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ABSTRACT. In this paper, we introduce the notion of IPS (DPS)-
soft sets based on the soft bitopological ordered space (X, 1,72, E, <) and
study some of its properties. Based on this notion we introduce the no-
tions of IP (DP)- soft connected (disconnected) spaces and study some of
their characterizations and properties. Also, we study the connected of I P
(DP)-soft sets by using the soft space (X, 12, E, <). Some examples have
given to support these concepts.
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1. INTRODUCTION

In 1965, Nachbin [1] proposed the concept of topological ordered spaces which
add partial order relations to topological structures as a generalization of topological
spaces. McCartan [2] went on to utilize monotone neighborhoods in order to study
ordered separation axioms. In order to deal with the vagueness and uncertainty of
real-life problems, various mathematical tools have been developed such as fuzzy
sets, intuitionistic fuzzy sets, rough sets, and vague sets. One such tool, soft sets,
was introduced by Molodtsov [3] in 1999 and has since been developed and applied
to decision-making problems, algebraic structures, and topological spaces.

Senel [1] presented the soft topology generated by L-soft sets. Additionally, in
2016, Senel [5] proposed a new approach to Hausdorff space theory via the soft sets.
Senel and Cagman [6] introduced soft topological subspaces. Also they [7] explored
soft closed sets on soft bitopological space. In 2020, Senel et al. [8] investigated
distance and similarity measures for octahedron sets proposed by Lee et al. [9].
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El-Sheikh et al. [10] extended the idea of soft topological spaces by introducing
supra soft topological spaces. In a similar vein, Ittanagi [I 1] proposed the concept
of soft bitopological spaces, which are defined over an initial universal set and incor-
porate a fixed set of parameters. Kandil et al. [12, 13] provided some structures on
soft bitopological spaces and defined some basic notions such as pairwise open and
closed soft sets, pairwise soft closure, interior, kernel operators, and related topics.
They also studied pairwise soft continuous mappings and open and closed soft map-
pings between two soft bitopological spaces. Additionally, they studied the concept
of soft connectedness in soft bitopological spaces, the concepts of pairwise separated
soft sets, pairwise soft connected (disconnected) spaces, and pairwise connected soft
sets.

El-Shafei et al. [14, 15] proposed two innovative forms of soft relations, established
the concepts of monotone soft sets and increasing (descending) soft operators, re-
vealing crucial insights into their fundamental properties. Moreover, they introduced
the notion of soft topological ordered spaces and formulated ordered soft separation
axioms.

Additionally, El-Sheikh et al. [16] introduced the concept of soft bitopological
ordered spaces, which includes increasing (decreasing) pairwise open (closed) soft
sets, as well as the notions of increasing (decreasing) total (partial) pairwise soft
neighborhoods and increasing (decreasing) pairwise open soft neighborhoods. They
also studied the relationships between these concepts, including the increasing (de-
creasing) pairwise soft closure (interior).

The purpose of this article is to introduce and study the concept of soft connect-
edness in soft bitopological ordered spaces. We study the concepts of increasing
(decreasing) pairwise separated soft sets, increasing (decreasing) pairwise soft con-
nected (disconnected) spaces and increasing (decreasing) pairwise connected soft
sets. The rest of this paper is organized as follows. In Section 2, we introduced
briefly the notions of soft set, soft topology, soft bitopological spaces, soft bitopolog-
ical ordered spaces, soft mapping and some related topics. In Section 3, we introduce
the notion of increasing (decreasing) pairwise separated soft sets and give some char-
acterizations of these soft sets. In Section 4, we introduce the notions of increasing
(decreasing) pairwise soft connected (disconnected) spaces and investigate some of
their properties. In Section 5, we give the concept of IP(DP)-connected soft sets
and some related properties are studied.

2. PRELIMINARIES

This section provides a brief overview of key concepts and relevant results from
the fields of soft sets, soft topological spaces, soft bitopological spaces, and soft
topological ordered spaces, which will be used in this paper. For more detailed
information on these topics, please refer to [10, 12, 13, 14, 16, 17, 18, 19, 20].

Definition 2.1 ([3]). Let X be a universe set and let E be a fixed set of parameters.
If Gg : E — 2% is a function, then an ordered pair (G, E) is called a soft set, where
2% is the power set of X. The set of all soft sets over X is denoted by P(X)¥.

Definition 2.2 ([21]). Let Fg, Gg € P(X)F.
(i) Fg is said to be a null soft set, denoted by ®, if F(e) = @ Ve € E.
106
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(ii) Fg is called an absolute soft set, denoted by X, if F(e) = X Ve € E.

(iii) Fg is called a soft subset of Gg, denoted by Fr C Gg, if F(e) C G(e) Ve € E.

(iv) Fg and Gg are said to be equal, denoted by Fr = Gg, if Fg C Gg and

(v) The union of Fg and G is a soft set Hp, defined as: H(e) = F(e)UG(e) Ve €
E. We write HE = FE |_|GE.

(vi) The intersection of Fg and G is a soft set Hg, defined as: H(e) = F(e) N
G(e) Ve € E. We write Hg = Fp M Gg.

(vii) The difference of Fg and Gg is a soft set Hg, defined as: H(e) = F(e) —
G(e) Ve € E. We write Hg = Fg — Gg.

(viil) The complement of F, denoted by F5,, defined by: F¢(e) = (F(e))® Ve € E.

Definition 2.3 ([22, 23]). A soft set Hg : E — 2% defined as H(« ) ={z}ife=a
and H(e) = g if e € E—{a} is called a soft point and denoted by x®. The collection
of all soft points over X is denoted by Sp(X)F. A soft point 2 is said to belong to
a soft set G, denoted by x*€Gg, if 2%(a) C G(«) for each a € E.

Definition 2.4 ([22]). Let ¢ : X — Y and ¢ : E — K be two mappings. Then
the mapping ¢y : P(X)¥ — P(Y)X is called a soft mapping from X to Y. Let
Gp € P(X)F and let Fix € P(Y)X

(i) The soft image of Gg € P(X)E under ¢, denoted by ¢ (GE), is a soft set
over Y defined as follows: for each k € K,

oy (GE)(k) = U G(a) if ™1 (k) # @ and ¢ (Gg)(k) = @ otherwise.
acy=1(k)
(ii) The soft inverse image of Fx under ¢, denoted by qu;l(FK), is a soft set
over X defined as follows: for each e € E,

¢y (Fi)(e) = ¢~ (F(¥(e))).

Definition 2.5 ([24]). A soft mapping ¢, : P(X)¥ — P(Y)¥ is called a soft surjec-
tive (resp. injective) mapping, if ¢ and ¢ are surjective (resp. injective) mappings,
respectively.

Proposition 2.6 ([14]). The following two results hold for a soft mapping ¢y :
P(X)F — P(Y)K

(1) The image of each soft point is soft point.

(2) If ¢y is bijective, then the inverse image of each soft point is soft point.

Theorem 2.7 ([22]). Let Gt € P(X)¥ and Hi € P(Y)X for alli € J, where J
is an index set. Then, for a soft mapping ¢, : P(X)F — P(Y)X| the following
conditions are satisfied:

(1) if Gl C G, then 6y(GL) C 6,(G3)

(2) if H) C HY, then ¢y (Hie) C oyt (HE),

(3) ( ZEJ(G )) = UzeJ(CZSw(GZE));
4) ¢ ( ies(Hy)) = '—'zeJ(QS;l(HK))
(5) ¢ 1( Mics (Hi)) = Mies (63, (Hi)),
(6) ¢¢(¢¢ (Hk)) E Hg,
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(1) ¢, (Yi) = Xg, ‘251;1((;1() = or and ¢y (dr) = dx.

Proposition 2.8 ([22]). Let ¢y : P(X)E — P(Y)X be a soft map and let G €
P(X)®, Fr € P(X)E. Then we have the following results:

(1) Gg CE (b;l(@p(GE)), and the equality holds if ¢, is injective.
(2) gbq/,(gi);l(FK)) C Fk, and the equality holds if ¢y is surjective.
(3) &5 (Fi) = (¢, (F))® for any Fx € P(Y)X.

Definition 2.9 ([3, 14]). For a soft set Hg over X and an element z € X, we say
x € Hgifx € H(e) forevery e € E and « & Hg if x ¢ H(e) for some e € E. We say
x €@ Hg if x € H(e) for some e € E and x & Hg if x ¢ H(e) for every e € E. The
notations €, ¢, € and & are respectively read as belong, non-belong, partial belong
and total non-belong relations.

Definition 2.10 ([25]). A soft topology T on X is a collection of soft sets over X
under E that satisfy the following conditions:

(i) the null soft set and the absolute soft set are included in 7,

(ii) the union of any collection of soft sets in 7 is also in T,

(iii) the intersection of any two soft sets in 7 is also in 7.
The triple (X, 7, F) is called a soft topological space over X. Each member of 7 is
referred to as a soft open set and its relative complement is called a soft closed set.

Definition 2.11 ([24]). A soft subset Ng of a soft topological space (X, 7, E) is
called a soft neighborhood of x € X, if there exists a soft open set G such that

Definition 2.12 ([22]). A soft map ¢y : (X, 7, E) — (Y,n,K) is said to be soft
continuous, if the inverse image of each soft open subset of (Y, 7, K) is a soft open
subset of (X, 7, F).

Definition 2.13 ([11, 12]). A quadrable system (X, 1,72, F) is called a soft bitopo-
logical space, where 11 and 1, represent soft topologies on the set X with a fixed set
of parameters E. Let Hg be a soft set over a soft bitopological space (X, n1, 72, E).
Then Hg is called a:

(i) pairwise open soft (briefly, PO-soft) set, if there exists an 7;-open soft set H},
and an nz-open soft set Hz such that Hp = Hy U HZ,

(ii) pairwise closed soft (briefly, PC-soft) set, if H, is a PO-soft set.
Furthermore, the family of all PO-soft sets, denoted by 72, forms a supra soft
topological space associated with the soft bitopological space (X, 71,72, E).

Definition 2.14 ([13]). Let (X, 71,72, E) be a soft bitopological space and let
GEg, Hg are non-null soft sets over X. Then Gg and Hg are said to be pairwise sepa-
rated (briefly, P-separated) soft sets, if Scli12(Gg)MHE = ¢g and Sclio(Hg)NGE =

Pp-

Definition 2.15 ([13]). Let (X, 71,72, E) be a soft bitopological space. Then P-
separated soft sets Gg and Hg in (X, 71,72, E) are said to be a pairwise soft sepa-
ration of X (briefly, P-soft separation), if Xp = Gg U Hg. In this case, we say that
Xg has an P-soft separation.
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Definition 2.16 ([13]). A soft bitopological space (X, 71,72, E) is said to be a:

(i) pairwise soft disconnected space (briefly, P-soft disconnected), if X has a
P-soft separation.

(i) pairwise soft connected space (briefly, P-soft connected), if it is not P-soft
disconnected, i.e., Xg has not an P-soft separation.

Definition 2.17 ([20]). A binary relation < on a set X is called a partial order
relation on X, if it is reflexive, anti-symmetric, and transitive. The equality relation
on X, denoted by A, is defined as {(z,z) : x € X}.

Definition 2.18 ([1]). A triple (X, 7, <) is called a topological ordered space, if
(X, 7) is a topological space and (X, <) is a partially ordered set.

Definition 2.19 ([14]). A triple (X, E, <) is called a partially ordered soft space, if
< is a partial order relation on the set X.

(i) An increasing soft operatori : (P(X)¥, <) — (P(X)F, <) is defined as follows:
for each Hp € P(X)E,

i(Hg)(o) =iH(o) = {x € X : § S« for some § € H(a)}.

(i) A decreasing soft operatord : (P(X)¥, <) — (P(X)F, <) is defined as follows:
for each Hp € P(X)E,

d(Hg)(a) =dH(a) ={x € X : x < for some 6 € H(a)}.

(iii) A soft subset Hp of the partially ordered soft space (X, F, <) is said to be
increasing (resp. decreasing), if Hg = i(Hpg) (resp. Hgp = d(Hg)).

Proposition 2.20 ([14]). Leti: (P(X)? <) — (P(X)E,<) andd: (P(X)F,2) —
(P(X)E, <) be increasing and decreasing soft operators, and let Hg and Gg be two
soft sets in (X, E,<). Then

) i(¢m) = ¢A5E and d(¢r) = b,
i(i(Hp)) = i(Hg) and d(d(Hg)) = d(Hp),
Z[HE (] GE] = Z(HE) (] Z(G’E)and d[HE L GE] = d(HE) (] d(GE)

(1
(
(
(

Definition 2.21 ([11]). (i) A quadrable system (X, 7, F, <) called a soft topological
ordered space (briefly, STOS), if (X, 7, E) is a soft topological space and (X, E, <)
is a partially ordered soft space.

(ii) A soft set Hg in a soft topological ordered space (X, 7, E, <) is called an
increasing (resp. decreasing) open soft set, if it is soft open and increasing (resp.
decreasing).

2)
3)
1)

Definition 2.22 ([14]). A soft subset Ng of an STOS (X,7,E,<) is called an
increasing (resp. a decreasing) soft neighborhood of x € X, if Ng is a soft neigh-
borhood of x and increasing (resp. decreasing).

Definition 2.23 ([20]). A quadrable system A (X, 71, 72, <) is called a bitopological
ordered space (briefly, bto), if (X, <) is a partially ordered space and (X, 71, 72) is a
bts.
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Definition 2.24 ([16]). A quinary system (X, 71,72, E, <) is called a soft bitopolog-
ical ordered space (briefly, SBTOS), if the following conditions hold:

(i) (X, 71,7, F) is a soft bitopological space,

(i) (X, E, <) is a partially ordered soft space.

Definition 2.25 ([16]). Let (X, 71,72, E, <) be an SBTOS. A soft set Mg over X
is said to be:

(i) an increasing pairwise open soft (briefly, I PO-soft) set, if Mp = My U M3,
M]g € 73 and M]g is increasing, 8 =1, 2,

(ii) a decreasing pairwise open soft (briefly, DPO-soft) set, if Mg = My U M3,
Mg € 73 and Mg is decreasing, 5 =1, 2,

(iii) an increasing pairwise closed soft (briefly, I PC-soft) set, if Mg = M} M3,
Mg € 75 and Mg is increasing, =1, 2,

(iv) a decreasing pairwise closed soft (briefly, DPO-soft) set, if Mp = ML M3,
Mg € 75 and Mg is decreasing, 5 =1, 2.

Definition 2.26 ([10]). Let (X, 71,72, E,<) be an SBTOS and Gg € P(X)E.
(i) The increasing pairwise soft closure of G, denoted by Icliy(Gg), is the in-
tersection of all increasing pairwise closed soft sets including Gg, i.e.,
ICZfQ(GE) = |_|{FE : Fg is IPC-soft set, Gg C FE}.
(ii) The decreasing pairwise soft closure of Gg, denoted by Dcli,(Gg)), is the
intersection of all decreasing pairwise closed soft sets including Gg, i.e.,
Dcliy(Gg) ={Kg : Kg is DPC-soft set, Gg C Kg}.
It is clear that Icliy(GEg)(Dclio(GEg)) is the smallest TPC (resp. DPC)-soft set
including GEg.
(iii) The increasing pairwise soft interior of Gg, denoted by Iint;,(Gg)), is the
union of all increasing pairwise open soft sets embodied in Gg, i.e.,
Iints5(Gg) = U{Og : O is IPO-soft set, O C Gg}.
(vi) Thedecreasing pairwise soft interior of Gg, denoted by Dint5,(Gg)), is the
union of all decreasing pairwise open soft sets embodied in Gg, i.e.,
DlntiQ(GE) = |_|{ME : Mg is DPO-soft set, Mg C GE}
It is obvious that Iint{,(Gg)(Dint$,(Gg)) is the largest IPO (resp. DPO)-soft set
embodied in Gg.

Corollary 2.27 ([10]). Let (X, 71,7, E,<) be an SBTOS and G € P(X)E. Then
Icls (Gg) =Ics (Gg)NIck (Gg).

T12
Theorem 2.28 ([16]). Let ¢y : (X, 711,72, E, S1) = (Y, 01,12, K, S2) be a soft map-
ping. The following statements are equivalent:

(1) ¢y is ISP-continuous,

(2) ¢y (Iclis(GR)) C cliy(¢4(GE)) for any G € P(X)F,

(3) 1eliy(6, ) (Fx)) C 6 (cliy(Fy)) for any Fic € P(Y)X,

(4) for any PC-soft subset My of (Y,n1,m2, K, Ja), qS;l(MK) is DPC-soft subset
Of (X,ThTQ,E,Sl).

Definition 2.29 ([16]). A soft set Gg in an SBTOS (X, 11,72, E, <) is said to be
a total pairwise soft neighborhood of x € X, if there is a PO—soft set Hg such that
110
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Definition 2.30 ([16]). A soft set Wg in an SBTOS (X, 7,72, E, <) is called an
increasing pairwise soft neighborhood (briefly, IPS-nbd) (resp. a decreasing pairwise
soft neighborhood (briefly, DPS-nbd )) of 2°€ X, if there exists a PO—soft set Hg
such that € Hg C Wg and W is increasing (resp. decreasing).

Definition 2.31 ([16]). A soft set Gg in an SBTOS (X, 11,72, F, <1) is called:

(i) an increasing total pairwise soft neighborhood (briefly, ITPS-nbd) of x € X,
if Gg is a total pairwise soft neighborhood of x and increasing,

(ii) a decreasing total pairwise soft neighborhood (brieflyy, DT PS-nbd) of z € X,

if Gg is a total pairwise soft neighborhood of x and decreasing.

Definition 2.32 ([16]). An SBTOS (X, 71,72, E, <) is said to be:

(i) lower pairwise soft Ty -ordered (briefly, LPSTy-ordered), if for any distinct
points z and y in X such that £ y, there exists an IT PS-nbd G of x such that
y & G,

(i) upper pairwise soft Ty -ordered (briefly, UPSTy-ordered), if for any distinct
points z and y in X such that z £ y ,there exists a DT PS-nbd G of y such that
r & G,

(iil) lower pairwise soft SST;-ordered (briefly, LPSST;-ordered), if for every pair
of soft points z¢, y°2 such that x®* £ y°2, there exists an I PS-nbd Wg of ¢ such
that y°2 %WE,

(iv) upper pairwise soft SSTy-ordered (briefly, U PSST;-ordered), if for every pair
of soft points ¢!, y°2 such that x¢* £ y°2 , there exists a DPS-nbd Wg of y°2 such
that x‘zl%WE.

Corollary 2.33 ([16]). For an SBTOS (X, 11,72, E,S), the family of all IPO-
soft and DPO-soft sets forms an increasing supra soft topology, denoted by T{f,
and decreasing supra soft topology, denoted by T, respectively on X. It is also

mentioned that the decreasing supra soft topology of complements of sets in {4 is

equivalent to the increasing supra soft topology of complements of sets in TBY and
vice versa. In fact,

Ty ={Mg: Mg =M}jU M?E,Mg € 73 and increasing, 8 = 1,2},

P = {Ng: Np = N, U N2, Nb € 75 and decreasing, 5 = 1,2}.
However, 7¢§¥ = {H¢, : Hp € 7B}, 7iPT ={0% : Op € i},

Definition 2.34 ([16]). Let Y C X and (X, 7,72, E,<) be an SBTOS. Then
(Y, 11y, moy, E, Sy) is called soft bi—ordered subspace of (X, 11,72, E, <), provided
that (Y, 71y, 72y, E) is soft bitopological subspace of (X, 71,72, E), where <y is a
partial order relation on Y.

3. INCREASING (DECREASING) PAIRWISE SEPARATED SOFT SETS

Definition 3.1. Let (X, 71,72, <) be a bto. A subset A of X is said to be:

(i) an increasing pairwise open set (briefly, IPO-set), if A = A' U A%, AP € 75
and AP is increasing, 8 = 1, 2,

(ii) a decreasing pairwise open set (briefly, DPO-set), if A = Al U A% AP € 75
and AP is decreasing, f =1, 2,

(iii) an increasing pairwise closed set (briefly, IPC-set), if A= A' U A%, AP ¢ 5
and A” is increasing, =1, 2,
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(iv) a decreasing pairwise closed set (briefly, DPC-set), if A = A'U A% AP ¢ 5
and A” is decreasing, 8 =1, 2.

Definition 3.2. Let (X, 71,72, <) be a bto and let A € 2.

(i) The increasing pairwise closure of A, denoted by Icli2(A), is the intersection
of all IPC-sets containing A, i.e., Icli2(A) = N{B: B is IPC-set, A C B}.

(ii) The decreasing pairwise closure of A, denoted by Decli2(A), is the intersection
of all DPC-sets containing A i.e., Declja(A) = N{K : K is DPC-set, A C K}.
It is obvious that Iclj2(A) (resp. Dclia(A)) is the smallest TPC (resp. DPC)-sets
containing A.

(iii) The increasing pairwise soft interior of A, denoted by Iint;2(A), is the union
of all IPO-sets contained in A, i.e., Iint12(A) = U{O : O is IPO-set, O C A}.

(iv) The decreasing pairwise soft interior of A, denoted by Dint15(A), is the union
of all DPO-soft sets contained in A, i.e., Dint12(A) = U{G : G is DPO-set, G C A}.
It is clear that Iint12(A) (resp. Dint12(A)) is the largest TPO (resp. DPO)-sets
contained in A

Definition 3.3. Let (X, 7,72, <) be a bto and let A, B be non-null subsets of X.
Then A and B are said to be:

(i) an increasing pairwise separated sets (briefly, IPS-sets), if Iclio(A)NB =&
and Iclio(B)NA =@,

(ii) a decreasing pairwise separated sets (briefly, DPS-sets), if Dcli2(A) N B =@
and Dcl12(B)NA=0.

Definition 3.4. Let (X, 71,72, S) be a bto and let A, B be IPS (resp. DPS)-sets
in X. Then A ans B are said to be an increasing (resp. decreasing) pairwise
separation of X (briefly, IP (resp. DP)-separation), if X = AU B. In this case, we
say that X has an IP (resp. DP)-separation.

Definition 3.5. A bto (X, 11,72, S) is said to be an increasing (resp. a decreasing)
pairwise disconnected space (briefly, IP (resp. DP)-disconnected), if X has an IP
(resp. DP)-separation. Otherwise, (X, 11,72, <) is said to be an increasing (resp.
a decreasing) pairwise connected space (briefly, IP (resp. DP)-connected), i. e., A
sbo (X, 71,72, ) is said to be an increasing (resp. a decreasing) pairwise connected,

~

if X has not an IP (resp. DP)-separation.

Definition 3.6. Let (X, 7, E, <) be an STOS and let Gg, Hg be non-null soft sets
over X. Then Gg and Hg are said to be:

(i) increasing soft separated sets (briefly, I5S-sets), if Icl(Gg) M Hg = ép and
Icl:(Hg) NGy = ¢,

(ii) decreasing soft separated sets (briefly, DSS-sets), if Dcl2(Gg)NMHg = ¢ and
Dle.(HE) NGg = (ZE'

Definition 3.7. Let (X, 7, E, <) be an STOS. Then 1SS (resp. DSS)-sets Gg and
Hpg in X are said to be an increasing (resp. a decreasing) soft separation (briefly,
IS (resp. DS)-separation) of X, if Xp = GgU Hg. In this case, we say that X has
an IS (resp. a DS)-separation.

Definition 3.8. An STOS (X, 7, E, <) is said to be an increasing (resp. a decreasing)
soft disconnected space (briefly, IS (resp. DJS)-disconnected), if X has an IS
112
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(resp. a DS)-separation. Otherwise, (X, 7, E, <) is said to be an increasing (resp.
decreasing) soft connected space (briefly, IS (resp. DS)-connected), i.e., an STOS
(X, 7, E, S) is said to be increasing (resp. decreasing) soft connected, if X has not
an IS (resp. a DS)-separation.

Definition 3.9. Let (X, 71,7, F, <) be an SBTOS and let Gg, Hg are non-null
soft sets over X. Then Gg and Hg are said to be:

(i) increasing pairwise separated soft sets (briefly, IPS-soft sets), if Iclio(Gg) M
Hi = ¢p and ICZTQ(HE) NGg = ¢g,

(ii) decreasing pairwise separated soft sets (briefly, DPS-soft sets), if Dcl§o(Gg)M
Hg = ¢r and DCZfQ(HE) NGg = ¢g.
Proposition 3.10. Let (X,71,72,F,<) be an SBTOS. Then every IPS (resp.
DPS)-soft sets are disjoint soft sets.

Proof. Straightforward. O

Remark 3.11. The converse of Proposition 3.10 may not be true as shown by the
following example.
Example 3.12. Let E = {ej1,ea} be a set of parameters, <= A U {(z,w)} be
a partial order relation on X = {z,y,z,w} and 7 = {¢p, Xg,Gg,Hg}, 7 =
{¢E, Xp, Mg, Ng}, where
Gp = {(e1,{z,w}), (e2,{z,w})}, Hr = {(e1,{y, 2}), (e2,{z,y})},
ME = {(617 {U)}), (62, {y7w})}a NE = {(61, {xaw})a (627X)}'
It is easy to verify that:
112 = {65 X5, Gp, Hp, M, N, Ph, P2},
where Pé = {(61, {SE,:L\U}), (627 {yv 2 w})}a P%‘ = {(617 {y7 Z,’LU}), (627 {x7yaw})}
Then clearly, 76, = {¢r, Xr, G%, HG, M&, N&, Pi¢, P2},
where G% = {(617 {y7 Z})’ (627 {xvy})}v Hy = {(617 {wi})v (625 {va})}v
]\41% = {(615 {Jf’ Y, Z})’ (627 {Qf, Z})é7 NE‘ = {(617 {y7 Z})a (627 Q)}a
]DEC = (617 {yv Z})7 (627 {l’})}, P)EC - (817 {l‘})7 (623 {Z})}

Thus we have

(1) The family of all IPC'—soft sets are Hf, and Ng,
(2) The family of all DPC—soft sets are G4, Mg, N&, Pi¢ and PE.

Now, consider soft sets Ffj, a =1, 2, 3 given by:

Fi = {(er, {z}), (e2. {z})}, F& = {(er, {9}). (e2,2)}, F = {(e1,9), (e2, {z})}-
It is clear that F2, Fi are IPS (resp. DPS)-soft sets. Although the soft sets Fj,
and F3 are disjoint, we find that they are not I PS-soft sets because

Iel3y(F) N Fh = {(e1,{2}), (e2,2)} # G-
Also they are not DPS-soft sets because
Deliy(F) N Fg = {(e1,{x}), (€2, )} # .
Proposition 3.13. Fvery IPS (resp. DPS)-soft sets are P-separated soft sets.

Proof. The proof is given from the fact cl55(Gg) C Icl§,(GE). O
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The converse of the above Proposition is not true in general.

Example 3.14. From Example 4.3, let Fiz = {(e1, {y}), (e2, {v})}, Fp = {(e1,{z}),
(e2, {w})}. Although the soft sets Fjz and F}, are P-separated soft sets, we find that
their are not IPS-soft sets because Icljy(Fg) M Fa = {(e1,{z}), (e2, {w})} # ¢&.
Also their are not DPS-soft sets because Dclio(F5) M Fa = {(e1, {y}), (e2, {y})} #
b5
Proposition 3.15. Let (X, 1,72, E,<) be an SBTOS and let Gg, Hg be non-null
soft sets over X.

(1) If Iclsy(Gg) N Icliy(Hg) = ¢p, then Gp and Hp are IPS—soft sets.

(2) If Dcl§o(Gg) N Delso(Hg) = ¢, then Gg and Hg are DPS—soft sets.

Proof. Straightforward. a

Note: From Proposition 3.10, 3.13, 3.15, we deduce that the concept of IPS
(resp. DPS)-soft sets is a weaker than of the condition of disjoint increasing (resp.
decreasing) pairwise soft closure of soft sets, but it is a stronger than of the concept
of P-separated soft sets and disjoint soft sets.

Remark 3.16. The converse of Proposition 3.15 may not be true as shown by the
following example.

Example 3.17. Let E = {eq, e2} be the set of parameters = AU{(y,w)} be a par-
tial order relation on X = {z,y,z,w} and 7, = {qu,XE, Gg,H}, H Hy, Hy, Hy,
HYY, = {¢m, X5, Mg, Ng},
where Gg = {(e1, {z,w}), (e2, {z,w})}.
= {(61,{2/,2}) (e2,{=, y})} H = {(e1, {z}), (e2, {})},

H% = {(61,{CE}) (627 )} HE = {(61,{210,10})7 (62, {.%',2711}})}7

Hy, ={(e1,9), (e2,{2})}, Hp = {(617{01j y,2}) (e2, {z, y})},

Mg = {(e1,{w}), (e2,{y, w})}, Np = {(e1, {z,w}), (e2, X)}.

It is easy to verify that:
Ti2 = {;Z;EaXEaGE)Hé‘aH%‘aH%aHé‘aH%aHgaMEaNEvpéaP%anaPé7Pg7Pg}7
where leE = {(617 {$7w})7 (e2, {y,z,w})}, PE = {(617 {y,z7w}), (€2, {x,ym)})}
Pg' = {(617{1‘710})7 (625 {xay7w}>}7 Pé‘ = {(617X)a (62,{1’7%10})}7
Pg‘ = {(617 {wi})v (e2, {y>w})}a PJGE = {(617 {w})a (e2, {x,y, w})}
Then we have
7—102 = {¢A5E,XE, CEaHécﬂH%c7H]?';‘CvHé'ch%cachvM%aNgvPLIZ'C7P)%capgcvpé'c7pgcapgc}a
where  G%, = {(e1,{y, 2}), (e2, {z,y})},
Héc = {(615 {I ’LU}) (62a {Zaw}>}a f%‘c = {(61, {y,z,w}), (627 {y,z,w})},
Hyf = {Eel, {y,z,w}), (e2, X)}, H" = {(ex,{y, 2}), (e2, {y})},

Hig = {(e1, X), (e2, {y, 2,w})}, Hif ={(ex, {w}), (2, {z,w})},
Mg = {(e1, {z,y,2}), (e2, {x, 2})}, Ng = {(er, {y. z}), (e2, @)},

(
Pt = {(e1,{y, 2}), (e2, {z})}, P& = {(e1,{z}), (e, {z})},
P = {(e1,{y, 2}), (e2, {2})}, Pa’ = {(e1,9), (ea, {2})},
P = (61,{@/,2}) (e2, {x,2})}, Ppf = {(e1, {z,y,2}), (e2, {z})}-
Thus we have
114



Shalil et al./Ann. Fuzzy Math. Inform. 28 (2024), No. 2, 105-127

(1) The family of all I PC-soft sets are H}¢, Hz, Ha¢, H3¢, HS, P2 and Pge,
(2) The family of all DPC-soft sets are G%,, Hz¢, H3¢, Hyf, M&, N&, Pie, P3¢,
P, Pie) P3¢ and PSe.
Now, let Fi = {(e1,{y, z,w}), (e2,9)}, Fz = {(e1,{z}), (e2,9)}. Then we have

Ieliy(Fip) = Deliy(Fg) = H = {(e1, {y, 2, w}), (e2, {y, z,w})}
and
ICZTZ(FJQE) = DCIT2(F]%J) = P%c = (617 {x})7 (627 {Z})}
It is clear that R R
Icl35(FE) N FE = ¢, Icl5y(FR) N Fp = ¢
and
Del3y(FE) N FE = 6p, Deliy(F2)NFL = ¢p.
Thus FL, Fz are IPS (resp. DPS)-soft sets. But we get

Ieliy(Fh) N Icliy(F2) = {(e1,2), (e2.{z})} # o
and
Deljy(Fg) N Deliy(F2) = {(e1, D), (e2, {z})} # o2

Proposition 3.18. Let (X, 7,72, E,<) be an SBTOS and let Gg, Hg be IPO
(resp. DPO)-soft sets. Then Gg, Hg are IPS (resp. DPS)-soft sets if and only if
Gg and Hg are disjoint soft sets.

Proof. The proof of necessary condition is obvious from Proposition 3.10.

Suppose that Gg and Hp are disjoint I PO-soft sets. Then clearly, G T Hg,
HS € rife Tt follows that Icliy(Gg) T HS implies Icliy(Gg) M Hp = ¢p. By
similar way, we can show that Icl§,(Hg) NMGg = bp. O

Proposition 3.19. Let (X, 7,72, E,<) be an SBTOS and let Fg, Mg be IPC
(resp. DPC)-soft sets. Then Fg, Mg are IPS (resp. DPS)-soft sets if and only if
Fg and Mg are disjoint soft sets.

Proof. Straightforward. O

Theorem 3.20. Let (X,71,72,E, <) be an SBTOS, Y C X and let Gg, Hg C
Yeg C Xg. If Gg and Hg are IPS (vesp. DPS)-soft sets in (X, 71,72, E, <), then
they are IPS (resp. DPS)-soft sets in (Y, 11y, T2y, E, Sy).

Proof. Suppose Gg and Hg are I PS-soft sets over X. Then we get
Icli2y(GE) = |_|{FE : Fg e T{QPYC :Gg C FE}
:H{YEHME:MEGT{;;?:GE EME}
=Ygl [l_l{ME Mg € 7'11213)? :Gg C ME}]
=Yg NIcl,x(Gg).
Thus ICZfQY(GE) MHg =Yg HgN ICZTQX(GE). So we have

Icl3yy (Gp) MHp C Hp NIclsy < (GE) = ¢5.

Hence Iclyy, (Gg)MHE = ¢p. By similar way, we can prove that Icls,y (Hg)NGy =
¢g. Therefore Gg, Hg are IPS-soft sets in (Y, 11y, 7oy, E, Sy). O
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Theorem 3.21. Let (X, 71,72, E, <) be LPSTY (resp. UPSTY)-ordered and let
Gg, Hg be two finite and disjoint increasing (resp. decreasing) soft sets. Then Gg
and Hg are IPS (resp. DPS)-soft sets.

Proof. Since (X, 11,72, E, <) is LPSTY —ordered, every crisp point is a PC-soft set.
Since Gg and Hg are finite soft sets, Gg and Hg are I PC-soft sets. It follows by
Proposition 3.19 that Gg and Hg are I PS-soft sets. O

Theorem 3.22. Let (X, 71,72, E,S) be UPSST, (resp. LPSSTy)-ordered and let
GE, Hg be two finite and disjoint increasing (resp. decreasing) soft sets. Then Gg
and Hg are IPS (resp. DPS)-soft sets.

Proof. Since (X, 11,72, E, <) is UPSSTi-ordered, every soft point is a PC-soft set.
Since Gg and Hg are finite soft sets, Gg and Hg are I PC-soft sets. It follows by
Proposition 3.19 that Gg and Hg are I PS-soft sets. O

Theorem 3.23. Let ¢y = (X, 71,72, E,<1) = (Y,m,m2, K, S2) be an ISP (resp.

s ~1

a DSP)-continuous and soft surjective mapping. If Mg and Ng are IPS (resp.
DPS)-soft sets in (Y,m,n2, K, <2), then ¢;1(ME) and ¢;1(NE) are IPS (resp.
DPS)-soft sets in (X, 11,72, B, S1).

Proof. Suppose My and N are I PS-soft sets in (Y, 71,172, K, S2). Then we have
ICZTQ(MK) MNg = QZK, ICZTQ(NK) NMMg = q/f)\K.
Since ¢y is an IS P-continuous mapping, by Theorem 2.28, we get

Ielis oy (M) E ¢y [Ieliy(Mk)).
Thus by Theorem 2.7, we have
Telis[g, ! (Mi)] M 6y (Nk) E 6y [Teliz(Mr)] 1 ' (Ne)
= ¢ [Icliy (Mg ) M Nk]
= ¢;1(¢A>K)
. =¢B
So Icl‘{Q[qS;l(MK)] n ¢;1(NK) = ¢p. Similarly, we can prove that

Telis[éy ! (NK)] Myt (M) = b

Since ¢y is soft surjective mapping, gbz;l(MK) #+ ng and gb;l(NK) + QASE Hence
qS;l(MK) and gi);l(NK) are I PS-soft sets in (X, 7,72, E, S1). O

» ~o1

In Proposition 3.18 and Theorems 3.20, 3.21, 3.22, 3.23, a similar proof can be
given for the case between parentheses.

Theorem 3.24. Let (X, 7,72, E,<) be an SBTOS. If Gg and Hg are IPS (resp.
DPS)-soft sets in (X, 11,72, E, <), then G(e) and H(e) are IPS (resp. DPS)-sets
in (X, 75,75, S)Ve € E.

Proof. Suppose Gg and Hg are I PS-soft sets in X and let e € E. Then we have

iy ¢ =iy () = {G(e) : Gp € i3 }.
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Since Icliy(Gg) = ﬂ{FE Fp € 1{f°: Gp C Fg}, we get
Iclis(GE)( m{F ) € miFe(e) : G(e) C F(e)}.

Thus Icli,(Gg)(e) = IcllQ(G(e)). Now, since Gg and Hg are IPS-soft sets in
(X, 71,72, E, <), we have

Icl}y(Gg) N Hg = ¢ and Icli,(Hg) N GE = ép.
So we get
[Icli5(Gr) M Hgl(e) = & and [Icliy(Hg) N GEgl(e) = 2.
Hence we have
Icli;(G(e)) N H(e) = @ and Iclis(H(e)) NGle) =

It follows by Definition 3.3 that, G(e) and H(e) are IPS (resp. DPS)-sets in
(X, 71,75, 3)- O

~

4. ORDERED PAIRWISE SOFT DISCONNECTED (CONNECTED) SPACES

Definition 4.1. Let (X, 7,7, F,<) be an SBTOS, and let Gg and Hg be IPS
(resp. DPS)-soft sets over X. Then Gg and Hg are said to be an increasing (resp.
decreasing) pairwise soft separation of X (briefly, IP (resp. DP)-soft separation),
if Xp = Gg U Hg. In this case, we say that Xg has an IP (resp. a DP)-soft
separation.

Definition 4.2. An SBTOS (X, 71,72, F,<) is said to be an increasing (resp. a
decreasing) pairwise soft disconnected space (briefly, IP (resp. DP)-soft discon-
nected), if Xg has an TP (resp. DP)- soft separation. Otherwise, (X, 7,72, E, <) is
said to be an increasing (resp. a decreasing) pairwise soft connected space (briefly,
IP (resp. DP)-soft connected), i.e., an SBTOS (X, 71,72, E, <) is said to be an
increasing (resp. a decreasing) pairwise soft connected, if X g has not an IP (resp.
a DP)-soft separation.

Example 4.3. Let E = {e1,e2}, 5= A U {(z,w)} be a partial order relation on

—{IE Y, =, w} and Tl_{¢E7XE7GE7HE} T2 = {¢E7XE7ME}
where Gg = {<el7 {3;‘ w}) (627 {y7 Z})} Hp = {(61, {y7 z})7 <627 {wi})}v

Mg = {(e1,2), (3, {})}.

It is easy to verify that:

T2 ={¢p, Xr,Gr, Hg, Mg, Ng}, where N = {(e1, {z,w}), (e2,{z,y, 2}) }.
It is clear that Gg and Hp are form an I P-soft separation and D P-soft separation
of Xg. Then (X, 71,7, F,<) is an I P-soft disconnected and D P-soft disconnected
space.

Proposition 4.4. Let (X, 71,7, E, <) be an SBTOS.
() Ifri=m= {QASE,XE}, then (X, 11,72, E, <) is IP (resp. DP)-soft connected.
(2) If 2 = P(X)E, | X |> 1, then (X, 71,72, E, <) is an IP (vesp. DP)-soft
disconnected. R
3) If n =12 = {¢p,Xg,Gg}, then (X, 71,72, E,<) is an IP (resp. DP)-soft
connected.
117



Shalil et al./Ann. Fuzzy Math. Inform. 28 (2024), No. 2, 105-127

Proof. (1) Suppose 11 = 7o = {$E,XE} and let Gg and Hg be soft sets over X.
Then clearly, we have

Icli5(Gg) = Iciy(Hg) = Xg and Deliy(Gg) = Delis(Hg) = Xg.

Thus we cannot represented Xp as a union of two IPS (resp. DPS)-soft sets in
(X, 711,70, E,<). So (X, 71,72, F,<) is IP (resp. DP)-soft connected.

(2) Suppose 112 = P(X)¥, | X |> 1. Then every soft set is an IP (resp. DP)-
closed soft set. It follows that for every soft point 2°€ X, we have

Ieli,({z°}) = {2}, Ieli({2°}°) = {z°}°
and
Deliy({z}) = {z°}, Deliy({2°}°) = {=°}°.
Thus {z¢} and {z°¢}° are IPS (resp. DPS)-soft sets and X = {z°} U {z°}°. So
(X,71,72,E,<) is IP (resp. DP)-soft disconnected.
(3) Suppose 71 = 72 = {¢g, Xg,Gg} and assume that (X, 1,72, E, <) is I P-soft
disconnected. Then there exist two non-null soft sets Mg and Ng such that

Icl3y(Mg) M Ng = Icl3o(Ng) M Mg = ¢p and Xg = Mg U Np.

Thus we have two cases: either G%, is an I PC-soft set or not an I PC-soft set.
Case 1. Suppose G is an I PC-soft set. Then we have three cases.

(i) If [Icl55(ME) = GS and Icl§y(Ng) = Xg| or [Icdiy(Ng) = G% and
Icli5(MEg) = Xg|, without loss of generalization, we assume that Icl$,(Mg) = G$
and Icl§o(Ng) = Xg, which a contradiction with disjointness between Iclf,(Ng)
and Mg.

(i) If Icl§y(ME) = Icljy(Ng) = G%, then it follows that Mgy C G% and
Ng T G% implies MgUNE C G%. Thus Xg = G%, a contradicts with that G # $E

(ili) If Iclo(ME) # G% and Icliy(Ng) # G, then Icliy(Mg) = Icliy(Ng) =
X g, which a contradiction with disjointness between Icl§y(Mg) and Ng.
Case 2. Suppose G is not an I PC-soft set. Then Icl,(Mg) = Icljy(Ng) = Xg,
which a contradiction with disjointness between Icl$,(Mg) and Ng.
So in either cases, (X, 71,72, E, <) is an I P-soft connected. (X, 71,72, E, <) is a
D P-soft connected in a similar way. O

Theorem 4.5. Let (X, 71,70, E,<) be an SBTOS. Then the following are equiva-
lent:

(1) (X, 71,72, E,S<) is IP (resp. DP)-soft connected,

(2) Xg cannot represented as a union of two non-null disjoint IPO (resp. DPO)-
soft sets,

(3) Xg cannot represented as a union of two non-null disjoint IPC' (resp DPC)-
soft sets,

(4) Xg has no proper soft subset which is both IPO (resp. DPO)- and IPC
(resp. DPC)-soft set.

Proof. (1) = (2): Suppose (1) holds and assume that there exist two non-null

IPO—soft sets Gg and Hg such that Gg M Hg = ¢ and XEA: Gg U Hg. Since

GgMNHg = bg, GgC HJCE, Hg C GCE Thus ICITQ(GE) MHEg = ¢r and ICZTQ(HE)H
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~

Gg = ¢g. It follows that Xg has an IP-soft separation, i.e., (X, 7,72, E,<) is an
1 P-soft disconnected which contradicts with (1).

(2) = (3): Suppose (2) holds and assume that there exist two non-null 7 PC'—soft
sets Fg and My such that Fi M Mg = ¢ and Xg = Fg U Mg. Then F§ and Mg
are non-null DPO-soft sets and Fy, U M§, = Xg, which contradicts with (2).

(3) = (4): Suppose (3) holds and assume that there exists Gg C Xg, Gg # Xg
and Ng # $E such that Ng is both /PO and I PC-soft set. Then Ng and N§g, are
non-null disjoint 7 PC-soft set and X = Ng U N5, which contradicts with (3).

(4) = (1): Suppose (4) holds and assume that (X, 7,72, E,S) is IP (resp. DP)-
soft disconnected. Then there exist two rg)n—null IPS-soft sets Gg and Hg such
that Xg = Gg U Hg. Thus GCE 1 H% = ¢p implies G%‘ C Hg, H% C Gg. Since
Icli,(Gp) M Hp = ¢g, Ici,(Gp) T HE C Gg. So Gg is an IPC-soft set. Simi-
larly, Hg is I PC-soft set. On the other hand, by Proposition 3.10, we deduce that
Gg C Hg. Hence Gg = Hf,. It follows that Hg, is an IPC- soft set. Therefore
IPO and IPC-soft set, which contradicts with (4). The proof is similar in case of
(X, 71,710, E,<) is a DP-soft connected. O

Corollary 4.6. An SBTOS (X, 11,72, E,S) is an IP (resp. DP)-soft connected
space if and only if the only soft sets over X which are IPO (resp. DPO) and IPC

(resp. DPC)-soft sets are Xg and ¢g.

Example 4.7. Let E = {fl’ e2,e3}, <= A U{(a,b)} be a partial order relation on
X = {a,b, C, d} and T = {¢E,XE7G1E,G%7G%7G%}7 Ty = {(ZSE,XE;HE;H%}H
where

Gle = {(617 {a’c})7 (627 {a’bvc})v (63’ {cv d})}’ GQE = {(617®)7 (62, {aac})> (63’ {d})}>

G%} = {(617 {C}), (627 {b})a (637 @)}7 G%} = {(617 {C})v (62, {a7b7 C})’ (637 {d})}’

Hé = {(617 {av b})v (62’ {avc})v (63’ {avd})}, H% = {(61, {b})v (62a {C})a (637 {aa d})}
Then (X, 7,72, E,<) is an SBTOS. Thus we have

T12 = {$E7XE5GlE)G2E7G3E7G4E7H%7H%7Péapéapgapé‘apg}a

where PL = {(e1,{a,b,c}), (e2,{a,b,c}), (es, {a,c,d})},
P% = {(617 {b})7 (62’ {a7 C})7 (63’ {a7 d})}’
Pg‘ = {(617 {av b, C})v (627 {a’ b, C})7 (635 {av d})}a
Pé = {(617 {bv C})v (62’ {b’ C})v (637 {a’ d})}a
PJ% = {(617 {b7 C}>7 (627 {a7 b, C}), {a7 d})}
It is easy to see that the only soft sets over X which are TPO (resp. DPO) and
IPC (resp. DPC) -soft sets are Xg and ggE So by Corollary 4.6, we deduce that
(X, 71,70, FE,<) is an IP (resp. a DP)-soft connected space.

Theorem 4.8. Let (X, 71,72, E,<) be an SBTOS. Then the following are equiva-
lent:

(1) (X, 71,72, E,<) is an IP (resp. DP)-soft disconnected,

(2)XE can represented as a union of two non-null disjoint IPO (resp. DPO)-soft
sets,

(3) Xg can represented as a union of two non-null disjoint [ PC' (resp. DPC)-soft
sets,
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(4) Xg has a proper soft subset which is both IPO (resp. DPO) and IPC (resp.
DPC)-soft set.

Proof. The proof is similar as Theorem 4.5. g

Remark 4.9. Let (X, 7,7, F,<) be an IP (resp. a DP)- soft connected space
and let e € E. Then (X, 77,75, <) may not be an IP (resp. a DP)-connected space
as shown in the following example.

Example 4.10. Let E = {e1,e2}, <= A U{(b,¢)} be a partial order relation on
X ={a,b,c} and 11 = {¢p, Xp,Gr}, 72 = {¢p, Xg, Hp},

where Gg = {(617 {a})7 (627 {b, C})}7 Hp = {(617 {b7 C})7 (62/7\{@7 C})}

Then (X, 7,72, E,<) is an SBTOS. It is clear that 712 = {¢p, Xg, Gg, Hg}. Thus
(X, 71,72, E,<) is IP-soft connected and D P-soft connected because we cannot
represented Xg as a union of two non-null disjoint [ PO-soft sets and D PO-soft
sets, respectively. On the other hand, /3 = 75 = {2 X, {a},{b,c}}. So
(X, 7', 5, S) is an I P-disconnected and a D P-disconnected space because {a} is
both an IPO (resp. a DPO) and an IPC (resp. a DPC)-soft set.

Remark 4.11. Let (X, 7,72, E, <) be an TP (resp. a DP)-soft disconnected space
and let e € E. Then (X, 77,75, <) may not be an IP (resp. a DP)-disconnected
space as shown in the following example.

Example 4.12. Let E = {e1,ex}, <= A U {(a,c)} be a partial order relation on
X = {a,b, C} and T1 = {gE;XE;MEaNE}y T2 = {QE)\E,XE,KE}, where

Mg = {(617 {b})7 (627 {b})}’ Ng = {(ele)v (62’ {b})}a IEE = {(617 ®)7 (627 {aa C})}
Then (X, 1,72, E, <) isan SBTOS. It is clear that 712 = {¢g, Xg, Mg, Ng, Kg, Pg},
where P = {(e1, {b}), (e2, X)}. Since, {(e1, X), (€2, {b})} is both an TPO (resp. a
DPO) and an IPC (resp. a DPC)-soft set, by Theorem 4.8 (4), (X, 7,72, F, <)
is IP-soft disconnected and DP-soft disconnected. Now, 77 = {@, X, {b}} and
50 = {@, X}. Thus 713" = 757 = {2, X, {b}}. Obvious that (X,7{", 75", <) is
an I P-connected and a DP-connected space. We can show that (X, 772,752, <) is
an I P-disconnected and a D P-disconnected space.

Theorem 4.13. Let (X, 71,72, E, <) be an SBTOS andletY C X. Then (Y, 11y, Tay,
E, <) is an IP (resp. a DP)-soft disconnected if and only if there exist two IPS
(resp. DPS)-soft sets FY, and K% in (Y, 11y, 7oy, E, <) such that Ye = F UKY,
where F}E/ =Yg NFg, K}E/ =Yr N Kg, Fg, Kg € 12.

Proof. Straightforward. O

Definition 4.14. A property P of an SBTOS (X, 1,72, E,<) is called hered-
itary property, if every soft bitopological ordered subspace (Y, 71y, 7oy, E, <) of
(X, 71,72, E, <) is also has the property P.

Remark 4.15. The increasing (resp. decreasing) soft connectedness does not hered-
itary property as shown in the following example.

Example 4.16. From Example 4.5 in [13], if <= A U {(y,w)}, then we have
(X, 71,72, E, <) is an I P-soft connected and a D P-soft connected space. But (Y, 71y,
Toy, B, <) is an I P-soft disconnected and a D P-soft disconnected space. Thus the
increasing (resp. decreasing) soft connectedness does not hereditary property.
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Theorem 4.17. Let (X, 01,02, E, <) be an SBTOS finer than an SBTOS (X, 11, T2,
E,3).

(1) If (X, 71,72, E,<) is an I P (resp. a DP)-soft disconnected space, then (X, d1,
92, E, <) is IP (resp. DP)-soft disconnected.

(2) If (X, 61,02, E, <) is an I P (resp. a DP)-soft connected space, then (X, 7,72,
E, <) is IP (resp. DP)-soft connected.

Proof. (1) Suppose (X, 91,02, E, <) is an I P-soft disconnected space. Then there
exist Gp, Hg € P(X)P such that Icliy(Gp)NMHg = ¢, Iciy(Hg)NGg = ¢ and
GgUHE = Xg. Since (X, 41,02, E, <) is finer than of (X, 71,72, E, <), 712 C d12. It
follows that for any soft set G, we have Icl§ (Gg) C Icl} ,(Gg). Thus we have

Iclgm(GE) MHg = $E» Iclgm(HE) NGg :QZE and Gg U Hg = Xg.

So (X, 01,02, E, <) is an I P-soft disconnected space.

(2) Suppose (X, 61,02, F, <) is an I P-soft connected space. Assume that (X, 71, 72,
E, <) is an I P-soft disconnected space. Then by (1), (X, d1,02, E, <) is an I P-soft
disconnected space, a contradiction.

The proof is similar in case of (X, 11,72, F, <) is a DP-soft connected. O

Theorem 4.18. Let (X, 71,72, F, <) be an SBTOS. If (X, 71, E, <) or (X, 2,
E, <) is an increasing (resp. a decreasing) soft disconnected space, then (X, 11,72, E, <
) is an IP (resp. a DP)-soft disconnected space.

Proof. It is immediate from the fact that: Icl?  (Gg) = Icli (Gg)NIcli (Gg). O

Remark 4.19. Let (X, 71,7, F,<) bean SBTOS. If (X, 7, E, <) and (X, 72, E, <)
are both increasing (resp. decreasing) soft connected spaces, then (X, 71,72, F, <)
may not be an IP (resp. a DP)-soft connected space as shown in the following
example.

Example 4.20. Let E = {e1,ex}, S= A U {(a,c)} be a partial order relation on
X = {avba Cvd} and 7 = {¢E,XE7ME}7 T2 = {¢E,XE7NE}7

where Mg = {(617 {av C})7 (e2, {b7 d})}7 Ng = {(617 {b7 d})7 (e2, {av C})}

Then (X, 7, E,<) and (X, 72, E, <) are both increasing (resp. decreasing) soft
connected spaces. Obvious that (X, 7,7, E,<) is an SBTOS. Moreover, 115 =
{$E7XE, Mg, Ng}. Since Mg and Ng are non-null disjoint PO (resp. DPO)-soft
sets, Mg U Ng = Xg. Then by Theorem 4.8, we deduce that (X, 71,72, F,<) is an
IP (resp. a DP)-soft disconnected space.

Theorem 4.21. Let (X, 71,72, E, <) be an SBTOS and let @ #Y C X and let
(Y, 11y, 1oy, E, <) be an IP (resp. a DP)-soft connected space. If Gg and Hg are
an IP (resp. a DP)-soft separation of Xg, then Yg C Gg or Yg C Hg.

Proof. Suppose Gg and Hg are an I P-soft separation of X and assume that Yg C
GgandYg C Hg. Then Yy C X = GgUHE implies YgM[GgUHE| = Yg. It follows
that [Yg M Ggr]U[YeM Hg] = Yg. On the other hand, since Yy C Gg, Yy C Hy and
Y C [GeUHE), ¢p # YeNGp # Yi and ¢g # YgMHg # Yp. Since GENHE = ¢
and Iclsyy (Gg) = Ye N Ici,« (GE), we have

Ile2y[YE [l GE] M [YE M HE] = ¢p
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and
ICZTQY [YE I HE] M [YE I GE] = d)E

Thus Yg M Gg and Yg M Hg are an I P-soft separation of Yz, which contradicts
with that (Y, 71y, 7oy, E, <) is an I P-soft connected space. So our assumption is
not true. Hence Yg C Gg or Yg C Hg.

The proof is similar in case of Gg and Hg are a D P-soft separation. O

5. INCREASING (DECREASING) PAIRWISE SOFT CONNECTED (DISCONNECTED)
SOFT SETS

Definition 5.1. A soft set Gg in an SBTOS (X,n,72,E,<) is said to be an
increasing (resp. decreasing) pairwise disconnected soft set (briefly, I P (resp. DP)-
disconnected soft set), if there exist two non-null I PO (resp. DPO)-soft sets OF, O
such that

GpNOL # ég, GgNO% # ép, Gg T OLUO0% and 0L M0% C GS,.

In this case, we say that O} LI O% is IP (resp. DP)-soft disconnected of Gg. A soft
set G is called an IP (resp. a DP)-connected soft set, if has no IP (resp. DP)-
soft disconnected set.

Example 5.2. From Example 3.17, let Fr = {(e1, {w}), (e2, {z})}. Take O} =
Gg, O% = H% It is clear that G g, H% are I P-soft sets, and Fg M O}; #+ ¢, FgM
0% # ¢, Fp COLUO% = {(e1,{z,w}), (e2, {z,2,w})} and O M0% = ¢ C Fg.
Then Fg is an I P-disconnected soft set. If we take <= A U {(w,y)}, then we can
show that O = Gg, O% = H}, are DP-soft disconnected of Fg.

Theorem 5.3. Let (X, 71,79, E, <) be an SBTOS and Gg € P(X)®. Then 2°€lcl3,
(Gg) if and only if Gg N O% # ¢, YOL € THBF (2°), where O% is any DPO-soft
set contains x¢ and TR (x°) is the family of all I PO-soft sets contains z°.

Proof. Suppose z°€1cli,(Gg) and assume that there exists 0% € 757 (x¢) such
that Gg M O% = ¢g. Then Gg C O%c. Thus Icliy(Gg) T Icliy(0%°) = 0% ¢
which implies Icl$,(Gg) M O]”f; = 8 g, a contradiction. Conversely, suppose the nec-
essary condition holds assume that J;@%Iclfg(GE). Then z¢€[lclf,(Gg)]¢. Thus
[Icliy(Gp)]° € TBF (2°). So by the hypothesis, [Icliy(Gg)]° N Gg # dg, a contra-
diction. ]

Theorem 5.4. Let (X, 71,72, E, <) be an SBTOS and Gg € P(X)®. Then x°€Dcl3,

(Gg) if and only if Gg N O% # g YOI € 1iF (x°)., where O% is any [PO-soft
set contains x¢ and 71 (x¢) is the family of all IPO-soft sets contains x°.

Proof. Straightforward. O

Lemma 5.5. If O} U O% is an IP (resp. DP)-soft disconnected of Gg in an
SBTOS (X, 11,72, E, %), then Gg M OL and Gg M 0% are DPS (resp. IPS)-soft
sets.
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Proof. Suppose O, LI 0% is I P-soft disconnected of G . Then we have
GpNOL # ég, GgNO% # ép, Gg T OLU0% and OLMO% C GS,.

We shall prove that G MO% and Gg M O% are DPS-soft sets. Let 2¢€Dcl, (0% M
Gp). Then by Theorem 5.3, (OLMNGE)N0% # ¢ VO EriF (2°). Now, assume that
7°€(0O%LNGE). It follows that x°€0%. Then O4 €7y (x¢). Thus (0L M GE)MO% #
¢, which a contradicts with the given O 1M0% C G%,. So z¢ £(0% M Gg). Hence
Dely (0L M GE) N (0% M GE) = ¢p. Similarly, Deliy (0% M Gr) M (0L NGE) = ¢p.
Therefore G M OL and Gg M O% are DPS-soft sets.

The proof is similar in case of O% LIO% is a DP-soft disconnected sets of Gg. O

Theorem 5.6. Let (X, 71,79, E,<) be an SBTOS and G € P(X)¥. Then 2°€Dcl},
(Gg) if and only if Gg N O% # ¢p YOL € TRF (x°), where O% is any DPO-soft
set contains x¢ and T (x¢) is the family of all DPO-soft sets contains x°.

Proof. Straightforward. O

Theorem 5.7. A soft set Gg in an SBTOS (X, 11,72, E,<) is a DP (resp. IP)-
disconnected soft set if and only if there exist two IP (resp. DP)-separated soft sets
Sk, S% such that Gg = S U S%.

Proof. Suppose that G g is a D P-disconnected soft set in (X, 71,72, F,<). Then Gg
has a DP-soft disconnection, say OL U O%, i.e., there exist two non-null DPO-soft
sets O};, 0125 such that Gg I_IOE =+ $E, Gg O% #* (ZE, Gg C 0,19 L 02E and
OEMO% C G%. Then by lemma 5.5, it follows that G MO}, GgMO% are I PS-soft
sets. Since Gg C OLUO0%, GeM(OLUOZ) = G implies (GeNOL)U(GNO%) =
Gg. Take SL, = GE MO}, and S% = G N O%,.

Conversely, let SL, S% be two IP-soft sets and let Gg € P(X)¥ such that
Gp = SL U S2. Then Icliy(SL) M52 = ¢p and Icli,(S%) M SL = ¢p. Take OL =
[Icl5(SE)]¢ and O% = [Icl§4(S%)]¢. Then OL, O% are non-null DPO-soft sets.
Since Icl{y(SE) M S% = o5, SL C [Icl§y(S%)]¢ = O%. By similar, we also have
S%Z C OL. Tt follows that Gg C OL U O%. Since [Icl§o(SE)]¢ C Si, [Icl54(S%)]€ C
S%. 0} M O0% C GS. Furthermore, since SL, S% C Gg and S% C O}, Sk C 0%,
S2 C GpnOL and SL C GpnO%. But SL # ép, S% # ¢p. Thus Gp M0 #
qASE, Ggn O% #* QZE So G g is a D P-disconnected soft set.

The proof is similar in case of Gg is an I P-disconnected soft set. g

Corollary 5.8. Let (X, 1,72, E, <) be an SBTOS. If St,, S% are two IPS (resp.
DPS)-soft sets, then Sy, U S% is a DP (resp. IP)-disconnected soft set.

Corollary 5.9. A soft set Gg in an SBTOS (X, 71,72, E, <) is I[P (resp. DP)-
connected soft set if and only if it cannot expressed as a union of two IDS (resp.

IPS)-soft sets.

Proposition 5.10. Let (X, 7,7, E, <) be an SBTOS.

(1) Ewvery soft point is an IP (resp. a DP)-connected soft set.
(2) The null soft set is an IP (resp. a DP)-connected soft set.
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Proof. (1) Let 2°€Xp. Then for any two non-null IPO-soft sets Ok, O% such
that {z°} M OL # ¢p, {2} N 0% # ¢p, we have 2°€0% 1 0%. It follows that
OL M 0% Z {z°}¢. Thus z¢ is an I P-connected soft set.

The proof is similar in case of a D P-connected soft set.
(2) Obvious. O

Theorem 5.11. Let Fig be an I P (resp. DP)-connected soft set in an SBTOS (X, 1,
79, B, <) and let Fr C Mg T Icl{y(Fg). Then Mg, Icl{,(Fg) are also IP (resp.
DP)-connected soft sets.

Proof. Let F be an I P-connected soft set in an SBTOS (X, 11,72, E, <) and as-
sume that Mg is an I P-disconnected soft set in an (X, 71, 72, F, <). Then there exist
two non-null 7 PO-soft sets O}, O% such that

Mg 0L # ¢p, Mg 0%+ ég, Mg C 0L UO0%

and
OpMO% C M§.

Since Fgp C Mg, Fg C O}z U O% and 0115 n O% C Fg. Since Fg is an I P-connected
soft set, either FgMOL = <ZE or FgnO?% = (EE If we claim that FgnOL = 3}57 then
O3 is a DPO-soft set contains Fg. It follows that Iclj,(Fg) C O} which implies
that Mg M OL = QASE, a contradicts with our assumption. Thus our assumption is
false. So M is an I P-connected soft set. In particular, put Mg = Icljy(Fg). Then
Icli,(Fg) is also an I P-connected soft set.

The proof is similar in case of Fg is a D P-disconnected soft set. O

Remark 5.12. The soft subset of an I P (resp. DP)-soft connected space need not
be an I P (resp. DP)-connected soft set as seen in the following example.

Example 5.13. Consider Example 4.7. Let <= AU {(a,c)}. Then (X, 71,72, E, <)
is an IP-soft connected space. Now, let Fr = {(e1,{c}), (e2,9), (es,{d})}. Take
Ok = G%, 0% = G%,. Then we have

Fgn 0115‘ = {(61,®), (627 @)7 (627 {d})}vFE M O?E = {(617 {C}), (627®)7 (627 @)}7

Fg C 011’3 U 02E = {<€1’ {C})’ (627 {a,c}), (627 {d})} and 011'17 r 012’:7 = (ZE - FJ%

Thus Fg is an IP-disconnected soft subset of (X, 71,72, E, ). If we take <= A U
{(¢,a)}, then we have F is a DP-disconnected soft subset of (X, 7,7, E, <).

Remark 5.14. The union of two IP (resp. DP)-connected soft sets need not be
an IP (resp. DP)-connected soft set as seen in the following example.

Example 5.15. From Example 4.7 and Example 5.13, it is clear by Proposition
5.10 (1) that ¢°*, d°® are IP (resp. DP)-connected soft sets. Nevertheless, {¢®} U
{d®3} = {(e1,{c}), (e2,9), (e2,{d})} = Fg is an IP-disconnected soft set and a
D P-disconnected soft set.

Theorem 5.16. Let Gy, Hp be two IP (resp. DP)-connected soft sets in an
SBTOS (X, 11,72, E,<). If Gk M Hg #+ QASE, then Gg U Hg is an IP (resp. DP)-
connected soft set.
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Proof. Let Gg and Hg be IP (resp. DP)-connected soft sets and suppose Gg 1
Hg # QASE Assume that Gg U Hg is an I P-disconnected soft set. Then there exist
two non-null IPO-soft sets Ok, O% such that [Gg U Hg| N OL # QASE, [Gg U
Hg]NO% # ¢p, [Gg U Hg] C 0L UO0% and [0L M O%] C [Ge U Hgl®. Since
Gp C GpUHE, GE|[C 0L U0%] and OLMO% C GS. Since G is an I P-connected
soft set, Gg FIO}E = (;ASE or Gg FIO% = (;ASE Thus Gg C OlE or Gg C O% for
[Gg T OF U O0%]. Similarly, Hx C OL or Hg C O%. Thus, if Gg C OL and
Hg C O%, then GEMHEg C O}EI_IOJQE C G4 M HE which implies that GEMHE = QZE,
a contradiction. Similarly, when Gg C OJQE and Hg C 0}37 we have a contradiction.
So our assumption is not true. Hence Gg LI Hg is an I P-connected soft set. O

Theorem 5.17. Let ¢y, be an ISP (resp. a DSP)-continuous and injective mapping
from SBTOS (X, 71,72, E,<1) in to an SBTOS (Y, n1,1m2, K, <2). If Gg is an IP
(resp DP)-connected soft set in (X, 71,72, E, S1), then ¢4(GEg) is an IP (resp. a
DP)-connected soft set in (Y,n1,m2, K, Sa).

Proof. Suppose G is an IP-connected soft set in (X, 71,72, E,<1). Assume that
¢4 (GE) is not an IP-connected soft set in (Y, 71,72, K, S2). Then there exist two

non-null 7PO-soft sets O}, O% such that ¢y (Gg) MO} # (EE, byp(Gg) N O%
6p, ¢4(Gr) C Ok UO% and [0k NO%] C Yi — ¢y(Gp). Then by Theorem
4.8 and Proposition 2.8, it follows that Gg M ¢, Loy # ép, Gpn qﬁw (0%) #
bp, G C 6, (0f) U, (0%) and [¢," (0) N6, (O%)] C ¢, (Vi — $u(G)) =
Xk — Gg. Since ¢y, is an IS P-continuous, (;51;1(0}{), gZ);l(O%() are I PO-soft sets in
(X, 71,72, E,S1). Thus ;' (Of) U ¢;1(O2 ) form an IP-soft disconnection of Gg
which contrary to the fact that G is an I P-connected soft set in (X, 71,72, F, <1).
So ¢y (GE) is an I P-connected soft set in (Y, 71, 12, K, S2). O

In Theorems 5.16 and 5.17, a similar proof can be given for the case between
parentheses.

Corollary 5.18. Let ¢y, be an ISP (resp. a DSP)-continuous and injective map-
ping from an IP (resp. a DP)-connected soft space (X, 11,72, E,<1) on to an
SBTOS (Y,m,m2, K, S2), then (Y,n1,m2, K, <2) is an IP (resp. a DP)-soft con-
nected space.

6. CONCLUSION

In 1965, Nachbin [1] introduced the concept of topological ordered space, which
combines the properties of partial order relations and topological spaces. Later, in
1999, Molodtsov [3] proposed the idea of "soft sets” to address issues related to

uncertainty, vagueness, imprecision, and incomplete data.lttanagi [11] introduced
the notion of a soft bitopological space. Building upon these concepts, El-Sheikh et
al. [16] introduced the concept of soft bitopological ordered spaces

In this paper, we introduced and studied the notion of IPS (resp. DPS)-soft sets.
Based on this notion, we defined and studied some properties and characterizations
of TP (resp. DP)-soft connected spaces and IP (resp. DP)-connected soft sets in
soft bitopological ordered spaces. Some properties of such notions are obtained. We
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expect that the findings in this paper can be promoted to the further study on soft
bitopology ordered to carry out general framework for the practical life applications.
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