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ABSTRACT. The main purpose of this study is to define the concept of
rough limit set of a triple sequence space of Bernstein-Stancu polynomials
of Borel summability of fuzzy numbers. We obtain the relation between the
set of rough limit and the extreme limit points of a triple sequence space
of Bernstein-Stancu polynomials of Borel summability method of fuzzy
numbers. Finally, we investigate some properties of the rough limit set
of Bernstein-Stancu polynomials under which Borel summable sequence of
fuzzy numbers are convergent. Also, we give the results for Borel summa-
bility method of series of fuzzy numbers.
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1. INTRODUCTION

A triple sequence (Sy,nk) of complex numbers is called Borel summable to S if
the series Y0 (>0 (3", %S’mnk converges for all z € R and

0o oo 00
xm+n+k:

efxzzzmsmnk%.seﬂ%forx%oo.

m=0n=0 k=0

In this paper, we define Borel summability method for triple sequences and series of
fuzzy numbers.
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Definition 1.1. Let (4n) be a triple sequence of fuzzy numbers. Then the expres-
sion 3> Umng 18 called a series of fuzzy numbers. Throughout the paper Sy.q
will be denoted by Syot = >0 _(>" 22:0 Umni for all 7, s,t € N. If the sequence
(Srst) converges to a fuzzy number u, then we say that the series Y>> Umnk
of fuzzy numbers converges to u and write Y>> Uynr = u which implies that
r s t — — T s t
Zm:O Zn:O Zk}:O Urnnk (A) - u ()\) and Zm:O Zn:O Zk:O u;nk (A) - u+ ()\)
as 1, 8,1 — oo, uniformly in A € [0,1].
Conversely, if the fuzzy numbers wmne = {(u,,.. (A), ) (A) : A €[0,1]},

mnk mnk
D m=0 2an= OZZ 0 Uty (A) = ™ (A) and 320 0370 ZZ:O Ut (A) = T (V)
converge uniformly in A, then u = {(u_ (A),ut (N) : A € [0,1]} defines a fuzzy num-
ber such that u =3 Z > Umink-
Otherwise we say that the series of fuzzy numbers diverges. Additionally, if the
triple sequence (S,.s;) is bounded then we say that the series > > > wupni of fuzzy
numbers is bounded. We denote the set of all bounded series of fuzzy numbers by

bs (F).
Definition 1.2. A triple sequence (un,nk) of fuzzy numbers is called Borel summable
to ¢ € E' if the series

m+n+k

converges for x € (0, 00) and hmggﬁOO e_xf (x) =(.

The idea of rough convergence was first introduced by [1, 2, 3] in finite dimensional
normed spaces. He showed that the set LIM" z is bounded, closed and convex; and he
introduced the notion of rough Cauchy sequence. He also investigated the relations
between rough convergence and other convergence types and the dependence of
LIM" z on the roughness of degree r.

Aytar [4] studied of rough statistical convergence and defined the set of rough
statistical limit points of a sequence and obtained two statistical convergence criteria
associated with this set and prove that this set is closed and convex. Also, it was
studied in [5] that the r-limit set of the sequence is equal to intersection of these
sets and that r-core of the sequence is equal to the union of these sets. Diindar and
Cakan [6] investigated of rough ideal convergence and defined the set of rough ideal
limit points of a sequence. The notion of I-convergence of a triple sequence spaces
which is based on the structure of the ideal I of subsets of N x N x N, where N is the
set of all natural numbers, is a natural generalization of the notion of convergence
and statistical convergence. Tripathy et al. [7] introduced the notion of rough
I- statistical convergence in probabilistic n-normed spaces. Kigi, and Choudhury
[8, 9] introduced and investigated the concept of statistical convergence for triple
sequences and rough I- deferred statistical convergence of sequences in Gradual
Normed Linear Spaces. Kisi and Diindar [10] introduced and studied the notion
of rough I>-lacunary statistical convergence of double sequences in normed linear
spaces. Mohiuddine et al. [11] introduced concept of weighted statistical convergence
and strong weighted summability for sequences of fuzzy numbers. Hazarika et al.
[12] presented a Korovkin-type approximation theorem for Bernstein polynomials of
rough statistical convergence of triple sequences. Indumathi et al. [13] defined Borel
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rough summable of triple sequences and discuss some fundamental results related to
Borel rough summable of triple Bernstein-Stancu operators based on (p, ¢)-integers.
Let K be a subset of the set of positive integers N x N x N and

Kijij={(mnk)e K:m<in<jk<lI}.

Then the natural density of K is given by

0(K)= lim M,
i,5,6—00 ’L]é
where |K;;¢| denotes the number of elements in K.

First applied the concept of (p,g)-calculus in approximation theory and intro-
duced the (p,q)-analogue of Bernstein operators. Later, based on (p,q)-integers,
some approximation results for Bernstein-Stancu operators, Bernstein-Kantorovich
operators, (p,q)-Lorentz operators, Bleimann-Butzer and Hahn operators and
Bernstein-Shurer operators etc.

Recently, Khalid [14] introduced an insightful application in computer-aided geo-
metric design, utilizing Bernstein basis for constructing (p, ¢)-Bezier curves and sur-
faces based on (p, ¢)-Bezier curves and surfaces based on ¢-Bezier curves and surfaces.

Motivated by the above mentioned work on (p, ¢)-approximation and its applica-
tion. In this paper we study statistical approximation properties of Bernstein-Stancu
operators based on (p, ¢)-integers.

Now we recall some basic definitions about (p, q)-integers. For any w,v,w € N,
the (p, g)-integer [uvw], 4 is defined by

UvVW UvW

p —4q
p—q

where 0 < ¢ < p < 1. The (p, ¢)-factorial is defined by

[0]p,q :=0 and [uvw], , = if u,v,w>1,

[0]p,4! := 1 and [uvw]l, ¢ = [1]p¢[2lpq - - - [wvw]p,q if w,v,w > 1 and u, v, w € N.

Also the (p, ¢)-binomial coefficient is defined by

ul v\ (7 _ [W]!'p.q [v]!p,q [w]'p,q
(m) (n> <k)p,q g lu—mllyg ]l o =]ty (K]l [w — Kl g

‘Pq ‘Pq ‘pPq

for all u,v,w,m,n,k € Nwithu>m, v>n, w>k.
The formula for (p, ¢)-binomial expansion is as follows:

uvw
p.q

u v w
(u—m)(u—m—D4@w-—n)(v—n—D+(w—k)(w—k—1) m(m—1)+n(n—1)+k(k—1)
=220 : 4 :

m=0n=0 k=0

(%) (';)l) (Z) a(ufm)Jr('ufn)Jr(wfk)bm+n+k:1,(u7m)+('ufn)+(w7k)ym+n+k:’
p,q

(azx + by)

uvw

(@ +9)pq
= (z+y) (pr+ay) (P*z+4¢%y) -+ (p<u71>+<v—1)+<w—1>x+q<u—1>+<v—1>+<w—1>y> :
275
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(1 _ x)umu

p,q

—(1—2)(p—qz) (P> — ) - - (p<u—1)+<v—1>+<w—1> _ q<u—1)+<v—1>+<w—1>x) 7

and

()" = 2 (px) (p*x) - -

(p(u71>+(u71>+(w71>m) _ pnmetntotkent)

The Bernstein operator of order rst is given by

Brsi(f ) Z Z Z f(n::tk) ( ) (fz) (L) gtk (1 g)(mer) =)k

m=0n=0 k=

where f is a continuous (real or complex valued) function defined on [0, 1].
The (p, ¢)-Bernstein operators are defined as follows:

Brstpq (fv CL’)

t
m(m—1)4n(n—1)+k(k—1) ma4n+k
= = 1)+€(€ Drei(t—1) E E E ( )( )( )p 2 T
p

m=0n=0 k=0

(r—m—1) (s—n—1) (t—k=1)
[T e -an [T 0 -a=0 [[ 0°-a=2)
’lL1:0 u2:0 U3:0
; [m]p,q [n]p,q [k]pyq x € [0 1]
p(mf'r‘)+(n*5)+(k7t) [T]p,q [S]I),q [t]p,q + M
Also, we have
(-

Z ZZ m+n+k (r=m)(r—m—1)+(s—n)(s=n—1)+(t—k)(t—k—1) m(m—1+n(n—1)+k(k—1)
= 6 q 6
m=0n=0 k=0
t
r s
(m) (n) <k> gmntk,

(p, q)-Bernstein-Stancu operators are defined as follows:

Srstpq (fa QZ’)

. 330 () () () et
- r(r— 1)+s(s 1 +t(t—1) p
p

m=0n=0 k=0

(1.2)
(r—m-—1) (s—n—1) (t—k—1)
I e —¢e) [ 0=-q¢=2) [[ 0" -q=2)
u1=0 u2=0 uz=0

rem s—n)+(t—k
f plr= e )], (K], + 0 z € [0,1]
[T]p’q [S]p,q [t]p’q + K
276
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Note that for n = p = 0, (p, ¢)-Bernstein-Stancu operators given by (1.2) reduces into
(p, q)-Bernstein-Stancu operators. Also for p = 1, (p, ¢)-Bernstein-Stancu operators
given by (1.1) turn out to be ¢g-Bernstein-Stancu operators.

Throughout the paper, R denotes the real with metric (X,d). Consider a triple
sequence of Bernstein stancu polynomials (Bnk (f, 2)) such that (Bpnk (f,2)) € R,
m,n,k € N.

Let f be a continuous function defined on the closed interval [0,1]. A triple
sequence of Bernstein-Stancu polynomials (Srs,p.q (f,2)) is called statistically con-
vergent to 0 € R, written as st — lim « = 0, provided that the set

Ke = {(m,n,k) S N3 . |Srst,p7q (f’ LU) - (f7 :1?)‘ > 6}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit
of the triple sequence of Bernstein-Stancu polynomials. i.e., § (K) = 0. That is,

1
pam o m <P S ek < Srpq (fi2) = (fi2)] 2 ¢} = 0.
In this case, we write § — im S,.s; ¢ (f,7) = (f, %) or Spstpq (f, ) =55 (f,2).

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on.

A triple sequence (real or complex) can be defined as a function z : Nx Nx N —
R (C), where N, R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by [15, 16, 17, 18, 19, 20, 21, 22],
[23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] and many others.

A triple sequence = (znk) is called triple analytic if

sup |;13mnk\m < 0.
m,n,k
The space of all triple analytic sequences are usually denoted by A3.

The Borel summability of fuzzy real numbers is denoted by (¢, X) (R), and d
denotes the supremum metric on (¢, X) (R*). Now let 7 be nonnegative real number.
A Borel summability of rough triple sequence space of Bernstein-Stancu polynomials
of (Srst,p,q (¢, X)) of fuzzy numbers is r-convergent to a fuzzy number (¢, X) and
we write

Srst,p.q (¢, X) =" (¢,X) as m,n, k — oo,

provided that for every e > 0 there is an integer me, n, ke so that
d (Srst,p.q (¢, X), (¢, X)) <1+ e whenever m > me,n > ne, k > ke.

The set LIM" Sy51..4 (¢, X) := {(C,X) €, X) (R3) tSrstpg (G, X) =7 (¢, X),
as m,n, k — oo} is called the r-limit set of the Borel summability of rough triple
sequence space of Bernstein-Stancu polynomials of (S, p.q (¢, X)).

A Borel summability of rough triple sequence space of Bernstein-Stancu polyno-
mials of fuzzy numbers which is divergent can be convergent with a certain roughness
degree. For instance, let us define

X), if m,n,k are odd integers
Srst,pyq (CaX) = { n( ) &

p(X), otherwise,
277
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where
X, it X €10,1]
n(X)= -X+2 ifXell,2]
0, otherwise

and

X -3, if X €[3,4]
w(X) = —X+5, if X €[4,5]
0, otherwise.

Then we have
10} ifr <2
T — ’ 2
LIM" Srst.p.q (G X) { [ —r1,m+71], otherwise,
where r; is nonnegative real number with

[:u - 7"1»77"‘7'1} = {Srst,p,q (CaX) € (C,X) (R?)) CH— T S S’rst,p,q (CvX) S 77+7“1} .

The ideal of rough convergence of a Borel summability of triple sequence space
of Bernstein-Stancu polynomials can be interpreted as follows:

Let (Srst,p,q (¢,Y)) be a convergent triple sequence space of Bernstein-Stancu
polynomials of fuzzy numbers. Assume that (Sys;p.q (¢, Y)) cannot be determined
exactly for every (m,n,k) € N3. That is, (Systpq(¢,Y)) cannot be calculated so
we can use approximate value of (Sysp 4 (¢,Y)) for simplicity of calculation. We
Only know that (Srst,p,q (Ca Y)) € [,ufmnka Am,nk]a where d (ﬂmnk’ Amnk) S r for every
(m,n, k) € N3, The Borel summability of rough triple sequence space of Bernstein-
Stancu polynomials of (Systp.q (¢, X)) satisfying (Srstp.q ((; X)) € [tmnk, Amnk] 5
for all m,n,k € N. Then the Borel summability of rough triple sequence space of
Bernstein-Stancu polynomials of (Sysp,q ((; X)) may not be convergent, but the
inequality

d (Srst,p,q (Cv X)7 (Cv X)) < d(STStJ),q (Cv X)v Srst,p,q (C7 Y)) +d(STSt7;D7q (Cv Y)7 (gv Y))
<r+d (Srst,p,q (Ca Y) ) (Cv Y))

implies that the Borel summability of rough triple sequence space of Bernstein-
Stancu polynomials of (Sys,p.q (¢, X)) is r-convergent.

In this paper, we first define the concept of rough convergence of a Borel summa-
bility of triple sequence space of Bernstein-Stancu polynomials of fuzzy numbers.
Also obtain the relation between the set of rough limit and the extreme limit points
of a Borel summability of triple sequence space of Bernstein-Stancu polynomials of
fuzzy numbers. We show that the rough limit set of a Borel summability of triple
sequence space of Bernstein-Stancu polynomials is closed, bounded and convex.

2. DEFINITIONS AND PRELIMINARIES

A fuzzy number X is a fuzzy subset of the real R?, which is normal fuzzy convex,
upper semi-continuous, and the X° is bounded where X°; = cl {x ER3: X (z) > 0}
and cl is the closure operator. These properties imply that for each a € (0, 1], the
a-level set X“ defined by

X*={zeR*: X () 2 a} = X, X"

is a non empty compact convex subset of R3.
278



Esi et al. /Ann. Fuzzy Math. Inform. 28 (2024), No. 3, 273-285

The supremum metric d on the set L (R?) is defined by

d(X,Y) = sup max (ga —yel X -7

a€l0,1]

).

Now, given X, Y € L (]R?’)7 we define X <Y if X* <Y“® and X* <Y for each
a € [0,1].

We write X <Y if X <Y and there exists an g € [0,1] such that X*° < Y“°
or X ° < Y.

A subset E of L (R3) is called bounded abowve, if there exists a fuzzy number p,
called an upper bound of E, such that X < u for every X € E.  is called the least
upper bound of F, if p is an upper bound and p < /1/ for all upper bounds ,u/.

A lower bound and the greatest lower bound are defined similarly. FE is called
bounded, if it is both bounded above and below.

The notions of least upper bound and the greatest lower bound have been defined
only for bounded sets of fuzzy numbers. If the set £ C L (R3) is bounded then its
supremum and infimum exist.

The limit infimum and limit supremum of a triple sequence spaces (Xn) is
defined by

lim inf X,,,x :=inf Ax,
m,n,k— oo

lim sup X,k :=inf By,
m,n,k— o0

where

Ax = {p € L (R?) :theset {(m,n,k) € N*: X,,x < pu} is infinite}

Bx = {u el (R3) : the set {(m,n,k) eN?: Xnp > u} is inﬁnite} )

Now, given two fuzzy numbers X,Y € L (R?), we define their sum as Z = X 4+,
where Z° =X +Y%and Z" = X"+ Y " forall a € [0, 1].

To any real number a € R3, we can assign a fuzzy number a; € L (R?’), which is
defined by

(@) = 1, if x=a
@)= 0, otherwise.

An order interval in L (Rg) is defined by [X,Y] := {Z eL (R3) X <Z<L Y},
where X, Y € L (R?).

A set E of fuzzy numbers is called convex, if Ay + (1 — ) pg € E for all A € [0, 1]
and p1, po € E.

3. MAIN RESULTS

Theorem 3.1. Let f be a continuous function defined on the closed interval [0,1].
A Borel summability of rough triple sequence of Bernstein-Stancu polynomials of
(Srstp.q (¢, X)) of real numbers. If (¢, X) € LIM" Spsp4(¢,X), then
diam (limsup Systpq (¢, X), (¢, X)) < r and diam (iminf S, p 4 ((,X),((, X)) <
T
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Proof. We assume that diam (limsup Systp.q (¢, X), (¢, X)) > r. We define

(hm sup STSt,p,q (Cv X) ’ (Cv X)) -r

5 .
By definition of limit supremum, we have that given ml€7 nlg, ké € N, there exist
some integers m,n, k € N with m > m,g, n > nlg, k> k,g such that

diam (limsup Syspq (¢, X), (¢, X)) <é.

Also, since Spsipq (¢, X) =" (¢, X) as m, n, k — oo, there are some integers
mg, ng7 kg so that d (Srstp.q (¢, X), (¢, X)) < r+ & whenever m > mg, n > ng7
k> k;. Let

’ "

me = max {mg,mg } , Mg = max {n;,ng} , kz = max {ké, kg} .
Then there exist integers m, n, k € N such that m > mgs, n > ng, k > ke and
diam(lim sup Syst,p,q(¢,X),(¢, X)) <(¢,X) diam(limsup Syst,p,q($,X),Srst.p.q (¢, X))
+ diam (Syst,p,q. (¢, X))
<€E+r+e€
<r+2¢
=r 4 diam (limsup Systpq (¢, X),((, X)) — 7
=diam (limsup Sysp,q (¢, X), (¢, X)).

Thus the contradiction proves the theorem. Similarly, diam (iminf S, p 4 (¢, X), ({, X))
< r can be proved using definition of limit infimum. O

Theorem 3.2. Let f be a continuous function defined on the closed interval [0, 1].

A Borel summability of rough triple sequence of Bernstein-Stancu polynomials of
(Srstp,q (¢, X)) of real numbers. If LIM"Syst 4 (¢, X) # ¢, then we have

LIM" Syst,p.q (¢, X) C [(Hmsup Sret p.q (¢, X)) — r1, (Uminf Sygppq (¢, X)) + 1] .

Proof. To prove that (¢,X) € [(imsup Syst p,q (X)) —7r1,(iminf Sy p 4 (¢, X)) +71]
for an arbitrary (¢, X) € LIM" S, .4 ((, X), i€,

(im sup Syst,p,q (¢, X)) =71 < (¢, X) < (iminf Sy .4 (¢, X)) +71.

Let us assume that (limsup Syet p,q (¢, X)) — 71 < ({, X) does not hold. Then there
exists an ag € [0,1] such that

(lim sup Syst.p.q (€, X)a‘J) —r1> (¢, X)* or (hm sup Synk (¢, X)ag) —r1><(¢, X)
holds i.e.,
(lim supSrst,p,q(C,X)O‘“)—((,X)O‘“ >ryor <lim supSmt_,p_,q(C,X)ao) — <G X)) >
On the other hand, by theorem 3.1 we have

[ (timsup Syt (6 X)) = (¢, X)*

@0

<nr

and

—ap

‘(limsup Srst.p.q (CvX)%) - <(¢,X)
280
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Thus we obtain a contradiction. So we get (imsup Systpq (¢, X)) —r1 < (¢, X). By
using the similar arguments and get it for second part. O

Note 3.3. The converse inclusion in this theorem holds for f be a continuous func-
tion defined on the closed interval [0,1]. A Borel summability of rough triple se-
quence of Bernstein-Stancu polynomials of (Systpq (¢, X)) of real numbers, but it
may not hold for Borel summability of rough triple sequences of Bernstein-Stancu
polynomials of fuzzy numbers as in the following example:

Example 3.4. Define

s X + 1, if X €[0,1]

Srs X) = 2(mnk)
tp.q (G X) { 0, otherwise

and
1, it X €]0,1]
0, otherwise.

€x={

1 1
Then we have ’(g, X) — Sratpa (6, X) ’ =[1-0]=1, ke, d(Srstpq (¢ X), (¢ X))

> 1 for all (m,n, k) € N3. Although the Borel summability of rough triple sequence
spaces of Bernstein-Stancu poynomials of (Sy.s¢,p.q (¢, X)) is not convergent to (¢, X),
lim sup Syst,p.q (¢, X) and liminf S, p 4 (¢, X) of this Borel summability of rough
triple sequence space of Bernstein-Stancu polynomials are equal to (¢, X). Thus we
get

1

Le {limsup Srst,p,q (¢ X) — (;) Hminf S p,q (€, X) + (2) } ’
1

but (¢, X) ¢ LIM? S, 4 (¢, X).

1

Theorem 3.5. Let f be a continuous function defined on the closed interval [0,1].
A Borel summability of rough triple sequence of Bernstein-Stancu polynomials of
(Srstp,q (¢, X)) of real numbers converges to the fuzzy number (f, X), then

LIM" Syt pq (G, X) = 8, (¢, X)) == {n € (€. X) (R?) : d (n, (¢, X)) <7}

Proof. Let € > 0. Since the Borel summability of rough triple sequence space of
Bernstein-Stancu polynomials of (Sysp.q (¢, X)) is convergent to (¢, X), there are
integers me, ne, ke so that

d(Srstpq (¢, X),(¢, X)) <e€, whenever m > me, n>ne, k> k..
Let Y € S, ((¢,X)). Then we have
d(STSt)pyq (CvX) 9 Y) S d(STst,p.,q (C; X) 9 (C; X)) + d((CaX) 7Y> <e€ + r

for all m > m,, n > ne, k > k.. Thus we have Y € LIM" S, 4 (¢, X).
Now let Y € LIM" S,.5; p.q (¢, X). Then there are some integers m;, n;, k‘; so that

d(Srstp,q ((,X),Y) <r+e,

whenever m > m;, n > n;, k > k; Let

1"

’ " ’ " !
m, = max {me,me} ,M, = max {ne,ne} k., = max {k;e,kiﬁ} .
281



Esi et al. /Ann. Fuzzy Math. Inform. 28 (2024), No. 3, 273-285

Then we obtain
d(Y,C(X)) <d(Y,Srst,p,q (¢, X)) +d(Srstp,q (¢, X),((, X)) <r+e+e=r+2e

Since € is arbitrary, we have d (Y, (¢, X)) < r. Thus we get Y € S, ((¢, X)). So, if the
Borel summability of rough triple sequence space of Bernstein-Stancu polynomials
of (Srstp.q (¢, X)) =7 (¢, X), then LIM" S,.5; .4 (¢, X) = S, ((¢, X)). O

Theorem 3.6. Let f be a continuous function defined on the closed interval [0,1].
The diameter of LIM Sy 4 (¢, X) of triple sequence of Bernstein-Stancu polyno-
mials Syst p.q (¢, X) is not greater than 3.

Proof. We have to prove that
sup{d (W, Z) : W,Y,Z € LIM" Sy51 4 (¢, X)} < 3r.
Assume on the contrary that
sup{d(W,Z) W, Y, Z € LIM" Syt p,q (¢, X)} > 3r.
By this assumption, there exists, W,Y,Z € LIM" S,4 4 (¢, X) satisfying A :=
d (W, Z) > 3r. For an arbitrary € € (0, % — 7"), we have
3 (m;n;,k;) ENP Vm>mln>nk >k = d(Spstpq(C,X), W) <7 +e,

3 (mnk) ENS Vm > ml n>nl k> k = d(Srstpq(C,X),Y) <1 +e

"

3 (m!l,nw kjm> eN>:Vm>m,. .n> n;”,k‘ > k;;// = d(Srstp,q (¢, X),Z) <r+e

€ Ve €
Define
’ " " ’ " " ’ 1" n"r
Me = MAaxX M, M., M, ¢,Ne =MAX N, N, N, (, ke :=Mmax k., k., k. ¢ .
Then we get

d(VV, Z) < d(Srst,p,q (C,X),W) + d(Srst,p,q (C,X) 7Y) + d(STSt,Paq (C,X) 7Z)
<(r+e)+r+e+(r+e
<3(r+e)

<3T+3(;\—7‘> <3r+A—-3r
=\
for all m > m¢, n > n., k > ke, which contradicts to the fact that A =d (W, 2). O

Theorem 3.7. Let f be a continuous function defined on the closed interval [0,1].
A Borel summability of rough triple sequence of Bernstein-Stancu polynomials of
(Srstp,q (¢, X)) of real numbers is analytic if and only if there exists an v > 0 such
that LIM" S5t p.q (¢, X) # 0.

Proof. Necessity: Let the set of all triple sequence space of Bernstein-Stancu poly-
nomials of (Syst p,q (¢, X)) be analytic and the set by

s 1= sup {d (Srs,;p,q (¢, X)Y/mEntk ,0) i (m,n, k) € Ng} < 0.

Then we have 0 € LIM® ;51 .4 (¢, X), i.e., LIM" Spqt . (¢, X) # ¢, where r = s.
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Sufficiency: If LIM" S, p 4 (¢, X) # ¢ for some > 0, then there exists (¢, X) €
LIM" Syst p.q (¢, X). By definition, for every € > 0 there are some integers m., ne, k.
so that

d (Srst,p,q (Cv X) ) (Cv X)) <r-+e

whenever m > me, n > ne, k > k.. Define
t=t (6) = max{d ((CvX) 70) vd(SllLP’q (<7X) ’0) [ 7d(STESets’IMI (C7X) 70) T 6} .

Then we have
Srstpa € {1 € (¢ X) (R?) :d(1,0) <t +7+ €}

for every (m,n, k) € N3, which proves the boundedness of the Borel summability of
rough triple sequence space of Bernstein-Stancu polynomials of (Sysp.¢ (¢, X)). O

Theorem 3.8. Let [ be a continuous function defined on the closed interval [0, 1].
A Borel summability of rough triple sequence of Bernstein-Stancu polynomials of
(Sumvnwr,p.g (C; X)) of real numbers is a sub sequence of a Borel summability of
rough triple sequence space of Bernstein-Stancu polynomials of (Syst,p.q (¢, X)), then
LIM" Syst,p.q (¢, X) C LIM" Sy, v wp.p.q (€, X).

Proof. The proof of this theorem is clear from the fact that every subsequence of a
convergent sequence is also convergent. O

Theorem 3.9. Let [ be a continuous function defined on the closed interval [0, 1].
The set LIM" Syt p.q (¢, X) of triple sequence of Bernstein-Stancu polynomials Syt p.q (¢, X)
1s closed.

Proof. Let (Yunk) C LIM" Syt p.q (¢, Y) and Syg p,q ((,Y) = ((,Y) asm, n, k — oco.
Let € > 0. Since the Borel summability of rough triple sequence space of Bernstein-
Stancu polynomials of (Systp.q ((,Y)) =7 ((,Y), there are some integers i, je, Cc
so that

d (Srst,p,q (Ca Y) ’ (Ca Y)) <

whenever m > i., n > j., k > L.
Since Si_j.t. p.q ((,Y) € LIM" S5t (¢, X), there is an integer (mcneke) so that

€
d (Srstp.q (G X) s Sicjetpq (GY)) <7+ 2’

)

N o

whenever m > me, n > ne, k > k..
Then we have
€ €
d (Srst,p,q (Ca X) 5 (Ca X)) <d (Srst,p,q ((7 X) 5 SiFjJe,qu (Ca Y)) <r+ 5 + 5 =7r+e
for every m > m¢, n > ne, k > ke.
Thus L € LIM" Syst.p.q (¢, X) . So LIM" Sy p.q ((, X) is closed. O

4. CONCLUSIONS AND FUTURE WORK

In this paper we studied statistical approximation properties of Bernstein-Stancu
operators and introduced Borel summability of triple sequence space of Bernstein-
Stancu polynomials of rough convergence of fuzzy numbers. For the reference sec-
tions, consider the following introduction described the main results are motivating
the research.
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