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ABSTRACT. The main goal of this paper is to define and study two
novel types of regular and normal space called wge-regular and wge-normal
space. The ideas of wge-regularity and mwge-normality are introduced by
mwge-closed sets defined by Ozkog and Ayhan, which are general variations of
the separation axioms known from general topology. Moreover, we examine
not only the relations of these spaces with other types of spaces but also
some of their basic features.
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1. INTRODUCTION

In recent years, many topologists have worked on different strong and weak forms
of regular and normal space. In 2010, Caldas defined the notion of wgp-normality
[1] in topological spaces. In 2014, Ravi et al. worked on mwgy-normality [2]. In 2015,
Kumar et al. introduced the concept of wgS-normality [3]. In 2019, Sharma and
Kumar introduced and studied wgb-normality [4]. In 2024, Korkmaz introduced the
termed of wgs-normality [5]. On the other hand, Tahiliani defined the notion of
mwgB-regularity [0] in topological spaces.

This study aims to introduce and investigate the notions of mge-regular and mge-
normal space which are associated with the concepts of e-regular [7] and e-normal
[8] space, respectively. In addition, we examine characterizations of rge-regular and
mge-normal space and some basic properties of its.
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2. PRELIMINARIES

In this section, we will recall some definitions and results used in this paper.
Throughout this paper, X and Y represent topological spaces. For a subset A of a
space X, cl(A) and int(A) denote the closure of A and the interior of A, respectively.
The family of all closed (resp. open) sets of X is denoted by C(X) (resp. O(X)).

A subset A of a space (X, 1) is said to be regular open [9], if A = int(cl(A)). The
family of all regular open sets of X will be denoted by RO(X). The finite union of

regular open sets is said to be w-open [10]. The family of all m-open sets of X will
be denoted by mO(X).
A subset A is said to be d-open [11], if for each x € A there exists a regular

open set B such that x € B C A. A point z of X is called a d-cluster point
of A, if Anint(cl(U)) # @ for each open set U containing z. The set of all J-
cluster points of A is called the d-closure of A and is denoted by cls(A4). The set
{z|(U € RO(X))(x € U C A)} is called the §-interior of A and is denoted by

intg(A).
A subset A of a space X is said to be e-open [12], if A C cl(ints(A))Uint(cls(A)).
The complement of e-open set is said to be e-closed [12]. The intersection of all

e-closed sets containing A is called the e-closure of A and is denoted by e-cl(A). The
union of all e-open sets contained in A is called the e-interior of A and is denoted
by e-int(A). A subset A is said to be e-regular [7], if it is e-open and e-closed. The
collection of all e-open (resp. e-closed, e-regular) subsets of X is denoted by eO(X)
(resp. eC(X), eR(X)). The collection of all e-open (resp. e-closed, e-regular)
subsets of X containing a point x of X is denoted by eO(X,z) (resp. eC(X,x),
eR(X,x)).

A subset A of a topological space X is said to be generalized closed [13] (briefly,
g-closed), if cl(A) C U, whenever A C U and U is open in X. A subset A of X is
said to be ge-closed [11] (resp. mge-closed [15]), if e-cl(A) C U whenever A C U and
U is open (resp. m-open). The complement of ge-closed (resp. mge-closed) set is
said to be ge-open (resp. wge-open). The collection of all ge-closed (resp. ge-open,
mwge-closed, mge-open) subsets of X is denoted by geC(X) (resp. geO(X), mgeC(X),
wgeO(X)).

Also, it is noted in [7, 14, 15] that

e-regular = e-closed = ge-closed = mwge-closed

Lemma 2.1 ([7]). Let A be a subset of a topological space X. Then
(1) A € eO(X) if and only if e-cl(A) € eR(X),
(2) A€ eC(X) if and only if e-int(A) € eR(X).

Definition 2.2. A topological space X is said to be:

(i) e-regular [7], if for each closed set F' of X and each point x € X \ F, there
exist disjoint e-open sets U, V C X such that xt € U and F C V

(ii) e-normal [8], if for each pair of nonempty disjoint closed sets can be separated
by disjoint e-open sets,

(iil) strongly e-normal [16], if for each pair of disjoint e-closed subsets A and B
of X, there exist disjoint e-open sets U and V such that A C U and B C V.

Definition 2.3. A function f: X — Y is said to be:
78
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(i) contra e-continuous [3], if f~1[F] is e-open in X for each closed set F of Y,
(ii) mge-open [15], if f[U] is mge-closed in Y for each mge-closed set U of X.

3. mge-REGULAR SPACES

Definition 3.1. A space X is said to be generalized e-reqular (briefly, ge-regular),
if for each ge-closed set F' of X and each point € X \ F', there exist disjoint e-open
sets U, V C X such that x € U and F C V.

Definition 3.2. A space X is said to be m-generalized e-regular (briefly, mwge-
regular), if for each mge-closed set F' of X and each point z € X \ F, there exist
disjoint e-open sets U, V C X such that t €¢ U and F C V.

Remark 3.3. From Definitions 2.2(i), 3.1 and 3.2, we have the following diagram.
The converse of these implications is not true in general as shown by the following
examples.

mge-regular = ge-regular = e-regular

Example 3.4. Let X = {a,b, ¢,d} and let the topology on X be 7 = {&, X, {c}, {d},
{e,d},{a,c,d},{b,c,d}}. Tt can be easily seen that eC(X) = geC(X) = 2% \
{{c,d}, {b,c,d},{a,c,d}} and mgeC(X) = 2%\ {{b,c,d},{a,c,d}}. Then X is ge-
regular but not wge-regular since {c,d} is wge-closed but for b not in {c,d}, there
does not exist any pair of disjoint e-open sets containing them.

Question. Is there any e-regular space which is not ge-regular?

Definition 3.5. A space X is said to be mge-T} /o [17], if every mge-closed set is
e-closed.

Example 3.6. Let X = {a,b, ¢,d} and let the topology on X be r = {&, X, {a}, {b},
{a,b},{a,c},{a,b,c}}. Tt can be easily seen that eC(X) = mgeC(X) = 2%\
{{a,b,c}}. Then X is mge-T} 5 since every mge-closed set is e-closed.

Lemma 3.7. A space X is mge-Ty 5 if and only if eC(X) = geC(X) = ngeC(X).
Proof. 1t is obvious from Theorem 4.7(2), [15]. O
Theorem 3.8. A space X is wge-reqular if and only if X is ge-reqular and wge-T /5.

Proof. Necessity. 1t is clear since every mge-regular space is ge-regular.
Sufficiency. It is obvious from Lemma 3.7. 0

Theorem 3.9. For a topological space X, the following statements are equivalent:
(1) X is mge-regular,
(2) every wge-open set is a union of e-reqular sets,
(3) every mge-closed set is an intersection of e-reqular sets.

Proof. (1) = (2) : Let A € mgeO(X, x).
AemgeO(X,x) = (X \AecmgeC(X))(x ¢ X\ A) }

Hypothesis
= (U € eO(X,2))(FV € eO(X))(X\NACV)(UNV =) Lemma, 2.1(1)
W = e-cl(U)
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= (WeeRX,z))(WN(X\A) CWNV =2)
= (W eeR(X,z))(W C A).

(2) = (3) : Obvious.

(3)= (1) : Let F € mgeC(X) and x ¢ F.

(F € ngeC(X))(z ¢ F) "PE" (31 € eR(X))(F C V)(z ¢ V) } N
U:=X\V
= (U eeO(X,z))(VeeOX)(FCVIUNV =g). O

Theorem 3.10. For a topological space X, the following statements are equivalent:
(1) X is mge-regular,
(2) for each point x in X and each wge-open set U of X containing x, there exists
V € eO(X,x) such that e-cl(V) CU;

Proof. (1) = (2) : Let U € mgeO(X, x).
UengeO(X,x) = (X\U e€mgeC(X))(x ¢ X\U) }
Hypothesis
= (3V € eO(X,2))(3W € eO(X))X\UCW)(VNW = o)
= (VeeO(X,z))(W € eO(X))(e-c(V)NW = @)
= (VeeO(X,x))(e-cl(V) CU).

(2) = (1) : Let F € mgeC(X) and x ¢ F.
(F emgeC(X))(x ¢ F)= X\ F € ngeO(X,x)) }
Hypothesis
= (AV € eO(X,x))(e-cl(V) C X\ F) } N
W:=X\ecl(V)
= (VeeO(X,z))(W eceOX))(FCW)(VNW =0). O

4. mge-NORMAL SPACES

Definition 4.1. A space X is said to be generalized e-normal (briefly,ge-normal) ,
if for each pair of nonempty disjoint ge-closed sets A and B of X, there exist disjoint
e-open sets U and V of X such that AC U and B C V.

Definition 4.2. A space X is said to be w-generalized e-normal (briefly, mwge-
normal), if for each pair of nonempty disjoint wge-closed sets A and B of X, there
exist disjoint e-open sets U and V' of X such that AC U and BC V.

Remark 4.3. From Definitions 2.2, 4.1 and 4.2, we have the following diagram.
The converse of these implications is not true in general as shown by the following
examples.

mge-normal = ge-normal = strongly e-normal = e-normal

Example 4.4. Let X = {a,b, ¢,d} and let the topology on X be 7 = {&, X, {a}, {b},
{a,b},{a,c},{a,b,c},{a,b,d}}. It can be easily seen that eC(X) = geC(X) =
80
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2%\ {{a, b}, {b, c}, {a,b,c}} and mgeC(X) = 2% \ {{a,b},{a,b,c}}. Then X is ge-
normal but not wge-normal since {a, d} and {b, ¢} are disjoint wge-closed sets in X,
but there does not exist any pair of disjoint e-open sets containing them.

Example 4.5. Let X = {a,b, ¢,d} and let the topology on X be 7 = {@, X, {a}, {b, ¢},
{a,b,c}}. Tt can be easily seen that eC(X) = 2%\ {{d}, {b,d}, {c,d}} and geC(X) =
7geC(X) = 2%X. Then X is strongly e-normal but not ge-normal since {d} and
{a, b, ¢} are disjoint ge-closed sets in X, but there does not exist any pair of disjoint
e-open sets containing them.

Example 4.6. Consider the Example 4.4. Then X is e-normal but not strongly
e-normal since {b} and {d} are disjoint e-closed sets in X, but there does not exist
any pair of disjoint e-open sets containing them.

Remark 4.7. A wge-normal space need not be mge-regular, as the following example
shows:

Example 4.8. Let X = {a,b, ¢,d} and let the topology on X be 7 = {&, X, {a}, {b},
{a,b},{a,b,c},{a,b,d}}. It can be easily seen that eC'(X) = geC(X) = mgeC(X) =
2%\ {{a,b},{a,b,c},{a,b,d}}. Then X is mge-normal but not mge-regular since
{a, b} is wge-closed but for ¢ not in {a, b}, there does not exist any pair of disjoint
e-open sets containing them.

Theorem 4.9. For a topological space X, the following statements are equivalent:
(1) X is mge-normal,
(2) for every mge-closed set A and every wge-open set B containing A, there is
an e-regular set V' such that ACV C B.

Proof. (1) = (2) : Let A be mge-closed set and B be wge-open set with A C B.
(A € mgeC(X))(B € mgeO(X) = X \ B € mgeC(X))(A C B) } N

Hypothesis
= (3W1,W2 S €O(X))(A - Wl)(X \ B C Wg)(A n (X \ B) CWinW, = @)
=
V = e-cl(W)
Lemma 2.1(1)
= (VeeR(X)(ACW; CV CB).
(2) = (1) : Obvious. O

Definition 4.10. A topological space X is said to be weakly mge-normal, if disjoint
mge-closed set can be separated by disjoint closed sets.

Example 4.11. Let X = {a,b,c} and let the topology on X be discrete topological
space. It can be easily seen that C(X) = mgeC(X) = 2%. Then X is weakly
mge-normal.

Theorem 4.12. Let f : X — Y be a contra e-continuous and mge-open injection.
If Y is weakly mge-normal, then X is mge-normal.

Proof. Let A and B be disjoint mge-closed sets in X.
(A, B € mgeC(X))(AN B = @) N
f is wge-open injection
81
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= (f[A], f[B] € mgeC(Y))(f[AN B] = f[A] N f[B] = ) } N

Y is weakly mge-normal
= AU,V € C(V)(f]A] C U)(J[B] C V)(U NV = o)
f is contra e-continuous
= (fHULfHVI € ecOX))AC fHUNB C VD UIN V] =2

).
Definition 4.13. A topological space X is said to be (e, mge)-Ry, if e-cl({z}) C U,
whenever U is mge-open and x € U.

Example 4.14. Let X = {a,b,c} and let the topology on X be T = {@, X, {a}, {b},
{a,b}}. Tt can be easily seen that eC'(X) = 2%\ {{a,b}} and 7geO(X) = 2%\ {{c}}.
Then X is (e, mge)-Ryp.

Theorem 4.15. Every wge-normal and (e, wge)-Ro space is wge-reqular.

Proof. Let F € mgeC(X) and z € X \ F.
(FenmgeC(X))(x e X\ F)=X\F €ngeO(X,x) } N
X is (e, mge)-Ro
= X\ F Decl({z}) € mgeC(X)
X is mge-normal
= (3U,V € eO(X))(F CU)(e-cl({z}) CVI(UNV = 2)
= (U € eO(X,2))(AV € e OX))(F CVI(UNV = 2). O

5. CONCLUSION

The study of different types of generalized regular and normal spaces has been
one of the main areas of research in general topology during the last several decades.
This paper has been written to continue this line of research.

In this study, we have introduced and studied two new space concepts via mwge-
closed sets. Also, we have examined the relationships between some regular and
normal spaces defined in the literature and newly defined spaces (cf. Remarks 3.3
and 4.3). Moreover, we shed light on their place in topological spaces through ex-
amples.
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