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ABSTRACT. In this paper, as a further generalization of ideals, we in-
troduce the notion of a quasi interior ideal as a generalization of ideals,
quasi ideals, bi-ideals and interior ideals of I'-semigroups and study their
properties. We characterize the quasi-interior simple I'-semigroup and reg-
ular I'-semigroup using quasi-interior ideals of I'-semigroups. We introduce
the notion of fuzzy quasi-interior ideals of a I'-semigroup and study fuzzy
quasi-interior ideals properties of a I'-semigroup.
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1. INTRODUCTION

As a generalization of a ring, the notion of a I'-ring was introduced by Nobusawa
[1] in 1964. The notion of a ternary ring was introduced by Lehmer in 1932. In 1995,
Murali Krishna Rao [2] introduced the notion of a I'-semiring as a generalization of I'-
ring, ring, ternary semiring and semiring. Semigroup, as the basic algebraic structure
was used in the areas of theoretical computer science as well as in the solutions of
graph theory, optimization theory and in particular for studying automata, coding
theory and formal languages. In 1981, Sen [3] introduced the notion of a I'-semigroup
as a generalization of a semigroup.

Ideals play an important role in advance studies and uses of algebraic structures.
Generalization of ideals in algebraic structures is necessary for further study of alge-
braic structures. Many mathematicians proved important results and characteriza-
tion of algebraic structures by using the concept and the properties of generalization
of ideals in algebraic structures. The notion of ideals was introduced by Dedekind
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for the theory of algebraic numbers, was generalized by Noether for associative rings.
The one and two sided ideals introduced by her, are still central concepts in ring
theory and the notion of a one sided ideal of any algebraic structure is a generaliza-
tion of notion of an ideal. In 1952, the concept of bi-ideals was introduced by Good
and Hughes [1] for semigroups. The notion of bi-ideals in rings and semigroups were
introduced by Lajos and Szasz [5]. Quasi-ideals are generalization of right ideals
and left ideals whereas bi-ideals are generalization of quasi ideals. Steinfeld [6] first
introduced the notion of quasi ideals for semigroups and then for rings. Iséki [7]
introduced the concept of quasi ideal for semiring.

The fuzzy set theory was developed by Zadeh [8] in 1965. The fuzzification of
algebraic structure was introduced by Rosenfeld [9] and he introduced the notion
of fuzzy subgroups in 1971. Many papers on fuzzy sets appeared showing the im-
portance of the concept and its applications to logic, set theory, group theory, ring
theory, real analysis, topology, measure theory etc. Kuroki studied fuzzy interior
ideals in semigroups. Swamy and Swamy [10] studied fuzzy prime ideals in rings in
1988. In 1982, Liu [11] defined and studied fuzzy subrings as well as fuzzy ideals in
rings. The author studied bi-quasi ideals, fuzzy bi-quasi ideals, bi-interior ideals and
fuzzy bi-interior ideals of I'-semigroups and quasi-interior ideals and fuzzy quasi-
interior ideals of semigroups[12, 13, 14, 15]. In this paper, we introduce the notions
of quasi-interior ideal and fuzzy quasi-interior ideal of a I'-semigroup and study their
properties.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1 ([13]). Let M and I' be non-empty subsets. Then we call M a T'-
semigroup, if there exists a mapping M x I' x M — M (the image of (z, a,y) will be
denoted by zay,x,y € M,a € T') such that za(yBz) = (zay)Bz for all z, y, z € M
and o, fe€T.

Definition 2.2 ([3]). Let M be a I'-semigroup an A be a non empty subset of M.
ATA={zay|z,y € A,a € T'} and ATMT'A={zaypz|z,z € A,y € M,a, 3 € T'}.

Definition 2.3 ([13]). A non-empty subset A of I'-semigroup M is called:
(i) a I'-subsemigroup of M, if ATA C A,
) a quast ideal of M, if ATM N MTAC A,
ii) a bi-ideal of M, if ATMT A C A,
) an interior ideal of M, if MTATM C A,
)

(vi) an ideal of M, if ATM C A and MT'A C A.

Definition 2.4 ([13]). Let M be a I'-semigroup. An element 1 € M is said to be
unity, if for each © € M, there exists a € T" such that zal = lax = x.

Definition 2.5 ([13]). A I'-semigroup M is said to be left (right) singular, if for
each a € M, there exists a € I" such that aab = a(aab =b) for all b € M.
182
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Definition 2.6 ([13]). A I'-semigroup M is said to be commutative, if it satisfies
the following conditions:

aab = baa for all a, b€ M and all a €T

Definition 2.7 ([13]). Let M be a I-semigroup. An element a € M is said to be
an idempotent of M, if there exists a € I' such that a = aaa, then a is called an
a-idempotent.

Definition 2.8 ([13]). Let M be a I'-semigroup. If every element of M is an
idempotent of M, then M is said to be band.

Definition 2.9 ([13]). Let M be a I'-semigroup. An element a € M is said to be a
regular element of M, if there exist x € M, «, B € I' such that a = aazxfa.

Definition 2.10 ([13]). Let M be a I'-semigroup. Every element of M is a regular
element of M, then M is said to be a regular I'-semigroup.

Definition 2.11 ([15]). Let M be a non-empty set. A mapping u: M — [0,1] is
called a fuzzy subset of M.

Definition 2.12 ([15]). Let p be a fuzzy subset of M and t € [0,1]. Then the set
pe={z € M | p(x) > t}
is called a level subset of M with respect to p.

Definition 2.13 ([15]). A fuzzy subset u is called a non-empty fuzzy subset if p is
not a constant function.

Definition 2.14 ([15]). For any two fuzzy subsets A and p of M, A\ C p means
Az) < p(x) for all x € M.

3. QUASI-INTERIOR IDEALS OF I'-SEMIGROUPS

In this section, we introduce the notion of a quasi-interior ideal as a generalization
of bi-ideal, quasi-ideal and interior ideal of a I'- semigroup and study the properties
of quasi-interior ideal of a I'-semigroup.

Definition 3.1. A non-empty subset B of a I'-semigroup M is said to be left quasi-
interior ideal of M, if B is a I'-sub semigroup of M and MI'BI'MT'B C B.

Definition 3.2. A non-empty subset B of a I'-semigroup M is said to be a right
quasi-interior ideal of M, if B is a I'-sub semigroup of M and BT MTBI'M C B.

Definition 3.3. A non-empty subset B of a I'-semigroup M is said to be a quasi-
interior ideal of M, if B is a I'-sub semigroup of M and B is a left and right
quasi-interior ideal of M.

Remark 3.4. Every quasi-interior ideal of a I'-semigroup M need not be quasi-ideal,
interior ideal, bi-interior ideal and bi-quasi ideal of M.

Example 3.5. Let N be a the set of all natural numbers and I' = N be additive
abelian semigroups. Ternary operation is defined as (x,«,y) — = + a + y, where
+ is the usual addition of integers. Then N is an I'-semigroup. Let I be the set of
all odd natural numbers. Then [ is a quasi-interior ideal of N but not quasi-ideal,
interior ideal, bi-interior ideal and bi-quasi ideal of N.

183



Marapureddy Murali Krishna Rao /Ann. Fuzzy Math. Inform. 28 (2024), No. 2, 181-194

In the following theorem, we mention some important properties and we omit the
proofs since proofs are straight forward.

Theorem 3.6. Let M be a T'-semigroup.

(1) Every left ideal is a left quasi-interior ideal of M.
2) Every right ideal is a right quasi-interior ideal of M.
) Every quasi ideal is a quasi-interior ideal of M.
FEvery ideal is a quasi-interior ideal of M.

(

(3
(4
(5) The intersection of a right ideal and a left ideal of M is a quasi-interior ideal

)
)
of M.

(6) If L is a left ideal and R is a right ideal of T'-semigroup M, then B = RT'L is
a quasi-interior ideal of M.

(7) If B is a quasi-interior ideal and T is a T'-subsemigroup of M, then BNT is
a quasi-interior ideal of M.

(8) If B is a I'-subsemigroup of M and MTMTMTB C B, then B is a left
quasi-interior ideal of M.

(9) If B is a T'-subsemigroup of M and MTMTMTB C B and BTMTMTM C B,
then B is a quasi-interior ideal of M.

(10) The intersection of a right quasi-interior ideal and a left quasi-interior ideal
of M is a quasi-interior ideal of M.

(11) If L is a left ideal and R is a right ideal of M, then B = RN L is a quasi-
interior ideal of M.

Theorem 3.7. If B be a left quasi-interior ideal of a I'-semigroup M, then B is a
left bi-quasi ideal of M.

Proof. Suppose B is a left quasi-interior ideal of M. Then MI'BIT'MT'B C B. Thus
BTMT'B C MT'BI'MTB. So we get

MT'BNBI'MI'B C BTMI'B C MI'BIT'MTB C B.
Hence B is a left bi-quasi ideal of M. O

Theorem 3.8. If B is a left quasi-interior ideal of a I'-semigroup M, then B is a
bi-interior ideal of M.

Proof. Suppose B is a left quasi-interior ideal of M. Then MI'BI'MT'B C B. Thus
we have

MTI'BI'M N BI'MTI'B C BTMT'B C MI'BTMT'B C B.
Hence, B is a bi-interior ideal of M. U

Theorem 3.9. Fvery left quasi-interior ideal of a I'-semigroup M is a bi-ideal of
M.

Proof. Let B be a left quasi-interior ideal of M. Then BTMT'B C MT'BITMT'B C B.
Thus BTMT'B C B. Hence, B is a bi-ideal of M. O

Theorem 3.10. FEvery left quasi-interior ideal of a I'-semigroup M is a bi-quasi
interior ideal of M.

Proof. Let B be a left quasi-interior ideal of M. Then MT'BTMI'B C B. Thus
BI'MTBI'MTB C MI'BI'MT B C B. Hence, B is a bi-quasi interior ideal of M. O
184
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Theorem 3.11. FEwvery interior ideal of a I'-semigroup M is a left quasi-interior
ideal of M.

Proof. Let I be an interior ideal of M. Then MT'ITMTI C MTITM C I. Thus I is
a left quasi-interior ideal of M. O

Theorem 3.12. Let M be a I'-semigroup and B be a I'-subsemigroup of M. Then
B is a quasi-interior ideal of M if and only if there exist left ideals L and R such
that RTL C BC RN L.

Proof. Suppose B is a quasi-interior ideal of M. Then MI'BTMTI'B C B. Let R =
MTB and L = MT'B. Then L and R are left ideals of M. Thus RI'L C B C RNL .
Conversely, suppose that there exist L and R are left ideals of M such that
RT'L C BC RN L. Then we have
MTBTMI'BC MT'(RNL)TMT' (RN L)
C MT(R)YTMT(L)
C RI'L
CB.
Thus B is a left quasi-interior ideal of M. O

Theorem 3.13. The intersection of a left quasi-interior ideal B of I'-semigroup M
and a left ideal A of M is always a left quasi-interior ideal of M.

Proof. Let B be a left quasi interior ideal, A be a left ideal of M and C=B N A.
MTCTMTC C MI'BTMI'B C B and MI'CTMT'C C MTATMT A C A.
Then, MT'CTMT'C C BN A= C. Thus C is a left quasi-interior ideal of M. O

Theorem 3.14. Let M be a I'-semigroup and T be a non-empty subset of M. If
B is a T'-subsemigroup of M containing MUTUMTUT and B C T, then is a left
quasi-interior ideal of M.

Proof. Suppose B is a I'-subsemigroup of M containing MT'TTMT'T. Then

MTBT'MI'B C MTTTMTIT
C B.

Thus B is a left quasi-interior ideal of M. O

Theorem 3.15. B is a left quasi-interior ideal of a I'-semigroup M if and only if
B is a left ideal of some ideal of M.

Proof. Suppose B is a left ideal of some ideal R of M. Then RI'B C B, MT'R C R.
Thus MI'BTMT'B C MTRTMTB C RTMTB C RI'B C B. So B is a left quasi-
interior ideal of M.

Conversely, suppose that B is a left quasi-interior ideal of M. Then MI'BTMT'B C
B. Thus B is a left ideal of an ideal MT'BI'M of M. O

Theorem 3.16. If B is a left quasi-interior ideal of a I'-semigroup M and I is an
interior ideal of M, then BN I is a left quasi-interior ideal of M.
185
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Proof. Suppose B is a bi-ideal of M and I is an interior ideal of M. Obviously, BNI
is I'-sub semigroup of M. Then

MT(BNI)I'MI(BNI)C MTBIMTB C B,
MT(BNI)I'MT(BNI)C MTITMTI C 1.

Thus MT'(BNI)I'MT(BNI) C BNI. So BNI is a left quasi-interior ideal of M. O

Theorem 3.17. Let M be a I'-semigroup and T be a T'-sub semigroup of M. Then
every I'-sub semigroup of T containing TTCMTTTMTT is a left quasi-interior ideal
of M.

Proof. Let C be a I'-sub semigroup of T' containing TTMIT'TTMTI'T. Then
MTCTMTC C MTTTMTT C C.
Thus C is a quasi-interior ideal of M. O

Theorem 3.18. Let {B) | A € A} be a collection of left quasi-interior ideals of a
[-semigroup M. Then ((ycp Bx is a left quasi-interior ideal of M, where A is an
index set.

Proof. Let B = () By. For each By, B\I'By C B,, then B is a I'—sub semigroup
AEA
of M. Since each B, is a left quasi-interior ideal of M, we have

MTB\'MT' By C By
#MFOBAFMOB,\) C NBy
=MT'BI'MI'B C B.

Thus B is a left quasi-interior ideal of M. O

Theorem 3.19. Let B be a left quasi-interior ideal of I'-semigroup M, e € B and
e be B-idempotent. Then eI'B is a left quasi-interior ideal of M.

Proof. Let B be a left quasi-interior ideal of M and x € BNel'M. Then x € B and
xz=eay,a €',y € M. On the other hand, we have
T = ey
= efeay
= ef(eay)
=efx € el'B.

Thus we get
BnNnel'M Cel'B
e'BC B and eI'B C el'M
=el'BC BNnel'M
=el'B=BnNel'M.

So el'B is a left quasi-interior ideal of M. d
186
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Theorem 3.20. Let M be a I'-semigroup. If M = MTa for all a € M, then every
left quasi-interior ideal of M is a quasi ideal of M.

Proof. Let B be a left quasi-interior ideal of M and a € B. Then

MTBTMTBC B
=MTa C MTB,

=M C MTBC M

=MTB =M

—=BTM = BTMTB C MTBTMTB C B
—=MTBNBIM C MnBI'MC BTM C B.

Thus B is a left quasi ideal of M. So the proof is complete. d

Definition 3.21. A I'-semigroup M is called a left (right) simple T'-semigroup, if
M has no proper left (right) ideals of M.

Definition 3.22. A T'-semigroup M is said to be a simple I'-semigroup, if M has
no proper ideals of M.

Definition 3.23. A TI'-semigroup M is said to be a left quasi-interior simple I'-
semigroup, if M has no left quasi-interior ideal other than M itself.

Theorem 3.24. If M is a T'-group, then M is a left quasi-interior simple T'-
semigroup.

Proof. Suppose M is a I'-group and B is a proper left quasi-interior ideal of M,
x € M and 0 # a € B. Since M is a I'-group, there exist b € M, « € I such that
aab = 1. Then there exist 5 € I' such that aabfz = = = xBaab. Thus € BI'M and
M C BI'M, i.e., BTM C M. So M = BT'M. Similarly, we can prove MT'B = M.
On the other hand, we get

M =MI'B=MI'BI'B = MI'BI'BI'B
C MT'BT'MTB C B.

Since B C M, M = B. Hence M has no proper left-quasi-interior ideals. O

Theorem 3.25. Let M be a simple I'-semigroup. Fvery left quasi-interior ideal is
a left ideal of M.

Proof. Let M be a simple I'-semigroup and B be a left quasi-interior ideal of M.
Then MTBI'MTI'B C B and MT'BT'M is an ideal of M. Since M is a simple I'-
semigroup, we have MI'BI'M = M. Thus MI'BTMT'B C B. So MT'B C B. Hence
B is a left ideal of M. O

Theorem 3.26. Let M be a I'-semigroup. Then M is a left quasi-interior simple
T-semigroup if and only if < a >= M for all a € M, where < a > is the smallest
left quasi-interior ideal generated by a.

Proof. Suppose M is a left quasi-interior simple I'-semigroup, a € M and B = MTa.
Then B is a left ideal of M. By Theorem 3.6, B is a left quasi-interior ideal of M.
Thus MTa C<a>C M. So M C<a>C M. Hence M =< a > .
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Conversely, suppose that < a > is the smallest left quasi interior ideal of M
generated by a and < a > =M, A is a left quasi interior ideal of M and a € A. Then
<a>CACM. Thus M C AC M. So A= M. Hence M is a left quasi interior
simple I'-semigroup. O
Theorem 3.27. Let M be a I'-semigroup. Then M is a left quasi-interior simple
T-semrgroup if and only if MTal' MT'a = M for all a € M.

Proof. Suppose M is left-quasi interior simple I'-semigroup and a € M. Then MTal'MTa
is a quasi-interior ideal of M. Thus MT'al'MTa = M for all a € M.

Conversely, suppose that MT'al'MT'a = M for all a € M. Let B be a left quasi-
interior ideal of I'-semigroup M and a € B. Then we have

M = MTallMTa C MI'BTMTB C B.
Thus M = B. So M is a left quasi-interior simple I'-semigroup. 0

Theorem 3.28. If a I'-semigroup M is a left simple I'-semigroup, then every left
quasi-interior ideal of M is a right ideal of M.

Proof. Let B be a left quasi-interior ideal of left simple I'-semigroup. Then MT'B is
a left ideal of M and MT'B C M. Thus MI'B = M. So we have

=BI'M = BTMT'B

= C MI'BI'MI'BCRB

=BI'M C B.
Hence B is a right ideal of M. O
Theorem 3.29. Let M be a I'-semigroup and B be a left quasi-interior ideal of

M. Then B is a minimal left quasi-interior ideal of M if and only if B is a left
quasi-interior simple I'-sub semigroup of M.

Proof. Suppose B is a minimal left quasi-interior ideal of M and C' is a left quasi-
interior ideal of B. Then BI'CTBIT'C C C and BI'CTBI'C is a left quasi-interior
ideal of M. Since C' is a quasi-interior ideal of B,
BI'CTBIC =B
=B =BI'CTBI'C CC
=B =C.
Thus B is a left quasi-interior simple I'-sub semigroup of M.
Conversely, suppose that B is a left quasi-interior simple I'-sub semigroup of M.

Let C be a left quasi-interior ideal of M and C C B. Then B is a minimal left
quasi-interior ideal of M. O

Theorem 3.30. Let M be a I'-semigroup and B = LU'L, where L is a minimal left
ideal of M. Then B is a minimal left quasi-interior ideal of M.

Proof. Obviously, B = LT'L is a left quasi-interior ideal of M. Let A be a left quasi-
interior ideal of M such that A C B. Then clearly, MT' A is a left ideal of M. Since
L is a left ideal of M, we have

MTAC MI'B=MTILI'L C L.
188
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Thus MT'A = L. So B= MTATMT A C A, ie., B= A. Hence B is a minimal left
quasi-interior ideal of M. Therefore MT'A = L. O

4. LEFT QUASI-INTERIOR IDEALS OF REGULAR ['-SEMIGROUP

In this section, we characterize regular I'-semigroup using left quasi-interior ideals
of a I'-semigroup.

Theorem 4.1. Let M be a regular I'-semigroup. Every left quasi-interior ideal of
M is a left ideal of M.

Proof. Let B be a left quasi interior ideal of a regular I'-semigroup M. Then M C
MIBI' M. Thus MTBC MI'BT M I"' B C B. So B is a left ideal of M O

Theorem 4.2. Let M be a I'-semigroup. M is a reqular I'-semigroup if and only if
AT'B = AN B for any right ideal A and left ideal B of M.

Theorem 4.3. Let M be a I'-semigroup. Then M is regular if and only if BTMT'BI'M =
B and MTBTMT B = B for all quasi-interior ideals B of M.

Proof. Suppose M is regular and let B be a quasi-interior ideal of M and = € B.
Then MT'BT'MT'B C B and there exist y € M, a,f € such that x = xaySrayfx €
MTBTMTB. Thus x € MTBTMTB. So MI'BTMT B = B. Similarly. we can prove
BT'MTBI'M = B.

Conversely, suppose that BIMI'BI'M = B and MI'BI'MT'B = B for all quasi-
interior ideals B of M. Let B= RN L, and C' = RI'L, where R is a right ideal and
L is a left ideal of M. Then B and C are quasi-interior ideals of M. Thus we get

(RNL)TMT(RNL)TM =RnN L.
On the other hand, we have
RNL=(RNL)YI'MI'RNnL)I'M
C RTMTLT'M
C RI'LT'M,
RNL=(RNL)YITMI'(RNL)I'M
C RTLTMTRULT'M
C RT'L
C RNL (Since RTL C L and RT'L C R).
So RN L = RT'L. Hence M is a regular I'-semigroup. O

5. FUzzY QUASI INTERIOR IDEALS OF I'-SEMIGROUP M

In this section, we introduce the notion of fuzzy right (left) quasi-interior ideal as
a generalization of fuzzy bi-ideal of a I'-semigroup and study the properties of fuzzy
right (left) quasi-interior ideals.

Definition 5.1. (i) A fuzzy subset p of a I'-semigroup M is called a fuzzy left (right)
quasi-interior ideal of M, if xar 0o xaop Cp (o xaropmoxn C p).
(ii) A fuzzy subset p of a T-semigroup M is called a fuzzy quasi-interior ideal of
M, if it is both left and right quasi-interior ideal of M.
189
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0 c
Then M is a I'-semigroup with respect to usual addition of matrices and ternary oper-

ation is defined as the usual matrix multiplication. If A = { ( 8 2 ) | a,0# b€ Q} ,

then A is a right quasi-interior ideal but not a bi-ideal of M. Define y : M — [0, 1]
1 ifzeA

0 otherwise.
Then p is a fuzzy right quasi-interior ideal of M.

Example 5.2. Let @ be the set of all rational numbers and M = { < a b ) | a,b,c € Q} .

such that u(x) =

Theorem 5.3. Fvery fuzzy right ideal of a I'-semigroup M is a fuzzy right quasi-
interior ideal of M.

Proof. Let pu be a fuzzy right ideal of M and x € M. Then we have
woxa(z) = sup min{u(a),xpr(b)} a, be M, a €T

r=ax

I IA
tm
N
GRS
=
<
)
=

Thus po xa(x) < p(z). On the other hand, we get
poxmopoxnm(z)= sup min{poxn(uav), poxum(s)}

r=uavfs

< sup  min{(uav), u(s)}

z=uavfs

= u(x).

So pu is a fuzzy right quasi-interior ideal of M. O

Corollary 5.4. FEvery fuzzy left ideal of a T'-semigroup M is a fuzzy left quasi-
interior ideal of M.

Corollary 5.5. Every fuzzy ideal of a I'-semigroup M is a fuzzy quasi-interior ideal
of M.

Theorem 5.6. Let M be a I'-semigroup and p be a non-empty fuzzy subset of M.
Then p is a fuzzy left quasi-interior ideal of M if and only if the level subset pu; of
W is a left quasi-interior ideal of M for every t € [0,1], where u; # ¢.

Proof. Suppose p is a fuzzy left quasi-interior ideal of M and let p; # ¢,t € [0, 1]
and a,b € py. Let € MT T MT py. Then x = baaBdye, where b,d € M,a,c €
pes @, B,y € I'. Then xar o o xar o pu(w) > t. Thus u(z) > xar 0 o xm o p(x) >t
So x € u:. Hence py is a left quasi-interior ideal of M.

Conversely, suppose that p; is a left quasi-interior ideal of M for all ¢ € Im(u).
Let , y € M, a € T, u(x) = t1,u(y) = to and t; > to. Then z, y € py,. Thus
we have MTyI'MTu;, C p for all I € Im(p). Now let ¢ = min{Im(u)}. Then
MT e MT T C py. Thus xpar o ppoxar o pp € p. So p is a fuzzy left quasi-interior
ideal of M. O

Corollary 5.7. Let M be a I'-semigroup and p be a non-empty fuzzy subset of M.
Then p is a fuzzy right quasi-interior ideal of M if and only if the level subset u; of
i is a right quasi-interior ideal of M for every t € [0,1], where p; # ¢.
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Theorem 5.8. Let I be a non-empty subset of a I'-semigroup M. Then I is a right
quasi-interior ideal of M if and only if x1 is a fuzzy right quasi-interior ideal of M.

Proof. Suppose [ is a right quasi-interior ideal of M. Obviously, x; is a fuzzy I'-sub
semigroup of M. Moreover, we have ITMT'IT'M C I. Then we get
XI©XM©XIOXM = XITMPITM = XITMTITM < XI-

Thus x; is a fuzzy right quasi-interior ideal of M.

Conversely, suppose that x; is a fuzzy right quasi-interior ideal of M. Then I is
a I'-sub Scmigroup of M. Then X1 ©°XM©OXIOXM - XI- Thus XITMTITM - XI- So
ITMTIT'M C I. Hence I is a right quasi-interior ideal of M. O

Theorem 5.9. If p and A are fuzzy left quasi-interior ideals of a I'-semigroup M,
then puN X is a fuzzy left quasi-interior ideal of M.

Proof. Let p and A be fuzzy left quasi ideals of the I'-semigroup M. Let z, y € M
and «, 8 € I'. Then we have

Xa o pNA(z) = sup min{xn(a), N A(D)

z=aab

}
= xszligb min{x s (a), min{u(b), A(b)} }
b)}, min{xar(a), \(b)}}
)

(
— min{ sup min{xar(a), u(b)}, sup minfxar(a), A(B)}}

z=aab z=aab
— min{xar o pu(x)xar 0 A(@)}
= XM ° LN Xn o A(T).
Thus xar o (kN A) = xaro N xar © A On the other hand, we get

z=aab

= sup min{min{x(a),p
» 1

X o N Ao xaropuNA(z)
= sup min{xa o pNA(a), xar o ppNAD)}

r=aab
CEs:%[()’tb min{min{xas o p(a), xa o Ma)}},
min{xar o p(b), xar o A(b)}}}
sup min{min{xas o p(a), xar o pu(b)}},

r=aab
min{xas o A(a), xpm 0 A(D)}}}
= min{ sup min{x o p(a), xar o u(b)},

r=aab

sup min{xas o A(a), xar o A(b)} }

r=aab
= min{xs © p10 Xar © (%), Xar © Ao Xar © A(z)}
= XM O KO XM O LN XMoo X0 A().
So xapropuNAoxaprowNA=xaropmoxnomunNxaodoxa o Hence we have
XMOopNAoxpyopuNA=xpopoxmopuNxmoAoxu oA unA
Therefore p N A is a left fuzzy quasi-interior ideal of M.
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Corollary 5.10. If p and \ are fuzzy right quasi-interior ideals of a I'-semigroup
M, then pN X is a fuzzy right quasi-interior ideal of M.

Corollary 5.11. Let p and X be fuzzy right ideal and fuzzy left ideal of a I'-semigroup
M respectively. Then pN X is a fuzzy quasi-interior ideal of M.

Theorem 5.12. Let M be a regular T'-semigroup. p is a fuzzy left quasi-interior
ideal of M if and only if 1 is a fuzzy quasi ideal of M.

Proof. Suppose u is a fuzzy left quasi-interior ideal of M and let x € M. Then

X 0o xarop C p. Assume that xpr o p(z) > p(z) and po xar(z) > p(x). Since

M is regular, there exist y € M, «, 8 € I such that x = zayBz. Then we get
poxnm(x) = sup min{u(x), xar(yBz)}

r=zxaypfx

= sup min{u(x),1}

r=zxayfx

= sup ()

r=zayfx

> p(x),

poxaopoxnu(z) = sup min{poxa(z),moxnm(ybr)})

r=zayfx

> sup  min{u(z), u(yBz)}

r=zayfr
= p(z).
Which is a contradiction. Thus p is a fuzzy quasi ideal of M.
The converse is true by Theorem 5.3. O

Corollary 5.13. Let M be a regular I'-semigroup. Then p is a fuzzy right quasi-
interior ideal of M if and only if p is a fuzzy quasi ideal of M.

Theorem 5.14. Let M be a I'-semigroup. Then M is reqular if and only if p =
XM © o X o p for any fuzzy left qussi-interior ideal p of M.

Proof. Suppose M is regular and p be a fuzzy left quasi-interior ideal of M and
x, y€ M, o, B€T. Then xpropoxn op C p. Thus

Xmopoxyopua)= sup {min{xa opu(x), xnm o plybz)}}

r=zayfx

v

sup {min{p(z), u(x)}}

r=zayfz
= p(z).
So pu C xm o poxmop. Hence xaroppoxmop=p.

Conversely, suppose p = xp © p o xar © i for any fuzzy quasi-interior ideal p of
M. Let B be a quasi-interior ideal of M. Hence,xp is a fuzzy quasi-interior ideal of
M. Thus xB = XM ©XB © XM © XB = XmMrBrmrs- So B= MI'BIMT' B. Hence M
is regular. O

Theorem 5.15. Let M be a I'-semigroup. Then M is reqular if and only if pN~vy C
yopoyNuoyou for every fuzzy left quasi-interior ideal v and every fuzzy ideal p
of M.
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Proof. Suppose M is regular and let € M. Then there exist y € M, «, § € I such
that x = zaypBzx. Thus we get
poryopory(z)= sup {min{p o y(zay), poy(z)}}
r=zxoyBx

= min{my:ilisﬂmy{min{u(x), v(yBray)},
my:i}gﬂwy{min{u(x)v Y(yBzay)}t}}

> min{min{u(x), y(z)}, min{pu(z),v(x)}}

= min{u(z),v(x)} = p Ny ().

SopunyCpoyopon.

Conversely, suppose that the condition holds. Let u be a fuzzy left quasi-interior
ideal of M. Then g N xar € xaropoxa Np. Thus g C xpr 0o poxa Np. So M is
regular. O

Corollary 5.16. Let M be a I'-semigroup. Then M is regular if and only if uN~y C
poyo oy, for every fuzzy right quasi-interior ideal v and every fuzzy ideal p of M.

6. CONCLUSION

As a further generalization of ideals, we introduced the notion of a quasi-interior
ideal of a I'-semigroup as a generalization of ideals, left ideals, right ideals, quasi
ideals, bi-ideals and interior ideals of a I'-semigroup and studied some of their proper-
ties. We introduced the notion of a quasi-interior simple I'-semigroup and character-
ized the quasi-interior simple I'-semigroup, regular I'-semigroup using quasi-interior
ideal ideals of a I'-semigroup and studied some of the properties. We introduced the
notion of fuzzy right (left) quasi-interior ideal of a T'-semigroup and characterized
the regular T'-semigroup in terms of fuzzy right (left) quasi-interior ideals of a I'-
semigroup and studied some of the algebraic properties. One can extend this work
by studying the other (ordered) algebraic structures.
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