Annals of Fuzzy Mathematics and Informatics
Volume 27, No. 3, (June 2024) pp. 245-255 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2024.27.3.245 http://ribs.wonkwang.ac.kr

Generalization of fuzzy ideals of semirings and
metatheorem

RAVI SRIVASTAVA, ARVIND

Q@ F I
[@e F m 1]
@ F wm 1]
l@ F M 1]
@F MI
@QF MI @I MIT

@F MI
@F MI
@QF MI

@QF MI
@QF MI
@QF M I

©
=
=
@)
=
=

@QFMI| Q@FMTI
@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 27, No. 3, June 2024



Annals of Fuzzy Mathematics and Informatics
Volume 27, No. 3, (June 2024) pp. 245-255 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948/afmi.2024.27.3.245 http://ribs.wonkwang.ac.kr

Generalization of fuzzy ideals of semirings and
metatheorem

RAVI SRIVASTAVA, ARVIND

Received 10 December 2023; Revised 30 January 2024; Accepted 5 March 2024

ABSTRACT. We investigate fuzzy bi-interior ideals, fuzzy bi-quasi ideals,
fuzzy bi-quasi-interior ideals and fuzzy quasi-interior ideals of a semiring
as a generalization of fuzzy bi-ideals, fuzzy interior ideals and fuzzy quasi-
ideals in a semiring by utilizing metatheorem formulated by Tom Head. We
studied properties of fuzzy bi-interior ideals, fuzzy bi-quasi ideals, fuzzy
bi-quasi-interior ideals and fuzzy quasi-interior ideals of a semiring, simple
semiring and regular semiring. The classes of different types of fuzzy ideals
are shown to be projection closed. Tom Head’s metatheorem is used to
provide proofs of several results pertaining to these fuzzy ideals which
doesn’t involve calculations.
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1. INTRODUCTION

Semiring is an algebraic structure which is a common generalization of rings and
distributive lattices, was first introduced by Vandiver [1] in 1934. Generalization of
ideals of algebraic structures plays a very remarkable role and also necessary for
further advance studies. Notably, the concept of a one-sided ideal, present in various
algebraic structures, represents a generalization of the notion of an ideal. Further
generalizations were established, where quasi-ideals are a generalization of left and
right ideals and bi-ideals are generalization of quasi-ideals. During the period 1980-
2016, no new generalization of ideals of algebraic structures can be seen. Then, the
author in [2, 3, 4, 5] introduced and studied bi-quasi ideals, bi-interior ideals, bi-
quasi-interior ideals and quasi-interior ideals of a semirings as a generalization of
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bi-ideals, quasi-ideals and interior ideals. Iséki [(] introduced quasi-ideals for semir-
ings for semirings without zero. Good and Hughes [7] first introduced bi-ideals for
semigroups, while Lajos and Szasz [3] did so for rings.

In the year 1995, Head [9] proposed his metatheorem, providing a framework
for investigating the intrinsic behaviour of the fuzzy algebraic structures. Soon this
metathoerem approach was adopted by [10, 11, 12] in fuzzy algebra.

In the present paper, we have thrown further light on the notions of fuzzy bi-
interior ideals, fuzzy bi-quasi ideals, fuzzy bi-quasi-interior ideals and fuzzy quasi-
interior ideals as a generalization of fuzzy bi-ideals, fuzzy interior ideals and fuzzy
quasi-ideals in a semiring. Characterization of a semiring that is regular in terms
of fuzzy left(right, two sided) ideals, fuzzy bi-interior ideals, fuzzy bi-quasi ideals,
fuzzy bi-quasi-interior ideals and fuzzy quasi-interior ideals of S is provided by using
metatheorem. Metatheorem is employed to offer alternative proofs for a range of re-
sults concerning these fuzzy ideals, avoiding the need for extensive calculations. The
primary objective of this metatheorem was to derive fuzzy versions of classical out-
comes. In essence, metatheorem establishes a straightforward conceptual framework
for transferring results from crisp settings to fuzzy contexts, whenever such a tran-
sition is feasible. The visible lucidity and brevity of our proofs in comparison to the
already existing proofs of some of these results clearly establishes the metatheorem
approach as an effective tool for studying the fuzzy algebraic structures.

2. PRELIMINARIES

Before coming to next section, we recall that a fuzzy subset of a non empty set
X is a function from f: X — [0, 1].
We recall the following definitions for subsequent use.

Definition 2.1 ([5, 12]). A fuzzy set f of a semiring S is called a:
(i) fuzzy subsemiring of S, if f(xz +y) > min{f(z), f(y)} and
f(zy) = min{f(z), f(y)} Vz, y €S,
(ii) fuzzy left (right) ideal of S, if f(z +y) > min{f(z), f(y)} and
flxy) =2 fy)(f(zy) = f(z ))Vm,yES,
(iil) fuzzy ideal of S, if f(x +y) > min{f(z), f(y)}, f(zy) > f(y) and
flay) = f(z) Va,y €S,
(iv) fuzzy bi-ideal of S, if f is a fuzzy subsemiring of S and
fzyz) > min{f(x), f(2)} Vz, y, z €S,
(v) fuzzy interior-ideal of S, if f is a fuzzy subsemiring of S and
fleyz) = fly) VYV, y, €S,
(Vi) fuzzy quasi-ideal of S, if f is a fuzzy subsemiring of S and

f(z) 2 min{sup f(z), sup f(y)} V2 €5,

z=xy z=xy

(vii) fuzzy bi-interior ideal of S, if f is a fuzzy subsemiring of S and
(SofoS)N(foSof)Cf,

(viii) fuzzy left bi-quasi ideal of S, if f is a fuzzy subsemiring of S and
(Sof)n(feSof)cf

(ix) fuzzy right bi-quasi ideal of S, if f is a fuzzy subsemiring of S and
(feS)N(feSof)C/f,
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(x) fuzzy bi-quasi ideal of S, if f is a fuzzy subsemiring of S and
(Sof)yNn(foSof)C fand (foS)N(foSof)Cf,

(xi) fuzzy left quasi-interior ideal of S, if f is a subsemiring of S and
SofoSofCf,

(xi) fuzzy right quasi-interior ideal of S, if f is a subsemiring of S and
foSofesScf,

(xii) fuzzy quasi-interior ideal of S, if f is a subsemiring of S and So foSof C f
and foSofoSCf,

(xiii) fuzzy bi-quasi-interior ideal of S, if f is a fuzzy subsemiring of S and
foSofoSofCf.

Let S be a semiring. Let P(S), C(S) and F(S) denote respectively the set of all
subsets of S, the set of all characteristic functions of S and the set of all fuzzy sets
of S. It is well known that the mapping Chi : P(S) — C(S) defined by Chi(A4) = x4
is a bijection and provides an isomorphism of complete lattices.

Definition 2.2 ([9]). Let S be a semiring and J = [0,1). The representation
function Rep : F(S) — C(S)” is defined by

1 if f(x) >r

Rep(/)(1)(a) = {O )

where f € F(S) and r € J.

Proposition 2.3 ([9]). Rep is an injective function, commutes with infs of finite
sets of fuzzy sets and with sups of arbitrary sets of fuzzy sets. Morover, Rep is an
order isomorphism from F(S) onto I(S), where let I(S) be the image of the Rep
function.

We define binary operations +, 0 : F(S) x F(S) — F(S) as follows:

su min fl 1 ,f2 T2
i+ ) () = g—mﬁm[ {f1(1), fo(@2)}]

if z not expressed as x = x1 + x2

and

(Frof) (@) = 4 e i), falwa)l]

0, if  not expressed as x = x10x2

The above binary operations ‘+’ and ‘0’ on F(S) are called by Head [9], the con-
volutional extension of the binary operations ‘4’ and ‘0’ on S. Interestingly the
convolutional extensions ‘+’ and ‘0’ on F(S) coincide with the sum and product of
fuzzy sets introduced by Liu [13] in a groupoid or in any other algebraic system.

Proposition 2.4 ([9]). For the binary operations ‘+’ and ‘o’ on a semiring S,
C(S) is closed with respect to the convolutional extensions of 4+’ and ‘o’ to F(S5).
Moreover, Chi : P(S) — C(S) commutes with 4+’ and ‘o’ operations on P(S) and
c(S).

Proposition 2.5 ([9]). For the binary operations + and o on a semiring S, the
representation function Rep : F(S) — C(S)? commutes with the operations of “+’
and ‘o’.
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Definition 2.6 ([9]). Let C be a class of fuzzy sets in a semiring S. We say that C
is closed under projection, if for each f € C and r € J, Rep(f)(r) € C.

Proposition 2.7 ([9]). Let C, D be the classes of crisp subsets of a semiring S and
C, D be their corresponding fuzzy classes which are projection closed. Then

(1) CC D if and only if C C D,

(2) C =D if and only if C = D.

Metatheorem 2.8 ([9]). Let S be a semiring with binary operations “+’ and ‘ -’.
Consider the (inf, sup, 0)-algebra F(S). Let Q(u1, uz, - -+ ,Um) and R(uy, ug, -+, Um,)
be two expressions on P(S) over the variables set {uy,ug,- - ,um} and operations set
{inf,sup, +,-}. Let C1,Ca,--- ,Cp, be the classes of fuzzy sets of S that are projection
closed. Then the inequality

Q(f17f27 o 7fm) REL R(f17f2a o 7f’m)
holds for all fuzzy sets f1 inCy,- -, fim in Cyy if and only if it holds for all crisp sets
fiinCy, -, fm in Cp where REL is anyone of the three relations <, = or >.

3. METATHEOREM AND GENERALIZED FUZZY IDEALS IN SEMIRINGS

Theorem 3.1 ([12]). The classes Css, C; (Cr,Ci,Cp, Cin,Cq) of all fuzzy subsemirings,
fuzzy left (right, two sided, bi-, interior, quasi-) ideals of a semiring S are projection
closed.

Theorem 3.2. Cy;, the class of all fuzzy bi-interior ideals of a semiring S is closed
under projection.

Proof. Let f € Cy;. Then f is fuzzy subsemiring of S and (So foS)N(foSof) C f.
Css is closed under projection by Theorem 3.1. Now for r € J, we have

Rep(f)(r) = Rep(So foSN foSof)(r)
= Rep(So foS)(r)NRep(foSof)(r)
= Rep(5)(r) o Rep(f)(r) o Rep(S)(r) N Rep(f)(r) o Rep(S)(r) o Rep(f)(r)
= SoRep(f)(r) o SNRep(f)(r)oSoRep(f)(r).
Thus Rep(f)(r) € Cp;. O

Theorem 3.3. Cpy, the class of all fuzzy left bi-quasi ideals of a semiring S is closed
under projection.

Proof. Let f € Cpy. Then f is fuzzy subsemiring of S and (So f)N(foSo f) C f.
Css is closed under projection by Theorem 3.1. Now for r € J, we have
Rep(f)(r) = Rep(So fN foSof)(r)

=Rep(So f)(r) NRep(foSo f)(r)

= Rep(5)(r) o Rep(f)(r) N Rep(f)(r) o Rep(5)(r) o Rep(f)(r)

= SoRep(f)(r) NRep(f)(r) oS oRep(f)(r).
Thus Rep(f)(r) € Cpqi- O
Theorem 3.4. Cyq, the class of all fuzzy right bi-quasi ideals of a semiring S is

closed under projection.
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Proof. Let f € Cpqr. Then f is fuzzy subsemiring of S and (fo S)N(foSo f) C f.
Css is closed under projection by Theorem 3.1. Now for r € J, we have
Rep(f)(r) > Rep(foSNfoSof)(r)
(foS)(r)NRep(foSo f)(r)
= Rep(f)(r) o Rep(5)(r) N Rep(f)(r) o Rep(S)(r) o Rep(f)(r)
= Rep(f)(r) o SN Rep(f)(r) o S o Rep(f)(r).
Thus, Rep(f)(r) € Ciqr- O

= Rep

Theorem 3.5. Cyq, the class of all fuzzy bi-quasi ideals of a semiring S is closed
under projection.

Theorem 3.6. Cy, the class of all fuzzy left quasi-interior ideals of a semiring S
is closed under projection.

Proof. Let f € Cgyi. Then f is fuzzy subsemiring of S and So foSo f C f. Css is
closed under projection by Theorem 3.1. Now for r € J, we have
Rep(f)(r) > Rep(So foSo f)(r)
= Rep(5)(r) o Rep(f)(r) o Rep(S)(r) o Rep(f)(r)
= SoRep(f)(r) oS oRep(f)(r).
Thus Rep(f)(r) € Cqr.- O

Theorem 3.7. Cyir, the class of all fuzzy right quasi-interior ideals of a semiring
S is closed under projection.

Proof. Let f € Cgir. Then f is fuzzy subsemiring of S and foSo folS C f. Cs is
closed under projection by Theorem 3.1. Now for r € J, we have
Rep(f)(r) = Rep(foSo foS)(r)
= Rep(f)(r) o Rep(5)(r) o Rep(f)(r) o Rep(5)(r)
= Rep(f)(r) o SN Rep(f)(r) oS o Rep(f)(r).
Thus Rep(f)(r) € Cyir- O

Theorem 3.8. Cy;, the class of all fuzzy quasi-interior ideals of a semiring S is
closed under projection.

Theorem 3.9. Cp,i, the class of all fuzzy bi-quasi-interior ideals of a semiring S,
is closed under projection.

Proof. Let f € Cpqi. Then f is fuzzy subsemiring of S and foSo foSo f C f. Cys
is closed under projection by Theorem 3.1. Now for r € J, we have
Rep(f)(r) = Rep(f o So foSof)(r)
= Rep(f)(r) o Rep(S)(r) o Rep(f)(r) o Rep(5)(r) o Rep(f)(r)
= Rep(f)(r) o SN Rep(f)(r) o S o Rep(f)(r).

Thus Rep(f)(r) € Cpgs- O
249
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Theorem 3.10. The following statements hold in a semiring S':
(1) every fuzzy left (right) ideal of S is a fuzzy bi-quasi ideal of S,
(2) every fuzzy two sided ideal of S is a fuzzy bi-quasi ideal of S,
(3) every fuzzy bi-ideal (quasi-ideal) of S is a fuzzy bi-quasi ideal of S.

Proof. We establish (2). By Theorem 3.1 and 3.5, both the classes C; and Cp, of
fuzzy two sided ideals and fuzzy bi-quasi ideals are closed under projection. Then
by Proposition 2.7, C; C Cyq if and only if C; C Cyy, where C; and Cyy are classes
of all crisp two sided ideals and crisp bi-quasi ideals of S respectively. Thus by
Corollary 3.1 of [2], every two sided ideal of a semiring is a bi-quasi ideal and Chi is
an isomorphism from P(S) to C(S). So C; C Cy,. Hence C; C Cpy. O

Others are extension of Theorem 3.2 to 3.5 of [2] in fuzzy setting and can be
proved similarly.

Theorem 3.11. Every fuzzy left bi-quasi ideals of a reqular semiring S is a fuzzy
two sided ideal of S.

Proof. By Theorem 3.3 and 3.1, both the classes Cpq; and C; of fuzzy fuzzy left bi-
quasi ideals and fuzzy two sided ideals of a semiring S are closed under projection.
Then by Proposition 2.7, Cpi C C; if and only if Cyyy C Cj, where Cypy and C; are
classes of all crisp left bi-quasi ideals and crisp two sided ideals of S respectively.
Thus by Theorem 3.18 of [2], every left bi-quasi ideals of a regular semiring is a two
sided ideal and Chi is an isomorphism from P(S) to C(S). So we get Chqi C C;.
Hence Cpq C C;. O

The following results are extension of Theorem 3.1, 3.2, 3.11 and Corollary 3.6 of
[5] in fuzzy setting and can be proved similarly.

Theorem 3.12. The following statements hold in a semiring S.

(1) Every fuzzy right (left) ideal of a semiring S is a fuzzy right (left) bi-quasi
ideal of S.

(2) Let S is reqular semiring. Then, f is a fuzzy left (right) bi-quasi ideal of S if
and only if f is a fuzzy quasi-ideal of S.

(3) Let S is regular semiring. Then, f is a fuzzy bi-quasi ideal of S if and only if
f is a fuzzy quasi-ideal of S.

Theorem 3.13. A semiring S is reqular semiring if and only if f = SofNfoSof
vV f € Coq-

Proof. Consider the (inf, sup, o, +)-algebra F(S). Let D(u) = SunuSwu and E(u) =
u be two expressions over the set of variable {u} and set of operations (inf, sup, -, +).
By Theorem 3.3, the class Cpq; of fuzzy left bi-quasi ideals of S is projection closed.
Then by Metatheorem, D(f) = E(f) V f € Cpq if and only if D(f) = E(f) V
f € Cyqi, where Cyy is the class of all crisp left bi-quasi ideals of S.

By Theorem 3.15 of [2], a semiring S is regular if and only if SBN BSB = B
for every left bi-quasi ideal B of S. Since P(S) is isomorphic to C(S) under the
isomorphism Chi, SB N BSB = B if and only if xspnssp = xB. Moreover, Chi
commutes with the finite intersection and product of sets. Thus S is regular if and
only if xsp N xBsp = xp for every left bi-quasi ideal B of S. That is, S is regular if
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and only if xsxB N xBXSsXB = xB for every left bi-quasi ideal B of S. That is, S is
regular if and only if Sxp N xBSxs = xB for every left bi-quasi ideal B of S. That
is, S is regular if and only if D(f) = E(f) V f € Cpqi- So S is regular if and only if
D(f)=E(f) V f € Cpq- O

Similarly we can prove.

Theorem 3.14. A semiring S is regular if and only if f = foSNfoSof V
fe qur,

Theorem 3.15. The following statements hold in a semiring S.

(1) If f € Ci and g € C, then fN g € Cpq.

(2) [f fag S qul(cbqr) then f N g e qul(cbqr)-

(3) If f €C and g € C, then fN g € Cpgr.
Proof. We establish (1). Others follow similarly. We define the classes C;, = {f1 N
fo:f1e€C,foeCland C,r={fNg:fe€C,geC}, where C; and C, are
classes of all crisp left ideals and crisp right ideals of S respectively. First we show
that C;, is closed under projection. Let fNg € C;,. Since Rep commutes with
infs of finite sets of fuzzy subsets (Proposition 2.3), we have for all f € C,,g € C,
Rep(fNng)(r) = Rep(f)(r)NRep(g)(r) ¥V r € J. Since the classes C; and C,. are closed
under projection, we have Rep(f)(r) € C; and Rep(g)(r) € C,. Then Rep(fNg)(r) €
Ci» Yr € J. Thus C;, is closed under projection. Also by Theorem 3.5, Cpq, the class
of all fuzzy bi-quasi ideals of S is closed under projection. By Corollary 3.2 of [2],
the intersection of a left ideals and a right ideal of S is a bi-quasi ideal and Chi is an
isomorphism from P(R) to C'(R). So we have C;, C Cj,. Hence by Proposition 2.7,
Cir C Cyq- O

Theorem 3.16. A semiring S is reqular semiring if and only if fNg C gofNfogof
V f€Cpy and V f €C;.

Proof. Consider the (inf, sup, o, +)-algebra F'(S). Let D(u,v) = uNv and E(u,v) =
vu N uvy be two expressions over the set of variables {u,v} and set of operations
(inf, sup, -, +). By Theorem 3.3 and 3.1, both the classes Cyq; and C; of fuzzy left bi-
quasi ideals and fuzzy two sided ideals of S are projection closed. Then by Metathe-
orem, D(f,9) C E(f,g) ¥ f € Chyy and V f € C; if and only if D(f,g) C E(f,g9) V
f € Cpq and V f € C, where Cygy and C; are classes of all crisp left bi-quasi ideals
and crisp two sided ideals S.

By Theorem 3.14 of [5], a semiring S is regular if and only if ANB C BANABA
for every left bi-quasi ideal A and every two-sided ideal B of S. Since P(S) is
isomorphic to C(S) under the isomorphism Chi, AN B C BAN ABA if and only if
XanB € XBanAaBA- Moreover, Chi commutes with the finite intersection and product
of sets. Thus S is regular if and only if x4 N xB C xBXA N XaXBXA for every left
bi-quasi ideal A and every two-sided ideal B of S. So S is regular if and only if
D(f,9) C E(f,g) V f € Cpq and V f € C;. Hence S is regular if and only if
D(f.9) € E(f.9) ¥ f € Coqr and ¥ f € C.. 0

Similarly we can prove.

Corollary 3.17. A semiring S is a reqular if and only if fNg C fogNfogof V
f€Cgr and ¥ f €C;.
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Theorem 3.18. The following statements hold in a semiring S.
(1) Every fuzzy left (right) quasi-interior ideal of S is a fuzzy bi-interior ideal of
S.

(2) Every fuzzy quasi-interior ideal of S is a fuzzy bi-interior ideal of S.

Proof. We establish (2). By Theorem 3.8 and 3.2, both the classes C4; and Cp; of
fuzzy quasi-interior ideals and fuzzy bi-interior ideals are closed under projection.
Then by Proposition 2.7, Cy; C Cy, if and only if Cy; € Gy, where Cy; and Cy; are
classes of all crisp quasi-interior ideals and crisp bi-interior ideals of S respectively.
Thus by Corollary 3.4 of [4], every quasi-interior ideal of a semiring S is a bi-interior
ideal and Chi is an isomorphism from P(S) to C(S). So we get Cy; C Cp;. Hence

Cqi C Cu;.
Other results are extension of Theorem 3.3 and Corollary 3.3 of [1] in fuzzy setting
and can be proved similarly. O

Theorem 3.19. The following statements hold in a semiring S.

(1) Every fuzzy quasi-interior ideal of S is a fuzzy bi-quasi-interior ideal of S.

(2) Every fuzzy left ideal (right ideal, two sided ideal, interior ideai, bi-ideal,
quasi-ideal) of S is a fuzzy bi-quasi-interior ideal of S.

(3) Every fuzzy left (right) quasi-interior ideal of S is a fuzzy bi-quasi-interior
ideal of S.

Proof. We establish (1). By Theorem 3.8 and 3.9, both the classes Cy; and Cpy; are
closed under projection. Then by Proposition 2.7, Cy; C Cg, if and only if Cy; C Chy;,
where Cy; and Cyg; are classes of all crisp quasi-interior ideals and crisp bi-interior
ideals of S respectively. Thus by Corollary 3.8 of [4], every quasi-interior ideal of
a semiring S is a bi-quasi-interior ideal and Chi is an isomorphism from P(S) to
C(S). So we get Cy; C Chgi- Hence Cyi C Cpy.

Other results are extension of Theorem 3.1, 3.5 and Corollary 3.7 of [1] in fuzzy
setting and can be proved similarly. O

The following results are extension of Theorem 3.1, 3.2 and Corollary 3.1, 3.2 of
[4] in fuzzy setting and can be proved similarly.

Theorem 3.20. The following statements hold in a semiring S.

(1) Every fuzzy left (right) quasi-interior ideal of a semiring S is a fuzzy left
(right) bi-quasi ideal of S.

(2) Every fuzzy quasi-interior ideal of S is a fuzzy bi-quasi ideal of S.

(3) Every fuzzy left (right) ideal of S is a fuzzy left (right) quasi-interior ideal
of S.

(4) Every fuzzy two sided ideal (quasi-ideal) is a fuzzy quasi-interior ideal of S.

The following results are extension of Theorem 3.4, 3.6, 4.2, 4.5, 4.8 and Corollary
3.5, 3.6, 4.3, 4.6, 4.7, 4.9, 4.10 of [4] in fuzzy setting and can be proved similarly.

Theorem 3.21. The following statements hold in a semiring S.
(1) Every fuzzy left (right) quasi-interior ideal of S is a fuzzy bi-ideal of S.
(2) Every fuzzy quasi-interior ideal of S is a fuzzy bi-ideal of S.
(3) Every fuzzy interior ideal of S is a fuzzy left quasi-interior ideal of S.
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(4) Every fuzzy left (right) quasi-interior ideal of a simple semiring S is a fuzzy
left(right) ideal of S.

(5) Every fuzzy quasi-interior ideal of a simple semiring is a fuzzy ideal of S.

(6) Fvery fuzzy left (right) quasi-interior ideal of is a regular semiring S a fuzzy
left(right) ideal of S.

(7) Every fuzzy quasi-interior ideal of a reqular semiring S is a fuzzy ideal of S.

(8) Ewvery fuzzy left (right) quasi-interior ideal of a left (right) simple semiring
S is a fuzzy right (left)ideal of S.

(9) Every fuzzy left quasi-interior ideal of a left and right simple semiring S is a
fuzzy ideal of S.

Theorem 3.22. A semriring S is a reqular if and only if fNgNh C fogoh V
feCuVgel;and YV hel.

Proof. Consider the (inf,sup,o,+)-algebra F(S). Let D(u,v,w) = uNov Nw and
E(u,v,w) = uvw be two expressions over the set of variables {u,v,w} and set of
operations (inf, sup, -, +). By Theorem 3.6 and 3.1, the classes Cy;, C; and C; of fuzzy
left quasi-interior ideals, fuzzy two sided ideals and fuzzy left ideals are projection
closed. Then by Metatheorem, D(f,g,h) C E(f,g,h) V f € Cqr, ¥V g € C; and V
h e C if and only if D(f,g,h) C E(f,g9,h) ¥V f € Cyu, V g € C; and V h € C), where
Cqir, C; and C are classes of all crisp left quasi-interior ideals, crisp two sided ideals
and crisp left ideals of S.

By Theorem 4.14 of [4], S is regular if and only if AN BN C C ABC for every
left quasi-interior ideal A, every two sided ideal B and every left ideal C' of S. Since
P(S) is isomorphic to C(S) under the isomorphism Chi, AN BNC C ABC if and
only if xanBnc € xaBc- Moreover, Chi commutes with the finite intersection and
product of sets. Thus S is regular if and only if x4 N x5 N xc € xaxBXc for every
left quasi-interior ideal A, every two sided ideal B and every left ideal C of S. That
is, S is regular if and only if D(f,g,h) C E(f,9,h) V¥V f € Cqu ¥ g € C; and V
h € C;. So S is regular if and only if D(f,g,h) C E(f,g,h) V f €Cqi1 ¥ g € C; and
vV hecq. O

Theorem 3.23. If f € Cy; and g € C;, then fNg € Cy.

Proof. We define the classes Cyi; = {fiNfo: f1 € Cq,fo e C;} and Cyi s = {fNyg:
f € Cqisg € C;}, where Cy; and C; is classes of all crisp quasi-interior ideals and
crisp two sided ideals of S respectively. First we show that Cg; is closed under
projection. Let f Mg € Cqi ;. Since Rep commutes with infs of finite sets of fuzzy
sets (Proposition 2.3), we have for f € Cy; and g € C;, Rep(f Ng)(r) = Rep(f)(r) N
Rep(g)(r) V r € J. By Theorem 3.8 and 3.1, both Cy; and C; are closed under
projection. Then Rep(f)(r) € Cy and Rep(g)(r) € C;. Thus Rep(f Ng)(r) € Cqii
Vr e J. So Cg,; is closed under projection. Also, Cg4; is closed under projection
by Theorem 3.8. By Corollary 3.11 of [4], the intersection of a quasi-interior ideal
and a two sided ideals of a semiring S is a quasi-interior ideal of S and Chi is an
isomorphism from P(S) to C(S). Hence Cy;; C Cy;. Therefore by Proposition 2.7,
Caisi € Cqs- O

Theorem 3.24. The following statements hold in a semiring S.
(1) If f € Cqir and g € Cqar, then fNg € Cyi.
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)If f€Cr and g € C, then fNg € Cy.

) If f € Cyir and g € Cyi, then fog e Cy.

) If f € Cqit(Cyqir) and g € Cr(Ci), then fN g € Cqit(Cqir)-
VIf f € Cqit and g € Cyp, then fN g € Cyu.

(6) If f € Cqi and g € Cys, then fN g € Cy;.

Proof. We establish (3). We define the classes Cyir g = {f1 0 f2 : f1 € Cpir, f2 €
Coi} and Cyir g = {fog: f € Cqir,g € Cqu}, where Cyir and Cy; are classes of all
crisp right quasi-interior ideals and crisp left quasi-interior ideals of S respectively.
First we show that Cgiy 4i1 is closed under projection. Let f o g € Cgir git- Since Rep
commutes with operation ‘o’ (Proposition 2.5), we have for all f € Cg;r and g € Cyit,
Rep(f o g)(r) = Rep(f)(r) o Rep(g)(r) V r € J. By Theorem 3.7 and 3.6, Cyir and
Cqi are closed under projection. Then we have Rep(f)(r) € Cyir, Rep(g)(r) € Cqa-
Thus Rep(f 0 g)(1) € Cqirqit ¥V 1 € J. S0 Cyir qit is closed under projection. Also,
Cy; is closed under projection by Theorem 3.8. By Theorem 3.1 of [], the product
of a right quasi-interior ideal and a left quasi-interior ideals of a semiring S is a
quasi-interior ideal of S and Chi is an isomorphism from P(S) to C(S). Hence
Cyir,qit € Cyqi- Therefore by Proposition 2.7, Cyir qit € Cyi-

Other results are extension of Theorem 3.1, 3.8, 3.14 and Corollary 3.10 of [4] in
fuzzy setting and can be proved similarly. O

(2
(3
(4
(5

Theorem 3.25. Let h ba a fuzzy subsemiring of a semiring S. Then h € Cyy if and
only if there exist f,g € C; such that fog ChC fNg.

Proof. We define the classes C' = {xx € C(S), where K is a subsemiring of S :
LiLy C K C Ly N Ly for some left ideals Ly, Ly of S} and C ={h € Cyss: fog C
h C fng for some f,g € C;}. First we show that C is closed under projection.
Let h € C. Then h € C4s such that fog C h C fNg for some f,g € C;. By
Proposition 2.3, Rep(f o g)(r) < Rep(h)(r) < Rep(f Ng)(r) for some f,g € C; and
vV r € J. Since Rep commutes with infs of finite sets of fuzzy subset sets and with
operation ‘o’ (Proposition 2.3 and 2.5), we have for all » € J, Rep(f)(r)oRep(g)(r) <
Rep(h)(r) < Rep(f)(r) N Rep(g)(r). By Theorem 3.1, both the classes Cs5 and C; of
fuzzy subsemirings and fuzzy left ideals are closed under projection. Thus we have
Rep(f)(r), Rep(g)(r) € C; and Rep(h)(r) € Css. So Rep(h)(r) € C Vr e J, ie., Cis
closed under projection. By Theorem 3.6, Cyy;, the class of all fuzzy left quasi-interior
ideals of S is closed under projection. By Theorem 3.7 of [1], a subsemiring B of a
semiring S is a left quasi-interior ideal of S if and only if there exist left ideals Ly
and Ly such that L1Ls C B C Ly N Ly and Chi is an isomorphism from P(S) to
C(S). Hence we have C = Cy;;. Therefore by Proposition 2.7, C = Cgj. O

The following results are extension of Corollary 3.9 of [1] to the fuzzy setting and
can be proved similarly.

Theorem 3.26. Let h ba a fuzzy subsemiring of a semiring S. Then h € Cy;r if and
only if there exist f,g € C,. such that fogChC fNg.
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