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ABSTRACT. We define a logical system, semilattice implication algebra,
for a generalization of lattice implication algebras and Heyting semilattices
and research some properties of this algebra, and the regular element in a
semilattice implication algebra is defined and it is porved that the set of all
regular elements is a distributive lattice. Also, we give some relationships
of filters and multipliers, and give a filter constructed by a subsemigroup
of monotone multipliers. And then it is showed that the filter generated
by a subset is charaterized by simple multipliers.
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1. INTRODUCTION

Heyting algebra was introduced by A. Heyting to formalize the intuitunistic
propositional calculus([1]). Heyting algebra has been known as several different
names: Brouwerian lattic or Brouwerian logics (See [1, 2]). This algebra was general-
ized to Brouwerian semmilattice, which is the same algebra as implicative semilattice
or Heyting semilattice (See [3, 4, 5]).

Lattice implication algebra was introduced in [6], and the notion of filters and
prime filters of lattice implication algebras was defined and investigated in [7, 8, 9,

]. The filter generated by a subset was costruced in [10] and the connection of
filters and implicative filters was provided in [11].

Refer to [12, 13, 14] for additional related works on lattice implication algebrs.

All logical systems introduced above have propositional value in a lattice or a
semilattice and the similar properties about implication operator.

The aim of this paper is to propose an algebraic system to generalize lattice
implication algebras and Heyting semilattices and to research the common properties
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of these algebras. In section 3, we define the notion of semilattice implication algebra,
which is a generalization of lattice implication algebras and Heyting semilattices, and
research some basic properties that will be used in subsequent sections. In section
4, the regular element is defined and it is porved that the set of all regular elements
is a distributive lattice. In section 5, we define a multiplier and a simple multiplier,
and research some relationships of filters and multipliers. And then it is proved that
the filter generated by a subset is charaterized by simple multipliers.

2. PRELIMINARY

A Heyting semilattice (or implicative semilattice or Brouwerian semilattice) is an
algebra (L; A, —), where (L;A) is a semilattice and — is a binary operation on L
satisfying: for any x,y,z € L,

ANy <z ifand only if x <y — z.

Heyting algebra is an algebra (L;V, A, —,0,1), where (L;V, A,0,1) is a bounded
lattice and (L; A, —) is a Heyting semilattice (See [3, 4, 5]). Every Heyting algebra
is clearly a Heyting semilattice.

Lemma 2.1 ([3, 4, 5, 15]). Let (L, A\, —, 1) be a Heyting semilattice. Then it satisfies
the following properties: for every x,y,z € L,

1) z—=zxz=1andl - x=u,

)z = (y—=2)=y—=(r—2),
)z <(r—=y) =y,

; =y —=2)=(@ry) =z

5 = (yAnz)=(z=y)A(x— 2).

(2
3
(4
(

A lattice implication algebra ([0]) is an algebra (L; V, A, —,7,0,1), where (L; A, V, 0, 1)
is a bounded lattice, “ — ” a binary operation and “/” an order-reversing involution
satisfying the following axioms: for all z,y,z € L,

M) z—=(y—=>2)=y— (z—2),
(12) z = x =1,

2)
I3) z—=y=9y — o,
M) z—y=y—ax=1=>z=y,
1) (x—=y)my=(y—x)—>
(L1) (zVy) = z=(z— 2)A(y = 2),
(L2) (zAy) = z=(z— 2)V(y — 2).
Lemma 2.2 ([12, 11]). Let L be a lattice implication algebra. Then it satisfies the

following properties: for every x,y,z € L,

N 1oz=u=,
(2) = < (2y)y,
B)z=>WAz)=(@ =2y A —2),
4 z—=>yNz)=( =y V(z—2).



Yong Ho Yon /Ann. Fuzzy Math. Inform. 28 (2024), No. 2, 169-179

3. SEMILATTICE IMPLICATION ALGEBRAS

Definition 3.1. An semilattice implication algebra is a semilattice (L, A) with the
greatest element 1 and a binary operation “” satisfying the following axioms: for
every z,y,z € L,

SI) z-(y-2)=y-(z-2),

(SI2) 1 -z =z,
(SI3) A (zy)y =z,
(SI4) z-(ynz)=(z-y)A(z-2).

We will denote x - y by zy shortly. Semilattice L has the binary operation A
defined by = A y = inf{x,y} for every z,y € L, hence L is a partially ordered set
with the partial order < defined by: x <y if and only if z Ay = x for any =,y € L.

Example 3.2. (1) Let Iy = (0,1] be the interval in the set R of real numbers. Then
it is a chain lattice with the usual order of the real numbers. If we define a binary

operation - by
1 ifa<y
Ty = .
y otherwise

for any x,y € L, then L is a semilattice implication algebra.
(2) Let (R,U) be the topological space with the usual topology U on R. We define
a binary operation - on U by

A-B=int(A°UB)

for any A, B € U, where int(A) is interior of A. Then U is a semilattice implication
algebra.

(3) For a poset P = {0, a,b} with 0 < a, 0 < b, and a, b are non-comparable, and
the interval Iy = (0,1] in R in (1) of this example, let L = P & Iy be a semilattice
with the partial order defined by = < y for every x € P and y € Iy. If we define a
binary operation - on L by the following: for 0,a,b € P and every x,y € I,

-‘O a by
0j1 1 1 1 .

1 ifa<
alb 1 b 1 and z-y= 1x7.y7
bla o 1 1 y otherwise
z|0 a b z-y

then L be a semilattice implication algebra, and the least upper bound a V b of a
and b does not exist in L. Figure 1 is the Hasse diagram of L.

Lemma 3.3. Let L be a semilattice implication algebra. Then it satisfies the fol-
lowing properties: for every x,y € L,

(1) zz =1,
(2) = < (zy)y,

Proof. (1) Let x € L. Then 1 =1A (1a)z = 1 Azx = za by (SI3) and (SI2).
(2) It is clear from (SI3). O
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FIGURE 1. Hasse diagram of a lattice A

Lemma 3.4. Let L be a semilattice implication algebra. Then it satisfies the fol-
lowing property: for any x,y € L,

<y <= zy=1.
Proof. Suppose z <y in L for any x, y € L. Then z = = A y. Thus we have
1=zx=z(xNy) = (xz)A(zy) = 1A (zy) =2y

by Lemma 3.3 (1) and (SI4).
Conversely, suppose zy = 1 for any z, y € L. Then

z=zA(zy)y=czAly=zAy.
by (SI3) and (SI2). This implies x < y. O

Lemma 3.5. Let L be a semilattice implication algebra. Then it satisfies the fol-
lowing properties: for every x,y,z € L,
(1) 21 =1,

x < yz implies y < xz,
y < xy,
x <y implies yz < xz and zx < 2y,

y = ((zy)y)y,
zy < (yz)(z2),
zy < (2x)(2y).

Proof. (1) It is clear from Lemma 3.4, because 1 is the greatest element in L.

(2) Let x < yz. Then 1 = z(yz) = y(xz) by (SI1). Thus y < 2z by Lemma 3.4.

(3) Let 2,y € L. Then < 1 = yy. This implies y < zy by (2) of this lemma.

(4) Let x <y in L. Then x < y < (yz)z by Lemma 3.3 (2). Thus yz < 2z by
(2) of this lemma. Also, since z =z Ay, zx = z(x Ay) = (z2) A (zy) by (SI4). So
zx < zy.

(5) Let z,y € L. Then zy < ((zy)y)y by Lemma 3.3 (2). Also by Lemma 3.3 (2),
z < (zy)y < (((zy)y)y)y. This implies ((zy)y)y < zy by (2) of this lemma. Thus
zy = ((zy)y)y.

(6) Let x,y,z € L. Then y < (yz)z by Lemma 3.3 (2). Thus zy < z((yz)z) =
(yz)(zz) by (4) of this lemma and (SI1).

(7) Let z,y,z € L. Then za < (zy)(zy) by (6) of this lemma. Thus zy < (zz)(zy)
by (2) of this lemma. O
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Theorem 3.6. FEvery lattice implication algebra is a semilattice implication algebra.

Proof. Tt is clear from the definition of lattice implication algebra and Lemma 2.2.
O

The semilattice implication algebra L of Example 3.2 (3) is not lattice implication
algebra, because it is not lattice; a V b does not exist. The converse direction of
Theorem 3.6 is not true in general.

Theorem 3.7. Fvery Heyting semilattice is a semilattice implication algebra.
Proof. 1t is clear from Lemma 2.1. O
The converse of Theorem 3.7 is not true in general as the following example shows.

Example 3.8. Let A ={0,a,b,¢,d,1} be a lattice with Hasse diagram of Figure 2.
If we define a binary operation - on A as following:

. a b ¢ d 1
o1 1.1 1 1 1
ald 1 41 1 1
bjlc ¢ 1 ¢ 1 1
c|lb d b 1 d 1
djia ¢ d ¢ 1 1
110 a b ¢ d 1

then A is a lattice implication algebra, and so a semilattice implication algebra, but
A is not Heyting semilattice, because a < d =db but aAd=a £ b.

FIGURE 2. Hasse diagram of a lattice A

From Lemma 3.3 (2) and Lemma 3.5 (3), we know (zy)y and (yx)z are upper
bounds of x and y, hence any two elements of a semilattice implication algebra has
at lest one upper bound, and if z V y exists, z Vy < (xy)y and z Vy < (yx)z.

Lemma 3.9. Let L be a semilattice implication algebra and z,y,z € L. If x V' y
exists, then
(xVy)z=uzzAyz.

Proof. Let x,y,z € L and x V y exists in L. Then z <z Vy and y < zVy. Thus by
Lemma 3.5 (4), (xVy)z < zz and (2 Vy)z < yz. So (x Vy)z is a lower bound of 2z
and yz.

Suppose that [ is an lower bound of zz and yz. Since | < zz and | < yz, x < Iz
and y < Iz by Lemma 3.5 (2). Then zVy <lz and ! < (zVy)z. Thus (zV y)z is
the greatest lower bound of zz and yz, i.e., (x Vy)z = zz Ayz. d
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4. REGULARITY IN SEMILATTICE IMPLICATION ALGEBRAS

For each element a in a semilattice implication algebra L, we can define a unary
operation *, on L by z*s = za for every x € L. Then x** € [a, 1] for all € L since
a < za. We denote x*e*a for (z*)*=.

Lemma 4.1. Let L be a semilattice implication algebra and a € L. Then the
operation *, satisfies the following properties: for every x,y € L,
(1) a*» =1 and 1*= = a,

(2) =z <y implies y*« < x*,
(3) & < g*a*a,
(4) my™ = ya*,
(5) rre*ata — x*"',
(6) xy < yreg*e.
Proof. Tt is clear from Lemma 3.3, (4)—(6) of Lemma 3.5 and (SI1). O

Let L be a semilattice implication algebra and a € L. An element z in L is said
to be a-regular, if v***+ = x and R, (L) will be denoted for the set of all a-regular
elements in L.

Lemma 4.2. Let L be a semilattice tmplication algebra and a € L. Then
(1) 1€ Ru(L) and a € Ry(L),
(2) zy = y*a* for every x € L and every y € R,(L),
(3) z*ey = y* ez for every x,y € Rq(L),
(4) z*e € Ro(L) for every x € L.

Proof. (1) It is clear from Lemma 4.1 (1).

(2) Let x € L and y € Ry(L). Then y*ez*e
and the regularity of y.

(3) Let &,y € Ro(L). Then x*ey = y*eg*a*s = y*ax by (2) of this lemma.

(4) Tt is clear from Lemma 4.1 (5). O

x
x

x(y*)*» = zy by Lemma 4.1 (4)

Theorem 4.3. Let L be a semilattice implication algebra and a € L. Then R4(L)
is closed under N of L.

Proof. Let x,y € Rq(L). Then zAy < (xAy)*** by Lemma 4.1 (3). Since Ay < z
and z Ay <y, (& Ay)**e < g*e*e = g and (z Ay)**s < y*a*e =y by Lemma 4.1
(2). Thus (z Ay)** <z Ay. So (xAy)** =z Ay, and z Ay € R,(L). O

Theorem 4.4. Let L be a semilattice implication algebra and a € L. Then R, (L)
18 closed under the implication - of L.
Proof. Let x,y € Rq(L). Then zy < (xy)**** by Lemma 4.1 (3). Also, we have
2y (zy) = 2((zy)*=*y)  (by (ST1))
(5 (zy)=**)  (by Lemma 42 (2))
y e (zy)™) (by Lemma 4.1 (5))
xy)yrere) (by Lemma 4.1 (4))
)
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Thus (zy)***e < zy. So (zy)*** = zy and zy € Ry(L). O

From Theorem 4.3 and Theorem 4.4, we know that R, (L) is a subalgebra of a
semilattice implication algebra L.

Theorem 4.5. Let L be a semilattice implication algebra and a € L. Then R, (L)
is a join-semilattice with x Vg (ryy = (x** Ay*@)* for every x,y € Rqo(L).
Proof. Let x,y € Ro(L). Since L is a semilattice, there exists x** A y*a. Then
by Lemma 4.2 (4), there exists (z*e A y*a)*a. Also, since z*e A y** < z*o and
r*a /\y*a S y*a7 T = p*a*a S (.Z‘*“ /\y*a)*a and y = y*a*a S (.Z‘*“ /\y*a)*a'

If u is an upper bound of x and y in R,(L), then u*s < z* and u*e < y*e
by Lemma 4.1 (2). Thus u** < z* Ay*e. So (z*e Ay*e)*s < y*e*s = y. Hence
(x** Ay*e)*e is the least upper bound of z and y in R,(L). O

Let L be a semilattice implication algebra and @ € L. Then by Theorem 4.3 and
Theorem 4.5, R, (L) is a lattice with Az, )y = vAy and Vg, 1)y = (2" Ay*e)*e
for every z,y € Ra(L).

Lemma 4.6. Let L be a semilattice implication algebra and a € L. Then for every
z,Y,z € ’R’G(L);

(1) ( Ve, () y) =a" ANy,
(2) (xAy)* =a* Vg, )y,
(3) (x Vg, () y)z = (x2) A (yz).

Proof. (1) Let 2,y € Rq(L). Then by Lemma 4.2 (4) and Theorem 4.3, we get
e, y*e € Ro(L) and z** Ay™e € Rq(L).
Thus by Theorem 4.5, (x Vg, (1) )" = (x* Ay*e) ere = g% Ay*e
(2) Let z,y € Ro(L). Then z*e, y** € R,(L). Thus by Theorem 4.5, we have
e \/RG(L) y*a _ (.’[*“*“ /\y*a*a)*a _ (m/\y)*“
(3) Let 2,9,z € Ra(L). Then x Vg, (1) y € Ra(L), and we have
(T VR, (L) y)z = 2" (x Vg, (L) y)™ (by Lemma 4.2 (2))
= ¥ (x¥e Ay*e) (by (1) of this lemma)
= (Rt ) A(zey™)  (by (S11))
= (z2) A (y2) (by Lemma 4.2 (2)).
O

Theorem 4.7. Let L be a semilattice implication algebra and a € L. Then the
following are equivalent:

(1) z*ex =z for every x € Rq(L),
(2) VR, )y =2x*y and xAg, (1yy = c Ay = (xy**)* for every x,y € Ra(L).

Proof. (1)=(2): Suppose (1) holds and let z,y € R,(L). Then z**y € R, (L) since
x* y € Ro(L). Also a <y implies z* = za < zy and (xy)y < xz*ey. This implies
x**y is an upper bound of z and y in R, (L) since (zy)y is an upper bound of z and
y.
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Suppose u is an upper bound of z and y in R4(L). Then u*e < z*e and y < u.
This implies z**y < u*ey < u*eu. Since u**u = u, by the hypothesis, x*y < u.
Thus z*+y is the least upper bound of x and y in Rq(L), ie., x Vg, (1) y = v*°y.
Moreover, by Lemma 4.6 (2), we have

Ay = (zAy)re = (1% V() ') = (@5 raye)e = (zyte)®

(2)=(1): Suppose (2) holds and let x € R,(L). Then z**x = x Vg (1) * = x by
the hypothesis. O

In Example 3.8, Ro(A) = A, but aVd =d # 1 = dd = (a0)d = a*°d, and
a*a = (a0)a = da = ¢ # a.

n (2) of Example 3.2, Ry (U) is the family of all regular open sets in the topology

U and it satisfies the property U*? U = U for every U € Rg(U), hence UVg,wnV =
U*2V for every U,V € Ry (U).

Theorem 4.8. Let L be a semilattice implication algebra and a € L. If x*x = x
for every x € Rqo(L), then Rq(L) is distributive.

Proof. Let z,y,z € Rq(L). Then we have
A (Y VR, 2) = (@(y VR, L) 2)")™ (

(Y Vg, (L) 2)x" )" (by Lemma 4.1 (4))

(yz*) A (za*))*™  (by Lemma 4.6 (3))

yr* )" Vg, () (za*e)*e (by Lemma 4.6 (2))

TAY) Ve, () (@A 2) (by Theorem 4.7).

Hence R, (L) is distributive. O

by Theorem 4.7)

(
= (
(
= (yz
= (

The converse direction of Theorem 4.8 is not true in general. For example, the
semilattice implication algebra A = R((A) in Example 3.8 is distributive, but a*a =
da = c # a.

5. MULTIPLIERS AND FILTERS OF SEMILATTICE IMPLICATION ALGEBRAS

Let L be a semilattice implication algebra. A map ¢ : L — L is called a multiplier
of L, if it satisfies

p(ry) = zo(y)
for every z,y € L.

Example 5.1. (1) Let L be the semilattice implication algebra and a € L. If we
define a map ¢, : L — L by
vo(x) = ax
for every € L. Then ¢, is a multiplier of L.
(2) Let L = P & I be the semilattice implication algebra of Example 3.2 (3). If
we define a map ¢ : L — L by

1, i x=0,a,b
p(r) = .
x, ifx €l

for every x € L, then ¢ is a multiplier of L.
176
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The multiplier ¢, in Example 5.1 (1) is called simple multiplier induced by a.

Lemma 5.2. Let ¢ be a multipliers of a semilattice implication algebra L. Then it
satisfies the following:

(1) (1) =1,
(2) x < p(x) for every x € L.

Proof. (1) Let ¢ be a multiplier of L. Since 1 is the greatest element in L, 1 = ¢(1)1.
Then ¢(1) = (p(1)1) = (1)p(1) = 1.
(2) Let # € L. Then zp(z) = p(zx) = ¢(1) = 1 by (1) of this lemma. Thus

z < p(x). O
Lemma 5.3. Let ¢ and i be multipliers of a semilattice implication algebra L.
Then

(1) the composition Y =1 o ¢ is a multiplier of L,

(2) if ¢ and yp are monotone, then Yy is monotone.

Proof. Tt is clear from the definitions of multiplier and monotonity. O

Lemma 5.4. Let L be a semilattice implication algebra. Then for each a,b € L,
(1) @q is monotone,
(2) Pab = Popa-
Proof. (1) Let x <y in L. Then p,(x) = ax < ay = ¢(y) by Lemma 3.5 (4). Thus
 is monotone.
(2) Let a,b € L. Then

(Patpp)(x) = @alpp(z)) = albr) = b(ax) = pp(a(r)) = (Popa)(2)
for every € L. Thusp,pps = @p@a. O

The multiplier ¢ in Example 5.1 (2) is not simple, because it is not monotone. In
fact, a < x for some = € Iy but p(a) =1 € = ¢(x). Then the multiplier ¢ is not
simple by Lemma 5.4.

We will denote the family of all multipliers of L by Mul(L) and the family of
all monotone multipliers of L by mMul(L). Then Mul(L) and mMul are semi-
groups under the composition o of functions by Lemma 5.3, and has identity ¢;. In
particular, mMul is a subsemigroup of Mul(L).

Let L be the semilattice implication algebra. A subset F' of L is call a filter of L,
if it satisfies the following: for any =,y € L,

(i) 1eF,
(ii) z € F and 2y € F imply y € F.

Lemma 5.5. Let L be a semilattice implication algebra and F a filter of L. Then
(1) @(F) C F for ever multiplier ¢ of L,
(2) o1 (F)=F for everya € F.

Proof. (1) Let y € ¢(F). Then y = p(x) for some = € F and

vy = vp(x) = p(rr) = (1) =1€ F.
Since F'is a filter and z € F, y € F. Thus y = ¢(z) C F.
177
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(2) Let a € F. Then it is clear F C ¢, }(F). If x € ¢, }(F), then ax = ¢,(z) € F,
and since a € F and F is a filter of L, * € F. This implies ¢, !(F) C F. Thus
i (F)=F [

Theorem 5.6. Let L be a semilattice implication algebra and S a subsemigroup of
mMul(L). Then Fs:={x € L| p(x) =1 for some ¢ € S} is a filter of L.

Proof. For any p € S, ¢(1) = 1. Then 1 € Fs.
Let x € Fs and 2y € Fs. Then ¢(z) = 1 and ¢¥(xy) = 1 for some @,1) € S. Since

2 (y) = Y¥(zy) = 1 and ¢ is monotone, z < ¥(y) and 1 = p(z) < v(1(y)). This
implies (p¥)(y) = (¥(y)) = 1 and @ € S since S is a subsemigroup of mMul(L).
Thus y € Fs. O

Let L be a semilatiice implication algebra and S C L. If M(S) is the subsemi-
group of Mul(L) generated by the set

s(8) == {ps | s € S}
of simple multipliers induced by s € S, then

M(S) = {51055 s,
and M(S) is a subsemigroup of mMul(L) by Lemma 5.4 (1) and Lemma 5.3 (2).

for some s1, 89, - s, € S and for some n € N}

Theorem 5.7. Let L be a semilattice implication algebra and S C L. Then
Fysy ={z € L|p(zx) =1 for some o € M(S)}
is the smallest filter of L containing S.

Proof. Since M(S) is a subgroup of mMul(L), Faqg) is a filter by Theorem 5.6.
Let s € S. Then there is a multiplier ¢, € M(S) such that ¢s(s) = ss = 1. Thus
s € FM(S) So S C FM(S)

Suppose that G be a filter of L and S C G. Let z € Fpys). Then there is a
multiplier ¢ = @5, -+ ps, € M(S) such that sq, 82, -, 8, € S and

((psl Qosn)(l') =1ed.

Since s; € S C G foreach i = 1,2,--- ,n, z € . ' (--- (¢;(G))---) = G by Lemma
5.5 (2). Thus Fas) € G. So Fyys) is the smalltest filter of L containing S. O

The set Fyqs) is the filter generated by a subset S of L from Theorem 5.7.

6. CONCLUSIONS

We defined the notion of semilattice implication algebras, which is a generalization
of lattice implication algebras and Heyting semilattices, and researched the common
properties of those algebras. In section 4, the regular element was defined and it
was proved that the set of all regular elements is a distributive lattice. In section 5,
we gave some relationships of filters and multipliers, and gave a filter construced by
a subsemigroup in the semigroup of monotone multipliers. In particular we showed
that the filter generated by a subset was charaterized by simple multipliers.
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