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ABSTRACT. In this paper, a new type of resolvablity of fuzzy topo-
logical spaces, namely fuzzy extraresolvability is introduced by means of
fuzzy nowhere denseness and fuzzy denseness of fuzzy sets. It is obtained
that the existence of fuzzy o-nowhere dense sets, fuzzy dense and fuzzy
Gs-sets in fuzzy extraresolvable spaces ensures their fuzzy resolvability. It
is obtained that fuzzy Baire spaces, fuzzy DGs-spaces, fuzzy weakly Baire
spaces become fuzzy resolvable spaces when they possesses fuzzy extrare-
solvability.
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1. INTRODUCTION

The application of mathematical concepts in the real world drives our modern
world and is closely intertwined with various fields from engineering and finance to
astronomy and medicine. From the elegant dance of celestial bodies to the metic-
ulous precision of medical treatments, mathematics offers a universal language for
deciphering complex relationships and opening up new possibilities. In 1965, the
concept of fuzzy set as an innovative approach for modelling uncertainties was intro-
duced by Zadeh [1]. The term “fuzzy” often refers to things that are not clear-cut or
well-defined. In various contexts it might describe something that is ambiguous or
has blurred boundaries. For example, in fuzzy logic, it represents reasoning that is
approximate rather than fixed and exact. The potential of fuzzy notion was realized
by the researchers and has successfully been applied in all branches of Mathematics.
In 1968, Chang [2] introduced the concept of fuzzy topological space. The paper of
Chang paved the way for the subsequent tremendous growth of the numerous fuzzy



Thangaraj and Vijayan/Ann. Fuzzy Math. Inform. 29 (2025), No. 1, 63-76

topological concepts. Recently, a considerable amount of research has been done on
various types of fuzzy topological spaces.

At the beginning of twentieth century, the problem of resolvability of topological
spaces became a matter of intense research. Research in this area stems from the pa-
pers of Hewitt [3] and Katetov [4]. In 1969, EI'’Kin [5] introduced open hereditarily ir-
resolvable spaces in classical topology. Motivated by their works on resolvability, the
concepts of resolvability, irresolvability and open hereditarily irresolvability of fuzzy
topological spaces were introduced and studied by Thangaraj and Balasubramanian
[6]. In classical topology, the concept of extraresolvability of topological spaces was
introduced by Malykhin [7] as a generalization of w-resolvability. “Extraresolvabil-
ity”is a less common term, but it suggests something that can be resolved or clarified
beyond the usual level of resolution. It might imply a deeper understanding or addi-
tional layers of detail that can be uncovered. The term “space”can refer to physical
dimensions, abstract concepts, or contexts in which things exist. In physics, it’s the
boundless three-dimensional continuum in which objects and events occur. In a more
abstract sense, it might refer to conceptual or informational spaces. Ferreira et.al
[8, 9], carried out a detailed study on extraresolvable spaces. Motivated on these
lines, the notion of extraresolvability of fuzzy topological spaces is introduced in this
paper. In Section 3, several characterizations of fuzzy extraresolvable spaces are
established. In Section 4, inter-relations between fuzzy extraresolvable spaces and
other fuzzy topological spaces such as fuzzy D-Baire spaces, fuzzy P-spaces and fuzzy
hyperconnected spaces are investigated in this paper. The conditions under which
fuzzy extraresolvable spaces become fuzzy resolvable spaces are also established in
this section.

In recent years, the topological space theory has been embedding in the soft set
theory to obtain some interesting applications [10, 11, 12]. Many authors redefined
the classical topological concepts via soft topological structure. Recently, Senel et
al. [13] applied the concept of octahedron sets proposed by Lee et al. [14] to multi-
criteria group decision making problems. Also, Senel et al. [15] provided an insight
into a cubic crisp sets and their applications to topology. On these lines, there is a
need and scope of investigation considering different types of fuzzy resolvability, for
applying some fuzzy topological concepts to information science and decision-making
problems.

2. PRELIMINARIES

Some basic notions and results used in the sequel, are given in order to make the
exposition self-contained. In this work by (X,T) or simply by X, we will denote
a fuzzy topological space due to Chang (1968). Let X be a non-empty set and T
the unit interval [0,1]. A fuzzy set A in X is a mapping from X into I. The fuzzy
set Ox is defined as Ox(z) = 0 for all z € X and the fuzzy set 1x is defined as
1x(z) =1 for all z € X. For any fuzzy set A in X and a family ()\;);cs of fuzzy
sets in X, the complement X', the union Vics Ai and the intersection \;; A; are
defined respectively as follows: for each x € X,

N(z)=1=Ma), (\/ M)(@) = supieshi(@), (J\ N)(@) = infieshi(@),
i€J ieJ
64

icJ
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where J is an index set.

Definition 2.1 ([2]). A fuzzy topology on a set X is a family T of fuzzy sets in X
which satisfies the following conditions :

(1) Ox €T and 1x efT,
ii) if A, BeT, then ANBeT,
(iii) if A; € T for each i € J, then \/,_; A; € T.
The pair (X,T) is called a fuzzy topological space. Members of T are called fuzzy
open sets in X and their complements are called fuzzy closed sets in X.

ieJ

Definition 2.2 ([2]). Let (X,T) be a fuzzy topological space and A be any fuzzy
set in (X, T). The interior and the closure of A are defined respectively as follows:

(i) int(\) = Vip € T+ p < A},
(i) dN)=AN{p :A<p, peT}
Definition 2.3. A fuzzy set A in a fuzzy topological space (X, T) is called a
(i) fuzzy regular-open [resp. closed] set in X, if A = intcl()) [resp. A = clint(\)]
(i) fuzzy Gs [resp. Fyl-set in X, if A = A2, A [resp. A = /2, \], where
N €T forie J[L7],
(ili) fuzzy dense set in X, if there exists no fuzzy closed set p in X such that
A< p <l ie,cdN)=1]18],
(iv) fuzzy nowhere dense set in X | if there exists no non-zero fuzzy open set p in
X such that p < cl(N), ie., intcl(N) =0 [18],
(v) fuzzy first category setin X, if A = \/;2, \;, where each ); is a fuzzy nowhere
dense set in X. Any other fuzzy set in X is said to be of fuzzy second category
[15],
(vi) fuzzy residual set in X, if N is a fuzzy first category set in X [19],
(vil) fuzzy somewhere dense set in X, if there exists a non-zero fuzzy open set u
in X such that p < cl(N), i.e., intcl(N) # 0 [20],
(viii) fuzzy Baire setin X, if A = pu An, where p € T and 7 is a fuzzy residual set
in X [21],
(ix) fuzzy o-nowhere dense set in X, if A is a fuzzy F,-set with int(\) = 0 [22],
(x) fuzzy regqular o-nowhere dense setin X, if A = \/;2, cl()\;), where int()\;) = 0
23],
xi) fuzzy o-boundary set in X if p = \/S°, i, where p; = cl(\;) A X, and each
i=1 7
A; is a fuzzy regular open set in X [24].

Definition 2.4. A fuzzy topological space (X,T) is called a

(i) fuzzy submazimal space, if for each fuzzy set A in X such that cl(A\) =1, A €

T [17],

(ii) fuzzy hyperconnected space, if every non null fuzzy open subset of (X,T') is
fuzzy dense in X [25],

(iii) fuzzy open hereditarily irresolvable space, if intcl(\) # 0 for any non-zero
fuzzy set A in X implies int(X\) # 0 [0],

(iv) fuzzy P-space, if each fuzzy Gs-set in X is fuzzy open in X [26],

65
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(v) fuzzy almost P-space , if for each non- zero fuzzy Gs-set A in X, int(\) # 0
[27],

(vi) fuzzy Baire space, if int(\/;=, Ai) = 0, where each \; is a fuzzy nowhere
dense set in X [19],

(vii) fuzzy D-Baire space, if every fuzzy first category set in X is a fuzzy nowhere
dense set in X [28],

(viii) fuzzy DGs-space, if each fuzzy dense ( but not fuzzy open ) set in X is a
fuzzy Gs-set in X [29],

(ix) fuzzy nodef space, if each fuzzy nowhere dense set is a fuzzy Fy-set in X [29],
(x) fuzzy resolvable space, if there exists a fuzzy dense set A in X such that
cl(1 = X) = 1. Otherwise, (X, T) is called a fuzzy irresolvable space [6],

(xi) fuzzy Baire-dominated space, if for each collection \;(i = 1 to oo) of fuzzy
closed sets with Ay > Ay > A3 > A4... and /\fi1 Ai = 0, there exists a
collection A;(i = 1 to o0) of fuzzy Baire sets in X with \; < p; for each i
and A, pi = 0 [30],

(xii) fuzzy weakly Baire space, if int(\/;2; \;) = 0, where p; = cl(\;) A \; and
each \; is a fuzzy regular open set in X [24].

Lemma 2.5 ([16]). For a fuzzy set A of a fuzzy topological space X,
(1) (int(N)" = cl(X),
(2) (cl(N) = int(\).

Theorem 2.6 ([16]). In a fuzzy topological space,

(1) the closure of a fuzzy open set is a fuzzy regular closed set,
(2) the interior of a fuzzy closed set is a fuzzy regular open set.

Theorem 2.7 ([0]). If a fuzzy topological space (X,T) is a fuzzy open hereditarily
irresolvable space, then cl(\) = 1 for any non-zero fuzzy set \ in X implies that
clint(A) = 1.
Theorem 2.8 ([19]). Let (X,T) be a fuzzy topological space. Then the following
are equivalent:

(1) X is a fuzzy Baire space,

(2) Int(\) =0 for every fuzzy first category set A in X,

(3) Cl(u) =1 for every fuzzy residual set pn in X.

Theorem 2.9 ([22]). If X is a fuzzy o-nowhere dense set in a fuzzy topological space
X, then X is a fuzzy residual set in X.

Theorem 2.10 ([29]). If A is a fuzzy dense and fuzzy open set in a fuzzy nodef
space X, then X is a fuzzy residual set in X.

Theorem 2.11 ([31]). If a fuzzy topological space X is a fuzzy Brown space, then
X is a fuzzy open hereditarily irresolvable space.

Theorem 2.12 ([22]). If X is a fuzzy o-nowhere dense set in a fuzzy topological
space X, then X is a fuzzy first category set in X.

Theorem 2.13 ([23]). If int(\) = 0, where A is a fuzzy regular o-nowhere dense
set in a fuzzy topological space X, then X is a fuzzy first category set in X.
66
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Theorem 2.14 ([24]). If X is a fuzzy o-boundary set in a fuzzy weakly Baire space
X, then X is a fuzzy o-nowhere dense set in X.

Theorem 2.15 ([24]). Let (X,T) be a fuzzy topological space. Then the following
are equivalent:

(1) X is a fuzzy weakly Baire space,

(2) int(N) =0 for each fuzzy o-boundary set A in X,

(3) c(v) =1 for each fuzzy co-o-boundary set v in X.

3. Fuzzy EXTRARESOLVABLE SPACES

Motivated by the works of Malykhin [7] on extraresolvability of topological spaces
in classical topology, the concept of extraresolvability of fuzzy topological spaces is
introduced as follows :

Definition 3.1. A fuzzy topological space (X,T) is called a fuzzy extraresolvable
space, if there exists a family (););es of fuzzy dense sets in X such that A; A A; is a
fuzzy nowhere dense set in (X,T'), whenever \; # A; for any 4, j € J.

Example 3.2. Let X = {a,b, c}. Consider the fuzzy sets o, 8, v and 6 in X defined
as follows:
ala) = 0.8, a(b) =0.2, a(c) =0.4, S(a) =0.3, 5(b) =0.5, B(c) =0.4,
~v(a) =0, v(b) =0.9, v(c) = 0.5, §(a) =0.2, §(b) = 0.5, d(c) =0.7.
Then T = {0,a, 8, V B,a A 8,1} is a fuzzy topology on X. By computation, we
obtain the followings:
cdla)=1, cd(B)=1-p5, cllaVvB)=1, canp)=1-7,
dv)=1,cd(l—-v)=1, () =1, cd(1-9) =1
and
int(l—a) =0, int(1 —8) =4, int(1 —[aVP]) =0, int(1 —[aAf]) =8.
Now 2 = {a, 3,7} is a family of fuzzy dense sets in X. Also, by computation,
one can find that
intcl(a A B) = mt(l —laVvpa])
intcl(a ANy) = (1—[avﬁ]):
intc(BAY) = int(l —[aVvg]) =
Then for o, 8,7 € Z,aNB,aNvy and 8 A~ are fuzzy nowhere dense sets in X. Thus
(X,T) is a fuzzy extraresolvable space.

Example 3.3. Let X = {a,b,c}. Consider the fuzzy sets o, 3, v, § and n in X
defined as follows:

ala) = 0.8, a(b) =0.6, a(c) =0.7, f(a) =0.6, 5(b) =0.9, B(c) =0.8,
v(a) = 0.7, v(b) = 0.5, v(c) = 0.9, §(a) = 0.3, 6(b) =04, §(c) =0.5,
n(a) =02, n(b) = 0.5, n(c) =04
Then T' = {0,a, B,7,a V B,aVy, BV y,aAB,a Ny, BAY,aV[BAY],BV]aAq],
YVI[aABL,aN[BVAL,BA[aVAL,yAlaV Bl,aV BV y,aNB Ay, 1}
is a fuzzy topology on X. By computation, one can find that all the fuzzy open sets
are fuzzy dense in X and cl(0) =1, c(1—-906) =1, cl(n) =1, dd(1—n)=1.
67
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Now 2 = {«, d,n} constitutes a family of fuzzy dense sets in X and for o, § €
2, intc(aNnd) = intcl(6) = int(1) = 1 # 0. Then awAd is not a fuzzy nowhere dense
set in X. Also, 21 = {a,1—40,1—n} constitutes another family of fuzzy dense sets in
X and for o, 1-6 € 2, intcl(an[1—0]) = intcl(1—§) =1 # 0. Thus aA[1—4] is not
a fuzzy nowhere dense set in X. On the other hand, %5 = {a,d,1 — 1} constitutes
another family of fuzzy dense sets in X and for o, 1 —n € 2, intcl(a A[1 —1n]) =
intcl(1—m) =1# 0. So aw A [l —n] is not a fuzzy nowhere dense set in X. Also,
95 = {1 — 6,1 — n} constitutes another family of fuzzy dense sets in X and for
1-6,1-n€ 2, intcd((1-36)AN[1—n]) =int(1l) =1 #0. Hence (1—0)A(1—n)is
not a fuzzy nowhere dense set in X. Therefore (X,T) is not a fuzzy extraresolvable
space.

Proposition 3.4. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then int(X\;) < cl(1 — X;), whenever X\; # A; for any i, j € J, where 9 = (\;)ics is
a family of fuzzy dense sets in X.

Proof. Suppose X is a fuzzy extraresolvable space. Then there exists a family 2 =
(Mi)ies of fuzzy dense sets in X such that A; A \; is a fuzzy nowhere dense set in
X, where A\; # X;. Thus intcl(A; A A;) = 0. Since int(A; A Aj) < intel(A A ),
int(A; AX;) = 0. So int(X\;) Aint(Xj) = 0 and int(\;) < 1—int()\;). By Lemma 2.5,
1 —int(A;) = cl(1 — A;). Hence int(\;) < cl(1 — A;), where \;, \; € 2. O

Proposition 3.5. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then there exists a family 2 = (\;)ies of fuzzy dense sets in X in which only one
fuzzy dense set is fuzzy open in X.

Proof. Suppose X is a fuzzy extraresolvable space. Then there exists a family 2 =
(Ai)ie of fuzzy dense sets in X such that A; A \; is a fuzzy nowhere dense set in X,
whenever A\; # A; for any A\;, A\; € Z. Assume that \;, A\; € Z are fuzzy open sets
in X. Then \; AX; € T. Thus \; AN < intel(A AX;). Sointcl(A; A X;) # 0. Since
Xi A is a fuzzy nowhere dense set in X, intcl(A; A ;) = 0. This is a contradiction.
So it follows that there exists only one fuzzy dense set in & which is fuzzy open in
X. O

Proposition 3.6. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then there exists a family 2 = (\;)ics of fuzzy dense sets in (X, T) and clint(\;) # 1,
whenever \; ¢ T for each j € J.

Proof. Suppose X) is a fuzzy extraresolvable space. Then, there exists a family
2 = (N\i)ics of fuzzy dense sets in X such that A\; A \; is a fuzzy nowhere dense set
in X, whenever \; # \; for any 4, j € J. By Proposition 3.4, int(\;) < cl(1 — ;).
Thus intfint(X;)] < int[cl(1— A;)]. So int(\;) < intcl(l— ;) and intcl(1 — \;) # 0.
By Lemma 2.5, it follows that 1 — clint(\;) # 0, i.e., clint(\;) # 1. Assume that
Aj € T. Then cl()j) = clint(A;) # 1, in (X,T) which is a contradiction, since
Aj€D. Thus \; ¢ T. O

Proposition 3.7. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,

then there exists a family 2 = (\;)ies of fuzzy dense sets in X and whenever \j € 9

and \; ¢ T, there exists a fuzzy reqular closed set § in X such that § < cl(1 — A;).
68
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Proof. Suppose X is a fuzzy extraresolvable space. Then there exists a family 2 =
(Ai)ie of fuzzy dense sets in X such that A; A \; is a fuzzy nowhere dense set in X,
whenever \; # \jfor any 4, j € J. By Proposition 3.4, int(X\;) < cl(1 — A;). Thus
clint(A;) < clel(1—X;), i.e., clint(X;) < cl(1—X;). So by Theorem 2.6, clint();) is a
fuzzy regular closed set in X, say § = clint()\;). Moreover, § < cl(1 — A;), whenever
)\jE.@&Hd)\j%T. Il

Remark 3.8. If the fuzzy dense set \; is a fuzzy open set in Proposition 3.7, then
1 — ); is a fuzzy closed set in X, ie., cl(1 —X;) = 1 —X\;. Thus clint();) <
c(l=X;) =1—-X;. So A\; <1—clint()\;). Hence 1 = cl(\;) < cl[l — clint()\;)], i.e.,
c[l — elint(\;)] = 1 and intclint(A;) = 0. Now int(\;) = intint(\;) < intclint(\;)
implies that int(A;) = 0 and § = clint()\;) = 0.

Proposition 3.9. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then there exists a family 2 = (N\;)icy of fuzzy dense sets X, whenever \j € 9 and
Aj ¢ T, 1—X; is a fuzzy somewhere dense set in X.

Proof. Suppose (X,T) is a fuzzy extraresolvable space. Then there exists a family
2 = (\i)ieg of fuzzy dense sets in X such that A\; A \; is a fuzzy nowhere dense set in
X, whenever \; # \; for any i, j € J. Let \j € Z and \; ¢ T. Thus by Proposition
3.6, clint(\;) # 1, i.e., 1 —clint(\;) # 0. By Lemma 2.5, intcl(1—X;) # 0. So 1— ),
is a fuzzy somewhere dense set in X. O

Proposition 3.10. If a fuzzy topological space (X,T) is a fuzzy extraresolvable
space, then there exists a family 9 = (\;)ics of fuzzy dense sets in X and whenever
Xis Aj € D (N # X)), [(1=X)V(1=X))] is a fuzzy dense set in X, where int(1—\;) =
0 and int(1 — X;) = 0.

Proof. Suppose X is a fuzzy extraresolvable space. Then there exists a family 2 =
(Ai)ies of fuzzy dense sets in X such that A; A \; is a fuzzy nowhere dense set in
X, whenever \; # A; for any ¢, j € J. Thus intcl(A\; A ;) = 0. Since int(A\; A
Aj) <intel(A ANy, int(A A Aj) =0, le., 1 —int(A A Aj) = 1. By Lemma 2.5,
cdAll—(NAN)] =1 1e, c[(1=X)V(1=X;)] =1. So [(1—=X;)V(1—2A;)]is a fuzzy
dense set in X. Since \;, A\; € Z, cl(\;) =1, cl();) = 1. Hence we have

int(1—XA)=1—cl(A\)=1-1=0, int(1—=A;)=1—cl(X;) =1—1=0.
O

Proposition 3.11. If each A\g (8 = 1 to o0) is a fuzzy dense set in a fuzzy
extraresolvable space (X,T), then cl[\/3_, (1 — Ag)] = 1.

Proof. Let X be a fuzzy extraresolvable space and suppose each Ag (8 =1 to o0)
is a fuzzy dense set in X. Then there exists a family 2 = (\;);cs of fuzzy dense
sets in X such that A; A A; is a fuzzy nowhere dense set in X, whenever \; # \; for
any ¢, j € J. By Proposition 3.10, [(1 — X;) V (1 — ;)] is a fuzzy dense set in X,
where int(1 — A;) =0 and int(1 — A;) = 0. Let {A\g} (=1 to o) be a family of
fuzzy dense sets in X including 2. Then cl(Ag) = 1, i.e., 1 —cl(Ag) = 0. By Lemma
2.5, int(1 — Ag) = 0. On the other hand, [(1 — X)) V (1 — ;)] < \/2‘;1(1 — Ag)-
Thus cl[(1 = X)) V(1 = A))] < Va2, (1= Ap)]. So 1 < el[V3Z, (1= Ag)], ie,
AV (1= Ag) = L O
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Corollary 3.12. If each A\g (=1 to o0) is a fuzzy dense set in a fuzzy extrare-
solvable space (X, T), then int(\z_, Ag) = 0.

Proposition 3.13. If each pg (8 =1 to o0) is a fuzzy nowhere dense sets in a
fuzzy extraresolvable space (X, T), then cl(\jZ, pp) = 1.

Proof. Let X be fuzzy extraresolvable space and suppose each ug (=1 to o0) is
a fuzzy nowhere dense sets in X. Then intcl(ug) = 0 and int(ug) < intcl(pg). Thus
int(pg) = 0. So cl(1 —pg) =1—int(ug) =1—0=1. Hence 1 — pg is a fuzzy dense
set in X. By Proposition 3.11, cl[\V5_, (1 —{1—ps})] = 1, ie, (Vg ps) = 1. O

If (X,T) is a fuzzy extraresolvable space, then there exists a family 2 = (\;)ic
of fuzzy dense sets in X such that A\; A)A; is a fuzzy nowhere dense set in X, whenever
Ai # Aj for any ¢, j € J. Let 0;; = A\ A Aj. Then {d;;} (¢ # j) is a family of fuzzy
nowhere dense sets in X and § = Vi,jGJ-,iséj 0i; is a fuzzy first category set in X.
This establishes the existence of fuzzy first category sets in fuzzy extraresolvable
spaces.

The following proposition shows that fuzzy first category sets in fuzzy extrare-
solvable spaces are fuzzy dense sets.

Proposition 3.14. If X is a fuzzy first category set in a fuzzy extraresolvable space
(X,T), then X is a fuzzy dense set in X.

Proof. Suppose A is a fuzzy first category set in X. Then A = \/;—; A\, where each
Ak is a fuzzy nowhere dense set in X. Since Xis a fuzzy extraresolvable space, by
Proposition 3.13, cl(\/j—; A\x) = 1. Thus cl(A) = 1. SoX is a fuzzy dense set in
X. O

The following proposition shows that fuzzy residual sets are having zero interior
in fuzzy extraresolvable spaces.

Proposition 3.15. If A is a fuzzy residual set in a fuzzy extraresolvable space (X, T),
then int(X\) = 0.

Proof. Suppose A is a fuzzy residual set in X. Then, 1— X is a fuzzy first category set
in X. Since X is a fuzzy extraresolvable space, by Proposition 3.14, 1 — X is a fuzzy
dense set in (X,T) and cl(1 — ) = 1. By Lemma 2.5, 1 —int(\) = cl(1 — \) = L.
So int(\) = 0. O

Proposition 3.16. If ) is a fuzzy first category set in a fuzzy extraresolvable space
(X,T), then there exists a fuzzy Gs-set p in X such that p <1 — X and int(u) = 0.

Proof. Suppose A is a fuzzy first category set in X. Then A = \/;-; \i, where each
Ak is a fuzzy nowhere dense sets in X. Thus intcl(Ag) = 0 for each k. So cl(A;) # 1.
[For, if cl(Ax) = 1, then intcl(\;) = 1, a contradiction]. Hence 1 — cl(Ag) is a non-
zero fuzzy open set in X. Let p = Ar— (1 — cl(\g)). Then p is a fuzzy Gs-set in
X and p < Apo (1 —X) =1— Vi (Ax) =1 — A Thus 4 < 1— A Thus by
Proposition 3.14, ¢l(A) = 1 and int(p) < int(l—X) =1—¢cl(A\) =1—-1=0. So
int(p) = 0. O
Proposition 3.17. If ) is a fuzzy first category set in a fuzzy extraresolvable space

(X,T), then there exists a fuzzy F,-set vy such that X\ <~ and cl(y) = 1.
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Proof. Suppose A is a fuzzy first category set in X. Since X is a fuzzy extraresolvable
space, by Proposition 3.16, there exists a fuzzy Gs-set p in X such that p <1 — X\
and int(u) = 0. Thus A < 1 — pu. Let v =1 — p. Then clearly, v is a fuzzy Fy-set
in X such that A < 5. Thus ¢l(A) < cl(y). By Proposition 3.14, ¢l(A) = 1. So
1 < d(y), i.e., cl(y) = 1. Hence there exists a fuzzy F,-set v such that A <+ and
c(y) = 1. O

Proposition 3.18. If « is a fuzzy residual set in a fuzzy extraresolvable space (X, T),
then there exists a fuzzy Gs-set n such that n < a and int(n) = 0.

Proof. Suppose « is a fuzzy residual set in X. Then 1 — « is a fuzzy first category
set in X. Since X is a fuzzy extraresolvable space, by Proposition 3.17, there
exists a fuzzy F,-set v such that 1 —a < vy and ¢l(y) = 1. Thus 1 — v < « and
int(l—v)=1—cl(y) =1—1=0, say n =1 — . So there exists a fuzzy Gs-set n
such that n < « and int(n) = 0. O

The following proposition shows that fuzzy o-nowhere dense sets in fuzzy extrare-
solvable spaces are fuzzy dense sets.

Proposition 3.19. If A is a fuzzy o-nowhere dense set in a fuzzy extraresolvable
space (X, T), then X is a fuzzy dense set in X.

Proof. Suppose A is a fuzzy o-nowhere dense set in X). Then by Theorem 2.12,
A is a fuzzy first category set in X. Since X is a fuzzy extraresolvable space, by
Proposition 3.13, A is a fuzzy dense set in X. O

Proposition 3.20. Ifint(A\) = 0, where X\ is a fuzzy reqular o-nowhere dense set in
a fuzzy extraresolvable space (X, T), then X\ is a fuzzy dense and fuzzy Fy-set in X.

Proof. Suppose A is a fuzzy regular o-nowhere dense set in X. Then A = \/;2, cl(\;),
where int()\;) = 0. Thus X is a fuzzy F,-set in X. By hypothesis, int(\) = 0. So by
Theorem 2.13, X is a fuzzy first category set in X. Since X is a fuzzy extraresolvable
space, by Proposition 3.14, X is a fuzzy dense set in X. Hence A is a fuzzy dense
and fuzzy F,-set in X. O

4. Fuzzy EXTRARESOLVABLE SPACES AND OTHER FUZZY TOPOLOGICAL SPACES

Proposition 4.1. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then X is not a fuzzy submazimal space.

Proof. Suppose X be a fuzzy extraresolvable space. Then there exists a family
2 = (Aa)ieg of fuzzy dense sets in X such that A; A A; is a fuzzy nowhere dense set
in X for A\; # A;. By Proposition 3.5, there exists only one fuzzy open set which is
fuzzy dense in X, i.e., if A\;; A\j € Z and A; # A;, then either A; is a fuzzy open set
or \; is a fuzzy open set in X. Thus all the fuzzy dense sets are not fuzzy open sets
in X. So X is not a fuzzy submaximal space. O

Proposition 4.2. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then X is not a fuzzy almost P-space.
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Proof. Suppose X is a fuzzy extraresolvable space and let A be a fuzzy first category
set in X. Then by the hypothesis and by Proposition 3.16, there exists a fuzzy
Gs-set p such that p <1 — A and int(p) = 0. Thus int(u) = 0. So X is not a fuzzy
almost P-space. O

Corollary 4.3. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then X is not a fuzzy P-space. For, in the proof of Proposition 4.2, int(u) = 0 # pu,
for the fuzzy Gs-set u in (X, T).

Proof. In the proof of Proposition 4.2, int(u) = 0 # p, for the fuzzy Gs-set u in
X. O

Proposition 4.4. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then X is not a fuzzy D-Baire space.

Proof. Suppose X is a fuzzy extraresolvable space and let A be a fuzzy first category
set in X. Then by the hypothesis and by Proposition 3.14, A is a fuzzy dense set in
X. Thus cl(X) = 1. So intcl(A) = int(1) = 1 # 0. Hence X is not a fuzzy nowhere
dense set in X. Therefore X is not a fuzzy D-Baire space. 0

Proposition 4.5. If a fuzzy topological space (X, T) is a fuzzy extraresolvable space,
then X is not a fuzzy open hereditarily irresolvable space.

Proof. Suppose X is a fuzzy extraresolvable space and let X be a fuzzy extraresolv-
able space. Then by Proposition 3.6, clint(A;) # 1 for each \; € 2, where 2 is
a family of fuzzy dense sets in X and A\; € T. Thus for any non-zero fuzzy set \;
in X with cl(\;) = 1, clint()\;) # 1. So by Theorem 2.7, X is not a fuzzy open
hereditarily irresolvable space. O

Remark 4.6. It is to be noted that fuzzy resolvable spaces need not be fuzzy
extraresolvable spaces. For, in example 3.3, (X,T) is not a fuzzy extraresolvable
space and cl(y) =1, (1 —v) =1, () =1, (1 — ) =1, shows that (X,T) is a
fuzzy resolvable space.

The following example shows that there are fuzzy topological spaces which are
both fuzzy resolvable and fuzzy extraresolvable.

Example 4.7. Let X = {a,b,c}. Consider the fuzzy sets « and § in X defined as
follows:
ala) = 0.5, a(b) =0.5, a(c) =0.6, 8(a) =0.4, 5(b) =0.8, B(c) =0.2.

Then T = {0, a, 1} is a fuzzy topology on X. Furthermore, 3 is a fuzzy dense set in
(X,T). By computation, one can find that

cdla)=1, d(B)=1, cd(1-08)=1.
Thus by Definition 2.4(x), (X, T) is a fuzzy resolvable space. Now let = {f5,1—}
be the family of fuzzy dense sets in (X, T). Then intcl(8 A [1 — 8]) =int(l — a) =
0 # 0. Thus 8 A [1 — f] is a fuzzy nowhere dense set in (X,T). So (X,T) is a fuzzy
extraresolvable space.

Remark 4.8. It should be noted in example 4.7 that § is a fuzzy dense set in (X, T)
but not a fuzzy open set in (X, T).
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The following proposition shows that the existence of fuzzy o-nowhere dense sets
in a fuzzy extraresolvable space implies its fuzzy resolvability.

Proposition 4.9. If there exists a fuzzy o-nowhere dense set A in a fuzzy extrare-
solvable space (X, T), then X is a fuzzy resolvable space.

Proof. Suppose ) is a fuzzy o-nowhere dense set in X. Then by Theorem 2.9, 1 — A
is a fuzzy residual set in X. Since X is a fuzzy extraresolvable space, by Proposition
3.15, int(1 — A) = 0. By Lemma 2.5, 1 — cl(A) = int(l — A) = 0, ie., cd(N) = 1.
Since A is a fuzzy o-nowhere dense set in X, A is a fuzzy F,-set with int(A) = 0,
ie, 1 —int(A) = 1. Thus cl(1 —X) = 1. So there exists a fuzzy set A in X such that
cl(A\) =1 and (1 —A) = 1. Hence X is a fuzzy resolvable space. O

The following proposition shows that the existence of fuzzy dense and fuzzy G-
sets in a fuzzy extraresolvable space implies its resolvability.

Proposition 4.10. If there exists a fuzzy dense and fuzzy Gs-set in a fuzzy extrare-
solvable space (X, T), then X is a fuzzy resolvable space.

Proof. Suppose A is a fuzzy dense and fuzzy Gs-set in X. Then 1 — A is a fuzzy
Fy-set in X. Thus int(l1—X) =1—cl(A\)=1—1=0. So 1— A is a fuzzy o-nowhere
dense set in X. Hence by Proposition 4.9, X is a fuzzy resolvable space. d

The following propositions give conditions for fuzzy extraresolvable spaces to be-
come fuzzy resolvable spaces.

Proposition 4.11. If a fuzzy topological space (X,T) is a fuzzy Baire and fuzzy
extraresolvable space, then X is a fuzzy resolvable space.

Proof. Suppose X is a fuzzy Baire and fuzzy extraresolvable space, and let A be a
fuzzy first category set in X. Since X is a fuzzy extraresolvable space, by Proposition
3.14, cl(A) = 1. Since (X, T) is a fuzzy Baire space, by Theorem 2.8, int(\) = 0 for
the fuzzy first category set A in X. Then ¢l(1 — A\) = 1 —int(A) = 1. Thus there
exists a fuzzy set A in X such that cl(\) =1 and ¢l(1 — ) = 1. So X is a fuzzy
resolvable space. O

Proposition 4.12. If a fuzzy topological space (X, T) is a fuzzy extraresolvable and
fuzzy DGs-space, then X is a fuzzy resolvable space.

Proof. Suppose X is a fuzzy extraresolvable and fuzzy DGjs-space and let \ be a
fuzzy dense (but not fuzzy open) set in X. Since X is a fuzzy DGs-space, A is a fuzzy
Gs-set in X. Thus A is a fuzzy dense and fuzzy Ggs-set in the fuzzy extraresolvable
space X. So by Proposition 4.10, X is a fuzzy resolvable space. O

Proposition 4.13. If there exists a fuzzy reqular o-nowhere dense set in a fuzzy
extraresolvable space (X, T) such that int(A) = 0, then X is a fuzzy resolvable space.

Proof. Suppose A is a fuzzy regular o-nowhere dense set in X such that int(\) = 0.

Since (X,T) is a fuzzy extraresolvable space, by Proposition 3.20, A is a fuzzy

dense and fuzzy F,-set in X. Since int(\) = 0, 1 —int(A\) = 1 —0 = 1 and

cl(1—=X) =1—1int(\) = 1. Then there exists a fuzzy set A in X such that c/(\) =1

and cl(1 — X) = 1. Thus X is a fuzzy resolvable space. O
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Proposition 4.14. If a fuzzy topological space (X,T) is a fuzzy weakly Baire and
fuzzy extraresolvable space, then X is a fuzzy resolvable space.

Proof. Suppose X is a fuzzy weakly Baire and fuzzy extraresolvable space and let A
be a fuzzy o-boundary set in X. Since X is a fuzzy weakly Baire space, by Theorem
2.15, A is a fuzzy o-nowhere dense set in X. Since X is a fuzzy extraresolvable space,
by Proposition 3.19, A is a fuzzy dense set in X. Then ¢l(A\) = 1. Since X is a fuzzy
weakly Baire space, by Theorem 2.14, int(A) = 0. Thus cl(1 — X) =1 —int(\) = 1.
So there exists a fuzzy set A in X such that ¢l(A) = 1 and ¢l(1 — A\) = 1. Hence X
is a fuzzy resolvable space. 0

The following proposition shows that fuzzy nodef spaces are not fuzzy extrare-
solvable spaces.

Proposition 4.15. If a fuzzy topological space (X,T) is a fuzzy nodef space, then
X is not a fuzzy extraresolvable space.

Proof. Suppose X is a fuzzy nodef space and let A be a fuzzy dense and fuzzy open
set in X. Since X is a fuzzy nodef space, by Theorem 2.10, X is a fuzzy residual
set in X. Since A € T, int(\) = A # 0. Then by Proposition 3.15, X is not a
fuzzy extraresolvable space. [For, if X is a fuzzy extraresolvable space, then for the
residual set A, it should be that int(A) = 0]. O

The following proposition shows that fuzzy extraresolvable spaces are not fuzzy
Brown spaces.

Proposition 4.16. If a fuzzy topological space (X,T) is a fuzzy extraresolvable
space, then X is not a fuzzy Brown space.

Proof. Suppose X is a fuzzy extraresolvable space and assume that X is a fuzzy
Brown space. Then by Theorem 2.11, X is a fuzzy open hereditarily irresolvable
space. This is a contradiction by Proposition 4.5. Thus X is not a fuzzy Brown
space. Il

Remark 4.17. It should be noted in example 3.2 that 8 is a fuzzy open set in
(X,T), but not a fuzzy dense set in X and this implies that fuzzy extraresolvable
spaces need not be fuzzy hyperconnected spaces.

Remark 4.18. It is established in [30] that fuzzy Baire-dominated and fuzzy ex-
traresolvable spaces are fuzzy hyperconnected spaces.

5. CONCLUSIONS

In this paper, the notion of fuzzy extraresolvability of fuzzy topological spaces
was introduced by means of fuzzy nowhere denseness and fuzzy denseness of fuzzy
sets. It was obtained that fuzzy first category sets, fuzzy o-nowhere dense sets in
fuzzy extraresolvable spaces are fuzzy dense sets and fuzzy residual sets are having
zero interior in fuzzy extraresolvable spaces. It was obtained that fuzzy extrare-
solvable spaces are neither fuzzy almost P-spaces, nor fuzzy D-Baire spaces. It was
also obtained that fuzzy extraresolvable spaces are neither fuzzy open hereditarily
irresolvable spaces nor fuzzy Brown spaces. It was obtained that fuzzy nodef spaces
are not fuzzy extraresolvable spaces. It was established that the existence of fuzzy

74



Thangaraj and Vijayan/Ann. Fuzzy Math. Inform. 29 (2025), No. 1, 63-76

o-nowhere dense sets, fuzzy dense and fuzzy Gy -sets, in fuzzy extraresolvable spaces
ensures its fuzzy resolvability. It was obtained that fuzzy Baire and fuzzy extrare-
solvable spaces, fuzzy DG and fuzzy extraresolvable spaces, fuzzy weakly Baire and
fuzzy extraresolvable spaces, are fuzzy resolvable spaces.
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