A
(A)(x))

≥
∨

z∈X(I l
dl
A
(⊥z)(y)⊖ I l

dl
A
(⊥z)(x))

=
∨

z∈X(dlA(z, y)⊖ dlA(z, x)) = dlA(x, y),
el
Il

dl
A

(x, y) =
∨

D∈LX (
∧

z∈X(dlA(z, y)⊕D(z))⊖
∧

z∈X(dlA(z, x)⊕D(z)))

≤
∨

D∈LX (
∨

z∈X(dlA(z, y)⊕D(z))⊖ (dlA(z, x)⊕D(z)))
≤

∨
z∈X(dlA(z, y))⊖ dlA(z, x)) = dlA(x, y).

Hence dl
Il

dl
A

= el
Il

dl
A

= dlA.

For B = (( 45 , 1), (
2
3 , 3), (

3
4 , 1)),

I lHl(B) =
∨

α∈L{A⊖ α ∈ H l
A | A⊖ α ≤ B}

=
∨

D∈Hl
A
(D ⊖ dlLX (D,B)) = A⊖ ( 9

16 ,−
13
4 )X

= (( 8
15 ,

17
3 ), ( 23 , 3), (

1
2 , 1)),

I l
dl
A
(B) =

∧
y∈X((dlA)y ⊕B(y)) = ((23 , 3), (

2
3 , 3).(

2
3 , 3)),

For each D ∈ LX , since I lHl(D) ∈ H l
A,

I l
dl
A
(I lHl(D))(x) =

∧
y∈X(dlA(y, x)⊕ I lHl(D)(y))

≥
∧

y∈X((I lHl(D)(x)⊖ I lHl(D)(y)⊕ I lHl(D)(y))

≥ I lHl(D)(x),
I l
dl
A
(I lHl(D))(x) =

∧
y∈X(dlA(y, x)⊕ I lHl(D)(y))

≤ dlA(y, x)⊕ I lHl(D)(x) = I lHl(D)(x).

Then I lHl(D) = I l
dl
A
(I lHl(D)) ≤ I l

dl
A
(D) for each D ∈ LX . By Corollary 3.17 (3),

Cr
Il

dl
A

(D)(y) = n2(I
l
dl
A
(n1(D)))(y) = n2(

∧
x∈X(dlA(x, y)⊕ n1(D)(x)))

=
∨

x∈X(n2(d
l
A(x, y))⊘ n1(D)(x)) =

∨
x∈X(D(x)⊖ n2(n2(d

l
A(x, y)))).

For n2(A) = (( 56 ,−
5
3 ), (

2
3 ,

8
3 ), (1,−8)),

n2(n2(d
l
A(x, y))) = n2(n2(A(y)⊖A(x))) = n2(A(x)⊕ n2(A(y)))

= n2(A(x))⊘ n2(A(y)) = drn2(A)(y, x),

n2(n2(d
l
A)) =

 ( 12 , 1) (58 ,−
15
4 ) ( 12 , 1)

( 12 , 1) ( 12 , 1) ( 12 , 1)
( 35 ,−

24
5 ) ( 34 ,−

21
2 ) ( 12 , 1)

 .

Thus Cr
Il

dl
A

(D)(y) =
∨

x∈X(D(x)⊖ drn2(A)(y, x)).

(3) Gr
A = {α⊕A | α ∈ L} is a right closure system.

Since A(y)⊘A(x) ≥ (α⊕A(y))⊘ (α⊕A(x)),

erGr
A
(x, y) =

∨
B∈Gr

A
(B(y)⊘B(x)) = A(y)⊘A(x) = drA(x, y).
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Define Cr
dr
A
: LX → LX as Cr

dr
A
(D)(y) =

∨
x∈X(D(x)⊖drA(y, x)). Let D, α ∈ LX .

Since

Cr
dr
A
(α⊕D)(y) =

∨
x∈X((α⊕D(x))⊖ drA(y, x))

≤
∨

x∈X(α⊕ (D(x)⊖ drA(y, x)) ≤ α⊕ Cr
dr
A
(D)(y),

Cr
dr
A
is a right closure operator with

Cr
dr
A
(D ⊘ α)(y) =

∨
x∈X((D(x)⊘ α)⊖ drA(y, x))

=
∨

x∈X(D(x)⊖ drA(y, x))⊘ α = Cr
dr
A
(D)(y)⊘ α,

Cr
dr
A
(
∨

i∈I Di)(y) =
∨

x∈X(
∨

i∈I Di(x)⊖ drA(y, x))

=
∨

i∈I(
∨

x∈X(Di(x)⊖ drA(y, x))) =
∨

i∈I C
r
dr
A
(Di)(y).

For B = (( 45 , 1), (
2
3 , 3), (

3
4 , 1)),

Cr
Gr

A
(B) =

∧
α∈L{α⊕A ∈ Gr

A | B ≤ α⊕A} =
∧

C∈Gr
A
(drLX (B,C)⊕ C)

= ( 34 ,−3)X ⊕A = (( 9
10 ,−

14
5 ), (1, 0), ( 34 , 1)),

Cr
dr
A
(B) =

∨
x∈X(B(x)⊖ drA(−, x)) = (( 45 , 1), (

4
5 , 1), (

2
3 ,

25
6 )),

Cr
Gr

A
(B) ̸= Cr

dr
A
(B).

Since H l
Gr

A
= {n1(D) | D ∈ Gr

A} = {n1(A) ⊖ α | α ∈ L} and (n1(A)(x) ⊖ α) ⊖
(n1(A)(y)⊖ α) ≤ n1(A)(x)⊖ n1(A)(y), where n1(A) = (56 ,−

2
3 ), (

2
3 ,

5
3 ), (1,−4)),

drCr
Gr

A

(x, y) = n1C
r
Gr

A
(n2(⊥y))(x) = n1(

∧
D∈Gr

A
(drLX (n2(⊥y), D)⊕D(x))

=
∨

D∈Gr
A
(n1(D)(x)⊖ drLX (n2(⊥y), D))

=
∨

D∈Gr
A
(n1(D)(x)⊖ dlLX (n1(D),⊥y))

=
∨

D∈Gr
A
(n1(D)(x)⊖ n1(D)(y))

= el
Hl

Gr
A

(y, x) = n1(A)(x)⊖ n1(A)(y)

= dln1(A)(y, x) = n1(n1(d
r
A(x, y))).

For each C ∈ LX , since Cr
Gr

A
(C) ∈ Gr

A,

Cr
dr
A
(Cr

Gr
A
(C))(x) =

∨
y∈X(Cr

Gr
A
(C)(y)⊖ drA(x, y))

=
∨

y∈X(Cr
Gr

A
(C)(y)⊖

∨
D∈Gr

A
(D(y)⊘D(x)))

≤
∨

y∈X(Cr
Gr

A
(C)(y)⊖ (Cr

Gr
A
(C)(y)⊘ Cr

Gr
A
(C)(x)))

≤ Cr
Gr

A
(C)(x),

Cr
dr
A
(Cr

Gr
A
(C))(x) =

∨
y∈X(Cr

Gr
A
(C)(y)⊖ drA(x, y))

≥ Cr
Gr

A
(C)(x)⊖ drA(x, x) = Cr

Gr
A
(C)(x).

Then Cr
Gr

A
(C) = Cr

dr
A
Cr

Gr
A
(C) ≥ Cr

dr
A
(C) for each C ∈ LX . Since n1(n1(d

r
A(x, y))) =

dln1(A)(y, x) for any x, y ∈ X,

I lCr
dr
A

(D)(y) = n1(C
r
dr
A
(n2(D)))(y) = n1(

∨
x∈X(n2(D)(x)⊖ drA(y, x)))

= n1(
∨

x∈X(n1(d
r
A(y, x))⊘D(x)) =

∧
x∈X(n1(n1(d

r
A(y, x)))⊕D(x))

=
∧

x∈X(dln1(A)(x, y)⊕D(x)).
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(4) Gl
A = {A ⊕ α | α ∈ L} is a left closure system. Since A(y) ⊖ A(x) ≥

(A(y)⊕ α)⊖ (A(x)⊕ α),

el
Gl

A
(x, y) =

∨
B∈Gl

A
(B(y)⊖B(x)) = A(y)⊖A(x) = dlA(x, y).

Define Cl
dl
A
: LX → LX as Cl

dl
A
(D)(y) =

∨
x∈X(D(x)⊘ dlA(y, x)). By a similar way

in (3), Cl
dl
A
is a left closure operator.

Since for D, α ∈ LX

Cl
dl
A
(D ⊕ α)(y) =

∨
x∈X((D ⊕ α)⊘ dlA(y, x))

≤
∨

x∈X((D(x)⊘ dlA(y, x))⊕ α) ≤ Cl
dl
A
(D)(y)⊕ α,

Cl
dl
A
is a left closure operator with

Cl
dl
A
(D ⊖ α)(y) =

∨
x∈X((D(x)⊖ α)⊘ dlA(y, x))

=
∨

x∈X(D(x)⊘ dlA(y, x))⊖ α = Cl
dl
A
(D)(y)⊖ α,

Cl
dl
A
(
∨

i∈I Di)(y) =
∨

x∈X(
∨

i∈I Di(x)⊘ dlA(y, x))

=
∨

i∈I(
∨

x∈X(Di(x)⊘ dlA(y, x))) =
∨

i∈I C
l
dl
A
(Di)(y).

For B = (( 45 , 1), (
2
3 , 3), (

3
4 , 1)),

Cl
Gl

A
(B) =

∧
α∈L{A⊕ α ∈ Gl

A | B ≤ A⊕ α}
=

∧
C∈Gl

A
(C ⊕ dlLX (B,C))

= A⊕ ( 34 ,−5)X = (( 9
10 ,−

7
2 ), (1, 0), (

3
4 , 1)),

Cl
dl
A
(B) =

∨
x∈X(B(x)⊘ dlA(−, y))

= (( 45 , 1), (
4
5 , 1), (

2
3 , 5)).

Since Hr
Gl

A
= {n2(D) | D ∈ Gl

A} = {n2(A) ⊘ α | α ∈ L} and (n2(A)(x) ⊘ α) ⊘
(n2(A)(y)⊘ α) ≤ n2(A)(x)⊘ n2(A)(y), where n2(A) = (( 56 ,−

5
3 ), (

2
3 ,

8
3 ), (1,−8)) for

any x, y ∈ X,

dl
Cl

Gl
A

(x, y) = n2C
l
Gl(n1(⊥y))(x) = n2(

∧
D∈Gl

A
(dlLX (n1(⊥y), D)⊕D(x)))

=
∨

D∈Gl
A
(n2(D)(x)⊘ dlLX (n1(⊥y), D))

=
∨

D∈Gl
A
(n2(D)(x)⊘ drLX (n2(D),⊥y))

=
∨

D∈Gl
A
(n2(D)(x)⊘ n2(D)(y))

= erHr

Gl
A

(y, x) = n2(A)(x)⊘ n2(A)(y)

= drn2(A)(y, x) = n2(n2(d
l
A(x, y))).

By a similar way in (3), Cl
Gl

A
(D) = Cl

dl
A
(Cl

Gl
A
(D)) ≥ Cl

dl
A
(D) for each D ∈ LX .

Since n2(n2(d
l
A(x, y))) = drn2(A)(y, x) for any x, y ∈ X,

Ir
Cl

dl
A

(D)(y) = n2(C
l
dl
A
(n1(D)))(y) = n2(

∨
x∈X(n1(D)(x)⊘ dlA(y, x)))

= n2(
∨

x∈X(n2(d
l
A(y, x))⊖D(x)) =

∧
x∈X(D(x)⊕ n2(n2(d

l
A(y, x))))

=
∧

x∈X(D(x)⊕ drn2(A)(x, y)).
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(5) By Theorem 3.13 (7) and (8),

Kr
dr
A
= {

∨
x∈X

(B(x)⊖ drA(−, x) | B ∈ LX} = {
∧
x∈X

(B(x)⊕ drA(x,−) | B ∈ LX}

is the smallest right extensional system such that Hr
A ⊂ Kr

dr
A

and Gr
A ⊂ Kr

dr
A

in

(1) and (2). Since A(y) ⊘ A(x) ≥ (A(y) ⊘ α) ⊘ (A(x) ⊘ α) and A(y) ⊘ A(x) ≥
(α⊕A(y))⊘ (α⊕A(x)) from Lemma 2.2 (9) and (10),

erKr
dr
A

(x, y) =
∨

D∈Kr
dr
A

(D(y)⊘D(x)) = erHr
A
(x, y) = erGr

A
(x, y)

= drA(x, y) = A(y)⊘A(x).

For B = (( 45 , 1), (
2
3 , 3), (

3
4 , 1)),

IrKr
dr
A

(B) =
∨
{C ∈ Kr

dr
A
| C ≤ B} =

∧
x∈X(B(x)⊕ drA(x,−)) = Irdr

A
(B)

= (( 23 , 3), (
2
3 , 3), (

2
3 , 3)),

Cr
Kr

dr
A

(B) =
∨

y∈X(B(y)⊖ drA(−, y)) = Cr
dr
A
(B) = ((45 , 1), (

4
5 , 1), (

3
4 , 1)).

(6) By Corollary 3.14 (7) and (8),

Kl
dl
A
= {

∨
x∈X

(B(x)⊘ dlA(−, x) | B ∈ LX} = {
∧
x∈X

(dlA(x,−)⊕B(x) | B ∈ LX}

is the smallest left extensional system such that H l
A ⊂ Kl

dl
A

and Gl
A ⊂ Kl

dl
A

in

(1) and (2). Since A(y) ⊖ A(x) ≥ (A(y) ⊖ α) ⊖ (A(x) ⊖ α) and A(y) ⊖ A(x) ≥
(A(y)⊕ α)⊖ (A(x)⊕ α) from Lemma 2.2 (9) and (11),

el
Kl

dl
A

(x, y) =
∨

D∈Kl

dl
A

(D(y)⊖D(x)) = el
Hl

A
(x, y)

= el
Gl

A
(x, y) = dlA(x, y) = A(y)⊖A(x).

For B = (( 45 , 1), (
2
3 , 3), (

3
4 , 1)),

I l
Kl

dl
A

(B) =
∧

x∈X(dlA(x,−)⊕B(x)) = I l
dl
A
(B) = ((23 , 3), (

2
3 , 3), (

2
3 , 3)),

Cl
Kl

dl
A

(B) =
∨

y∈X(B(y)⊖ drA(−, y)) = Cl
dl
A
(B) = ((45 , 1), (

4
5 , 1), (

3
4 , 1)).

4. Conclusion

We have studied the relations among the two types (right, left) of interior (closure)
operators, interior (closure, extensional) systems and distance functions based on a
generalized co-residuated lattice as a noncommutative structure. Moreover, we have
discussed their properties.

In the future, we plan to investigate fuzzy rough sets, fuzzy automata, information
systems and decision rules by using the concepts of two types in a generalized co-
residuated lattice. In particular, algebraic structures (interior (closure) operators,
interior (closure, extensional) systems, distance functions, fuzzy rough sets) can be
used to classify big data into small groups.
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