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ABSTRACT. In daily life, when conventional sets are insufficient in han-
dling problems with multi-criterion, we use trapezoidal fuzzy multi-sets
to solve decision-making problems in a lot of areas. Therefore, we in-
troduce power aggregation operators on trapezoidal fuzzy multi-numbers
as a novel way. By doing this, we aimed to introduce new operators on
trapezoidal fuzzy multi-numbers which allow argument values to support
each other in the aggregation process. Then, we described the properties
of the operators and gave a formulation for the support function that is
used in the operators. Moreover, we introduced two algorithms to solve
multiple attribute group decision-making problems given with trapezoidal
fuzzy multi-numbers. Lastly, we applied the introduced algorithms to a
zero-waste problem to show the usage of the operators.
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1. INTRODUCTION

L. 1965, the theory of fuzzy set was introduced by Zadeh [1] as an enlargement of
the classical concept of a set of ambiguous information. Following of introduction of
the theory, it was implemented in many areas. For example, Sahin et al. [2, 3] used
fuzzy logic to conduct a study on education in 2021 and 2022. In time, a new concept
of fuzzy set was introduced by Yager [1] which is called fuzzy multi-sets (fuzzy bags).
The notion presents a new generalization of fuzzy sets. In addition, it gives com-
plete information for some problems including situations in which each element has
different membership values. Miyamoto [5] and Sebastian and Ramakrishnan [6, 7]
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expanded and studied in detailly the Yager’s multi-sets and fuzzy multi-sets. Since
some situations have multiple possibility of the same or different membership values,
Ulugay et al. [8] developed TFM-numbers on the real number set R. They are expan-
sion of both fuzzy multi-sets and trapezoidal fuzzy numbers enabling the recurrent
occurrences of any element. Later, many studies have been conducted by scientists.
For example, Sahin et al. [9, 10] developed dice vector similarity measures and im-
proved hybrid vector similarity measures of TFM-numbers in 2019. Then, Ulugay
[11] introduced a new similarity function of TFM-numbers in 2020. In 2021, Deli
and Keles [12] proposed distance measures on TFM-numbers and their application
to multi-criteria decision-making problems. Then, Kesen and Deli [13] introduced
weighted Bonferroni harmonic mean operator on TFM-numbers in 2022. In 2023,
Sahin et al. [14] proposed a method by centroid point of TFM-numbers for multi-
criteria decision-making problems. Deli and Kesen [15] introduced the Bonferroni
geometric mean operator of TEFM-numbers and they applied the operator to a multi-
criteria decision-making problem. Then, Bakbak and Ulugay [16] proposed a paper
related to the harmonic mean operator on intuitionistic TFM-numbers and they
gave its application to architecture. In addition, Ulucay and Sahin [17] introduced
some harmonic aggregation operators with TFM-numbers and their application of
the law. Further, Kesen and Deli [18] conducted a study on Archimedean norms on
TFM-numbers for multi-criteria decision-making problems. Lastly, Deli and Kesen
[19] proposed a paper on Bonferroni arithmetic mean operator of TFM-numbers and
gave an application to a multi-criteria decision-making problem.

By inspired Yager [20], in this work two aggregation operators are introduced:
TEFMPWA operator and TEFMPWG operator. In addition, we mention their or-
dered types which are called TFMPOWA operator and TFMPOWG operator. They
mainly cope with the information given with TFM-numbers. The main characteris-
tic of these operators is that weight vectors depend on the arguments and that allows
the values being aggregated to support and reinforce each other. In opposition to
most aggregation operators, given operators incorporate information regarding the
relationship between the values being combined. This is our main motivation for
preparing the paper. Readers can find many papers about prominent aggregation
operators in [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32].

Technological developments resulting from the Industrial Revolution increasing
population and urbanization with innovations lead to differentiation of standards
and consumption habits. This situation causes depletion of natural resources and
climate change led to air, water, and soil pollution which threaten bios. Creating
waste, consuming natural resources, putting pressure on the soil, and using energy
and water, mean polluting the environment and creating additional costs for waste
management. To prevent these negative results, the material should not be accepted
as waste and It is compulsory to transition to an understanding that argues that it
should be transformed into useful products as much as possible. This understanding
is expressed as zero-waste. Zero-waste accepts the zero as a good potential resource
to benefit rather than a problem. This acceptance is influenced by the notion of
waste as a valuable resource requiring solutions for collection, separation, manage-
ment, and recovery which were seen as a burden for industries and societies because
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of its effect on global warming and resource depletion. What is targeted with Zero-
waste are preventing waste, more efficient resource usage, reducing the amount of
waste, the establishment of an effective collection system, and the recycling of waste
as a waste prevention approach that includes recycling. In the recycling and recovery
process of waste disposal without recycling causes serious resource losses both ma-
terial and energy. To leave a livable world to the next generations, we should adopt
the zero-waste principle within the framework of sustainable development principles.
Due to the importance of the topic, there are so many studies on zero-waste. For
instance in 2018, Durgun and Durgun [33] reviewed the relationship between renew-
able energy consumption and economic development. Then, Onder [34] conducted a
study related to circular economy as a new concept in the sustainable development
approach. Okorie et al. [35] proposed a review of current research and future trends
under digitization and the circular economy. Reike et al. [36], by focusing on history
and resource value retention options, studied some debates on circular economy. In
2022, Ulugay and Okumus [37] proposed a study on combined fuzzy mathematical
modeling and circular economy.

The organization of the paper is as follows: In the second section, we give some
essential terms which are necessary for the next sections. In the third section, we
introduce two aggregation techniques called TFMPWA operator and TFMPWG op-
erator. Then, we investigate their properties and give their some special cases. In
the section fourth, we introduce two algorithms to solve multiple attribute group
decision-making problems given with TFM-numbers. In section five, we give a se-
lection problem about to set a zero-waste factory which Turkiye government faced.
The problem is containing five alternatives (plastic waste factory, paper waste fac-
tory, battery waste factory, organic waste factory, and glass waste factory) and four
attributes (setup cost, human resource, adaptation period of public, and amount
of waste) to be considered by decision-makers. We give this problem to see how
effective introduced methods are. Then, in section six, we give a comparison table
to show the compatibility of existing methods.

The following is the list of abbreviations.
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TABLE 1. List of Abbreviations

PA power average

PG power geometric

TFM trapezoidal fuzzy multi

GTF generalized trapezoidal fuzzy

FWA fuzzy weighted average

FWG fuzzy weighted geometric

TFMG trapezoidal fuzzy multi geometric
TFMPG trapezoidal fuzzy multi power geometric
TFMPA trapezoidal fuzzy multi power average

TFMPWA trapezoidal fuzzy multi power weighted average
TFMPWG trapezoidal fuzzy multi power weighted geometric
TFMBHM trapezoidal fuzzy multi Bonferroni harmonic mean
TFMPOWA trapezoidal fuzzy multi power ordered weighted average
TFMPOWG trapezoidal fuzzy multi power ordered weighted geometric

2. PRELIMINARIES

Here, we give some basic notions connected to fuzzy set, fuzzy number and fuzzy
multi-set which are needful for the rest of the paper.

Definition 2.1 ([1]). Let A be a non-empty set. A fuzzy set F on A is defined as:
F={{z, pr(z)) : x € A},
where pp : A — [0,1] for x € A.
In the context of this definition, the following two definitions are given:

Definition 2.2 ([38]). ¢t-norms are monotonic, commutative, and associative func-
tions ¢ with two-valued mapping from [0, 1] x [0, 1] into [0, 1] and satisfying following
conditions: for each z € [0, 1],

(i) t(0,0) =0, t(p'Xl (z),1) = ¢(1, KXy (z)) = Xy (z),

(1) if px, () < px, () and px, (x) < pxy (2), then t(px, (), px, (2) < tpx; o), px, (7)),
(ill) t(px, (@), px, () = tpx, (), px, (7)),
(iv) tpx, (@), tH(px, (), px; (2) = tE(px, (2), px,) (), px; (7))

Definition 2.3 ([38]). s-norms are monotonic, commutative, and associative func-
tions s with two-placed mapping from [0, 1] x [0, 1] into [0, 1] and satisfying following
conditions: for each z € [0,1],

1) s(1,1) =1, S(MX1 (z),0) = S(Ovqu (z)) = 22 ¢t (z),

) if pxy (2) < pxy (#) and px, (2) < pxy (), then s(ux, (%), px, (7)) < s(ux; (2), px, (),
li) 8(:“X1 (x)v HXq (J?)) = S(quz (x)v 22.¢ (J?))7

) S(P‘X1 (ZE), S(!LXQ (l’), HX3 (x))) = S(S(ﬂxl (w)’ /J'XQ)(:E)» KX3 (z))

For example; ta (/LX1 (LU), 125.¢3 (LU)) = Htx, (x)MX2 ({L‘) is a t-norm and s (MX1 (.’)3), 125:¢) ({)3)) =
px, () + px, () — px, (®)px, (z) is a s-norm.

Definition 2.4 ([39]). Let ny € [0,1] and €1, €2, €3, €4 € R such that e; < €3 < €3 <
€4. Then a GTF-number T = ((€1, €2, €3,€4);nr) is a special fuzzy set on the real
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number set R. Its membership functions are defined as follows:

(x—e)nr/(e2—€1) € <z <e

() = nr €27 < €3
Hr (ea —x)nr/(e4 —€3) e3 <z <ey
0 otherwise.

Definition 2.5 ([0]). Let X # &. A fuzzy multi-set T on X is defined as

T= {<$7N%(x)7ﬂ%(x)a 7#%“(x)a"'> HEES X}a
where z € X and pi @ X — [0,1] for all i € {1,2,--- ,p}.

In the paper, Iy, I, I, and I, will be used instead of {1,2,--- ,m}, {1,2,--- ,n},
{1,2,--- ,p} and {1,2,--- ,t} respectively.

Definition 2.6 ([3]). Let n% € [0,1] (i € Ip) and €1, €2,€3,€4 € R such that ¢ <
€3 < €3 < €4. Then a TFM-number T = {(e1, €2, €3,€4); Nk, %, - -+ ,n&) is a special
fuzzy multi-set on the real number set R. Its membership functions are defined as
follows:

(z—e)np/(ea—e1) a<z<e

i y <z<e
() — " e<r<e
() (ea—x)np/(ea—€3) e3<x<ey
0 otherwise.

Definition 2.7 ([8]). Let T} = <(€1,€2,€3,€4)§T}%~1,T]%1, e ,777131> and
Ty = ((p1, P2, P35 P4)i My M2y -+ + 5 M,) be two TFM-numbers and  # 0 be any real
number. Then

(i) Th®Ty = (e1-+p1, e2+p2, €3+p3, €atpa); s(N, > M1, )> S0y 7, )=+ 5 (i > )

(i)

((e1p1,€2p2, €3p3, €4pa); t(npy 17, ), t (07, s 07, )+ t(nip s 07,)) (€4 > 0, pa > 0)
Ty @ Ty = 4 ((e1pa,e2ps, esp2, €ap1)st(ng, g, ) tng g, )s -+ st (0l s 0p,)) (€4 < 0,p4 > 0)
((64p4763/)3,62,02,€1P1);t(anlﬂi%z),t(TI%lJ]%%"' 7t(77;1,77g2)> (e4 < 0,p4 <0),

(i) vT1 = ((ver, ez, ves, vea); 1=(1=np, )7, 1=(1=07,)7, - -, 1=(1=nf, )") (v > 0),
(iv) T7 = (] 3 3 )i () (2,7, -+, () 7)(y > ).

Here, t-norms and s-norms are mappings that are given in Definitions 2.2 and 2.3,
respectively.

Based on the complement of a fuzzy set given by Zimmermann [38], we can give
following property for TFM-numbers.

Definition 2.8. Let T' = ((ey, €a, €3, €4); %, 0%, - -+ ,n%) be a TFM-number. Then
the complement of T', denoted by T¢, is defined as follows:
T° = <(€1a62a63a64); 1- 77%“7 1-— 77%7 o ’1 - "7¥>

Note that if e; < p1, €2 < pa, €3 < p3, €4 < pa, 0, < 0py, 05 <03y 0k <0f
then, we said T7 < Ths.
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Definition 2.9 ([8]). Let T3 = <(61,62,63,e4);n%p1,77%1, e ,77;1)
and Ty = ((p1, p2, P3, 1) M1, M2y > Np,) be two TFM-numbers. Then the Ham-
ming distance between T7 and T5 is defined as follows:
1 i i i i
AT o) = o SO+ iy Jer = (L4 i )pal + L+ mi )ea = (17, )
i=1

(1 + i ez — (14175, ) pal + (1 + i ea — (1+ 0, ) pal).-

Definition 2.10 ([8]). T} = <(€1,62763,64);77%1,77%17"' ,n%) and
Ty = ((p1, P2, P35 P4)i 1y My~ - ,777132> be two TFM-numbers and d be Hamming
distance between two TFM-numbers. Then the comparison of 77 and Ty defined as
follows:
(i) if d(Th,7r%) < d(Ts,r™), then T} is bigger than Ty, symbolised by T} = Ts,
(i) if d(Ty,r*) = d(Te,r*) and d(Ty,r~) < d(Tz,r~), then T is bigger than
Ty, symbolised by T7 < Tb,
(iii) if d(Ty,r") =d(Ta,r") and d(Ty,r~) = d(Tz,r~), then Ty is similar to Ts,
symbolised by T7 ~ T5,
where T;; is positive ideal and r; is negative ideal and defined as follows, respectively:
Tj = <(Cl+, b+7 C+7 d+)1 (77114)+7 (77124)+7 ) (TI,I:)+> = <(17 1a la 1)1 17 P 71>a
T.Z = <(aia bivcia d7)7 (77114)77 (77,%1)77 R (77,1:)7> = <(O707 Oa 0); 0707 e 7O>
Definition 2.11 ([20]). Let R; (i € I,,) be a collection of non-negative real numbers.

To aggregate this collection, the PA operator is defined as follows:

" (1+ T(R))R;

PA(R13R27"' 7Rn) ="

)

(1+T(R:))

="

=1

where T'(R;) = Y. Sup(R;, R;).
J=LiA]
Sup(R;, R;) is denoted as support from R; to R; and satisfies following properties:
(1) Sup(Ri,Rj) S [0, 1],
(2) Sup(R;, Rj) = Sup(R;, R;),
(3) Sup(R;, Rj) > Sup(R.,Ry), if |Ri— R;|<|Rs— Ryl

Definition 2.12 ([26]). Let R; (i € I,,) be a collection of non-negative real numbers.
To aggregate this collection, the PG operator is defined as follows:
1+T(Ri)
ALl

PG(RhRQy"'aRn):HRZ )

i=1

where T'(R;) = Y. Sup(R;, R;).
J=1,i%
Sup(R;, R;) is denoted as support from R; to R; and satisfies following properties:
(1) Sup(Rlv RJ) € [07 1]3
(2) Sup(Ri, RJ) = Sup(Rj, Rl),
174
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(3) Sup(Ri, Rj) = Sup(Ra, Ry), if |Ri—Rj| <[Rs— Ryl

3. POWER AGGREGATION OPERATORS ON TFM-NUMBERS

In this section, we developed two TFM-Aggregation operators based on power
aggregation operators for multi-criteria decision-making problems given with TFM
information.

Definition 3.1. Let F; = ((€i, pi, 6, %) Nk, 1%, -+ »0p) (i € I) be a collection of
TFM-numbers and v = (vy,va,- - ,v,)T weight vector of F; (i € I,,), where v; > 0

(¢ €I,) and Y v; = 1. Then the TFMPWA operator is defined as follows:
i=1

|1+

(3.1) TFMPWA(F,,Fy,--- ,F,) ="

)

=1

where T(F;) = Y. Sup(F;, Fj), Sup(F;,F;) = 1 — d(F;, F;) and d(F;, F;) is
J=TLij
Hamming distance [8] between F; and F).

Theorem 3.2. Let F; = ((€i, pi, 04,%i); Nk, Ny ,771]%) (i € I,) be a collection of
TEM-numbers and v = (v1,vs,- -+ ,v,)T weight vector of F; (i € I,,), where v; > 0
n

(1 € I,) and > v; = 1. Then the aggregated value by TFMPWA operator is a TFM-
i=1

i=
number and computed as follows:

For simplicity, let -2 UHTE))

> vi(I4+T(Fy))

i=1

(3.2)
TFMPWA(Fy, F, - F,) = P aF;
i=1

=6 F @ lh®, - By

n n n n
= ((Psici- P siri: P <ivi. P sivi);
=1 =1 =1 =1
n n n

S (RO | (R ANy § (R A0}

i=1 =1 =1

where T(F;) = Y. Sup(F;, F;).
J=1i#j
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Proof. By using the mathematical induction on n and considering operational laws
in Definition 2.7, we can prove the theorem. We need to show that:
(3.3)

TFMPWA(Fy, Fy, - Fy) = D F;

=6 F @ h®, -, By

n n n n
= (P siei. P sivi. Psidi, Psivi);
i=1 i=1 i=1 i=1
n n

1— H(l _n}'i)gri71 _ H(l _n%i)§i7,.. 11— H(l _nﬂ)ci>.
i=1

i=1 i=1

(i) Suppose n = 2. Then we have
TFMPWA(F;, F2)

_GBQ i

= §1F1 @ G2 Fh
= ((c1€1 + s2€2,51p1 + 202,101 + 202,171 + 272);
$(S1p, > 2Nk, )» S(S17%y 271, ))

2 2 2 2
= <(€B Si€i, D Sipi, D <idi, D §z‘%‘);
i=1 i=1 i=1 i=1
2 2 2

L= H(lan)“ 1= T =ng)%, - 1= TTA = ng)%).

1= i=1 i=1
Thus the Equation (3. 3) is right.
(ii) Suppose the Equation (3.3) is right for n = k, i.e.,
TFMPWA(F,, Fs, ..., Fy)
k

== 69 giF’L
= §1F1 @§2F2 S...P Cka

= <(€B Si€iy @ SiPis GB GiG4, EB §z%)

k K k
=110 Mp,)% 1 = 110 - M) 1= 110 - )% )-
K3 1= 1=
Now, we need to prove it is true for n = k+1 as well. Then from the Equation (3.2)
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for n = k 4+ 1, we obtain the following:
k
TFMPW A(Fy, Fy, .., Fr1) = @ Fi + se1 Fipn
=1
=1 ©aF @ ... ® G Fy ® 1 Frp
k k

= (P siei + shrrentr, P sioi + skr1pr41,
i=1 i=1
k k
P idi + k10511, P v + kr1ver1);

i=1 i=1

.::1»

s(L=] 10 = k)%, skranp, )

s
Il
_

'I:h

s(L= [ =n2)" sarnf,)s - s

s
Il
_

V)

2

-
'I:Iw

=

(1= 1), Shi17hy,,))

I

. o

I +

= — o«
D Il
e

Thus the Equation (3.2) holds for n = k + 1. So the Equation (3.2) holds for all
n. O

Note 3.3. Let F; = ((ei, pi, 0i,Vi); n},ﬂi,n%i, e ,7711,31_) (¢ € I,) be a collection of TFM-
numbers. If v = (1/n,1/n,--- ,1/n)T, then TFMPWA operator (3.1) converted into
a TFMPA operator:

(3.4)

TFMPA(F17F27-~- ’Fn> _ ((1 +T<F1))Fl) S2) (( +T(F2))F2)@ ,@((1 —I—T(Fn))Fn)

S (1+T(F))

i=1

)

where T'(F;) = > Sup(F;, Fj).
J=Li#j

Proposition 3.4. Let F; = (€5, pi, 6i,%); NE, M, -+ »0p,) (i € 1) be a collection
of TEM-numbers. TFMPWA operator has the following desirable properties:

(1) (Commutativity) if (Fy, Fy,--- , F),) is any permutation of (Fy, Fa,- -+, Fy),
then TFMPWA(Fl, FQ, s ,F ) TFMPWA(Fl,FQ, c ,Fn),

(2) (Idempotency) if F; = F for all i, then TFMPW A(Fy, Fs,--- | F,) = F,

(3) (Boundedness) F~ < TEFMPW A(Fy, Fs,--- ,F,) < FT,
where  FT = ((max{e; }icr, , max{p; }ic1, , max{; }icr, , max{7y; }icr, );

max{ng, }ier, ,max{n% }icr,, - ,max{nf }ier,)
and
F~ = ((min{e; }ier, , min{p; }ier, , min{d; }icr, , min{vi bier, );
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min{mlwi}z’elnvmin{’??«y}ielw T 7min{n§i Yier,)-

Proof. (1) Suppose (Fy, Fy,--- ,F,) is any permutation of (Fy, Fy,--- , F}).

we get

D vi(1+T(F))F;
TEMPWA(F,, Fy, - Fp) ==
_Zl vi (14T (F))

i=

@

1
3=

i

> vi (14T (F))

i=1
=TFMPWA(F,, Fy,--- , E,).
(2) Suppose F; = F for all i. Then we get
D vi(1+T(F))F;
TFMPWA(F,, Fy, - F) =2
>0 vi(I+T(Fy))

i=1

S v; (14T (F))F

-

D=

i

éjl 0 (1+T(F))

(1+T(F))F é v

(WHT(F) 35 v,
_ Q+T(F)F
- (+T(F))
= TFMPWA(F,F,--- | F)
=F.
(3) Let’s denote
ey = max{e; tier,, € = min{e; tier, ,
py = max{p;}icr,, pr = min{p; }icr,,

0y = max{d; }ier,, 01 = min{d; }ier

n?

Y = max{v; }icr,, v = min{v; }icr, -

Similarly,
Nk, = max{nk, Yier,, Ny, = min{ng, bier,
"712‘71, = max{n%'i}ielrﬂ 77%‘[ = min{n%I }ieln7
g, = max{ng Yier,, Mg, = min{ng ier, -
and let
FT = ((€n, Poy 66, W6)i Nk, s My My )
and

F™ = (e, 00,00, )i My s Mo+ )
Since € <€ <€, < pi <y 0 <6 <6 and v <y <,y

178
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1 1 1 2 2 2 P P P
Mg, < Np, <Ny Me, S 05, S5, 08 < TF, < ME,»
we get

n n n n n n
Puie < Puiei < Puier, Prip < Pvini < Puin,

=1 i=1 i=1 i=1 =1 i=1

n n n n n n
@viéz < @vi&- < @viéb and @vm < EDvm < @vm.
=1 i=1 =1 i=1 =1 i=1

On the other hand, we get
L=ng, <1—np, <1-ng, 1=nf <1-nf <1-nf,--1-np <1-np <1-ng.
Then we have

(3.5)

1=JJ =np) <1=J0 —np) <1=J0 = ni)v,
=1 =1 =1
(3.6) 1-JJa=nz)v e <1=JJa—ng) <1=JJQ=ng)v-,
=1 =1 =1
1-J[a=np) <1=J[@=np) <1-T]Q = ng)v.
=1 =1 =1

Thus from inequalities in (3.5) and (3.6), we get
F~ < TFMPWA(F,, Fy, - ,F,) < F*.
g

Definition 3.5. Let F; = {(€;, pi, 8i,7i); 7711‘71'7771%2’ e mﬂ) (i € I,) be a collection of
TFM-numbers and v = (vy,va,- - ,v,)T weight vector of F; (i € I,,), where v; > 0
(1 €1I,)and Y v; =1. Then the TFMPOWA operator is defined as follows:

i=1

2 il 4+ T(Fo (i) Foi)
TFMPOWA(F,, Fy,--- , F,) = = ,
Z:l vi(1+T(Fos)))

where I ;) is the ith largest of the trapezoidal fuzzy sets (Fy, Fy,--- , F,,) and v; is
the collection of weights such that
(3.7)

w=1(zv) -1 (77

and T'(F,(;)) denotes the support of the it" largest trapezoidal fuzzy variable F,
by all the other trapezoidal fuzzy variables, i.e.,

) R = Vo, TV =) Vot Vot = 1+ T(Fo)
j=1 i=1

(3.8) T(Fow) = Y Sup(T(Fo), T(Foy)),
J=1ij
where Sup(T(Fyiy), T(F,(;))) represents the support of j*" largest trapezoidal fuzzy

variable F,(;)) for the i*" largest trapezoidal fuzzy variable F,(;)) and f : [0,1] —
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[0,1] is a basic unit interval monotonic function which satisfies the following prop-
erties:

(i) £
(i) 1(1) =
(i) f(z) > f(y), ifz > y.

Definition 3.6. Let F; = {(e;, pi, 8i,7i); 7711‘71'7771%2’ e mﬂ) (i € I,) be a collection of
TFM-numbers and v = (vy,va,- - - ,v,)T weight vector of F; (i € I,,), where v; > 0

(i € I,) and Y v; = 1. Then the aggregated value by the TEFMPWG operator is
i=1
defined as follows:

(3.9)

n 1 (1_ v (A4 T(F;)) )
TFMPWG(Fy, Fs, ..., F,) = ®(Fz) 2 v aTE)

i=1

L 1— G Tn) 1| g _ve(4T() 1| _on(4T(Fn))
L — n n—1 n L — 1 n
" 3 vi(FT () ' S vi (T D) " 2 i T (F))
= i =
= F1 ® F2 DX ®Fn

)

)

where T(Fz) = Z Sup(FZ,F]) and Sup(Fl,Fj) =1- d(Fl,Fj)
=L,

Theorem 3.7. Let F; = ((€i, pi, 05,%); Nk s+ > M5y (i € In) be a collection of

TEM-numbers and v = (v1,va,- -+ ,v,)T weight vector of F; (i € I,,), where v; > 0
(i € I,) and >  v; = 1. Then the aggregated value by the TFMPWG is a TFM-
i=1

number and computed as follows:

For simplicity, let ﬁ 1— = o
iglvl( +T(Fy))

TFMPWG(Fy, Fy, -, F,) =) Fi*
=1

n n n "
:<(® €, ® Pt ® 5%, ® %)
=1 i=1 i=1 i=1
T n

n 1
®77117,-Civ n%iCiv"' a®77§1~€i>-
=1

i=1 i=1
Proof. The proof can be done similar to Theorem 3.2. O
Note 3.8. Let F; = ((€;, pis 05, 7:)i M, s+ -+ > M1y (i € 1) be a collection of TFM-

numbers. If v = (1/n,1/n,---,1/n)T, then the TFMPWG operator (3.9) converted
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into TFMPG operator:

1|1 i 1+T(Fq)
mt 3 eTE)
TFMPG(Fy,Fy,--- ,F,) =F, =t

L[ 1 T L[ 1o T
" 3 TR " 3 AT (R)
(3.10) ® F, = R, ,QF, =

) )

Proposition 3.9. Let F; = <(ei,pi,5i,’yi);n};i,77}2;£, e ,7711%_) (i € I,) be a collection
of TFM-numbers. TFMPWG operator has the following desirable properties:
(1) (Commutativity) if (F1, Fy,--- , E,) is any permutation of (Fy, Fs, ..., F,),
then TEMPWG(Fy, Fy,--- ,F,) = TFMPWG(Fy,F;,--- ,F,),
(2) (Idempotency if F; = F for all i, then TFMPWG(Fy, Fy,--- ,F,) = F,
(3) (Boundedness) F~ < TEMPWG(Fy, Fs,--- ,F,) < Ft,
where  F'T = {(maz{e€; }icr,, max{p; icr, ,max{d; bicr, ,mazx{vy; }icr, );

max{ng, Yier,, max{ng, Yier,, - ,max{ng Yier,)
and
F= = ((min{e;}icr,, min{pi}ticr,, min{di ticr, , min{vi}tier, );
min{ng, Yier,, min{ng, Yier,, - min{ng Yier,)-
Proof. The proof can be done similar to Proposition 3.4. d

Definition 3.10. Let F; = {(€;, pi, 8i,7i); n};i,n%i, ceny 771{31,) (i € I,) be a collection of

TFM-numbers and v = (vy,va,- - - ,v,)T weight vector of F; (i € I,,), where v; > 0
(1 €1I,)and Y v; =1. Then the TFMPOWG operator is defined as follows:
i=1

vi A+T(Fy(4)))
—_—
v (AT (F,

Zl ( (Fg(i))

(3.11) TFMPOWG(Fy, Fy, - F,) = H(Fa(i)))i: ,

i=1

n

where v; (i € I,,) is the collection of weights which satisfies conditions (3.7) and
(3.8).

Especially, if f(z) = z, then the TFMPOWA operator (3.11) converted into the
TFMPA operator (3.10).

4. TWO APPROACHES TO MULTI-ATTRIBUTE GROUP DECISION-MAKING WITH
TRAPEZOIDAL FUZZY MULTI INFORMATION

In this section, by inspiring Xu [40], two approaches to solve multi-attribute group
decision-making problem introduced.

Let alternative’s set be Z = {Z;]i € I,,,} and attributes’ set be G = {G,|j € I,,}.
The weight vector of attributes is v = (v1,vg,- - ,vy,) satistying v; > 0 (j € I,,),

>~ v; = 1. Moreover, let decision maker’s set be D = {Dy|(k € I,)} whose weight
j=1

t
vector T = (1y, 7T, ,7¢) with 7, > 0 (k€ I), > 7, = 1.
k=1
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Approach I
Step 1. Construct the decision matrix of each expert.

Step 2. Normalise each attribute value F i(jk) in the matrix F}, into a corresponding

element in the matrix Ry, = (f(k))mm such that

)
(a1) () _{ ((€igs pigs Giga i )i M Mo+ o ) for benefit attribute G
((€ij,pij, 0ij,Yij); 1 — 771171_1_ ;1= nf,ij R n’;ij) for cost attribute Gj.
Step 3. Support measure is calculated as follows:

(4:2) Sup(riy) 7)) = 1= d(F) 7)), (e 1),

Here d(rff), ~(l)) is calculated with Hamming distance in Definition 2.9 and utlhze weights 7 =
(11,72, ..., 7¢) of the decision makers Dy (k € It) to find the weighted support T(r ) of the trape-
zoidal fuzzy preference value (Fz(f)) by other trapezoidal fuzzy preference value (r(l)) (I € It and

1 #k)
t
Ty = ST nSupl, 7))
1=1,l#k

and weights 771(5) (k € It) of the trapezoidal fuzzy preference value r( ) (k € It) is calculated as

follows:

(k)
(1 +T(r;;"))

i (1 +T(r{H))
k=1

where r]( ) >0 (k€ It) and Z n(k> =1

Step 4. Use the matrix Rk and find the TFMPWA operator:

t (1 + T(F (k)))T(k) t

> —k =" 0P (i€ Imj € In)

F=1 S (L4 T(r)) k=1

k=1
or the TFMPWG operator:
Tk(1+T(7'§;))>
(k) - _(k)\n®) )

H( = =[G (€ Im,j € In).

k=1 k=1

z e

Step 5. By using the FWA operator, find the aggregation of all trapezoidal fuzzy preference
value 7;; (j € In):

n
Fi=FWAy = vjii; (i € Im)
j=1
or FWG operator:

n
fi=FWGy, = [[ 77 (i € Im)
j=1
Step 6. Find the Hamming distance between 7; and positive ideal (or negative ideal) given in
Definition 2.10.
Step 7. Rank all the alternatives. If Hamming distance between 7; and positive ideal taken
consideration, then the bigger result, the better alternative. If Hamming distance between 7; and
negative ideal taken consideration, then the smaller result, the better alternative.

Approach IT
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Step 1. Same as Approach I.
Step 2. Same as Approach I.
Step 3. Support measure is calculated as follows:

Sup(~o(k) ~o'(l)) 1_d(f(c_r(k> ,;(c_r(l))

which remarks the support of [*? largest trapezmdal fuzzy preference value r ~ for the kP largest
trapezoidal fuzzy preference value r S of 7 7'”

Step 4. Find the value of the support T(FEJI.C)) of the k" largest trapezoidal fuzzy preference
value Fl(? (lel;andl #k)

T(~0'(k) Z S’LLp(TG(k) FU(Z))
1=1,l#k
and use equalities in (3.7) to find the weights UEJ]-C) (k € I) related to the k' largest trapezoidal

k
fuzzy preference value T@( J ), where

(k) (k—1)

(k) _
v I TVij TVij

k
QY =>"niV, vy Zn"(”,nf](” 1+ 7@ ),

=1
where Ug«) >0 (kel;) and Z 'u(k) =1.

Step 5. To convert all the 1nd1v1dual decision matrices Ry, (k € It) into the collective decision
matrix R = (7ij)man,
Utilise TFMPOWA operator:

TFMPOWA = Zv(k)r(k) (i€lm and j€I)
k=1
or the TFMPOWG operator:

t
(k)
TFMPOWG = [[ ()5 (i€ Iy and jeI).
k=1
Step 6. Same as Approach 1.
Step 7. Same asApproach I.

5. APPLICATION

Here, we give an illustrative example to show the efficiency of the proposed operators.

TABLE 2. TFM-numbers response to linguistic terms

Linguistic terms TFM-numbers
Absolutely high(AH) ((0.70,0.80,0.90,1.00);0.7,0.8,0.9,0.2)
Very Very High(VVH) ((0.50,0.60,0.70,0.80);0.1,0.7,0.8,0.9)
Very High(VH) ((0.45,0.55,0.65,0.75);0.7,0.8,0.6, 0.3)
High(H) ((0.40,0.45,0.50,0.55); 0.8,0.9,0.3,0.6)
Fairly high(FH) ((0.30,0.35,0.40,0.45);0.6,0.1,0.8,0.4)
Medium(M) ((0.25,0.30,0.35,0.40); 0.4, 0.5, 0.6, 0.8)

(

(

(

(

«

Fairly low(FL) 0.15,0.20,0.25,0.30);0.4,0.6,0.2,0.5)
Low(L) 0.10,0.20,0.20,0.30);0.3,0.4,0.8,0.1)
Very Low(VL) 0.10,0.15,0.15,0.20);0.2,0.4,0.5,0.3)
Very Very Low(VVL) 0.05,0.10,0.15,0.20);0.2,0.3,0.4,0.1)
Absolutely low(AL) 0.01,0.05,0.10,0.15);0.1,0.2,0.3,0.4)
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5.1. An Illustrative Example.

Example 5.1. In Turkiye, awareness of zero-waste has been growing recently as in other developing
countries. As a result of this growth, wastes created by people have been collected more than ever.
This issue triggers Turkish government to take action for recycling the collected wastes instead of
releasing them to nature. As the first step of the action, the Government wants to set a zero-waste
factory in the biggest city of the country, Istanbul. The government has five possible zero-waste
factories to be chosen and four attributes to consider. List of five possible alternatives as follows:
(1) Z1 (plastic waste),
(2) Z2 (paper waste),
(3) Z3 (battery waste),
(4) Z4 (organic waste),
(5) Zs (glass waste).
The government will decide by considering the attributes given below:
(1) G1 is setup cost,
(2) G2 is human resource,
(3) G3 is adaptation period of public,
(4) G4 is amount of waste.
Their weight vector is (0.3,0.1,0.2,0.4).
Three decision makers Dy, (k € I3) will take part in decision process. Their weight vector is 7 =
(0.4,0.3,0.3). Trapezoidal fuzzy decision matrices are shown in Tables 6, 7 and 8.
Step 1. We constructed decision matrices of each decision maker according to Table 2 [13]
linguistically (in Tables 3, 4 and 5) and numerically (in Tables 6, 7 and 8):

TABLE 3. Decision Matrix F4
Gy G G3 Gy

Zs VVL L M H
Z3 AH VVH L AL
Z4 M VVL VVH M
Zs VVH AH H L

TABLE 4. Decision Matrix Fs
G1 G G3 Gy

Z3 VVH L FH VVH
Z3 AL AH VVL M
Z4 VH VL H L
Zs FH FL M AH

TABLE 5. Decision Matrix F3
G1 [€D) G3 Gy

2 H M M FH
Zs AH VVL H AH
Z4 FH VL VVH L
Zs VH AL AL M

1

TABLE 6. Decision Matrix F}
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TABLE 8. Decision Matrix F3

Step 2. Since GG; and G3 are cost attributes, normalized decision matrix Ry is constructed.

The results are shown in Tables 9, 10 and 11:

fef)

(k)
ij

Step 3. Use equations (4.1) and (4.2) to find weight 7,

TABLE 10. Decision Matrix R»

TABLE 11. Decision Matrix R3

TABLE 9. Decision Matrix Ry

5
5

(77,(?)514

(i € Is,j € I4,k € I3) related to
.)(i € Is,j € 14,k € I3) which are given in the matrices n)

(k € I3) and given in Tables 12, 13 and 14 respectively.

_(k
ij

attribute values 7,

0.391

TABLE 12. Weight Matrix n(*
0.383 0.380 0.387 0.392
0.399 0.403 0.391
0.388 0.385 0.380 0.382
0.388  0.367 0.387 0.394

TABLE 13. Weight Matrix n(z)

1
Z2
Z3
Z4
Zs

0.313

0.305

0.307  0.301

0.304 0.310 0.304 0.303

0.279 0.308 0.309 0.324

0.301

Zy
Zo
Z3

0.313 0.284

0.308 0.300 0.309

0.304 0.321

Zy
Zs

TABLE 14. Weight Matrix n<3)

G3 Gy
0.315

Go

Gy

0.307 0.310 0.312
0.314 0.301

0.321

Z

0.309 0.306

Za

0.309

0.289 0.300 0.285

0.308 0.311
0.308 0.312 0.300 0.322

0.311

Z3
Zy
Zs

Step 4. Use the TFMPWA and TFMPWG operators to find the aggregation of all individual

decision matrices into the collective decision matrix in Tables 15 and 16.
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TABLE 15. Decision Matrix & (TFMPWA)

89,0.473,0.472]

et e
TOTI00212, 0216, 0312 T(0-214,0.283, 0.336, 0.405); 0445, 035
0.365,0.415 2)

( . (01 367
4\07 00, (046 0.216 )
) 1(u PTE0316.0 3010 37010515 0-474-0 301 om) {(0.114,0.205. 0276, 0.337): 0.443,0.309, 0.588, 0.364) _{(0.233.

Step 5. By using the decision information in Tables 15 and 16, TFMPWA-TFMPWG operators
and weight vector of the attributes v= (0.3,0.1,0.2,0.4), we access to the overall preference values
of the alternatives. The aggregating results are presented in Tables 17 and 18.

TABLE 17. The overall preference values of the alternatives (TFMPWA)
A 0.155,0.216, 0.258,0.319); 0.645, 0.645, 0.506, 0.635
Za 0.245,0.381,0.438,0.502); 0.629, 0.630,0.598,0.613
Z3 0.344,0.416,0.482,0.555); 0.525,0.529,0.576, 0.697
Zy 0.263,0.337,0.383,0.457); 0.509,0.477,0.564,0.431
Zs 0.333,0.408, 0.468, 0.543); 0.586, 0.581, 0.642, 0.458

TABLE 18. The overall preference values of the alternatives (TFMPWG)
A 0.101,0.171,0.213,0.275); 0.495, 0.558, 0.442,0.435
Za 0.264,0.339,0.396,0.464); 0.448, 0.408,0.478,0.392
Z3 0.142,0.257,0.339,0.423); 0.341,0.372,0.364,0.529
Zy 0.216,0.301,0.338,0.418); 0.381,0.376,0.450, 0.244
Zs 0.223,0.328,0.389,0.473); 0.435, 0.420,0.482,0.291

Step 6. According to the results shown in Tables 17 and 18, Definitions 3.1 and 3.6, the order-
ing of the alternatives is shown below:

for TFMPWA
[ ]
d(Zy,rt) = i(|(1 +0.645)0.155 — (1 + 1)1] + | (1 + 0.645)0.155 — (1 + 1)1]
|(1+0.506)0.155— (14 1)1] +|(1 +0.635)0.155 — ( |
+ (14 0.645)0.216 — (1 + 1)1 + |(1 + 0.645)0.216 — |
+](1 + 0.506)0.216 — (1 + 1)1] + |(1 + 0.635)0.216 — |
+](1 + 0.645)0.258 — (1 + 1)1| + |(1 + 0.645)0.258 — |
+](1 + 0.506)0.258 — (1 + 1)1| + |(1 + 0.635)0.258 —
+](1 4+ 0.645)0.319 — (1 + 1)1| + |(1 + 0.645)0.319 —
+](1 + 0.506)0.319 — (1 + 1)1| + |(1 + 0.635)0.319 —
=0.807
d(Z2,rT) = 0.683
d(Z3,r+) = 0.645
d(Zs,r+) = 0.731
d(Zs,rT) = 0.657

Then we get Z1 > Zy > Z2 > Zs > Z3 and the best alternative is Z; that is, the government
should set plastic waste factory.

A~~~ o~~~

1+ 1)1
1+ 1)1
1+ 1)1
1+ 1)1
1+ 1)1
1+ 1)1
1+ 1)1

|
)

for TFMPWG
e d(Z1,rt) =0.859
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d(Za,rT) = 0.738

d(Zs,rT) = 0.797

d(Zy,rT) =0.783

d(Zs,rT) = 0.751

Therefore we get Z1 > Z3 > Z4 > Zs > Zz and the best alternative is Zi, i.e., the government
should set plastic waste factory.

6. COMPARISON TABLE

TABLE 19. Some rankings in terms of different methods and proposed methods of Example 5.1

Methods Operator Ranking
Proposed Method 1 TFMPW A N> 72y > Jo > Ly > L3
Proposed Method 2 TFMPWG Z1 > 73> 72y > Zs > Zo
Method of Ulugay et al. [8] TFMG, s > 73> 74 > 71 > Zo
Method of Sahin et al. [9] D, 73> Zs > 721> Zy > Zo
Method of Ulugay [11] Sy Zy > 73> 71> Zs > Zo
Method of Deli and Keleg [12] SH(Z;) Zs > 73> Zy > 721> Zo

Method of Kesen and Deli [15] TFMBHMY 71> Z3> Z5s > Zo > Z4

In the Table 19, we gave a brief comparison of introduced operators with some existing operators
such as the weighted Bonferroni harmonic mean operator given by Kesen and Deli [13], distance
measure operator proposed by Deli and Keles [12], TFM weighted geometric operator introduced by
Ulugay et al. [3], weighted dice vector similarity operator submitted by Sahin et al. [9] and vector
similarity operator given by Ulucay [11] based on Example 5.1 including a zero-waste problem
having five alternatives and four attributes and given under trapezoidal fuzzy multi-environment.
Zero-waste has been drawing attention all around the world for saving nature and decreasing the
destruction of the natural surroundings. This is the reason why we chose the zero-waste problem.
As for the operators we introduced, we used them efficiently on the problem. If the comparison table
is analyzed, results of the proposed aggregation methods present a new perspective to decision-
making process and are compatible with the existing methods. Therefore, decision-makers can
easily use the proposed methods to solve decision-making problems with multiple criteria.

7. CONCLUSION AND FUTURE SCOPE OF STUDIES

In this article, we proposed TFMPWA operator and TEFMPWG operator to find the solution of
a zero-waste decision-making problem. By using these operators, this article aimed to investigate
how to solve zero-waste group decision-making problem with multi-criterion by using trapezoidal
fuzzy multi-numbers and to access a solution of the problem. In the paper, a zero-waste problem
including five alternatives and four attributes was handled. In consideration of the given data in the
problem, introduced operators were efficiently utilized to have a solution. The results we obtained
may help to decision-makers to find the best alternative in a decision-making problem. In addition,
they are consistent with the existing methods. As seen in the application, the main advantage of
the operators is allowing the argument values to support each other in the aggregation process. As
for limitation, since the operators don’t contain parameters, decision-makers lack flexibility during
the decision-making process.

In the future, the operators will be applied to other zero-waste problems given with triangular
intuitionistic fuzzy multi-numbers, trapezoidal intuitionistic fuzzy multi-numbers, and trapezoidal
neutrosophic fuzzy multi-numbers. In addition, the operators will be extended to bipolar soft sets
and bipolar complex fuzzy sets and applications. in the daily life that are given under the bipolar
soft sets and the bipolar complex fuzzy sets will be given.
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