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ABSTRACT. Let b be an integer such that b > 2. In this paper, we show
that there are only finitely many repdigits in base b which can be written
as difference of two generalized Lucas numbers. In addition, we completely
solve the considered Diophantine equation with the Pell sequence using the
decimal base.
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1. INTRODUCTION

Numerical patterns and relationships have intrigued mathematicians for cen-
turies. From prime numbers to Fibonacci sequences, these patterns often have a
captivating appeal. In this article, we examine an intriguing connection between
b-repdigits and generalized Lucas numbers, discovering an elegant representation of
b-repdigits as the difference between two generalized Lucas numbers. A b-repdigit
is a number composed of a repeated digit in base b. On the other hand, general-
ized Lucas numbers, denoted U, are a sequence of numbers that exhibit a recursive
pattern, making them a fascinating subject of study in their own right. Recent pa-
pers have made significant contributions to the understanding of repdigits, exploring
various aspects of these intriguing numerical patterns. Investigation of the integer
sequences that are repdigits or the difference of two repdigits, or repdigits that are
the difference between two integers sequences has been of interest to investigators
(See [1, 2, 3, 4, 5, 6, 7, 8] for more details ). They contribute to the field of num-
ber theory, inspiring new research in the exploration of repdigits and their complex
links with other mathematical entities. With this in mind, we generalized Ray and
Bhoi’s work in [8]. We worked on b-repdigits, which are the difference between two
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generalized Lucas numbers, and gave an application to the case of the Pell sequence
in the decimal base.

This paper is organized as follows. In Section 2, we recall some useful results, Section
3 is devoted to the statement of our main results, Section 4 to the proof of the main
results, and Section 5 to the application of the fundamental theorem to the special
case of Pell numbers in decimal base.

2. PRELIMINARIES

To make our results comprehensive, we have defined the concepts and presented
preliminary results before stating our main findings.

2.1. Some definitions and properties. This section is devoted to defining con-
cepts.

Definition 2.1 (Generalized Lucas sequence). The generalized Lucas sequence (Uy), >
is defined with initial values Uy = 0, U; = 1 and the linear recurrence,

U, =1Up—1 + sU, -2
where r and s are integers such that A = 72 + 4s > 0.
The Binet’s formula of the generalized Lucas sequence is given by
o — AT
Un = 7,77
o=
r+ VA r—+vA
where d = ——— and y = ——.

For more information about this sequence, the reader can refer to the book of
Ribenboim (My Numbers, my friends)[9].
Recently, the following result was proved in [10].

Lemma 2.2. The n-th term of the generalized Lucas sequence (Un)n>07 with r > 1
and s € {—1,1}, satisfies the inequalities

2 LU, <6
forn > 2.

Definition 2.3 (Pell sequence). The Pell sequence (P,),, is a particular case of
the generalized Lucas sequence with r = 2 and s = 1. In fact, we have Py =0, P, =1
and

P, =2P, 1+ P, 2.

Definition 2.4 (Repdigit in base b). Let b > 2 be an integer. A positive integer n
is called a repdigit or simply a b-repdigit, if all of the digits in its base b expansion

k
),Wherelgagblandk>l.

b—1
234

are equal. Indeed, n is of the form a <
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2.2. A lower bound for linear forms in logarithms. The next tools are re-
lated to the transcendental approach to solving Diophantine equations. Let n be an
algebraic number of degree d, let ag > 0 be the leading coefficient of its minimal
polynomial over Z and let n = M, ... 79 denote its conjugates. The quantity
defined by

is called the logarithmic height of n. Some properties of height are as follows. For
M1, M2 algebraic numbers and m € Z, we have

h(m £n2) < h(n) + h(n2) +log2,
h(mns) < h(m) + h(n2),
h(ni") = [m|h(m).

Ifn= P € Q is a rational number in reduced form with ¢ > 0, then the above defini-
q

d

1 .

hn) = 5 [ oglao] + > logmax (1, |
j=1

tion reduces to h(n) = log(max{|p|, ¢}). We can now present the famous Matveev re-
sult used in this study. Thus, let IL be a real number field of degree d,, 11,...,ns € L
and by,...,bs € Z\ {0}. Let B > max{|b1],...,|bs|} and

Aot -1
Let Aq,..., As be real numbers with
A; > max{dph(n;), |logn;|,0.16}, i=1,2,...,s.
With the above notations, Matveev proved the following result.
Lemma 2.5 (Matveev [11]). Assume that A # 0. Then
log |A] > —1.4-305"3 . %% . @2 . (1 +logdy) - (1 +1logB) - Ay --- A,.
2.3. Reduction methods. Our next tool is a version of the reduction method of

Baker and Davenport [12]. We use a slight variant of the version given by Dujella
and Pethé [13] due to Bravo, Gomez and Luca [14].

Lemma 2.6 (Bravo-Gomez-Luca). Assume that T and p are real numbers and M is
a positive integer. Let p/q be the convergent of the continued fraction of the irrational
T such that ¢ > 6M, and let A, B, u be some real numbers with A > 0 and B > 1.
Let € = ||ug|| — M - ||7q||, where || - || denotes the distance from the nearest integer.
If € > 0, then there is no solution to the inequality

O<mr—n+pu<AB™*

in positive integers m, n and k with

log(Ag/e)
logB

We also need the following result from Sanchez and Luca [15].

Lemma 2.7 (Sanchez-Luca ). Let r > 1 and H > 0 be such that H > (4r%)" and
H > L/(logL)". Then

m<M  and k>

L <2 "H(logH)".
235



Tiebekabe et al. /Ann. Fuzzy Math. Inform. 27 (2024), No. 3, 233-244

3. STATEMENT OF MAIN RESULTS

The main results of this paper are the following.

Theorem 3.1. Let b be a positive integer such that b > 2. If k, m and n are positive
integers that satisfy the Diophantine equation

bk —1
(3.1) a(bl):Un—Um
withn >m and 1 < a<b—1, then
k < 2.5nlogd
and
nlogd —log(8.1VA) < 2-10'2(1 + log D) log §log b - £,
where

€ =1log(4b’A(1 4+ 3VA) +2-10'2(1 4+ log D) - log § - log b - (2logb + log A)
with
D = 2.5nlogd.

Moreover, the above result implies the following corollary and theorem.

Corollary 3.2. The Diophantine equation (3.1) has only finitely many solutions in
positive integers k,m,n,b and a.

By considering the case b = 10 and the particular case of Pell numbers, we get
the following result.

Theorem 3.3. The only repdigits that are differences between two Pell numbers are
1,3,4,7,11 and 99.

Moreover, we have

n|m| P,— Py | (ak)
211 1 (1,1)
3] 2 3 [ (31)
3|1 4 (4,1)
713 7 (7.1)
ST 11 | (12
716 99 | (9.2)

TABLE 1. Repdigits which are differences between two Pell numbers

where P, is [-th term of Pell sequence.
236
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4. PROOF OF MAIN RESULTS

In this study, we reconsider Diophantine equation (3.1)

bh—1 U U
a b—l — Yn = Um

withn>mand 1 <a<<b-—1.
From (3.1), we deduce that b*~! < U,, < 6", where we used Lemma 2.2. Then we
get (k —1)logb < nlogd which leads to

(4.1) E<l+4+n
o

Using now Binet’s formula for (Uy), -, Diophantine equation (3.1) becomes:

é‘n_,yn 5m_,ym_ bk:_l
5—v -~ “N\w-1)
which implies that

on abk B ,Yn N sm ,Ym a
§—y b—1 66—y 66— 66— b-1

Taking absolute values on both sides we get:

o ab®
6—7_b—1

(4.2)

SYATVATVA Thet

Note that |y| = 6=!. Thus (4.2) becomes :

5" ab® - 1 +5m+ 1 N a
§—vy b=1 " /A VA smy/A b-1
§m 3\/Z+5m
<3+ =
VA VA
1 5
Since s € {-1,1}, 0> +2\f7
5n ab® 5™ 14 3VA
4.3 —_ <3 =< ———™
(*3) R | I Y/ NN/

n

)
By dividing both sides of (4.3) by —, we get

VA
Al 1+3VA VA
1-5*”bka\ﬁ< T3VA VA o,
b1 JA o
_1+3VA
- 6n7m :

237
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So we have
Al 1+3VA
(4.4) IT| = |1 — b A _1+3VA
b—1 gn—m
Next, we have to show that I" # 0.
IfI' =0, then we get
I
b1

which leads to
2

a*A
5277, _ b2k: _ A
(b _ 1)2 x + y\/77
where x and y are rational numbers. This is a contradiction since n > 1. Thus I # 0
and we can apply Matveev result to I'.
Now we put

771:67 n2:ba 773:1)*1’
bp=—-—mn, by=k, bz3g=1ands=3.
Let L := Q(n1,72,m3) = Q(v/A). Then

dr = [Q(n1,m2,m3) : Q] = 2.

For the logarithm heights of 11,72 and ns, we have

1
h/(nl) == §log6, h(772) = logb

o = (725) < (525 +(v3)

1
<log(b—1)+ §logA

and

1
< logb+ ilogA.

Thus we can take A; =logd, As=2logband A3 = 2logb+ log A.
Applying Lemma 2.5, we have

(4.5) log|T| > —1.4-305-3%5.22.(141og 2)- (1+log D)-log §-2log b-(2log b+log A),
where, D = max{|b1], |b2]|, |b3|} = {1,n,k}.
1 1

—) for b > 2.

nlogs | logh
238

log &
Note that k <1+ n—-—=nlogd(
logb
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1++5

Sinceb>2,n>2and d > 5

1 N 1
1++5 log 2
2log 5

k < nlogé < 2.5nlogd

we can take
D = 2.5nlog).

Combining (4.4) and (4.5), we get
(n —m)logd —log(1+ 3VA) < 1.4-30° - 3%°22(1 + log 2)(1 + log D)
logd - 2logb - (2logb + log A)
< 2-10"(1 4+ log D) log 62 log b(2log b + log A).
We rewrite Diophantine equation (3.1) to obtain that
o om ab® 0 A L a

VA VA b-1 VA VA b1

After taking absolute values on both sides, we have

o om ab® 1 1 a

—_—— = < + + < 3.
VA VA b=1 T /A VA b1
So we have
o 1-6m" —abk <3
VA )= <
. . o
ividing both sides by —— (1 — , we get tha
Dividing both sides b \/Z(l om"m) t that
Lsm avA - 3VA
b—1)(1—mm) o (1 — gm—n)
(4.6)
_ 3VALm
- 5n(5n—m _ 1)'

Moreover, n — m > 1. Let us show it.
From equation (3.1), we have U,, — U, > 0. So

M2 LU, <U, <™.

Hence m — 2 < n which implies that n —m > —1.
Note that n — m cannot be equal to —1 or 0. Therefore we have to consider

n—m>1.
239
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1 5
Sincen—m > 1,then "™ >0 > a = +2\[.
Using now the fact that the numerical function f(z) = ’ . is decreasing for
1+ 5
T > 2\[, we have
o a <279
on=m—1 S a—1 o
Hence (4.6) becomes
A 8.1-VA
(4.7) 160k A | < VA
(b—1)(1—dm—m) on
, avVA
Now set |I"[ == 1= 67" b .
ow se O D)
Similarly, we can show that I" #0.
Put
_s _, B av/A
=0, yM2 =0, n3_(b71)(175m7n)
blz—n, bQZk‘, b3:1
Note that

av A
h(773) =h <(b — 1)(1 _ 5mn)>
a 1
<h <b1> +h(\/Z) +h (15mn>

1 log d
< logh + ilogAJr(nfm) . T+10g2

= log (26\/5) + n _2 mlog o.

" log (1+3\/E)'

h(ns) < log (zbﬂ) +10'2(1+log D) -log d-log b- (2log b+ log A 5

Then we can take

Az = 2log (2b\/ﬁ> +2-10"2 (1 +1log D) -logé - logb - (2log b + log A) + log(1 4 3v/A)
= log(4b>A(1 4 3VA) +2-10"2(1 + log D) - log d - logh - (2logh + log A).

By Lemma 2.5, we get that

log ’F/ > —1.4-30%-3*%(1 +log2)(1 +log D) - log é - (2logb) - As.

Combining this with (4.7), we have
(4.8) nlogd —log(8.1- VA) < 2-10"%(1 +log D) - log§ - log b - As.

From (4.1) and (4.8), we have the proof of Theorem 3.1.
240
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5. APPLICATION: PELL NUMBERS IN DECIMAL BASE

In this section, we explicitly determine all repdigits which can be written as
difference of two Pell numbers. So our result in this case is Theorem 3.3. In this
case, U, is Pell number. We have

(r,s)=(2,1), A=8 andd=1+2
By the main theorem 3.1, we have
nlog(l+ v2) — log(8.1 - v/8) < 2-10'2(1 + log8) - log(1 + v/2) - log 10 - £
with
€ =log(4 x 10%-8(143v/8) +2-10'?(1 4 log D) - log(1+ v/2) - log 10 - (2log 10+ log 8)
and
D = 2.5nlog(1 +v2) < 2.21n.
First,
€ <10.4+2.8-10"(1 + log (2.21n))
< 3-10"(1 +1og (2.21n)) for n > 2.
Then we get
n < 1.4-10%(1 + log (2.21n))?
=1.4-10%(1 + log 2.21 + logn)?.

Since n > 2, we obtain
n < 1.82-10%7 - log® n.

Now, we can apply the Lemma 2.7 by putting
=2, L=n, and H=1.82-10%".
Thus we have n < 2%-1.82-10%7 - (log(1.82 - 1027))2, S0
n < 2.87-10°"

Next, we need to reduce the bound on n by using the Lemma 2.6

Let
8
Ay := —nlogd + klog 10 + log (ang> .

The inequality (4.4) can be written as

14+ 3v8
et | < LE3V8
5n7m
Observe that A} #0as eM —1 =T #0.
Assume that n —m > 4. Then
1+3v8 1
Mo —— <
|e | 6n7m 2
This implies that:
1+3V8
|Aq] < 2———
5n—m

241
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since |z| < 2]e® — 1| for every real x with |z| < 7

Dividing both sides by log d, we get that:

" log 10 log(av/8/9)|  21.6
log & " log & gn—m’
Thus we can take:
~ log10 log(av/8/9)

= , op=—— 2 A=216, B=6=14+vV2 w=n—m.
log 0 log 0

log 10
Let’s show that 7 =

T is irrational. Assume that 7 is rational. Then, there exist
0og

two positive integers p and ¢ with ged(p, ¢) = 1 such that 7 = P This implies that
q

109 = (1 ++/2)P. This is impossible because we cannot find two positive integers p
and ¢ with ged(p, q) = 1 satisfying 10¢ = (1 4+ v/2)P. So 7 is irrational. Moreover
k < 2.21n < 6.35-103!. Then we take M := 6.35-103'. With Mathematica, we have

g3 = 1189285833530929228438091844076539, ¢ = 0.108608, and n —m < 93.

Put now

av/8
A2 = —'I’LlOg(S"‘klOglO"‘lOg W .

So the inequality (4.7) can be written as

8.1v8
|eA2 — 1| < (57:['
Note also that Ay # 0 as e —1 =T" #£ 0.
Assuming n > 5, we get
8.1v8 1
lef? —1] < 5;[< 3
and then /g
16.2v/8
|A2| < 5

By dividing both sides by log §, we get that:
 Jog10 log(av/8/(9(1 — 5m”)))| 52
—-n

log & log § on’

To apply the Lemma 2.6, we can set

1 ( a\/g

og | ———————~

log 10 9(1 —om=n)

_ 108 A

T = . p= , =52, B=6=1+V2 w=n.
log 6

log §

Since k < 2.5nlogé < 2.21n < 6.35-103%. Thus we take M := 6.35-103!. With Mathe-
matica, we get g7z = 1189285833530929228438091844076539, € = 0.423322, andn <
92. So we have proved the Theorem 3.3.

242
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