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ABSTRACT. Our purpose of the research is to investigate two aspects:
First, we introduce the concept of separation axioms in an interval-valued
soft topological space, and obtain some of its properties and give some ex-
amples. Second, we propose new separation axioms in an interval-valued
soft topological space by using interval-valued a-open sets basic topolog-
ical structures based on interval-valued soft set, and study some of their
basic properties. Furthermore, we deal with hereditary problems of each
separation axiom.
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1. INTRODUCTION

In 1999, Molodtsov [1] introduced the concept of soft sets which has rich potential
for practical applications in several domains as a tool for dealing with uncertainties.
After then, Maji et al. [2] proposed some basic operations on soft sets and studied
some of their properties (See [3, 4, 5] for the further researches). Moreover, many
researchers have applied the notion of soft sets to various fields, for example abstract
algebra (See [6, 7, 8, 9]), logical algebra (See [10, 11, 12]), decision making problems
(See [13, 14, 15]), topology (See [16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]), topological
group (See [27, 28, 29, 30, 31, 32]), etc. In particular, Bayramov et al. [33] introduced
the concepts of interval-valued fuzzy soft topological spaces, interval-valued fuzzy
soft neighborhoods, interval-valued fuzzy soft continuities, etc. and studied some of
their properties.
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Topology is an important area of mathematics with many applications in the do-
mains of computer and physical science. In particular, separation axioms in topol-
ogy not only provide a systematic way to classify and study topological spaces but
also ensure that the spaces behave in predictable and desirable ways for further
mathematical exploration and application. Moreover, understanding the separation
properties of a space is often the first step in analyzing its structure and behavior in
both theoretical and applied settings. Then their necessity and importance cannot
be overstated. In 2021, Lee et al. [34] investigated interval-valued soft topological
structures as a generalization of soft topologies.

We intend to study in the following two aspects: First, we define separation
axioms in an interval-valued soft topological space by modifying separation axioms

introduced by Shabir and Naz [16]. Second, we introduce the concept of separation
axioms in an interval-valued soft topological space by modifying separation axioms
proposed by Akdag and Ozkan [35]. In order to realize our aim, this paper is

composed of six sections. In Section 2, we recall some basic concepts required in
each section. In Section 3, we introduce the notions of separation axioms in an
interval-valued soft topological space in the sense of Shabir and Naz [16], and obtain
its basic properties and give some examples. In Section 4, we deal with hereditary
properties of separation axioms discussed in Section 3. In Section 5, we propose the
concept of interval-valued soft a-open set by modifying soft a-open set introduced
by Akdag and Ozkan [36] and study some of its properties. In Section 6, we define
separation axioms in an interval-valued soft topological space in the viewpoint of
Akdag and Ozkan [35] and discuss some of their properties.

2. PRELIMINARIES

In this section, we recall basic concepts needed in next sections. Throughout this
paper, let X, Y, Z,--. denote non-empty universe sets, let £, E’, E”, ... denote
non-empty sets of parameters and let 2% denote the power set of X.

Definition 2.1 ([37, 38]). The form
[A=,AT]={BCX:A" CBCA"}

is called an interval-valued set (briefly, IVS) or interval set in X, if A=, AT C X
and A~ C AT. In this case, A~ [resp. AT| represents the set of minimum [resp.
maximum| memberships of elements of X to A. [@, 2] [resp. [X, X]] is called the

interval-valued empty [resp. whole] set in X and will be denoted by & [resp. X].
We will denote the set of all IVSs in X as IV S(X).

It is obvious that [4,A] € IV S(X) for a classical subset A of X. Then we
consider an IVS in X as the generalization of a classical subset of X. Furthermore,
if A=[A",A%] € IVS(X), then

Xa =X, Xt ]

is an interval-valued fuzzy set in X introduced by Zadeh [39], where x, denotes the
characteristic function of A. Thus we can consider an interval-valued fuzzy set as
the generalization of an IVS.
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Definition 2.2 ([37, 38]). Let A, B € IVS(X). Then
(i) we say that A contained in B, denoted by A C B, if A~ C B~ and AT C BT,
(ii) we say that A equals to B, denoted by A = B, if AC B and B C A,
(iil) the complement of A, denoted A°, is an interval-valued set in X defined by:

AT =[(AT), (A7),
(iv) the union of A and B, denoted by AUB, is an interval-valued set in X defined
by:
’ AUB=[A"UB ,ATUBT],
(v) the intersection of A and B, denoted by AN B, is an interval-valued set in X
defined by:
ANB=[A"NnB ,A"nB"].

Definition 2.3 ([37]). Let a € X and A € IVS(X). Then the notation [{a}, {a}]
[resp. (@, {a}]] is called an interval-valued [resp. vanishing] point in X and denoted
by a, [resp. a,]. We denote the set of all interval-valued points in X as I'Vp(X).
(i) We say that a, belongs to A, denoted by a, € A, ifa € A™.
(i) We say that a, belongs to A, denoted by a, € A, if a € A™T.

Definition 2.4 ([37]). Let 7 be a non-empty family of IVSs on X. Then 7 is called
an interval-valued topology (briefly, IVT) on X, if it satisfies the following axioms:

(IVO,) 2, X e 1,

(IVO3) ANB €7 for any A, B €T,

(IVO3) U, Aj € 7 for any family (A;);es of members of 7.

In this case, the pair (X, 7) is called an interval-valued topological space (briefly,
IVTS) and each member of 7 is called an interval-valued open set (briefly, IVOS)
in X. AnIVS A is called an interval-valued closed set (briefly, IVCS) in X, if A¢ € 7.

It is obvious that {&, X} is an IVT on X, and is called the interval-valued indis-
crete topology on X and denoted by 7,,,. Also IV.S(X) is an IVT on X, and is
called the interval-valued discrete topology on X and is denoted by 7, The pair

v,1°
(X, Trvo) [resp. (X, 7,,.,)] is called the interval-valued indiscrete [resp. discrete]
space.

We denote the set of all IVTs on X as IVT(X). For an IVTS X, we denote the
set of all IVOSs [resp. IVCSs| in X as IVO(X) [resp. IVC(X)].

Definition 2.5 ([1, 17]). An F4 is called a soft set over X, if Fa : A — 2% is a
mapping such that F(e) = & for each e ¢ A, where A € 2F.

In other words, a soft set over X is a parametrized family of subsets of X. For
each e € A, F4(e) may be considered as the set of e-approximate elements of the
soft set F'4. It is clear that a soft set is not a set. We will denote the set of all soft
sets over X as SS(X) while SS(X)g will denote the set of all soft sets over with
respect to a fixed set E of parameters.

It has been well-known [1] that every Zadeh’s fuzzy set A may be considered as
the soft set Fjg 1j.
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Definition 2.6 ([2, 17]). Let Fs, Fp € SS(X) and A, B € 2F. Then we say that:
(i) Fa is a soft subset of Fig, denoted by FACFg, if A C B and Fa(e) C Fg(e)
for each e € A,
(ii) Fa is a soft super set of Fg, denoted by FaDFp, if FgCFa,
(iii) F4 and Fp are soft equal, if FACFp and F4DFp.

Definition 2.7 ([2, 3]). Let Fq € SS(X). Then Fy4 is called:

(i) a null soft set or a relative null soft set (with respect to A), denoted by @ 4, if
Fy(e) = @ for each e € A,

(ii) an absolute soft set or a relative whole soft set (with respect to A), denoted
by X4, if Fa(e) = X for each e € A.

We will denote the null [resp. absolute| soft set in SSg(X) by Xg [resp. D g].

Definition 2.8 ([16]). Let 7 be a collection of members of SSg(X). Then 7 is called
a soft topology on X, if it satisfies the following conditions:

(i) @g, Xg €T,

(i) ANB e 7 for any A, B € T,

(ili) U;e s Aj € 7 for each (A;)jes C 7, where J denotes an index set.
Each member of 7 is called a soft open set in X and the complement of each member
of 7 is called a closed soft set in X. The triple (X, 7, E) is called a soft topological
space over X.

Definition 2.9 ([31]). Let A € 2€. Then an F4 = [F, Fi] is called an interval-
valued soft set (briefly, IVSS) over X, if F4 : A — IV S(X) is a mapping such that
Fa(e) = @ for each e ¢ A, ie., Fy, F{ € SS(X) such that Fy(e) C Fj(e) for
each e € A.

In other words, an IVSS over X is a parametrized family of IVSs of X. For
each e € A, F4(e) = [F (e), F1 (e)] may be considered as an interval-valued set of
e-approximate elements of the IVSS F 4. We denote the set of all IVSSs over X as
IVSS(X).

It is obvious that if F4 € SS(X), then [Fa, Fa] € IVSS(X). Now we can see
that an IVSS is the generalization of a soft set. Moreover, if F4 € IV SS(X), then
clearly, x; , is an interval-valued fuzzy soft set (briefly, IVFSS) over X introduced
by Yang et al. [40]. Thus an IVSS is the special case of an IVFSS.

Definition 2.10 ([31]). Let A € 2F and F4 € IVSS(X). F4 is called:

(i) a relative null interval-valued soft set (with respect to A), denoted by @4, if
Fa(e) = @ for each e € A,

(i) a relative whole interval-valued soft set (with respect to A), denoted by X 4,
if F4(e) = X for each e € A.

We denote the set of all IVSSs over X with respect to the fixed parameter set A
as IVSS4(X).

Now we will denote the members of IVSSg(X) by A, B, C, ---. In fact,
A, B, C: E — IVS(X). In particular, the interval-valued soft empty [resp. whole]
set over X with respect to F, denoted by @5 [resp. Xg], is the IVS in X defined
by @g(e) = @ [resp. Xg(e) = X] for each e € E.

Definition 2.11 ([34]). Let A, B € IVSSg(X). We say that
198



Baek et al./Ann. Fuzzy Math. Inform. 28 (2024), No. 2, 195-222

(i) A is an interval-valued soft subset of B, denoted by A C B, if A(e) C B(e)
for each e € F,

(ii) A and B are interval-valued soft equal, denoted by A = B, if A C B and
BCA,

(iii) the interval-valued soft complement of A, denoted by A€, is the mapping
Ac: FE — IVS(X) defined as: for each e € E,

Af(e) = (A(e))"
3. INTERVAL-VALUED SOFT SEPARATION AXIOMS

In this section, we introduce the concepts of separation axioms in interval-valued
soft topological spaces, for example, IVST (i)-spacefor j =0, 1, 2, 3, 4and i =1, 2.
And we study some of their properties and some relationships among them. Also,
we give some examples.

Definition 3.1. Let A € IVSSg(X) and z € X.

(i) =, said to belong or totally belong to A, denoted by =, € A, if x € A= (e) for
each e € E.

(ii) z, said to belong or totally belong to A, denoted by z, € A, if x € A™(e) for
eache € E.

Note that for any x € X, z, ¢ A [resp. z, ¢ A], if v ¢ A~ (e) [resp. x ¢ At (e)]
for some e € E. It is obvious that if , € A, then x, € A. But the converse is not
true in general (See Example 3.2).

Example 3.2. Let X = {a,b,c,z,y,z} be a universe set and E = {e, f,g} a set of
parameters. Consider the IVSS A defined by:

A(e) = [{a,b},{a,b,c}], A(f) = [{a},{a,c,z}], Alg) = [{a,c,z},{a,c,x}].
Then it can be easily checked that a,, a, € A, ¢, € A but b, ¢,, z,, y,, 2, ¢ A
and b,, =, y,, 2, ¢ A.

Definition 3.3 ([34]). Let 7 be a family of IVSSs over X with respect to E. Then
7 is called an interval-valued soft topology (briefly, IVST) on X with respect to E, if
it satisfies the following axioms:

[IVSOl] éE, Xg € T,

[IVSO2] ANB e 7 for any A, B e,

[IVSOs] Uje s A;j € 7 for each (Aj)jes C 7.
The triple (X, 7, E) is called an interval-valued soft topological space (briefly, IVSTS).
Every member of 7 is called an interval-valued soft open set (briefly, IVSOS) and
the complement of an IVSOS is called an interval-valued soft closed set (briefly,
IVSCS) in X. The set of all IVSOSs [resp. IVSCSs] in X is denoted by IV.SO(X)
[resp. IVSC(X)]. It is obvious that {&g, Xp}, IVSSp(X) € IVSTg(X), where
IV STE(X) denotes the set of all IVSTs on X with respect to E. In this case,
{Dp, Xp)} [resp. IVSSp(X)]is called an interval-valued soft indiscrete [resp. discrete]
topology on X and is denoted by 7, [resp. 7,]. We will denote the set of all IVSTSs
over X with respect to E as IV STSg(X) and denote the set of all IVSCSs in an
IVSTS (X, 7, E) by 7¢. In fact,

T¢={A € IVSSEg(X): A° e}
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It is obvious that if 7 € IV.STE(X), then x, = {x,, : U € 7} is an interval-valued
fuzzy soft topology (briefly, IVFST) on X defined by Ali et al. [41]. Thus an IVFST
is the generalization of an IVST.

From Remark 4.3 in [34], we can consider (X,77,7%) as a soft bi-topological
space in the sense of Kelly [12] for each 7 € IV STg(X), where

T ={U €lVvS(X):Uer}, 7" ={UT €IVS(X):Uer}.

Result 3.4 (Proposition 4.5, [34]). Let (X, 7, E) be an IVSTS and for each e € E,
let

Te ={U(e) € IVS(X) : U € 7}.
Then 7. is an interval-valued topology (briefly, IVT) on X introduced by Kim et al.
[37]. In this case, 7, will be called a parametric interval-valued topology and (X, 7.)
will be called a parametric interval-valued topological space.

Furthermore, we obtain two classical topologies on X for each IVSTS (X, 7, E)
and each e € E given as follows (See Remark 4.6 (1), [34]):

77 ={A(e)” €2X 1 A(e) € 7.} and 7.7 = {A(e)T € 2¥ : A(e) € 7.}.
In this case, 7, and 7. will be called parametric topologies on X.

Definition 3.5. An IVSTS (X, 7, E) is called an:
(i) interval-valued soft Ty(i)-space (briefly, IVSTy(i)-space), if for any z, y € X
with « # y, there is U, V € 7 such that either z, e U, y, ¢ Uory, € V, z, ¢ V,
(ii) interval-valued soft Ty(ii)-space (briefly, IVSTy(ii)-space), if for any z, y € X
with @ # y, there is U, V € 7 such that either z, € U, y, ¢ Uory, € V, z, ¢ V,
(iii) interval-valued soft Ty (i)-space (briefly, IVST} (i)-space), if for any z, y € X
with « # y, there are U, V € 7 such that z, e U, y, ¢ Uand y, € V, 2z, ¢ V,
(iv) interval-valued soft Ty (ii)-space (briefly, IVST} (ii)-space), if for any x, y € X
with « # y, there are U, V € 7 such that z, € U, y, ¢ Uand y, € V, z, ¢ V.

Remark 3.6. (1) Every IVSTi(i) [resp. IVST(ii)]-space is an IVSTy(i) [resp.
IVSTy(ii)]-space. The converse is not true in general (See Example 3.7)

(2) Every IVSTy(i) [resp. IVST; (i)]-space is an IVSTy(ii) [resp. IVST; (ii)]-space.
The converse is not true in general (See Example 3.7)

Example 3.7. Let X = {a,b,c} be a universe set and F = {e, f} a set of parame-
ters.
(1) Consider IVST 71 on X given by:

T = {éEyAaB7CaD7EaF7G7jZE}7

where A(e> = A(f) = [Qa {C}], B(e> = B(f) = {Q’ {b’ C}],
C(e) = C(f) = {{a}v {avc}L D(e) = D(f) = [{C}, {b,C}],
E(e) = E(f) = [{a, b}, X], F(e) = F(f) = [{a,c}, X],

G(e) = G(f) = [{a}, X].
Then clearly, (X, 71, E) is an IVSTy(i)-space. On the other hand, for a # b € X, we
cannot find U € 7y such that a, € U, b, ¢ U. Thus X is not an IVST (i)-space.
(2) Consider IVST 75 on X given by:

m={0g,A,B,C,D,E,F,G H,1J, Xz},
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where A(e) = A(f) = [2,{a}, B(e) = B(f) = {2, {b}], C(e) = C(f) = {2, {c}],
D(e) = D(f) = [{a}], {a, ¢}], E(e) = E(f) = [{b}, {a,b}],
F(e) = F(f) = [{c},{b,c}], G(e) = G(f) = [{a, b}, X],

H(e) = H(f) = [{a,c}, X], I(e) = I(f) = [{b, c}, X],
J=(e) = I(f) = [2,{b,c}].
Then we can easily check that (X, 7o, E) is an IVST] (i)-space and also an IVST} (ii)-
space
(3) Consider IVST 75 on X given by:

T3 = {5E7AaB7ch7EaF7G7H7)?E}a

where A(e) = A(f) = [2, {a}], B(e) = B(f) = {{a}, {a}],
C(e) = C(f) = {{b}, {b}], D(e) = D(f) = [{c},{a, c}],
E(e) = E(f) = [{a,b},{a,b}], F(e) = F(f) = [{a, ¢}, {a, c}],

G(e) = G(f) = [{b, ¢}, X], H(e) = H(f) = [{b}, {a, b}].
Observe that (X, 73, E) is an IVSTy(ii)-space but there are not U, U € 73 such
that a, € U, b, ¢ U and b, € V, a, ¢ V for a # b € X. Then X is not an
IVST; (ii)-space.
(4) Consider IVST 74 on X given by:

T4 = {6E7A7B705D7E7F7G7XE};

where A(e) = A(f) = [2,{a}], B(e) = B(f) = {2, {b}],
(¢) = C(f) = {2, {c}], D(e) =D(f) = [2,{a,b}],
E(f) (@, {a,c}], Fle) = F(f) = [2,{b,c}],
G(e) = G(f)[@, X].
Observe that (X, 7, E) is an IVST (ii)-space but there are not U, U € 74 such that
a, €U,b, ¢ Uandb, € V,a, ¢ Vfora#be X. Then X is not an IVST; (i)-space.

Remark 3.8. (1) If (X, 7, E) is an IVST(i) [resp. IVST} (i)]-space, then (X, 77, E)
and (X, 771, E) are soft T [resp. Ti]-spaces in the sense of Shabir and Naz [10].

(2) If (X, 7, E) is an IVSTy(ii) [resp. IVST;(ii)]-space, then (X, 77, E) is a soft
To [resp. Ti]-space in the sense of Shabir and Naz [16].

Definition 3.9. Let X be a set, E be a set of parameters and x € X. An IVSS x,
[resp. x,] is defined by x, (e) = z, [resp. x,(e) = x,] for each e € E.

Proposition 3.10. Let (X, 7, E) be an IVSTS.
(1) If x, is an IVSCS in X for each x € X, then X is an IVSTy(i)-space.
(2) If x, is an IVSCS in X for each x € X, then X is an IVST:(ii)-space.

Proof. (1) Suppose x, is an IVSCS in X for each € X and let 2 # y € X. Then
clearly, x, = [X \ {z}, X \ {z}] € 7 and y,* = [X \ {y}, X \ {y}] € 7. Moreover,
x, ¢x,%y €x,%andy, ¢y,% z, €y,° Thus X is IVST (i)-space.

(2) The poof is similar to (1). O

Remark 3.11. The converses of Proposition 3.10 (1), (2) are not true in general
(See Example 3.12).

Example 3.12. Let X = {z,y} and E = {e, f}.
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(1) Consider the collection 71 of IVSSs over X given by:
T = {éE7 A7 B7 C7 XE}7

where A(e) = X, A(f) =[{y}.{y}], B(e) = [{z},{=}], B(f) =X,
C(e) = [{z}, {=}], C(f) = [{y}, {y}].
Then clearly, (X, 7, E) is an IVSTS on X. Moreover, A, B € 7 such that y, € A,
x, ¢ Aand z, € B, y, ¢ B. Thus (X, 7, E) is an IVST] (i)-space.
On the other hand, since

x,(e) = x,(f) =z, = [{z},{«}]

and

Y. (6) =Y. (f) =Y = [{y}v {y}]a
we have

x,(e) =x,°(f) =y, = {v}, {v}]
and

Y1c(e) = y1c(f) =T, = [{SC}, {x}}
So x,°, y,¢ ¢ 71. Hence the converse of Proposition 3.10 (1) does not hold.
(2) Consider the collection 75 of IVSSs over X given by:

T2 = {éE,A,B,C,D,XE},

where A(e) = [, X], A(f) = (&, {s}], B(e) = &, {«}], B(f) = [&, X],
C(e) = [2,{z}], C(f) =[2,{y}], D(e) = D(f) = [2, X].
Then clearly, (X, 7, E) is an IVSTS on X. Moreover, A, B € 7 such that y, € A,
xz, ¢ A and z, € B, y, ¢ B. Thus (X, 72, E) is an IVSTj (ii)-space.
On the other hand, since

Xo(€) = %, (f) =z, = [, {z}]

and
yo(e) = yo(f) =Y = [@, {@/H,
we have
x, “(e) = x,°(f) = [{y}, X]
and

y.°(e) = y,°(f) = [{=}, X].
It follows that x,°, y,¢ ¢ 72. This means that the converse of Proposition 3.10 (2)
does not hold.

Proposition 3.13. Let (X, 7, E) be an IVSTS and x #y € X.

(1) If there are U, V € 7 such that xz, € U, y, € U° ory, € V, 2, € V€,
then (X, 1, E) is an IVSTy(i)-space and for each e € E, (X, 7,) is an interval-valued
To(i)-space in the sense of Lee et al. [13].

(2) If there are U, V € 7 such that z, € U, y, € U ory, € V, z, € V°,
then (X, 7, E) is an IVSTy(ii)-space and for each e € E, (X, 1,) is an interval-valued
To(ii)-space in the sense of Lee et al. [43].
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Proof. (1) Suppose there are U, V € 7 such that z;, € U, y, € U° or y, € V,
x, € Ve. If y, € U then y € (U (e))®. Thus y ¢ U~ (e) for each e € E. So
y, ¢ U. Similarly, we can see that if x, € V¢, then x, ¢ V. Hence (X, 7, E) is an
IVSTy(i)-space.

Now let e € E. Then clearly, by Result 3.4, 7, is an IVT on X. Since z, € U
and y, € Uory, € Vand z, € V¢ 2, € U(e) and y, ¢ Ule) or y, € V(e) and
x, ¢ V(e). Thus (X, 7,) is an interval-valued Tp(ii)-space.

(2) The proof is analogous to (1). O

The following is an immediate consequence of Proposition 3.13 and Proposition
13 in [16].

Corollary 3.14. Let (X,7,FE) be an IVSTS and x #y € X.

(1) If there are U, V € 7 such that x, € U, y, € U° ory, € V, x, € V°, then
(X,77) and (X,7F) are To-spaces for each e € E.

(2) If there are U, V € T such that x, € U, y, € U® or Y, € V, z, € V€, then
(X,71) is a Ty-space for each e € E.

Proposition 3.15. Let (X, 7, E) be an IVSTS and x #y € X.

(1) If there are U, V € 7 such that x, € U, y, € U andy, € V, z, € V©,
then (X, T, E) is an IVSTy(i)-space and for each e € E, (X, T.) is an interval-valued
T (i)-space in the sense of Lee et al. [43].

(2) If there are U, V € 7 such that x, € U, y, € U and y, € V, z, € V°,
then (X, 7, E) is an IVSTy(ii)-space and for each e € E, (X, 1,) is an interval-valued
T, (ii)-space in the sense of Lee et al. [13].

Proof. The proofs are similar to Proposition 3.13. O

The following is an immediate consequence of Proposition 3.15 and Proposition
14 in [16].
Corollary 3.16. Let (X, 7, FE) be an IVSTS and x #y € X.

(1) If there are U, V € 7 such that x, € U, y, € U¢ andy, € V, z, € VC, then
(X,77) and (X,77F) are Ty-spaces for each e € E.

(2) If there are U, V € 7 such that z, € U, y, € U and y, € V, x, € V°, then
(X,7F) is an T1-space for each e € E.
Remark 3.17. (X, 7, F) is an IVST; (i) [resp. IVSTi(ii)]-space but (X, 7.) may not
be an interval-valued 77 (i) [resp. T3(ii)]-space (See Example 3.18).
Example 3.18. Let (X, 71, E) [resp. (X, 72, E)] be the IVSTy (i) [resp. IVST;(ii)]-
space given in Example 3.12. Then we have

Tl = {é’ [{:E}, {.’ﬂ}},X}, Ty = {é’ [{y}v {y}]a X}
[resp. 7, = {2, (2, X], [, {2}], X}, 7, = {2, (2, X], (2, {y}], X}].

Thus we can easily check that neither 77, nor 7 ; [resp. neither 7o, nor 7o f] is an
interval-valued T4 (i) [resp. T4 (ii)].
Definition 3.19. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft T (i)-space (briefly, IVST,(i)-space), if for any z, y € X
with x # y, there are U, V € T such that z, e U, y, e Vand UNV = g,
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(ii) interval-valued soft Ty (ii)-space (briefly, IVSTy(ii)-space), if for any z, y € X
with z # y, there are U, V € 7 such that z, € U, y, € Vand UNV = .

Remark 3.20. (1) Every IVSTy(i) [resp. IVSTy(ii)]-space is an IVSTy(i) [resp.
IVST; (ii)]-space. The converse is not true in general (See Example 3.21).

(2) Every IVST5(i)-space is an IVST5 (ii)-space. The converse is not true in general
(See Example 3.21).

Example 3.21. (1) Let (X, 71, E) [resp. (X, 72, E)] be the IVST] (i) [resp. IVST; (ii)]-
space given as Example 3.12 (1) [resp. (2)]. Then we cannot have U, V € 7y such
that v, € U, y, ¢ Uandy, € V, 2, ¢ Vand UNV = g [resp. U, V € 1 such
that 2, € U, y, ¢ Uand y, € V, 2, ¢ Vand UNV = &g]. Thus (X, 7, E) [resp.
(X, 72, E)] is not an IVST5(i) [resp. IVST,(ii)]-space.

(2) Let X = {z,y}, E = {e, f} and consider the IVST 7 given by:

T= {éEaA7B7 C7-§Z—E}7

where A(e) = A(f) = (2, {z}], B(e) = B(f) = [, {y}}, Ce) = C(f) = [, X].
Then observe that (X, 7, E)) is an IVSTy(ii)-space. On the other hand, there are not
U, Versuchthat , €U, y, ¢ Uandy, €V, 2, ¢ Vand UNV = @p. Thus
X is not an IVST5(i)-space.

Remark 3.22. (1) If (X, 7, E) is an IVSTy(i)-space, then (X, 77, F) and (X, 77, F)
are soft Th-spaces in the sense of Shabir and Naz [16].

(2) If (X, 7,E) is an IVST5(ii)-space, then (X, 7T, F) is a soft Th-space in the
sense of Shabir and Naz [16].

Proposition 3.23. Let (X, 1, E) be an IVSTS.

(1) If (X, 1, E) is an IVST»(i)-space, then for each e € E, (X, 7,) is an interval-
valued Ty (1)-space in the sense of Lee et al. [13].

(2) (X, 1,E) is an IVSTy(ii)-space, then for each e € E, (X, 7,) is an interval-
valued Ty (ii)-space in the sense of Lee et al. [43].

Proof. (1) Suppose (X, 7, E) is an IVST;(i)-space, let  # y € X and e € E. Then
there are U, V € 7 such that #, € U, y, € Vand UNV = &g. Thus z, € Ule),
y, € V(e) and U(e) N V(e) = @. By Result 3.4, U(e), V(e) € 7.. So (X,7.) is an
interval-valued T (i)-space.

(2) The proof is analogous to (1). O

The following is an immediate consequence of Proposition 3.23 and Proposition
17 in [16].

Proposition 3.24. Let (X, 7, E) be an IVSTS.

(1) If (X,7,E) is an IVSTy(i)-space, then (X,77) and (X,71) are Ty-space for
each e € E.

(2) (X, 7,E) is an IVST(ii)-space, then (X,7F) is a Ty-space for each e € E.

Proof. (1) Suppose (X, 7, E) is an IVST,(i)-space, let  # y € X and let e € E.

Then there are U, V € 7 such that z, € U, y, € Vand UNV = @g. Thus

Definition 3.1 and Result 3.4, z € U~ (e), y € V(e), U (e)NV~(e) = @ and

U~ (e), V~(e) € 7. So (X,7) is a Ty-space. Note that 7~ C 7. Hence (X,71)

is a Th-space. 4 4 4
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(2) The proof is similar to (1). O

Definition 3.25. Let (X, 7, E) be an IVSTS and A an IVSCS in X. Then (X, 7, E)
is called:

(i) an interval-valued soft reqular (i)-space (briefly, IVSR(i)-space), if for each
x € X and each A € 7¢ with x, ¢ A, there are U, V € 7 such that 2z, e U A CV
and UNV = Jp,

(i) an interval-valued soft regular (ii)-space (briefly, IVSR(ii)-space), if for each
x € X and each A € 7¢ with z, ¢ A, there are U, V € 7 such that x, e U, A CV
and UNV = éE

Definition 3.26. An IVSTS (X, 7, E) is called:

(i) an interval-valued soft T3(i)-space (briefly, IVST3(i)-space), if it is an IVSR(i)
and VST (i)-space,

(ii) an interval-valued soft T5(ii)-space (briefly, IVST5(ii)-space), if it is an IVSR(ii)
and VST (ii)-space.

Remark 3.27. (1) Every IVST5(i)-space is an IVST5(ii)-space but the converse is
not true in general (See Example 3.28).

(2) An IVST5(i) [resp. IVST3(ii)]-space may not be an IVST,(i) [resp. IVSTh(ii)]-
space (See Example 3.28).

(3) If (X, 7, E) is an IVST3(i) [resp. IVST3(ii)]-space, then (X, 7,) may not be an
interval-valued T3(i) [resp. T5(ii)]-space for each e € E in the sense of Lee et al. [13]
Furthermore, (X,7) and (X,7F) may not be T3-spaces (See Example 3.28).

Example 3.28. (1) Let X = {a,b,c,d}, let E = {e, f} and consider the IVST 7
on X given by:
1 = {®E7A17 A2a e 7A157XE}a

where Aj(e) = A1(f) = [{a,b},{a,b,c}], Az(e) = Ax(f) = [{¢,d},{a,c,d}],
AS(e) = AS(f) [{C, d}7 {av b’ d}]7 A4(6) = A4(f) = [{b7 C}v {bv ¢, d}}v
As(e) = As(f) = [2,{a,c}], As(e) = As(f) = [{a},{a,b}],
Az(e) = A7(f) = [{b},{b.c}], As(e) = As(f) =[2,{a,d}],
Ag(e) = Ag(f) = [{c}, {c,d}], Arole) = Aro(f) = [, {b,d}],
Aqi(e) = An(f) = [{a,b.d}, X], Aia(e) = Aia(f) = [{a,b,c}, X],
Aiz(e) = Aus(f) = [{a, e, d}, X], Ava(e) = Ara(f) = [{b, e, d}, X],
Ais(e) = Ais5(f) = [{a}, {a b}].

Observe that (X, 7, F) is an IVST;(ii)-space but not an IVST3(i)-space.
Now consider the IVST 75 on X given by:

{®E7A17A2" A177*%E}7

where  Ay(e) = Ay(f) = [{a} {a,d}], As(e) = As(f) = [{b},{a,b}],
Az(e) = Az(f) = [{c}, {b, c}] a(e ) Ay(f) = [{d}, {e, d}];
As(e) = As(f) = [, {a}], Ag(e ) As(f) = [, {b}],
Ar(e) = A7(f) = [9,{c}], As(e) = As(f) = [9,{d}],
ig( )=1;9(f) g [{a, b}, {a,b,d}], AlO( ) = Aw(f) = [{a, d}, {a, ¢, d}],

[{b, d}, X],

10
{e;db {b,c,d}], Ana(e) = Asa(f) = [{b, e}, {a, b, e},
) =9, {a, ¢},

() (f) =1
Az(e) = As(f) = Ha, ¢}, ], Awale) = Awl(f)
( (f) = [@:{a,b}], ?01;( €) = A(f
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A17(6) = A17(f) = [@7 {a7 d}]
Then observe that (X, 72, E) is an IVST3(i)-space.
(2) Let X ={a,b,c}, E = {e, f} and consider the IVST 7 on X given by:

T={@p, A1, Ay, -, Asy, Xp},

where Al(e) =X, Ai(f) =9, As(e) = [{a}, {a}], As(f) =2,
Ajz(e) = [{b} {6}, Aa(f ) 2, Asle) = [{c}, {c}], Au(f) =2, N
As(e) = [{a, 0}, {a,b}], As(f) =2, As(e) = [{a, ¢} {a,c}], As(f) =2,
Aq(e) = [{b ch{b,ct], A7(f) =9, As(e) = X, As(f) = [{a},{a}],
Ag(e) = Ag(f) = [{a},{a}], Aio(e) = [{b},{b}], A1o(f) = [{a},{a}],
Aqi(e) = [{c}, {c}], Ani(f) = [{a},{a}], Arz(e) = [{a,b},{a,b}],
A1a(f) = [{a}, {a}], Ass(e) = [{a,c} {a,c}], Ais(f) = [{a}, {a}],
Aiy(e) = [{b,c}, {b,c}t], Ara(f) = [{a},{a}], Ais(e) =2,
Ai5(f) = [{a}, {a}], Assle) = X, Ais(f) = [{b,c}, {b,c}],
Ayz(e) = [{a}, {a}], Ar7(f) = [{b,c}, {b,c}], Aus(e) = [{b}, {b}],
AlS(f) [{b7 C}v {bv C}]v A19(e) = [{C}v {C}]v AlQ(f) = [{bv C}v {bv C}]»
AQO(e) [{a’ b}a {avb}]’ A20( ) = [{b7 C}, {b’ C}]’ A21(e) = [{CL7C}, {a,c}L
Ao (f) = [{b,c}, {b,c}], Ana(e) = [{b,c},{b,c}t], Aaz(f) =[{b,c},{b,c}],
A23( ) =2, Ass(f) = [{b,c}, {bc}], Ani(e) = [{a}, {a}], Asu(f) =X,
Ags(e) = [{b}, {0}, Aos(f) =X, Assle) = [{c} {c}], Ass(f) = X,
Agr(e) = [{a, b}, X1, Agr(f) = X, Ass(e) = [{a,c}, X], Aas(f) =X,
Agg(e) = [{bc}, X], Agg(f) = X, Azole) =3, Aso(f) = X.

Asi(e) = X, Azi(f) = 8, Ag(e) = X, Aso(f) = [{a}, {a}].
Then observe that (X , T, F) is an IVST3(i)-space but not an IVSTs(i)-space.
On the other hand, by Result 3.4, we have

7. = {2, [{a}, {a}], [{b}, {b}), [{c}, {c}), [{a, b}, {a, b}], [{a, ¢}, {a, c}], [{b, c}, {b, c}], X }
and
7, = {2, [{a}, {a}], [{b, c}, {b, c}], X }.

Obviously, (X, ;) is not an interval-valued T3(i)-space. Moreover, we have

T, = T:_ = {Q’ {CL}, {b}7 {C}v {avb}v {a’c}’ {b’ c}’X}
and
=1 ={@{a} {b,c}, X}.

Thus we can see that (X, T ) is not a T3-space.

Definition 3.29. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft normal space (briefly, IVSNS), If for any IVSCSs Fy, Fo
in X with F1 NFy = 5];, there are U, V € 7 such that F; € U, Fo C V and
UnvVv =0g,

(ii) interval-valued soft Ty(i)-space (briefly, IVSTy(i)-space), if it is an T (i)-space
and an IVSNS,

(iii) interval-valued soft Ty(ii)-space (briefly, IVST,(ii)-space), if it is an T3 (ii)-
space and an IVSNS.
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Remark 3.30. (1) An IVSTy(i) [resp. IVSTy(ii)]-space need not an IVST3(i) [resp.
IVST;(ii)]-space (See Example 3.31).

(2) If (X, 7, F) is an IVST, (i) [resp. IVST,(ii)]-space, then (X, 7,) may not be an
interval-valued Ty-space for each e € E in the sense of Lee et al. [43] Furthermore,
(X,77) and (X,7") may not be Ty-spaces (See Example 3.31).

Example 3.31. Let X = {a,b,¢,d}, let E = {e, f} and consider the IVST 7 on X
given by: N
T = {gEv Alv A27 A37 A47 A57 A67 A77 A87 XE}7

where Aj(e) = [{a,b,d}, {a,b,d}], Ai(f) =[{a,b,c}, {a,b,c}],
As(e) = [{a,c,d}, {a,c, d}] 2(f) = [{a,b, ¢}, {a,b,c}],
As(e) = [{a,d}, {a,d}], As(f) = [{a,b,c}.{a,b,c}],
Ayle) = [{b, ¢}, {b, C}] 1(f) = [{a,b, ¢}, {a,b,c}],
As(e) = [{b}, {b}], As(f) =[{a,b,c},{a,b,c}],
Ag(e) = [{C} {ct], A¢(f)) = [{a,b,c} {a,b,c}],
Az(e) =2, A:(f) =[{a,b,c},{a,b,c}],
Ag(e) = X As(f) =[{a,b,c},{a,b,c}].

Then we can check that (X, 7, F) is an IVST,(i)-space but not an IVST3(i)-space.
On the other hand, by Result 3.4, we have

7. = {2, [{b}, {b}]. [{e}, {c}], {a, d}, {a, d}], [{D, c}, {b, c}],
[{a7 C’ d}? {a" C’ d}]7 [{a7 b7 d}7 {a’7 b7 d}]’ X}

7, =1{2,[{a,b,c}, {a,b, c}, X}
Then we can easily see that (X,7,) and (X, 7,) are not interval-valued Ty-spaces.
Furthermore, we get

T = Tj = {2, {b}, {c},{a,d}, {b,c}, {a,c,d},{a,b,d}, X}

and

and

T, = Tf+ ={2,{a,b,c}, X}.

Thus we can check that (X,77) and (X, 7) are not Ty-spaces.

4. INTERVAL-VALUED SOFT SUBSPACES

In this section, we deal with some hereditary problems in an IVSTS. For this
reason, we introduce the notion of interval-valued soft subspaces of an IVSTS.

Definition 4.1. Let Y be a nonempty subset of X and A € IVSSg(X). Then

(i) the interval valued soft set (Y, E) over X, denoted by Yg, is defined as follows:

Yg(e) = [V, Y] for each ¢ € E,

(ii) the interval-valued soft subset of A over Y, denoted by Ay, is defined as

follows:
Ay =YpNA, iec, Ay(e)=[Y NA (e),Y N AT (e)] for cach e € E.

Example 4.2. Let X = {a,b,¢,d}, Y = {a,b,c}, E = {e, f} and A be the IVSS
over X given by:

A(e) = [{av b}v {av b, d}]» A(f) = [{av d}a {a» &) d}]
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Then clearly, Ay (e) = [{a,b},{a,b}], Ay (f) = [{a}, {a,c}].

Proposition 4.3. Let (X, 1, F) be an IVSTS and Y a nonempty subset of X. Then
Ty ={Ay:Aer}isan IVST on Y.

In this case, 7, is called the interval-valued soft relative topology on Y and
(Y, 7, E) is called an interval-valued soft subspace (briefly, IVS-subspace) of (X, 7, E).
Each member of 7, is called an IV.SOS in Y and an IVSS A over Y is called an
IVSCS in YV,if [Y,Y]\A=[Y\ A+, Y\ A | er,.

Proof. The proof is straightforward. O

We can see that (Y, 7, , E) is a special interval-valued soft subspace of an IVSTS
(X, T, E) (See Proposition 4.15, [34]).

Remark 4.4. Every IVS-subspace of an interval-valued soft discrete [resp. indis-
crete] space is an interval-valued soft discrete [resp. indiscrete] space.

Lemma 4.5. Let (X, 7) be an IVTS and Y a nonempty subset of X. Then 7, ., =
{V,YINA:Aer={[YNA,[YNAT]:Aer}isan IVT on Y.

In this case, 7, ,,, is called the interval-valued relative topologyon Y and ([Y, Y], 7,.,,)
is called an interval-valued subspace (briefly, IV-subspace) of (X, 7).

Proof. The proof is straightforward. O

Proposition 4.6. Let (X, 7, E) be an IVSTS and Y a nonempty subset of X. Then
(Y (1y)e) = (Y, Y7,y yy)s Bee, (Yo (7 )e) is an interval-valued subspace of IVTS
(X, 7,) for each e € E, where 7, .., ={[Y,Y]NA(e) : A(e) € 7, }.

Y,Y]

Proof. The proof follows from Proposition 4.3 and Lemma 4.5. O

Corollary 4.7 (See Proposition 11, [16]). Let (X,7,E) be an IVSTS and Y a
nonempty subset of X. Then (Y, (1,).) = (Y, (7)) [resp. (Y, (7)) = (Y, (75),)],

i.e., (Y, (1y)7) [resp. (Y, (7y)F)] is a subspace of (X,77) [resp. (X,71)] for each
ec k.

Proposition 4.8. Let (Y, 1, ,E) be an IVS-subspace of an IVSTS (X, 1, E) and A
an IVSOS inY. If Yg € 7, then A € T.

Proof. The proof is obvious. O

Theorem 4.9. Let (Y,7,,E) be an IVS-subspace of an IVSTS (X,7,F) and A €
IVSSp(X). N

(1) A €7, if and only if there is B € T such A =Yg N B.

(2) A € 1¢ if and only if there is B € 7° such A =Yg N B.
Proof. (1) The proof follows from Proposition 4.3.

(2) Suppose A € 7¢. Then clearly, [Y,Y] - A =[Y —AT)Y — A~] € 7. Thus by
(1), there is B € 7 such that [Y — AT, Y — A~] = Y5 N B. Now let ¢ € E. Then

[Y —AT)Y — A7|(e) = Ye N B(e), ie.,
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[Y —At(e),Y — A (e)] = [Y N B (e),Y N B~ (e)],i.e.,
Y —AT(e)=YNB (e), Y —A (e) =Y NB (e).
Thus we have
AT(e) =Y - (Y —=AT(e)) =Y = (YNB (¢)) =Y N(Y =B (¢)) =Y N(X =B (e)),
A () =Y —(Y-A"(e)) =Y - (YNBt(e)) =YN(Y =BT (e)) =Y N(X~-B"(e)).

So Ae) = [A7(e),AT(e) = [Y N (X — BT (e)),Y N(X — B~ (e))] = (?E N B)(e).
Hence A = ?E NB°. Since B € 7, B¢ € 7¢. Therefore the necessary condition holds.
Conversely, suppose the necessary condition holds, i.e., there is B € 7¢ such that
A =Y NB. Then B¢ = X — B € 7. We will show that [Y Y|-A= Y5 N Be. Let
e € FE. Then we get
(VY] = A)(e) =Y — AT(e),Y — A7 (e)]
=Y -YNB (e),Y =Y NBt(e)
=Y N (Y =B*(e)), YN (Y -B(e))]
=[Yn (X B*(e)),Y N (X — B~ (e)).
Thus [Y,Y]—A = YN (Xp—B) = YgNBE. Since B® € 7, we have [Y,Y]—A € 7,
So A € 7¢. This completes the proof. O

Proposition 4.10. Let (X, 7, E) be an IVSTS and Y a nonempty subset of X.

(1) If X is an IVSTy(i) [resp. IVSTy(ii)]-space, then (Y, 7, ,E) is an IVSTy(i)
[resp. TVSTy(ii)]-space.

(2) If X 4s an IVSTy(i) [resp. IVSTy(ii)]-space, then (Y,7,,E) is an IVSTy(i)
[resp. TVSTy(ii)]-space.

Proof. (1) Suppose X is an IVSTy(i)-space and let @ # y € Y. Then there are
U, V € 7 such that either z, e U,y, ¢ Uory, € U, z, ¢ U,say z, € U, y, ¢ U.
Sincex € Y, x, € YE Since z, € U, we have z, € YE NU = Uy. Since y, ¢ U, there
1se€Esuchthaty§éU( ), L.e. y¢U (e). ThusygéYﬁU (e)=(YNU~ )( ). So
y, ¢ Y5 N U = Uy. Since U € 7, Uy € 7,. Hence (Y,7,, E) is an IVST} (i)-space.
The proof of the second part is similar.

(2) The proof is similar to (1). O

Proposition 4.11. Let (X, 7,E) be an IVSTS and Y a nonempty subset of X.
If X is an IVST,(i) [resp. IVSTh(ii)]-space, then (Y, 7, ,E) is an IVSTy(i) [resp.
IVST,(ii)]-space.

Proof. Suppose X is an IVSTy(i)-space and let x # y € Y. Then there are U, V € 7
such that either z;, € U, y, € V, UNV = Xg. Then clearly, we have

reU (e), yeV(e), Ut(e)NVT(e) = 2.
Thusz € YNU (e), ye YNV~ (e), (YNUT(e))N(Y NVT(e)) =2. So we get
zeU;(e), yeV, (e), Uf(e)NV.F(e) = 2.

Hence z, € U,, y, € V., U, NV, = @g. Therefore (Y, 7,,E) is an IVST;(i)-
space. The proof of the second part is similar. O
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Proposition 4.12. Let (X,7,E) be an IVSTS and Y a nonempty subset of X.
If X is an IVST5(i) [resp. IVSTs(ii)]-space, then (Y, 7, ,E) is an IVST3(i) [resp.
IVST;(ii)]-space.

Proof. Suppose X is an IVST3(i)-space. Then by Proposition 4.10 (2), (X, 7, , E) is
an IVST)(i)-space. Let y € Y and A € 7¢ such that y, ¢ A. Then by Theorem 4.9
(2), there is B € 7¢ such that A = Yz N B. Since y, Ay, ¢ YENB. But Yy, € Yz.
Thus y, ¢ B. By the hypothesis, there are U, V € 7 such that y, €¢ U, B C 'V
and UNV = Jg. So by Proposition 4.10 (1), YpNU, YpNV e r,. Furthermore,
y, ¢ YgNU, ACYzNVand (YzNU)N(Yg NV = Zg. Hence (Y,7,,E) is an
IVST3(i)-space. The proof of the second part is similar. O

Remark 4.13. Let (X, 7, E) be an IVSTS and let Y be a nonempty subset of X.
When (X, 7, E) is an IVST, (i) [resp. IVST,(ii)]-space and Y is a nonempty subset
of X, (Y, 7,, E) need not be an IVST3(i) [resp. IVST3(ii)]-space (See Example 4.14).

Example 4.14. Consider the IVSTy(i)-space (X, 7, E) given in Example 3.31 and
let Y = {a,b,c}. Then clearly, we have

= {éE7A1y7A2y7A3y7A4y7A5y7A‘6Y7A7Y7A7Y7}7E}7

where (6) [{a,b},{a,b}], A1, (f) =[Y,Y],
Azy(e) [{a, ¢} {a, c}, Azy( ) =[Y,Y],
As, (e) = {a}, {a}], As, (F) = [V, Y],
Ay (e) = [{b,c}, {b,c}], Auy (f) = [V, Y],
As, () = [{0},{b}], As, () =[Y,Y],
Ag, (€) = [{c} {c}], Ag, (f) = [Y,Y],
A7y(e) %a A7y(f) [Y Y]’
As,(e) =X, A7, (f) =[V,Y].

Thus we can check that (Y, 7, , F) is not an IVST3(i)-space.

5. INTERVAL-VALUED SOFT a-CLOSURES [RESP. INTERIORS]

In this section, we define an interval-valued a-closure [resp. interior] of an interval-
valued soft set and discuss some of their properties, and give some examples.

Definition 5.1. Let (X, 7, E) be a soft topological space over X and A, B €
SSE(X).
(i) The soft closure of A [16], denoted by cl,(A) or cl(A) or A, is a soft set over
X defined as follows:
c(A)=({Fer: AC F}.

(ii) The soft interior of A [20], denoted by int,(A) or int(A) or A°, is a soft set
over X defined as follows:

nt,(A) = U{U er:UC A}

It is obvious that ¢l(A) is the smallest soft closed set in X which contains A and
int(A) is the largest soft open set in X which is contained in A.
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Definition 5.2 ([31]). Let (X, 7, E) be an IVSTS and A € IVSSg(X).
(i) The interval-valued soft closure of A w.r.t. 7, denoted by IV Scl(A), is an
IVSS over X defined as:

IVSc(A) = {K €7 : ACK}.

(ii) The interval-valued soft interior of A w.r.t. 7, denoted by IV Sint(A), is an
IVSS over X defined as:

IVint(A) = {U:Uerand Uc A}.

We can see that IV Scl(A) is the smallest IVSCS in X containing A and IV Sint(A)
is the largest IVSOS in X contained A.

Remark 5.3. IV Scl(A) = [cl,- (A7), cl .+ (A1)], IVSint(A) = [int,- (A7), int+(AT)].
Example 5.4. Let X = {a,b,c}, E = {e, f} and consider 7 the IVST on X given
by:

7={%5, U, Xg},
where U(e) = [{a}, {a,b}], U(f) = [{b}, {b, c}]. Then we have

T = {gEanvXE}a 7—+ - {®E7U+aXE};

where U~ (e) = {a}, U~ (f) = {b}, U*(e) = {a,b}, UT(f) = {b,c}. Moreover,

T¢ = {%E7UC7)’ZE}a
where U¢(e) = [{c}, {b,c}], U(f) = [{a}, {a,c}].

Consider the IVSS A over X defined by A(e) = [{c},{c}], A(f) = [{a},{a}].
Then clearly, A C U¢ and A C Xg. Thus c/(A) = U°N Xg = U°. On the other
hand, we get

- (A7) =U"", cl+(AT) =UT,
where U~(¢) = {c}, US~(f) = {a}, US(e) = {beh, USH(f) = {a,c}. So
CU(A) = [l (A7), o (A)].
Definition 5.5 ([36]). Let (X, 7, E) be a soft topological space and A € SSg(X).

A is called a soft a-open set in X, if A C int(cl(int(A))). The complement of a soft
a-open set is called a soft a-closed set in X.

The set of all soft a-open [resp. closed] sets in a soft topological space (X, 7, E)
is denoted by SaOS(X) [resp. SaCS(X)].

Definition 5.6. (i) Let (X, 7, FE) be an IVSTS and A € IVSSg(X). Then A is
called an interval-valued soft a-open set (briefly, IVSaOS) in X, if it satisfies the
following conditions:

A C IVSint(IVScl(IV Sint(A))).

The complement of an IVS«aOS is called an interval-valued soft a-closed set (briefly,
IVSaCS) in X.

(ii) Let (X,7) be an IVTS and let A € IVS(X). Then A is called an interval-
valued a-open set (briefly, IVaOS) in X, if A C IVint(IVcl(IVint(A))), where
IVint(A) and IVcl(A) denote the interval-valued interior and the interval-valued
closure of A (See [37]). The complement of an IVaOS is called an interval-valued
a-closed set (briefly, IVaCS) in X.
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We will denote the set of all IVSaOSs [resp. IVSaCS] by IVSaOS(X) [resp.
IVSaCS(X)]. Also, We will denote the set of all IVaOSs [resp. IVaCS] by IVaOS(X)
[resp. IVaCS(X)].

From Remark 5.3, it is obvious that A € IV SaOS(X), then A~ € SaOS(X, 77, E)
and At € SaOS(X, 71, E).

Example 5.7. Let (X, 7, F) be the IVSTS given in Example 5.4. Observe that
U € IVSaOS(X). Furthermore we can confirm that U~ € SaOS(X, 7, E) and
Ut € SaOS(X, 7T, E).

Proposition 5.8. Let (X, 7, E) be an IVSTS. Then
(1) Ujes Ay € IVSaOS(X) for each (Aj)jes C IV SaOS(X),
(2) Njes Aj € IVSaCS(X) for each (Aj)jes C IV SaCS(X).

Proof. The proofs are straightforward. O

Remark 5.9. In an IVSTS (X,7,FE), 7 C IVSaOS(X) and 7¢ C IVSaCS(X).
But the converse need not be true (See Example 5.10)

Example 5.10. Let X = {a,b,c,d}, E = {e, f,g} and consider the IVST 7 given

T = {éE7A17A27”' 7A177XE}7

where Ay (e) = [{a}, {a}], A1(f) =[{b.c},{b,c}], Ai(g) = [{a,d},{a.d}],

As(e) = [{b,d},{b,d}], Ax(f) = [{a,c,d},{a,c,d}], Az(g) = [{a,b,d},{a,b,d}],
Aa(e) = [2,2], As(f) = [{c}.{c}]. As(g) =[{a} {a}],

Ay(e) = [{a,b,d}, {a,b, d}] Ay(f) = [X, X], Aqlg) = [X,X],

As(e) = [{a,c},{a, C}] 5(f) = [{b,d}, {b,d}], As(g) = [{b}, {b}],

Ag(e) = [{a}, {a}], As(f ) [{0}, {b}], As(9) = [2,2],

(6) = [{a C} {a’ C}] ( ) = [{b7 d7 d}a {ba ¢, d}]a A7(g) = [{aa b, d}a {a7b7 d}]a
As(e) = [2,2], As(f) = [{d}, {d}] s(g) = [{v}, {b}],
Ag(e) = [X,X], Ao(f) = [X. X]. Ag(g) = Ha,b,c},{a,b.c}],
Aio(e) = [{a,c} {a, c}], Aro(f) = [{b,c,d} {b,c,d}], Ao(g) = [{a,b},{a,b}],
An(@) - [{b7cv d}7 {bv = d}]7 All(f) = [X’ X]? All( ) [{a b, C}, {avbac}]v
Ais(e) = [{a}.{a}], Ara(f) = [{b,c,d}.{b,c,d}], Ara(g) = [{a,b,d}, {a,b,d}],
Ais(e) = [{a}, {a}], Axs(f) = [{b,d},{b,d}], Ais(g) = [{b}, {b}],
Aus(e) = [{c.d} {c,d}], As(f) = [{a,b},{a,b}], Aw(g) =[2, 2],
Ays(e) = [{a}, {a}], Axs(f) = [{b,c},{b.c}], Ass(g) = [{a}, {a}]
Ass(e) = [9,9], Ass(f) = [{c},{c}], Ass(g) = [{a,d},{a,d}],
A17(€) = [{a7b7 d}7 {a7b7 d}]a Als(f) = [X’ X]7 A15(g) = [{a7b7 d}7 {a7b7 d}]

Then we have B
T = {gEa Aia A§7 c 3A557XE}-
Let A be the IVSS over X defined by:
A(e) = [{GJ b, C}7 {a7 b, C}]v A(f) = [{b7 ¢, d}7 {b7 ¢, d}] A(g) = [{0‘7 b}7 {a'7 b}}
Then clearly, IV Sint(A) = Ayg. Thus IV Scl(IV Sint(A)) = Xg. So we have
IVSint(IVScl(IV Sint(A))) = Xg, ie., A C IVSint(IVScl(IV Sint(A))).

Hence A € IVSaOS(X) but A ¢ 7. Therefore IVSaOS(X) ¢ 7.
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Definition 5.11 ([36]). Let (X, 7, E) be a soft topological space and A € SSg(X).
Then

(i) the soft a-closure of A, denoted by cl,_ (A) or cl
defined as follows:

(A), is a soft set over X

Sa,T

cls, (A) = {F € SaCS(X): AC F},

(ii) the soft a-interior of A, denoted by int,_(A) or int
X defined as follows:

cls, (A) = | J{U € 5a08(X) : U c A}.

sar (A), is a soft set over

It is clear that clg_(A) is the smallest soft a-closed set over X which contains A
and int,_(A) is the largest soft a-open set over X which is contained in A.

Definition 5.12. Let (X, 7, E) be an IVSTS and A € IVSSg(X). Then
(i) the interval-valued soft a-closure of A, denoted by ¢l A), is an IVSS over
X defined as follows:

IVSa(

clyys,(A) = {F € IVSaCS(X) : A C F},

A), is an TVSS

(ii) the interval-valued soft a-interior of A, denoted by int,, . (

over X defined as follows:
int, .. (A) = J{U € IVSa0S(X): U C A}.
It is obvious that cl,, .,

X containing A and int
X contained in A.

(A) is the smallest interval-valued soft a-closed set over
(A) is the largest interval-valued soft a-open set over

IVSa
Remark 5.13. Let (X, 7, F) be an IVSTS and A € IVSSg(X). Then

(1) CZIVSa (A) = [Cls,%,.— (Ai)’ Clsm.,.-# (A+)]’

(2) int;y e, (A) = [int, _(A7),int_ _, (A1)].
Example 5.14. Let (X, 7, E) be the IVSTS given in Example 5.4. To find IVS«aOSs
in X, consider the following IVSSs containing U:

IJ7j&h 1&27"'7 f&2m

where Al(e) [{a},{a,b}], A ( ) = [{b}, X], As(e) = [{a},{a,b}],
As(f) = [{b, c}, {0, C}] s(e) = [{a}, {a,b}], As(f) = [{b,c}, X],
Ay(e) = [{a}, {a, b}] 4(f) = [{b, e}, X, As( ) = [{a},{a,b}],
As(f) (X, X], Ag(e) = [{a, b}, {a,b}], Ag(f ) [{b}, {b, c}],
Ag(e) = [{a, b}, {a, b}] 6(f) = [{b}, {b, C}] 7(e) = [{a, b}, {a, b}],
A6(f) [{o}, X], As(e ) [{a, b}, {a,b}], As(f)=[{b,c},{b,c}],
Ag(e) = [{a,b},{a,b}], Ag(f) = [{b,c}, X], Aro(e) = [{a,b},{a,b}],
Aio(f) = [X, X], Ani(e) = [{a,b}, X], Ani(f) = [{b},{b. c}],
Alz(e) [{a,b}, X], Av2(f) = [{b}, X], Ais(e) = [{a, b}, X],
Az(f) = [{bc}, {b,c}], Ara(e) = [{a,b}, X], Awu(f) = [{b,c}, X],
A15(€) [{a b} X] A15(f) = [X’X]v Alﬁ(e) = [X’X]v
Ass(f) = [{b},{b,c}], Aar(e) = [X, X], A1r(f) = [{b}, X],
Als(e) [X X] Als( ) = [{bv C}a{ba C}]v A19(6) = [Xa X]v
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Ag(f) = [{b,c}, X], Ago(e) = [X, X], Ax(f) = [X, X]. _
Then clearly, IV Sint(A;) = U for each i € {1,2,---,19}. Since Xg is the only
IVSCS in X containing U, IV Scl(IV Sint(A;)) = Xp for each i € {1,2,---,20}.
Thus by Proposition 5.26 in [31], IV Sint(IV Scl(IV Sint(A;))) = Xg for each i €
{1,2,---,20}. Since A; C Xz, A; € IVSaOS(X) for each i € {1,2,---,20}. So
A;) = Xp for each i € {1,2,---,20}.

CZIVSa(

Theorem 5.15. Let (X, 7, E) be an IVSTS and A € IVSSE(X). Then

(1) A € IVSaCS(X) if and only if A =dl,, .. (A),
(2) A € IVSaOS(X) if and only if A =int,, . (A).
Proof. The proofs are straightforward. O

Proposition 5.16. Let (X, 7, E) be an IVSTS and A € IVSSg(X). Then
(1) [?lIVSa (A)° = ity s, (Ac)ﬂ
(2) [int;y 5. (A" = clyy 5o (A9).

Proof. The proofs follow from Definition 5.12. O

Proposition 5.17. Let (X, 7, E) be an IVSTS and A, B € IVSSg(X). Then
( )dzvsa(@E) QEv CZIVSa(XE) XE7

(2) ey s, (A) € IVSaCS(X),

(3) if A C B, then cl;y g, (A) C clyy s, (B),

(4) ¢ IVSQ( IVSa (A)) - ClIVS(x (A')7

(5) CZIVSa (A U B) - ClIVSa (A) U CZIVSa (B)v

(6) CZIVS(:! (A m B) C CIIVSQ (A) m CZIVSC! (B)'

Proof. The proofs are straightforward. O

Proposition 5.18. Let (X, 7, E) be an IVSTS and A, B € IVSSg(X). Then
(1) ”Ltzvs (@E) QEv Zntzvs (XE) XE?

) int, o, (A) € IVSaOS(X),

) if A C B, then int,, . (A) Cint,, 4. (B),

) int intIVSa (A)) = int{vsCy (A)a

) int,, .., (AUB) Cint,, . (A)Uint,, .. (B),

) int,, ., (ANB)=int,, . (A)Nint,, .. (B).

IVSa(

Proof. The proofs are straightforward. O

6. INTERVAL-VALUED SOFT a-SEPARATION AXIOMS

In this section, we propose some of new separation axioms such as the IVSaTy(j),
IVSaTi(j), IVSaTs(j), IVSaTs(j) and IVSaT,(j) axioms for j=i, ii as a generaliza-
tion of separation axioms discussed in Section 3. Furthermore, we study some of
their properties and the relations between them in the general framework of IVSTSs.

Definition 6.1 ([35]). A soft topological space (X, 7, E) is called a soft aTy-space,
if for any « # y € X, there are U, V € SaOS(X) such that either z € U, y ¢ U or
yeV, z¢V.

214



Baek et al./Ann. Fuzzy Math. Inform. 28 (2024), No. 2, 195-222

Definition 6.2. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft aTo(i)-space (briefly, IVSaTy(i)-space), if for any x #
y € X, there are U, V € IVSaOS(X) such that either z, € U, y, ¢ U or
y, €V, x, ¢V,

(ii) interval-valued soft aTy(ii)-space (briefly, IVSaTy(ii)-space), if for any = #
y € X, there are U, V € IVSaOS(X) such that either z, € U, y, ¢ U or
Yo €V, x, ¢ V.

Remark 6.3. (1) Every IVSTy(i) [resp. IVSTy(ii)]-space is an IVSaTy(i) [resp.
IVSaTy(ii)]-space.

(2) Every IVSaTy(i)-space is an IVSaTy(ii)-space. The converse is not true in
general (See Example 6.4).

(3) If an IVSTS (X, 7, E) is an IVSaTy (i) [resp. IVSaTy(ii)]-space, then (X, 77, F)
and (X, 71, E) are soft aTy-spaces [resp. (X, 7T, E) is a soft aTy-space].

Example 6.4. Let X = {a,b}, E = {e, f} and consider the IVST 7, given by:
™ = {éEv Aa )?E}7

where A(e) = A(f) = [{a},{a}]. Then we can easily check that (X, 7, E) is an
IVSaTy(i)-space. Moreover, we can confirm that 7, = 7,7 and (X, 7 , E) is a soft
aTp-space.

Now consider the IVST 15 given by:

T2 = {éEv Aa A)?E}v
where A(e) = A(f) = {&,{a}]. Then clearly, (X, 72, E) is an IVSaTy(ii)-space and
(X, 75, E) is a soft aTy-space. But (X, 7o, E) is not an IVSaTy(i)-space.
The following is a similar consequence of Proposition 3.13.

Proposition 6.5. Let (X, 7, E) be an IVSTS and let x #y € X.

(1) If there are U, U € IVSaOS(X) such that either x, € U, y, € U® or
y, €V, x, € V¢, then X is an IVSaTy(i)-space.

(2) If there are U, U € IVSaOS(X) such that either x, € U, y, € U° or
Yo €V, x, € VO, then X is an IVSaTy(ii)-space.

Proof. The proofs are similar to Proposition 3.13. O
Also, we obtain a similar consequence of Proposition 4.10 (1).

Proposition 6.6. Let (X,7,E) be an IVSTS and let Y be a nonempty subset of
X. If X is an IVSaTy(i) [resp. IVSaTy(ii)]-space, then (Y, 7, ,E) is an IVSaTy(i)
[resp. IVSaTy(ii)]-space.

Proof. The proofs are similar to Proposition 4.10 (1). O

Definition 6.7 ([35]). A soft topological space (X, 7, F) is called a soft o1 -space,
if for any z # y € X, there are U, V € SaOS(X) such that x € U, y ¢ U and
yeV, z¢V.

Definition 6.8. An IVSTS (X, 7, E) is called an:
(i) interval-valued soft oTy(i)-space (briefly, IVSaT) (i)-space), if for any « # y €
X, there are U, V € IVSaOS(X) such that z, e U, y, ¢ Uand y, € V, z, ¢ V,
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(ii) interval-valued soft T (ii)-space (briefly, IVSaT; (ii)-space), if for any x # y €
X, there are U, V € IVSaOS(X) such that z, € U, y, ¢ Uand y, € V, z, ¢ V.
Remark 6.9. (1) Every IVSaT; (i)-space is an IVSaT; (ii)-space.

(2) If an IVSTS (X, 7, E) is an IVSaT (i) [resp. IVSaT (ii)]-space, then (X, 77, F)
and (X, 71, E) are soft aT}-spaces [resp. (X, 7T, E) is a soft o/T}-space].
Example 6.10. Let X = {a,b}, E = {e, f} and consider the IVST 71 given by:

71 ={Pp A1, Az, A5, X},
where A (e) = [X, X], A ( ) = [{b}, {b}],
As(e) = [{a} {a}], As(f) = [X, X],
As(e) = [{a}, {a}], As(f) = [{b},{b}].
Then we can easily see that (X, 71, E) is an IVSaT (i)-space. Moreover, (X, , E)
and (X, 7", E) are soft aT}-spaces.
Now consider the IVST 75 given by:
7 ={Dp, A1, Az, A5, X},

Ay(e) = [@, X], Al( ) = 1@, {b}],

As(e) = [2.{a}], As(f) = (2. X],

As(e) = [@,{a}], As(f) = [@,{b}].

Then clearly (X, 72, E) is an IVSaT (ii)-space but not an IVSaT} (i)-space. Further-
more, (X, ’7'2+, E) is a soft oT;-spaces.

where

The following is an immediate consequence of Definitions 6.5 and 6.8.

Proposition 6.11. Every IVSTi(i) [resp. IVSTi(ii)]-space is an IVSaT;(i) [resp.
IVSaT, (ii)]-space. But the converse is not true in general (See Example 6.12).

Proof. The proof is obvious. O
Example 6.12. Let X = {a,b,¢,d}, E = {e, f} and consider the IVST 7; given by:
71 ={Dp, A1, Az, A3, Xp},
where Aj(e) = ( ) =[{a,b,c}, {a,b,c}],

As(e) = As(f) = [{b,c}, {b.c}],
Aj(e) = ( z [{o}, {b}].

Then we can see that (X, 71, F) is an IVSaTy(i)-space but not an IVSaTi (i)-space.
Now consider IVST 7, given by:

7 ={Dp, A1, Az, A3, X},
where (e)Al(f) [2,{a,b,c}],
(6) As(f) = [2,{b,¢}],
As(e) = As(f) = 2, {b}].
Then we can easily check that (X, 72, E) is an IVSaTy(i)-space but not an IVSaTh (ii)-
space.

We have a similar consequence of Proposition 3.10.

Proposition 6.13. Let (X, 7, E) be an IVSTS.
(1) If x, is an IVSaCS in X for each x € X, then X is an IVSaT:(i)-space.
(2) If x, is an IVSaCS in X for each x € X, then X is an IVSaT (ii)-space.
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Proof. The proofs are similar to Proposition 3.10. O

Theorem 6.14. Let (X, 7, E) be an IVSTS.
(1) X is an IVSaT(i)-space if and only if x, € IVSaCS(X) for each x € X.
(2) X is an IVSaTy(ii)-space if and only if x, € IVSaCS(X) for each z € X.

Proof. (1) Suppose X is an IVSaT(i)-space and let * # y € X. Then there is
U,, € IVSaOS(X) such that z, € U, , y, ¢ U, . Thus by Proposition 5.8 (1),
2, € Uyex Us, € IVSaOS(X). So #, = [U,ex Ua, | € IVSaCS(X).

Conversely, suppose the necessary condition holds and let x # y € X. Then
clearly, y, € [X — {2}, X — {z}] € IVSaOS(X) and z, ¢ [X — {z}, X — {z}].
Similarly, z, € [X — {y},X — {y}] € IVSaOS(X) and y, ¢ [X — {y}, X — {y}].
Thus X is an IVSaT; (i)-space.

(2) The proof is similar to (1). O

The following is a similar consequence of Proposition 4.10 (2).

Proposition 6.15. Let (X, 7, F) be an IVSTS and let Y be a nonempty subset of
X. If X is an IVSaTy (i) [resp. IVSaT, (ii)]-space, then (Y, 1, ,E) is an IVSaT (i)
[resp. IVSaTy (ii)]-space

Proof. The proof is similar to Proposition 4.10 (2). O

Definition 6.16 ([35]). A soft topological space (X, 7, E) is called a soft aT»-space,
if for any  # y € X, there are U, V € SaOS(X) such that z € U, y € V and
UNnC = og.

Definition 6.17. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft aTs(i)-space (briefly, IVSaTs(i)-space), if for any x # y €
X, there are U, V € IVSaOS(X) such that z, € U, y, € Vand UNV = g,

(ii) interval-valued soft aTy(ii)-space (briefly, IVSaT5(ii)-space), if for any = # y €
X, there are U, V € IVSaOS(X) such that z, € U, y, € Vand UNV = op.
Remark 6.18. (1) Every IVSaTy(i)-sapce is an IVSaTs(ii)-space.

(2) If an IVSTS (X, 7, E) is an IVSaT5 (i) [resp. IVSaTs(ii)]-space, then (X, 77, F)
and (X, 71, E) are soft aTs-spaces [resp. (X, 7T, F) is a soft aT»-space].
Example 6.19. Let X = {a,b}, E = {e, f} and consider the IVST 71 given by:

71 = {Dp, A1, Az, X},
where  Ay(e) = Ai(f) = {a}, {a}], As(e) = Aa(f) = [{b}, {b}].
Then clearly, (X, 71, E) is an IVSaTy(i)-space, and, (X, 7, E) and (X, 7", E) are
soft aTs-spaces.

Now consider the IVST 75 given by:

T2 = {éEv A17 A2a )?E}v

where Aj(e) = Ai(f) = [2, {a}], As(e) = As(f) = [2, {b}].
Then it is conspicuous that (X, 72, F) is an IVSaT5(ii)-space but not an IVSaTs(i)-
space. Moreover, (X, 75", E) is a soft aTs-spaces.

Proposition 6.20. Every IVSaTs(i) [resp. IVSaTh(ii)]-space is an IVSaTy (i) [resp.
IVSaT (ii)]-space. But the converse is not true in general (See Example 6.21).
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Proof. The proof is clear. O

Example 6.21. Consider the IVSaT; (i)-space (X, 71, E) [resp. IVSaT(ii)-space
(X, 19, E) given in Example 6.10. Then we can see that (X, 71, E') is not an IVSaT5(i)
[resp. IVSaTs(ii)]-space.

We have a similar consequence of Proposition 4.11.

Proposition 6.22. Let (X, 7, E) be an IVSTS and let Y be a nonempty subset of
X. If X is an IVSaTs(i) [resp. IVSaTs(ii)]-space, then (X, 7, ,E) is an IVSaT5(i)
[resp. IVSaTs(ii)]-space.

Proof. The proof is similar to Proposition 4.11. O

Definition 6.23 ([35]). A soft topological space (X, 1, F) is called a soft a-regular
space, if for each A € SaCS(X) and each x € X with © ¢ A, there are U, V €
Sa0S(X)suchthat z € U, ACV and UNV = &p.

Definition 6.24. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft a-regular(i)-space (briefly, IVSaR(i)-space), if for each
A € IVSaCS(X) and each x € X with z, ¢ A, there are U, V € IVSaOS(X)
such that z, € U, ACVand UNV = g,

(ii)interval-valued soft a-reqular(ii)-space (briefly, IVSaR(ii)-space), if for each
A € IVSaCS(X) and each x € X with z, ¢ A, there are U, V € IVSaOS(X)
such that z, € U, ACVand UNV = gp.

It is obvious that if an IVSTS (X, 7, E) is an IVSR(i) [resp. IVSR(ii)]-space, then
it is an IVSaR(i) [resp. IVSaR(ii)]-space.
Example 6.25. Let X = {a,b,c}, E = {e, f} and consider the IVST 7, on X
defined by: B
11 ={9E, A1, Az, Xi},
where  Ay(e) = Ai(f) = [{a}, {a}], As(e) = As(f) = [{b, ¢}, {b, c}].
Then we can easily check that (X, 7, E) is an IVSaR(i)-space but not an IVSaTi (i)-
space. Now consider the IVST 75 on X defined by:
7 = {Op, A1, Ay, X},
where Aq(e) = Ai(f) = [2,{a}], Az(e) = As(f) = [, {b,c}].
Then clearly, (X, 7, E) is an IVSaR(ii)-space but not an IVSaT; (ii)-space.

Definition 6.26 ([35]). A soft topological space (X, 7, E) is called a soft oT3-space,
if it is a soft aTi-space and a soft a-regular space.

Definition 6.27. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft aT5(i)-space (briefly, IVSaT5(i)-space), if it is an IVSa/T? (i)-
space and an IVSaR(i)-space,

(ii) interval-valued soft aT5(ii)-space (briefly, IVSaT5(ii)-space), if it is an IVSaT (ii)-
space and an IVSaR(ii)-space.

Remark 6.28. Every IVSaTj;(i)-space is an IVSaT5(ii)-space.

Proposition 6.29. Every IVSaTs(i) [resp. IVSaTs(ii)]-space is an IVSaTs (i) [resp.
IVSaTy(ii)]-space. But the converse is not true in general (See Example 6.30).
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Proof. Let (X,7,E) be an IVSaT3(i)-space and let © # y € X. Since X is an
IVSaT; (i)-space, by Theorem 6.14, y, € IVSaCS(X) and z, ¢ y,. Since X is an
IVSaR(i)-space, there are U, V € IVSaOS(X) such that z, € U, y, C V and
UNV =0gg. Then (X,7,E) is an IVSaTs(i)-space. The proof of the second part
can be done by the same token. O

We obtain a similar consequence of Proposition 4.12.

Proposition 6.30. Let (X, 7, E) be an IVSTS and let Y be a nonempty subset of
X. If X is an IVSaTs(i) [resp. IVSaTs(ii)]-space, then (X, 7, ,E) is an IVSaTs(i)
[resp. TVSaTs(ii)]-space.

Proof. The proof is similar to Proposition 4.12. O

Definition 6.31 ([35]). A soft topological space (X, 1, E) is called a soft a-normal
space, if for each A, B € SaCS(X) with AN B = &g, there are U, V € Sa0S(X)
suchthat ACU, BCVand UNV = 2.

Definition 6.32. An IVSTS (X, 7, FE) is called an interval-valued soft c-normal-
space (briefly, IVSaN-space), if for each A, B € IVSaCS(X) with ANB = o,
there are U, V € IVSaOS(X) such that z, ¢ U, ACVand UNV = 2.

Remark 6.33. Every IVSaN-space may be neither an IVSaR (i) [resp. IVSaR(ii)]-
space nor an IVSaT; (i) [resp. IVSaTh(ii)]-space (See Example 6.34).

Example 6.34. Let X = {a,b,c}, E = {e, f} and consider the IVST 7 on X given
by: N
T = {®E5A17A27A37XE},

where  Aq(e) = A1(f) = [{a}, {a}], As(e) = As(f) = [{b}, {b}],

A3(€) = A3(f) = [{CL, b}v {CL, bH
Then we can see that (X, 7, FE) is an IVSaN-space but neither an IVSaR(i) [resp.
IVSaR(ii)]-space nor an IVSaT (i) [resp. IVSaTi (ii)]-space.

Definition 6.35 ([35]). A soft topological space (X, 7, E) is called a soft aTy-space,
if it is a soft a/T1-space and a soft a-normal space.

Definition 6.36. An IVSTS (X, 7, E) is called an:

(i) interval-valued soft aTy(i)-space (briefly, IVSaTy(i)-space), if It is an IVSaTy (i)-
space and an I'VSaN-space,

(ii) interval-valued soft aTy(ii)-space (briefly, IVSaTy(ii)-space), if It is an IVSa/T? (ii)-
space and an IVSaN-space.

Example 6.37. In Example 6.19, we can easily check that an IVSTS (X, n, E)
[resp. (X, 72, E)[ is an IVSaTy(i) [resp. IVSaTy(ii)]-space.

Proposition 6.38. Every IVSaTy(i) [resp. IVSaTy(ii)]-space is an IVSaTs(i) [resp.
IVSaTs(ii)]-space.

Proof. Let X be an IVSaTy(i)-space. Since X is an IVSaT] (i)-space, it is enough

to prove that X is an IVSaR(i)-space. Let A € IVSaCS(X) with z, ¢ A. Since X

is an IVSaT; (i)-space, by Theorem 6.14 (1), z, € IVSaCS(X). Note that ANz, =

. Since X is an IVSaN-space, there are U, V € IV Sa0OS(X) such that z, € U,
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ACVand UNV = gg. Thus X is an IVSaTs(i)-space. The proof of the second
part is analogous and therefore omitted. O

Remark 6.39. From Propositions 6.11, 6.20, 6.29 and 6.38, we have relationships
among IVSaTy(i) [resp. IVSaTy(ii)], IVSaTy (i) [resp. IVSaTy(ii)], IVSaTs(i) [resp.
IVSaTy(ii)], IVSaTs(i) [resp. IVSaTs(ii)] and IVSaTy(i) [resp. IVSaTy(ii)):
IVSaTy (i) [resp. IVSaTy(ii)] = IVSaT3s(i) [resp. IVSaTs(ii)]
= IVSaTs(i) [resp. IVSaTy(ii)]
= IVSaT (i) [resp. IVSaTh (ii)]
= IVSaTp(i) [resp. IVSaTp(ii)].

7. CONCLUSIONS

First, we defined separation axioms, i.e., IVSTy(i) [resp. IVSTy(ii)], IVSTi(i)
[resp. IVST, (ii)], IVSTx (i) [resp. IVSTy(ii)], IVST5(i) [resp. IVST5(ii)] and IVST,(i)
[resp. IVST,(ii)], and studied some of their relationships. Second, by using interval-
valued soft a-open sets, we introduced some of new separation axioms, i.e., IVSaTp(i)
[resp. IVSaTy(ii)], IVSaTi(i) [resp. IVSaTi(ii)], IVSaTs(i) [resp. IVSaTx(ii)],
IVSaTs(i) [resp. IVSaTs(ii)] and IVSaTy(i) [resp. IVSaTy(ii)], and discussed re-
lationships among them. Moreover, we dealt with hereditary properties of each
separation axiom.

In the future, we would like to study new separation axioms as well as decision
making problems that were not covered in our study.
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