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ABSTRACT. A generalization of classical metric, namely parametric
metric was introduced by Hussain et al. in [1]. This construction has
a twofold significance: it deals with metric conditions and allows for the
possibility of performing parametric soft S-metric space, specifically for the
training of fixed point type theorems. This paper presents new insights into
this construction and establishes various fixed point theorems in this space.
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1. INTRODUCTION AND PRELIMINARIES

Metric spaces have an important role in topology and other applied sciences.
Nowadays, the extensions of metric spaces are the most well studied structures. Thus
there are different species of these extensions in literature [2, 3] such as parametric
metric space [1], bipolar metric space [4], parametric S-metric space [5], parametric
b-metric spaces [0] etc. Recently, many researchers have studied generalized metric
space by changing the triangle inequality of metric conditions. Soft set theory was
introduced by Molodtsov [7] as a new mathematical structure. Since applications
of soft set theory in other disciplines and real life problems was progressing rapidly
[8, 9, 10, 11] , the study of soft metric space which is based on soft point of soft
sets was initiated by Das and Samanta [12]. Yazar et al. [l13] examined some
important properties of soft metric spaces and soft continuous mappings. They
also proved some fixed point theorems of soft contractive mappings on soft metric
spaces. A number of authors introduced contractive type mapping on a complete
metric space which are generalizations of Banach contraction which has the property
that each such mapping has a unique fixed point in [14, 15]. By using contractive
type mapping, some authors have studied the fixed point theory for soft functions
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on different soft metric spaces which are generalizations of metric spaces such as soft

S-metric space [16], bipolar soft metric space [17] etc.
A generalization of classical metric, namely parametric metric was introduced by
Hussain et al. in [1]. The significance of investigate this construction firstly take care

of metric conditions and secondly, chance of performing some kind of metric space
namely parametric soft S-metric space to training of fixed point type theorems. In
this paper we present new impression in this construction and set up varied fixed
point theorem in parametric soft S-metric space. Initially, we acquaint the notions
of parametric metric, parametric S-metric and soft S-metric. Later we successfully
give parametric soft S-metric space using the definitions of parametric metric and
soft S-metric. It is known that contractive mappings has a major area in the fixed
point theory. In the classical Banach theorem, fixed point theorems are proven using
contractive mapping. This is very important as the fixed point theorem is proven
under different conditions in this paper.

Throughout this paper, X denotes initial universe, F denotes the set of all pa-
rameters, P(X) denotes the power set of X.

Definition 1.1 ([7]). A pair Ff is called a soft set over X, where F' is a mapping
given by F': E — P(X).

Definition 1.2 ([18]). If F(a) = @ for all a € E, then Ff is said to be a null soft
set and denoted by ®. If F(a) = X for all @ € E, then Fg is said to be an absolute

soft set and denoted by X.

Definition 1.3 ([12, 19]). Let Fg be a soft set over X. Then Fg is called a soft
point with the value x € X and the support a € E in X, denoted by x,, if F(a) = {z}
and F(a') = @ for all «’ € E — {a}.

It is obvious that each soft set can be expressed as a union of soft points. For
this reason, to give the family of all soft sets on X it is sufficient to give only soft
points on X.

Definition 1.4 ([19]). Let F be a soft set over X. Then a soft point z, is said to
belong to Fg, denoted by x,EFg, if 7, (a) € F (a), ie., {z} C F(a).

Definition 1.5 ([12]). Let R be the set of all real numbers, B (R) be the collection
of all non-empty bounded subsets of R and E be taken as a set of parameters. Then
a mapping F' : E — B (R) is called a soft real set in R. A soft real set is called a
singleton set in R, if F(a) = r for each a € E. In this case, it will be called a soft
real number of R and denoted by 7,3, ¢, etc. It is clear that 6((1) =0, T(a) =1 for
all a € E, respectively.

Definition 1.6 ([12]). The collection of nonnegative soft real numbers is denoted
by R(E)* and the pair (R(E)*, %) is a partially ordered set, such that for 7,5 as
two soft real numbers,

(i) 7<3, if 7 (a) < 5(a) for all a € E,

(ii) 7>3, if 7 (a) > 3 (a) for all a € E,

(iii) 7<%, if 7 (a) < 5 (a) for all a € E,

(iv) 7>3if 7 (a) > 5 (a) for all a € E.
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Definition 1.7 ([1]). Let X be a nonempty set and P : X x X x (0,00) — [0, 00)
be a function satisfing the following conditions: for all z,y,a € X and t > 0,

(i) P (z,y,t) =0 if and only if z =y,

(ii) P (z,y,t) = P (y,2,1),

(iii) P (x,y,t) < P(z,a,t) + P (a,y,t).
Then P is called a parametric metric on X and the pair (X, P) is called a parametric
metric space.

Definition 1.8 ([7]). Let X be a nonempty set and S : X x (0,00) — [0,00) be a
function satisfing the following conditions: for all x,y, z,a € X and t > 0,

(i) S (z,y,2,t) =0 if and only if x = y = z,

(i) S (x,y,2,t) < S(z,z,a,t) + S (y,y,0a,t) + S(z,2,a,t).
Then S is called a parametric S-metric on X and the pair (X, 5) is called a para-

metric S-metric space. The family of all soft points of the set X is denoted by
SP(X).

Definition 1.9 ([10]). A soft S-metric on X is a mapping S : SP(X) x SP(X) x
SP(X’) — R(E)* that satisfies the following conditions: for any x.,ys, 2c, uq €
SP(X),

(Sl) S (l‘a, Yo, Zc) 267

(S2) S(xa,yp, 2c) = 0 if and only if z, = yp = 2,

(S3) S (xa, yp, ZE) <S (ZayTa,ta) + S Yy Ub, ua) + 5 (2, 2¢, ) -
Then the soft set X with a soft S-metric S is called a soft S-metric space and denoted
by ()?,s, E) .

2. PARAMETRIC SOFT S-METRIC SPACES

In next section, we mention the concept of parametric soft S-metric space and
give some results in complete parametric soft S-metric space. Let X be the absolute
soft set, E¥ be a nonempty set of parameters.

Definition 2.1. A parametric soft S-metric on X is a mapping dg : SP(;() X
SP(X) x SP(X) x R(E)* — R(E)* that satisfies the following conditions: for any
Ty Yby Ze, Ud € SP()?) and t > 0,

(PS1) ds (mmyb, Zc,a gﬁ,

(PS2) dg (a:a,yb, zcj) =0 if and only if z, =y, = 2,

(PS3) ds (Tas Ybs 2e: 1) <ds (Tas Tas uast) + ds (Yo, os ta, ) + ds (2es 26, uas t) -
Then the soft set X with a parametric soft S-metric dg is called a parametric soft

S-metric space and denoted by ()?7 dg, E) .

Example 2.2. Let E = R be a parameter set and X = R2 ¢ > 0. Consider usual
metric on X = R? with norm. Then

dg : SP(X) x SP(X) x SP(X) x R(E)* — R(E)*
is defined by: for any z,,p, 2. € SP(X) and > 0,

ds (Tas Yo, 2, 1) = T (|b+a—2¢| + [b—a| + |y +2 — 22| + [ly — «]).
7
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It is verified that dg is a parametric soft S-metric space on SP(X).

Definition 2.3. Let ()?, ds, E) be a parametric soft S-metric space and {xgn} be

a sequence of soft points in X. _
(i) A sequence {asgn} is said to be convergent, if there exists a soft point xz, in X
such that lim dg (333 , Ty 7xa,f> =0 for all £>0 and denoted by lim Ty = Tg.
n—00 " " n—oo
(ii) A sequence {a?g} is called a Cauchy sequence, ifnﬁlribrgoods (xg, Ty, xfl”j) =

0 for all £>0.

Definition 2.4. If every Cauchy sequence is convergent in parametric soft S-metric
space (X,dS,E), then (X,dS,E> is called a complete parametric soft S-metric
space.

A soft mapping on ()?,dS,E) consists of the mappings f : X — X and ¢ :
E — E and denoted by f,. If f and ¢ are surjective (injective), then f, is called
surjective (injective) soft mapping.

Definition 2.5. Let ()?, dgs, E) be a parametric soft S-metric space. Then a soft
mapping f, : ()Z', ds, E) — (X,ds, E) is said to be a soft contraction mapping in

parametric soft S-metric space, if there exists a soft real number ¢ € R(E),ﬁ%(}zT
such that

ds (.ﬁp (-ra) > ftp (xa) 7f<p (yb) 72) gf}'ds (mmxaaybu%)
for all x4,y € SP()}) and > 0.

Remark 2.6. A soft contraction mapping in a parametric soft S-metric space is
a soft continuous mapping because if lim z] = z, in the above condition, we get
n—oo "

nlgl;ofso (xan) = fo (za).
Remark 2.7. In this study, we take f7 (z4),%q € SP()?) and n € {0,1,2,...},
inductively by fg (z4) = x4 and f;“"l (za) = fo (fg (a)) -
Lemma 2.8. Let ()N(,d&E) be a parametric soft S-metric space. Then
ds ((Eaa ZLa, yba’t\) =dg (yb7 Yo, xava
for all zq,y, € SP(X) and T > 0.

Proof. Let x4, yp € SP()? ) and t > 0. Then by using condition of parametric soft
S—metric, we have

ds (xavmmyb»%) < 2ds (xaaxaaxaa’t) +ds (ybvybaxm%)

= dS (yb7yba$a>%\) ) (1)
dS (Z/bvybal‘m%) < st (ybvybaylhg) +dS (xaa'raaybv%()
= dS ('T(uxavyba?) . (2)

From the inequalities (1) and (2), dg (:ra, Tq, yb,ﬂ =dg (yb, Up, xa,ﬂ is satisfied. O
78
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Definition 2.9. Let (f(, dgs, E) be a parametric soft S-metric space. Then a soft

mapping f, : ()?,dS,E) — ()N(,ds,E) is called a soft self-mapping.

Theorem 2.10. Let ()N( dS,E) be a complete parametric soft S-metric space and
fo: ()? dgs, ) (X ds, ) be a surjective soft self-mapping. If there is soft real
numbers v, 8 > 0 and k > 1 such that

ds (fLP (xa) ’ fSO (ma) >f</3 (yb) ’E) 2 kds (m“’xa’yb’%) + Fds (fLP (:Ea) ’ f(p ($a> 7:1;11’%)
+ 3ds (fo () fo (00) 01 1)

for any x4, yp € SP()?) and t > 0, then fo has a unique soft point in SP()?).

Proof. f, is an injective soft mapping. Actually, if we get f, (z4) = f, (y5) and
using condition the assumption, for all ¢ > 0, we obtain
0=ds (fw (ma) 7f<p (xa) fcp (xa) ’%)
> %ds (Iaa l’myb,) +7rds (ftp (za) fcp (xa) sz) +5ds (ftp (l'a) fga (Ia) yb,f) .
Then dg (xa,xa,yb,j = 0. Since k > 1 Tq = 1yp is devised. Now we sign inverse

mapping of f, as vy. Let 20 be an arbitrary soft point in SP(X ) We define a soft
sequence as follows:

T, = Yo (2a),
vay = v (2a,) =7 (2a),
IZ:;II = 71/) ( an) = 7:;4_1 ( a) y e

n+1
An+1

ds (x"71 g f)

An—17"an—-17"an?

Let us consider x # x,, for each n € N. From the condition of theorem,

> s (£ (20 ) S5t (20) 15 (02 )

+ 7ds (o (10 (ent) o g (550 (o)) ot (e,
+ sds (F (157 (20,)) - fo (51 (22,))  £57 (2,) 1)

— s (o (a2 ) 0 (a2 ) o (02,) )

+ ds (e an o (207)

+ 3ds (z,, 7, »’Yw( an) ot

I

=

Y
9]

—

8
Q3
3

" n—1 n—1 n 7
Zg Ty +1, )-i—rds (xa o Ta 5Ty n,t)

~ n n n+1
+ Sdg (xan, Zg an+1’t)

1 —1 1 —1 n
= (k+5)ds (e, an, ot 8) +7ds (o0 ol o,
9

s (10 (5 (52)) o o (52 (52)) o (5 () 7

7).
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We get
(T - 77) ds (xgn—}l T %) > (% + g) ds (a;gn it anth ?) .

It is clear that k + §#0and 1 —7> 0. Thus

n n n+1l 7 n—1 n—1 n 7
dS (xanvxanvxan,_*_l’t) dS ( an_lﬂxan_l,xanat) . (3)

k+3
Hereh—

(3), we have
ds (xzn,xzn,xsjjlf) < hds (5,29, 24,,1)  (4)

for all £ > 0. Let m,n € N as m > n > 1. By using (4) and condition of parametric
soft metric space,

R ~> < (29, 20 13(111,%-).

This implies ds( x? K) — 0 as m,n — oco. So {x" } is a soft Cauchy

An? W an? a'm
sequence, by the completeness of X , {mg} converges to a soft point 2% € SP(X )
Since f, is a surjective soft self-mapping, f, (uq) = x} for some uq € SP()N(). From
the condition of theorem, we obtain
ds( Ty L Th,t

a 9
=dg (f%@ (xan_H) ftP ( an+1) fﬁp (ud) t)
> kdg (xgjjl,xgjjl,ud,f) +7dg (:cgn,xgn gjjl,j +3ds (25, 2%, ug, t) -

For n — oo, this inequality
0> (E+’§) ds (xz,x;ud,f)

is obtained, i.e. x} = uq. Hence we have f, (z}) =z, i.e., f, has a fixed soft point.
For the uniqueness, we consider the converse which means there could be two
different soft points z, z; of f,. Then

ds (x5, a0, 25,t) = ds (fo (@}), fo (22), fp (22) 1)

> kds (x xr, a,A) +7dg xc,xc,xc,3+sds (za, 25, a,A)
= kds (zf, x5, 20,1) .
Since k > 1, x; = z;. Therefore there exists a unique soft point of f,. O

Remark 2.11. If we take ¥ = § in Theorem 2.10, then the following corollary is
directly acquired.

Corollary 2.12. Let ()},ds,E) be a complete parametric soft S—metric space and

fo: ()N(,dS,E) — ()N(,ds,E) be a surjective soft self-mapping. If there is soft real
80
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numbers ¥ > 0 and k> 1 such that

ds (fso (7q) oo (Ta) fe (vn) ’5 > 7fidS (xayxaayln%)
+7 max {dS (ftp (Ta) s fo (Ta) »xava yds (fgo (o) fio () aybva}

for each x4, yp € SP(X') and t > 0, then fo has a unique fized soft point in SP()Z').

Proof. The proof is obvious. 0

Remark 2.13. If we take k = 7 and 7 = § = 0, then the following corollary is
directly obtained.

Corollary 2.14. Let ()?,dS,E) be a complete parametric soft S-metric space and
fo: (X,dS,E> — ()N(,ds,E) be a surjective soft self-mapping. If there is soft real

number m > 1 such that

dg (ftp (ma) 7fga (xa) 7f<,0 (yb) 7%-) > ﬁldS (xa,xa, ybv’t-)
for each x4,y € SP(X) and t > 0, then fo has a unique fized soft point in SP()?).

Proof. The existence of the soft point is obtained by Theorem 2.10. Then we only
prove that the uniqueness of the soft point. Suppose z; be another soft point in
SP(X). Then from the condition of corollary, we have

ds (»TZ?%Z,Z;?E) ds (f«p (x:;)vfap (%va«p (ZZ),%)

Z ﬁ'LdS (I‘:,.’E;,Z;,E} )
which implies dg (gc:, xy, z;k,f) =0, since m > 1. Thus x) = z} is taken. O

Note that we give Corollary 2.14 as a generalization of Corollary 2.12.

Corollary 2.15. Let ()N(,d&E) be a complete parametric soft S-metric space and
fo: (f(, dg, E) — (5(, dg, E) be a surjective soft self-mapping. If there is a positive

integer n and a soft real number k > 1 such that
ds (fg (xa) s f:pl (za) 7f$ (yb) 7?) > %dS (favﬂﬁa,ybj)
for each zq,yp € SP(X) and T > 0, then fo has a unique soft point in SP(X).

Proof. From Corollary 2.14, it is obvious that f7 has a unique soft point as zj in

SP(X). Also
fo@d) = fo (f5 (22)) = £ (fo (27)) -

Then f, (z;) is a soft point of f7 and f, (z;) = = is obtained. Since the soft
mappings f, and f7 have the same soft point, the proof is completed. a
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3. CONCLUSIONS

We have introduced namely parametric soft S-metric space which is based on

soft point of soft sets. Later we give some kind of interesting fixed point theorem.
We show that f, has a unique soft point under different conditions on a complete
parametric soft S-metric space.
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