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ABSTRACT. This article introduces and characterize fuzzy soft 2-metric
spaces utilizing the concept of fuzzy soft points within a fuzzy soft uni-
verse. The framework of fuzzy soft 2-metric spaces allows us to explore
properties, including the concept of convergence of sequences within fuzzy
soft 2-metric spaces. Further, the study establishes the analysis of the
Cantor’s intersection theorem within the context of complete fuzzy soft
2-metric spaces.
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1. INTRODUCTION

In various domains of daily life, uncertainty permeates a wide array of fields such
as engineering, physics, computer science, economics, social science, and medical
science. Addressing uncertainties often involves the applications of mathematical
tools, with two notable approaches being fuzzy set theory introduced by Zadeh [1]
and the theory of soft sets initiated by Molodstov [2] which helps to solve problems
in all area. Later, many authors contributed to the investigation of soft sets in
topological and computational aspects [3, 4, 5, 6, 7]. These tools, especially when
combined with fuzzy sets, offer solutions to problems across diverse areas.

A significant contribution to this field is the work by Maji et al. [8], who in-
troduced various operations in soft sets and coined the concept of fuzzy soft sets.
Building upon this, Beaula et al. [9] defined fuzzy soft metric spaces in terms of
fuzzy soft points, investigating their properties. Sayed et al. [10] extended this study
to fuzzy soft contractive mappings in fuzzy soft metric spaces, exploring fixed point
theorems. Additionally, they delved into fuzzy soft G-metric spaces [11, 12].
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The measurement of distances between points and sets holds paramount impor-
tance in human life, influencing various mathematical branches like geometry, func-
tional analysis and computer science. [13] Gahler introduced the concept of 2-metric
spaces in 1964, where the distance between points is determined by a metric function.
This concept extends the idea of an ordinary metric with the geometric interpreta-
tion that d(x, y, z) represents the area of a triangle formed by vertices x, y and z in
X. In 2022, Lee et al. [14] introduced the concept of neighborhood structures and
continuities via cubic sets and they analyze the cubic sets in category theory.

The theory of 2-metric spaces has been extensively studied and developed over
the years. Vildan et al. [15] made contributions by introducing and exploring soft
2-metric spaces. In this paper, the basic concepts related to fuzzy soft metric spaces
and soft metric spaces are recalled in section 2. The new notion of fuzzy soft 2-
metric spaces with fuzzy soft points is defined. This study includes an examination
of fuzzy soft open 2-balls, fuzzy soft 2-closed balls and the definition of convergence
sequences in fuzzy soft 2-metric spaces, accompanied by the proof of results in section
3. Furthermore, the paper establishes the Cantor’s Intersection Theorem and Baire’s
Theorem in complete fuzzy soft 2-metric spaces in section 4.

2. PRELIMINARIES

In this section, some basic definitions related to fuzzy soft sets, fuzzy soft points,
fuzzy soft metric, fuzzy soft G-metric and soft 2-metric spaces are recalled. Through-
out this paper, let X be a universal set and E a set of parameters and A, B C F.

Definition 2.1 ([16]). Let A C E. Then a pair (f, A) denoted by f4 is called a
fuzzy soft set over (X, E), where f is a mapping f : A — IX defined by fa(e) = K5

where R
e | O ifeg¢ A
Hfa =\ otherwise ife e A.

()/(:_E) denotes the class of all fuzzy soft sets over (X, F) and is called a fuzzy soft
universe.

Definition 2.2 ([16]). A fuzzy soft set fa over (X, E) is said to be:
(i) a null fuzzy soft set, denoted by ¢, if fA~(e) =0forallec A,
(ii) an absolute fuzzy soft set, denoted by F, if fa(e) =1 for all e € A.

Definition 2.3 ([17]). The complement of a fuzzy soft set f4, denoted by f4, where
f4q : E — I* is a mapping given by ;L?Z =1-pf, forallee E.
It is obvious that (f§)¢ = fa.

Definition 2.4 ([17]). Let fa, gp € ()/(,\E') Then we say that fa is fuzzy soft
subset of gp, denoted by fa C gp, if A C B and pj, < pg, for all e € 4, ie,
1, (x) < pg, (), for all € X and for all e € A.

Definition 2.5 ([17]). Let fa, gg € ()/(TE) Then the union of f4 and gp, denoted
by he = fa U gp, is a fuzzy soft set ho over X defined as follows:
(i)C=AUB,
(ii) hole) = pf,, = p$, V pg, foralle € C.
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Definition 2.6 ([17]). Let fa, gp € ()/(,\E') Then the intersection of f4 and gg,
denoted by ho = fa Ngp, is a fuzzy soft set hg over X defined as follows:
(i)C=AnB,
(ii) hele) = ug,, = p$, A g, foralle e C

Definition 2.7 ([18]). A fuzzy soft set fa € (ﬁ) is called a fuzzy soft point, if
there exist € X and e € E such that p$, (z) = a(0 < a < 1) and u§, (y) = 0 for
each y € X — {z} and this fuzzy soft point is denoted by z¢ or fe.

Definition 2.8 ([18]). A fuzzy soft point ¢, is said to belong to a fuzzy soft set ga,
denoted by zf, € ga, if a < g, (x) for all e € A.

Definition 2.9 ([9]). Let f4 be fuzzy soft set over X. The two fuzzy soft points
fers fe, € fa arve said to be equal, if iy, () = py,, () for all € X. Thus fe, # fe,
if and only if uy, () # py,, (z) for some z € X.

Definition 2.10 ([9]). The union of any collection of fuzzy soft points can be
considered as a fuzzy soft set and every fuzzy soft set can be expressed as the union
of all fuzzy soft points, i.e., f4 = {UfCEfA fe:e€ E}

Definition 2.11 ([9]). Let fa, fp be two fuzzy soft sets. Then f4 C fp if and only
if fo € fa implies f. € fp and thus f4 = fp if and only if f. € fa implies f. € fB
and f. € fp implies f. € fa.

Definition 2.12 ([19]). Let R be the set of real numbers and B(R) be the collection
of all non empty bounded subsets of R, E be a set of parameters and A C E. Then
a mapping f : A — B(R) is called a soft real set. If a soft real set is a singleton soft
set, then it will be called a soft real number and denoted by 7,3, etc. 0 and 1 are
the soft real numbers where 0(e) = 0,1(e) = 1 for all e € E respectively.

The set of all soft real numbers is denoted by R(A) and the set of all non-
negative soft real numbers by R(A)*.

The soft real number 7 will denote a particular type of soft real number such
that 7(e) =r for all e € E.

Definition 2.13 ([20]). (i) A soft set (P, A) over X is said to be a soft point, denoted
by Py, if there is exactly one A € A such that Py(\) = {z} for some z € X and
P(p) =@ for all pe A\ {A}.

(ii) A soft point P{ is said to belong to a soft set (F, A), denoted by Py € (F, A),
if P{(X) ={z} C F(X).

(i) Two soft points Py, PY are said to be equal, if A = p and x = y. Then
Py # P it x#yor A # p.

The collection of all soft points of X is denoted by SP(X).

Definition 2.14 ([21]). Let U be a universe set, let A be a set of parameters and
let SS(U)4 be the family of all soft sets over U with respect to A. Then (F, A) €
SS(U) 4 is called a soft point in Ua, denoted by ep, if ep(e) # ¢ and F(e') = ¢ for
alle' € A— {e}.

Definition 2.15 ([1]). Let U be a universe and A a parameter set. Then 7 C

SS(U) 4 is called a soft topology on U, if it satisfies the following conditions:
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(Tl) 957 UA €T,

(T2) the union of any number of soft sets in 7 belongs to 7,

(T3) the intersection of any two soft sets in 7 belongs to .

The triplet (U, T, A) is called a soft topological space over U. The members of T

are called soft open sets in U and their complements are called soft closed sets in U.
Definition 2.16 ([21]). A soft set (G, A) in a soft topological space (U,7,A) is
called a soft neighborhood of the soft point ep € Uy, if there exists (H, A) € 7 such
that ep € (H, A) C (G, A).
Definition 2.17 ([10]). A fuzzy soft real number (nOninegative) is a fuzzy set of all
(non-negative) soft real numbers R(A), i.e., a mapping 5\~: R(A) — [0, 1], associating
with each soft real number #, its grade of membership A(f) satisfying the following
conditions: . .

(i) )\ is convex, i.e. )\( £) > min(\(3), \(7)) for 5 C ¢ C 7,

(ii) )\ is normal, i.e., there exists 7y € R(A)* such that A(fy) = 1,

(iii) X is upper semi continuous provided for all € R(A) and « € [0, 1]

5\({) < a, there is a § > 0 such that ||5 — #|| < § implies that A\(3) < a.

The fuzzy soft real numbers be denoted by 7, 5, i etc., while 7, 3,
in particular type of fuzzy soft real numbers such that Fle) = u
number for all e € F.

1? will be denoted
¢7 that is a fuzzy

Let A C E. Then the set of all non negative fuzzy soft real numbers is denoted
by R(A)* and the collection of all fuzzy soft points of a fuzzy soft set f4 over X be
denoted by F'SC(fa).

Definition 2.18 ([9]).  Let E be a set of parameters, A C £ and Fi be a absolute
fuzzy soft set. Then a mapping d : F'SC(Fg) x FSC(Fg) — R(A)” is said to be a
fuzzy soft metric on F, if d satisfies the following conditions:

(FSM ) (f61’f€2) 2 0 for all fe17fe2 € FE7

(FSMy) d(fe,, fe,) = 0 if and only if f., = f., for all f.,, fe, € Fpg,
(FSM3) d(fey, fes) = d(fey, fo,) for all fo,, fe, € F,

(FSM4) (feufes) S (feufez) +d(f€2af€3) for all f€17f€27f€3 € FE

The fuzzy soft set~F w with a fuzzy soft metric d is called a fuzzy soft metric space
and is denoted by (Fg,d) .

Definition 2.19 ([11]).  Let E be the set of parameters, A C E and Fg be a abso-
lute fuzzy soft set. Then a mapping G : FSC(Fg) x FSC(Fg)x FSC(Fg) — R(A)*
is said to be a fuzzy soft G-metric on Fp, if G satisfies the following conditions:

(qul) g(fgwfez)fea) =0,1f fe, = fe; = fess N

(FSG3) 02G(for feps foy) Tor all for, fo, EFSC(E) with fu, # fuyy

(FSG3) G(forr forr fun) < G(fers fers foy) for all for, fun, foy EFSC(E) with f, #
fes

(FSQ4) Q(fewfez)fea) = G~(f€17f€37f€2) = (fezafesvfh) =

(FSG5) G(fer: fers fes) < G(fers fes fe) + G(fes feu, fey) for all fel,fez,feg,fe €
FSC(Fg).
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The fuzzy soft set F with a fuzzy soft G-metric G on Fg is called a fuzzy soft
G-metric space and is denoted by (Fg, G).

Definition 2.20 ([15]). A mapping d: SP(X) x SP(X) x SP(X) — R(A)* is said
to be a soft 2-metric on the soft set X, if d satisfies the following conditions:

(M1) for any Py, Py € SP(X) with P # P, there exists P; € SP(X) such
that d(PY, P}, PZ) # 0,

(M2) d(P§, Py, P;) = 0, when at least two of three soft points are same, i.e.,
Py =P or Py =P;or P{ =P} =P; )

(M3) d(PyY, Py, P;) =d(P}, Py, P;) = d(P;, Py, PY) forall P{, PY, P2 € SP(X),

(M4) d(l?f, Py, Pj)éd(Pf{, P{, Ph+d(PY, Pt, PZ)+d(P}, PY, PZ) for all PY, P, PZ,
P} c SP (X).

The soft setNX with a soft 2-metric d on X is called a soft 2-metric space and

denoted by the (X, d).

3. Fuzzy SOFT 2-METRIC SPACES

In this section, the new notion of fuzzy soft 2-metric space is defined, along with
fundamental definitions of fuzzy soft open (closed) 2-ball, convergence of a sequence
of fuzzy soft point, completeness, continuity of a fuzzy soft function and studied
their properties.

Definition 3.1. Let E be a set of parameters, A C FE and Fg be a absolute fuzzy
soft set. Then a mapping d : FSC(Fg) x FSC(Fg) x FSC(Fg) — R(A)* is said to
be a fuzzy soft 2-metric on Fg, if d satisfies the following conditions:

(FSM1) for any fe,, fe, € FSC(Fg) with f., # f.,, there exists f., € FSC(Fg)
such that d(fe,, fey, fes) 7 0,

(FSM2) d(fe,, fey fes) = 0, when at least two of three of fe,, fe,, fe, are equal,
Le., fe, = fe, OF fey = fey OF fe, = fey = [es,

(FSM?)) d(fel’f€27f€3) = d(f€27f€17f€3) = d(f€3’f€2’f€1) fOI‘ all feufeszes €
FSC(Fg),

(FSMA4) d(fe, funs fea) < Afer, funs fo) + Afers for foo) + d(fer funs fo) for all
femfezafea’feeFSC (FlE) B

The fuzzy soft set Fg with a fuzzy soft 2-metric d on Fg is called a fuzzy soft

2-metric space and denoted by the (F~'E, d).

Example 3.2. Let Fg be an absolute fuzzy soft set. Define d : FSC’(FE) X

d(feu.fezvfeg) = {

Then d satisfies all the conditions of the definition 3.1. Thus d is a fuzzy soft 2-metric
on the fuzzy soft set Fg.

0 if fer = fes = fe, Or at least two of fe,, fe,, fes are equal,
1 otherwise.

Definition 3.3. A fuzzy soft 2-metric space (F,d) is said to be bounded, if there

exists non negative fuzzy soft real numberﬁ: such that d(fe,, fess fes) < k, for all
fers fess fes € FSC(Fg). Otherwise, then (Fg,d) is said to be unbounded.
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Definition 3.4. Let (Fp, d) be a fuzzy soft 2-metric space and let f.,, fe, € FSC’(FZ;),
and 7 € R(A)*. Then A fuzzy soft open 2-ball centered at f., and fe, with radius T,
denoted by Bz(fe,, fe,), is the collection of all fuzzy soft points fe, of Fr such that

d(f813f€2?f€3) < 723 i'e'7
B?(feufeg) = {f@g € FSC(FE) ‘ d(f€17f€27f€3) < ;} .
A fuzzy soft closed 2-ball, denoted by B:|fe,, fe,], is defined as follows:
B7:'[f€17f62] = {fea € FSC(FE) ‘ d(felﬁfezvfes) S 7%} .

Example 3.5. Consider the fuzzy soft 2-metric space (Fg,d) defined in Example
3.2. Then

) _ [ FSC(Fg) ifi>1
Bf(f€17f€2)_{ {fel,fezE} 1f7§§i>
~ _ [ FSC(Fp) it7>1
F[f€17f52]_{ {fel,fezE} f;<i

Definition 3.6. Let (Fg,d) be a fuzzy soft 2-metric space. Then (Fg,d) is called a
T1-space, if for any fe,, fe, € Fg with f., # fe,, there are two fuzzy soft 2-open balls
B:(fey, fes) and Bz(fe,, fe,) with centers f,, fe, and fe,, fe, respectively and radius
7 > 0 such that f61 S Bi‘(felafe_a,)ufez ¢ Bﬁ(feyfeg) and f61 ¢ Bi(feyfeg)a f€2 S
B?(fez,fes)-

Theorem 3.7. Every fuzzy soft 2-metric space is a Ty -space.

Proof. Let (Fg,d) be a fuzzy soft 2-metric space and let fe,, fe, € FSC(Fg) with
fer # feo. Then there exists fo, € FSC(Fg) such that d(fe,. fe,, fe,) = 7 > 0.

If { = L, then B: “(fers fes) and Bi(fe,, fe;) are two fuzzy soft open 2-balls with
fer € B; (f617f63) fez ¢ B; (f€1>f€3) but fe, € Bt:(f€27f€3)a fei ¢ Bf(fezﬁfe?,)' O

Remark 3.8. The collection of all fuzzy soft open 2-balls, taken as a subbasis,
allows us to define a fuzzy soft topology on Fj, which we will refer to as the fuzzy
soft 2-metric topology and denote this topology as 74. Then (FE, T4) is a fuzzy soft
2-metric topological space. Members of 7, are called fuzzy soft 2-open sets and their
complements are called fuzzy soft 2-closed sets.

Hu

Lemma 3.9.~A fuzzy soft subset Gy of (FE,fd) is fuzzy soft 2-open if and only if
for any fe € G, there are finite number of fuzzy soft points fe,, fey, fess 5 fe, €
FSC(Fg),71,72,73, -+ ,7n > 0 such that fo € B (fe, fe,)N\Bz, (fe fes)NBz, (fer fes )N

B,’:, (fea fen) C éE

Proof. Suppose the necessary condition holds. Since each By (fe, fe,),i=1,2,---,n
is a fuzzy soft 2-open set by definition, the sufficiency of the condition follows im-
mediately.
Conversely, suppose G is a fuzzy soft 2-open set and let f. € Gp. Then there
exist finite number of fuzzy soft open 2-balls B;i(fe;,fei),i =1,2,3,---,m, such
302
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that
fPEHB (fors fo) C G

Since f. € B: (fe 1y fer)s (fe,fe i fe) = 5; < 7. Choose IZ < ’%’jl Then
Bt:l(fe,fei)ﬂB ;(fe’fei) (fe ,fe ) and this true for i = 1,2,3,--- ;m. Thus we
have
fe € Btzl(fevfei) mel(feafe’i) - th:m(feafem) th:m(feafe:n)
AP B (. fe)
C éE O

Deﬁnition 3.10. Let (FE, 74) is a fuzzy soft 2-metric topological space and Gg C
. Then f. is called a fuzzy soft 2-limit point of G, if for any fuzzy soft 2-open

set HE containing fo, Hg N (Gg \ fe) # 9.

The set of all fuzzy soft 2-limit points of G is denoted by G/E

Definition 3.11. Let (FE, Ta) is a fuzzy soft 2-metric topological space and Gg C
Fg. Then the collection of all fuzzy soft points of G and all fuzzy soft 2-limit
points of Gg, i.e., Gg U G;J is called the set of fuzzy soft 2-closure points of Gg in
(FE, 7q4) and it is denoted by Gg. The fuzzy soft 2-interior of G, denoted by C~¥°E,
is defined to be the union of all fuzzy soft 2- open sets contained in Gg.

Theorem 3.12. Let (FE, Td) 18 a fuzzy soft 2-metric topological space and Gp C Fp.
Then G is fuzzy soft 2-closed if and only if Gg = Gg.

Theorem 3.13. In a fuzzy soft 2-metric topological space, every closed fuzzy soft
2-ball is a fuzzy soft 2-closed.

Proof. Let B; z[fe,, fe,] be a fuzzy soft closed 2-ball centered at fe,, fe, with radius
7 in a fuzzy soft 2-metric topological space (FE,Td) Now we will show that no
fuzzy soft point outside Bj|fe,, fe,] is a fuzzy soft 2-limit point of B;[fe,, fe,]. Let
fes be a fuzzy soft 2-limit point of B:[fe,, fe,] such that fe, ¢ B:z[fe,, fe,]. Then
A(fey, feys fos) > T Let & > 0. Since B:(feys fes) N Bz(fey, fes) is a fuzzy soft 2-open

set containing fe,, there exists fo € Bz[fe,, feo] N {Bz(feys fes) N Bz(fess fes) \ fes }-
Thus the following inequality holds:

d(f€17f627fe3) S d(f€17f627f6) +d(f€17fevf€3> +d(f6;f€27f€3) < ;+Ez+g: 254_;

Since € > 0 is arbitrary, this implies d( fers fens fes) < 7 which contradicts the as-
sumption. So Bz[fe,, fe,] contains all its fuzzy soft 2-limit points. Hence B;[fe,, fe,]
is fuzzy soft 2-closed. The proof is complete. O

Definition 3.14. Let (Fg, d) be a fuzzy soft 2-metric space and {f., } be a sequence

of fuzzy soft points in F. Then {fe, } is said to converge to fo € Fp, if for any

foe Fg, d (feﬂ,fe ' fo) = 0 as n — oo, i.e., for every é > 0, there exists positive

integer N = N (&) such that d(f., , fosfe) < ¢ for all f, € F, whenever n > N, i.e.,

n > N implies f., € Bz(f., f.) for all f. € Fg.

It is denoted as {fc,} = f.r as n — 0o or limp—oo fe,, = fo'-
303
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Theorem 3.15. In a fuzzy soft 2-metric space, a sequence of fuzzy soft points con-
verges at most one fuzzy soft point of the space.

Lemma 3.16. A sequence {f., } of fuzzy soft points is convergent to f. in (Fg,d) if
and only if for any fuzzy soft 2-open set G containing fe there exits positive integer
m such that f., € Gg for alln > m.

Proof. Suppose the necessary condition holds and let f., € Fp and ¢ > 0. Since
B:(fe, f.r) is a fuzzy soft 2-open set containing f,/, there exists m € N such that
fe, € Bz(fe, fo)¥n > m, ie., d(fe,, f., fe) < éVn>m. Then d(fe.,, f.,fe) =0
as n — oo. Thus {f.,} converges to f, .
Conversely, suppose {f., } of fuzzy soft points is convergent to f, in (Fg,d) and
let G be a fuzzy soft 2-open set with f. € Gg. Then from Lemma 3.9, we have

fe S Brzl(fevfel) mBrzz(feafeg) mBT:3(fe7feg) n.. mBr:n(feafen) C éE

for some fe,, fe,, fess -, fe, € FSC(FE) and 71,79, 75 > 0.
Since d(fe,,, f.', fe) = 0 as n — oo, there exists m; € N such that d(fe,,, f./, fe,) <
7; for all n > m;, i.e.,

fen € By (fe, fer )N By (fe, fea )N B, (fe, fes)Ne - -N Bz (fe, fe,) C G for all n > m.

Thus the necessary condition holds. O

Theorem 3.17. Let(F'E, Ta) be a fuzzy soft 2-metric topological space, Gp C Fi and
fey € Fr. If a sequence { fe, } of fuzzy soft points of F other than f., converges to
fers then fe, € Fr is a fuzzy soft 2-limit point of Fr.

Proof. By definition, the proof follows. O

Definition 3.18. A sequence {fen} of fuzzy soft points in (Ff, d) is said to be fuzzy
soft 2-bounded, if for all f. € Fp, there exists fuzzy soft real number M > 0 such
that d(fe,, fe,,, fe) < M for all f, € Fgand allm, n € N.

Definition 3.19. Let (Fg, d) be a fuzzy soft 2-metric space and {f.. } be a sequence
of fuzzy soft points in (Fg, d). Then {f., } is said to be a Cauchy sequence in (Fg, d),
if for each € > 0, there exists m € N such that d(fe,, fe,, fe) < £ for all f, € F and
for all i, j > m, ie., d(fe,, fe;, fe) = 0 as i,j — oo.

Definition 3.20. A fuzzy soft 2-metric space (FE, d) is said to be complete, if every
Cauchy sequence in g converges to some fuzzy soft point of Fg.

Definition 3.21. A fuzzy soft subset G C Fp is said to be dense, if EE = Fg.

Definition 3.22. A fuzzy soft subset Gp C Fpg is said to be no-where dense, if
(Gp)’ = ¢.

Definition 3.23. Let (Fg,d) and (Fy,p) be two fuzzy soft 2-metric spaces and
oy (Fg,d) — (F]:J, p) be a fuzzy soft mapping between induced fuzzy soft 2-metric
topological spaces. Then ¢, is said to be continuous at f. € FSP(FE) if for any
fuzzy soft 2-open set Up containing <p¢( fe) in F, F, there exists fuzzy soft 2-open set
Vi containing f. in Fg such that gow(UE) C Vpg. If the fuzzy soft mapping Py Is

continuous at every fuzzy soft points of Fg, then @y is said to be continuous on Fp.
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Definition 3.24. A map ¢y : (Fg,d) — (Fé,p) is said to be sequentially continu-
ous, if for each sequence of fuzzy soft points which satisfies f., — fe in Fg implies

that oy (fe,) = @y (fe) in Fg .

Lemma 3.25. Fvery continuous fuzzy soft mapping between fuzzy soft 2-metric
topological spaces is also sequentially continuous.

4. CANTOR’S AND BAIRE’S THEOREM IN FUZZY SOFT 2-METRIC SPACES

In this section, it establish an analog of Cantor’s intersection theorem for com-
plete fuzzy soft 2-metric spaces use it to show that such a space cannot be expressed
as a countable union of no-where dense fuzzy soft sets.

Let Gp C Fp and f. € FSC(FE)7 6fe(GE) = Sup{d(feufewfe) : fe17fe2 €
FSC(Fg)}.

The quantity d, (GE) need not be consider as the diameter of Gp. However, if
(I:" ', d) is fuzzy soft 2-bounded in the sense of Definition 3.3, then for every Gg C
(FE),(Sfe (éE) is finite.

Theorem 4.1. Let (Fg,d) is a complete fuzzy soft 2-metric space. If {an} is
a sequence of fuzzy soft 2-closed sets with Fel D 15‘,52 oD Fen D --- such that
57 (F.,) = 0asn — ooV f. € Fg, then (0o, Fe., is non-empty and contains at
most one point.

Proof. Suppose the sufficient condition holds, and let (Fi, d) be a complete fuzzy soft
2-metric space and let {f., } be a sequence of fuzzy soft points of Fen. We show that
{f.. } is a Cauchy sequence in (Fg,d). Since {F, }isdecreasing, f., € F.,, ¥V m > n.
Then for any f. € FSC’(FE) and m > n, we have

d(fem7fen7fe) < 6fe(Fen) — 6 as m, n — o0..

Thus {f., } is a Cauchy sequence in (Fg,d). Since (Fg,d) is complete, f., — fe.

Now we prove that ()2, Fen # @&. Suppose f, # f. for some k onwards, oth-
erwise there is nothing to prove. Let n € N be fixed. Let Ug be any fuzzy
soft 2-open set containing f.. Then by Lemma 3.12, there is n; € N such that
fer € Uz ¥V k > ny. Thus fer € (UE\fe) ﬂF;n vV k > max{n,ni}. This
shows that f, € F, = F,. , since F, is fuzzy soft 2-closed. As this is true for
alne N, f. e, Fe,. So 22, F., # 2.

Finally, we prove that ﬂ:ozl Fen contains at most one point. If possible, let
us assume that it contains two distinct points fe # fe,. Choose f. # fe, fe,.

From the definition of d(fe, fe,, f./) < 6¢,(Fe,), since 65, (Fe,) = 0 as n —

00 d(fey fer, f.r) = 0, which is a contradiction. Then Moy Fen contains at most one
point. This completes the proof. 0

To prove the converse of Theorem 4.1, establish the following lemma.

Lemma 4.2. Let Gp C Fg and f. € FSC(Fg). Then 5fc(éE) = 5fc(5E)-
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Proof. Since Gg C Gg, it follows that 6f€(éE) < (Sfe(éE). To prove the converse,
let feo,, fey € Gp. If fe, fe, € FSC(GE), then clearly d(fe,, fe,, fo) < 67.(GE).
Thus suppose first that one of them, say, f., ¢ FSC(Gg) and f., € FSC(Gg).
Let £ > 0 be arbitrary. Since f., € G and Bz(fe,, fe,) N Bz(fe,, fe) is a fuzzy soft
2-open set containing f,, there exists fo, € Gg[Bz(fe,, fen) 0 Bz(fe,, fo)]. Then
d(fel)fEQ)fe) S d£f€17f€27~f€3) +d(f51’f637f62> +d(f€37f€2’fel)
<28+ 5fe(GE)-

Since, this is true for every & > 0, conclude that d(fe,, fe,, fo) < 07, (Gg) for f., €
FSC(GE) and f., € Gg. Finally, if f.,, fo, € Gg \ FSC(Gg), then repeating
the same argument, show that in this case also d(fe,, fe,, fo) < 05, (Gg). Thus

6fe(5E) = Sup{d(felvfezvfe) : f€1’f€2 € FE} < 5fe(éE') So 6fe(éE) = 6fe(éE)
O

The converse of Theorem 4.1 is contained in the following theorem.

Theorem 4.3. Let (FE,d) be aNfuzzy foﬂ 2-metric space. If Fen is a sequence
of fuzzy soft 2- closed sets with Fe, D F,,--- D F., D --- such that §s (Fe,) —

0asn — ooV f. € Fg, then Ny F, consists of a single point and (Fg,d) is
complete.

Proof. Let {f., } be a Cauchy sequence of fuzzy soft points in (F ', d) and let Fen =
{fens Jensrs feniar -} Then clearly, ﬁ‘el D ﬁ‘e2 e D Fen D ---. Thus {EE} is a
decreasing sequence of fuzzy soft-2 closed sets. So for f. € F'SC (Fg) and arbitrary
€ > 0, there is ny € N such that d(fe.,,, fe,., fe) < € for all n, m > n;. This show
that d;, (ﬁ'enl) < &. By Theorem 3.15, &;, (fenl) < . Since {Fenl} is decreasing,
o5 (F.,) <65, (Eenl) < & for n > ny. Hence &y, (F.,) — 0 as n — oo. By the given

n

condition, (0%, Fe, = fe,. This gives that d(fe, , fe,, fe) < 07, (F.,) — 0 asn — oo
which implies {f., } converges to f., in (Fg,d) proving (Fg,d) to be complete. 0O

Theorem 4.4. A complete fuzzy soft 2-metric space (FE,d) satisfies the condition:
(A) for any fe, f, € Fp, there exists a sequence {B,} of fuzzy soft closed 2-balls
centered at fe, f with oy, (Bn) — 0 asn — ooV f., € Fg such that it cannot be
written as a countable union of no-where dense fuzzy soft sets.

F., = U,en Fe,, where each F, is a no-where

Proof. Assume that, F = Unen

dense set and F e, does not contain any non-empty fuzzy soft 2-open set. Let Gg be
any fuzzy soft 2-open set. Since Esl is is no-where dense, Eel cannot contain Gg.
Then there exists f., € Gp such that f., ¢ F.,.Since Gg\F,, is fuzzy soft 2-open set
and fel € C;’E\}TTI, by Lemma 3.9, there exist fe’17fe’27 e ’feil and 71,79, -+ ,7n > 0
such that fe, € B, (fer, f.1) N Bz, (fers f) NN B (fer, for) = Vi (say) € G\

~ !

F,,. Without loss of generality, because of the condition (A), choose B; (fe,, fe )

such that 0y, (B; (fe, f.))) < 1V fo, € FSO(Fg). Then &5, (V) <1V f., €

FSC(Fg). Choose Sp, = B:, jo(fers 1) NV Bi yo(fers fur) 0 -0 Bs jo(fers fur)-
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Then by Theorem 3.13, S, C B jylfers fo 1N Bz, jolfers £ 100 Bz polfers fur] C
Ve € Gg \ F, and ., (Sg,) < S, (Vg) <1V f., € FSC(Fg). Again, since Sg,
is fuzzy soft 2-open set and Fez is nowhere dense, Sp, \fez # ¢. Thus there exist
fer € Sk, \Fez. Proceeding as above another fuzzy soft 2-open set is Sg, such
that f., € Sp, C Sp, C Sp, \ Fe, and &5, (Sp,) < 1/2 for all f., € FSC(Fp).
Continuing in this way, a sequence of fuzzy soft 2-closed sets are obtained in {EE}
such that §E"+1 C §En for all n € N, 5fel(§En) < 1/n for all f., € FSC(Fg).
By Theorem 4.1, (2, Sg, is non empty and contains at most one point. Since

{§En} N {Een} = ¢ for all n € N which is a contradiction. Hence the proof. O

5. CONCLUSION

2-metric spaces are interesting nonlinear generalizations of metric spaces which
were conceived and studied in details by Géahler. Fuzzy soft set theory is a topic of
interest in various fields due to its extensive potential for applications in numerous
directions. Thus, intended to investigate a measurement among three different fuzzy
soft points by considering the 2-metric space in fuzzy soft universe. As a result, in-
troduced fuzzy soft 2-metric spaces and studied some of their topological properties.
Also, extend the Cantor’s Theorem and Baire Theorem to the fuzzy soft universe.
This work can be extended to fixed-point theorems in fuzzy soft 2-metric spaces.
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