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ABSTRACT. This paper deals with a new type of fuzzy separation axiom,
viz., fuzzy a-b-regular space by introducing fuzzy a-b-open set as a basic
tool. This newly defined class of sets is strictly larger than that of fuzzy
open set as well as fuzzy preopen set, fuzzy semiopen set, fuzzy a-open
set and fuzzy (-open set. Also, we introduce new type of fuzzy compact
space and a strong form of fuzzy T»-space. However, three different types
of functions are introduced and studied. Also the mutual relationships of
these functions are established. Lastly some applications of these functions
on the spaces introduced here are established.
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1. INTRODUCTION

Fuzzy a-open set was introduced in [1]. Using this concept as a basic tool, here
we introduce fuzzy a-b-open set. After introducing fuzzy continuous function in [2],
different types of fuzzy continuous-like functions were introduced and studied. Using
the concept of fuzzy regular closed set [3], here we introduce fuzzy a-b-r-continuous
function, fuzzy a-b-continuity, and fuzzy almost a-b-continuity. Fuzzy regular space
was introduced in [4]. Here we introduce fuzzy a-b-regular space, the class of which
is strictly larger than that of fuzzy regular space. It is shown that in this space fuzzy
open set and fuzzy a-b-open set coincide. Again fuzzy compact space was introduced
by Chang [2]. Here we introduce fuzzy a-b-compactness which is weaker than fuzzy
compactness. Also fuzzy a-b-Tr-space was introduced, the class of which is strictly
larger than that of fuzzy Ts-space [4].

Recently, new types of fuzzy sets, viz., fuzzy soft set and fuzzy octahedron set are
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introduced and studied. A new branch of fuzzy topology is developed using these
types of fuzzy sets. In this context we have to mention [5, 6, 7, 8, 9, 10].

2. PRELIMINARIES

We recall the concepts related to fuzzy sets introduced by Zadeh [11]. A fuzzy set
A in a nonempty set X is a mapping from X into the closed interval I = [0, 1], i.e.,
A € IX. The support of a fuzzy set A, denoted by suppA, is defined by suppA =
{r € X : A(zx) # 0}. The fuzzy set with the singleton support {z} C X and the
value ¢ (0 < ¢t < 1) will be denoted by x;. 0x and 1x are the constant fuzzy sets
taking values 0 and 1 respectively in X. The complement of a fuzzy set A in X,
denoted by 1x \ 4, is defined by (1x \ A)(z) = 1— A(z) for each x € X. For any two
fuzzy sets A, B in X, A < B means A(z) < B(z) for all x € X, while A¢gB means
there exists © € X such that A(x) + B(z) > 1 and A is said to be quasi-coincident
(q-coincident, for short) with B [12]. The negation of these two statements will be
denoted by A £ B and A (4B respectively.

Throughout the paper, (X, 7) or simply by X we shall mean a fuzzy topological
space (fts, for short) in the sense of Chang [2]. For a fuzzy set A in a fts X, ¢lA and
intA stand for the fuzzy closure and the fuzzy interior of A in X as follows [2]:

clA:/\{F:ASF, Fis a closed set in X},

intA = \/{G :G <A, Gis an open set in X}.

For a fts X, A € I is said to be fuzzy regular open [3] (vesp. fuzzy semiopen
[3], fuzzy preopen [13], fuzzy a-open [1], fuzzy B-open [14]), if A = int(clA) (resp.
A <cl(intA), A <int(clA), A <int(cl(intA)), A < cl(int(clA))). The complement
of a fuzzy regular open (resp. fuzzy semiopen, fuzzy preopen, fuzzy a-open, fuzzy -
open) set is called a fuzzy reqular closed (resp. fuzzy semiclosed, fuzzy preclosed, fuzzy
a-closed, fuzzy B-closed) set. The smallest fuzzy semiclosed (resp., fuzzy preclosed,
fuzzy a-closed, fuzzy [B-closed) set containing a fuzzy set A in X is called the fuzzy
semiclosure (resp fuzzy preclosure, fuzzy a-closure, fuzzy B-closure) of A, denoted
by sclA (resp. pclA, aclA, BclA). Tt is well-known that A is fuzzy semiclosed
(resp. fuzzy preclosed, fuzzy a-closed, fuzzy S-closed) in a fts X if and only if
A = sclA (resp. A = pcA, A = aclA, A = BclA). The collection of all fuzzy
regular open (resp. fuzzy semiopen, fuzzy preopen, fuzzy a-open, fuzzy S-open) sets
in X is denoted by FRO(X) (rssp., FSO(X), FPO(X), FaO(X), FBO(X)) and
the collection of all fuzzy regular closed (resp., fuzzy semiclosed, fuzzy preclosed,
fuzzy a-closed, fuzzy S-closed) sets in X is denoted by FRC(X) (rssp., FSC(X),
FPC(X), FaC(X), FBC(X)). For a fuzzy open set A in X, sclA = int(clA) [15].

3. Fuzzy a-b-OPEN SET : SOME PROPERTIES

In this section, we first introduce fuzzy a-b-open set and then establish the mutual
relationships of this newly defined set with the sets defined in [1, 3, 13, 14].
First we recall some definitions from [16] for ready references.

Definition 3.1 ([16]). Let (X, 7) be an fts and A € IX. A fuzzy point z,, in X is
said to be a fuzzy 0-semicluster point of A, if clUqA for all U € FSO(X) with z,qU.
68
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The union of all fuzzy 6-semicluster points of A is called the fuzzy 0-semiclosure of
A and is denoted by 0-sclA. It is obvious that A is fuzzy #-semiclosed in X if and
only if A = 6-sclA.

Definition 3.2 ([16]). Let (X,7) be an fts and A € IX. Then the r-kernel of A,
denoted by r-KerA, is defined as follows :
r-KerA=A{U :U € FRO(X),A<U}.

Let us now introduce the following concept.

Definition 3.3. A fuzzy set A in an fts (X, 7) is said to be fuzzy a-b-open in X,
if A < cl(aint(clA)). The complement of a fuzzy a-b-open set is said to be fuzzy
a-b-closed in X. The collection of all fuzzy a-b-open (resp. fuzzy a-b-closed) sets in
an fts X is denoted by FabO(X) (resp. FabC(X)).

Remark 3.4. The union of any two fuzzy a-b-open sets is also so. But intersection
of any two fuzzy a-b-open sets may not be so, as it seen from the following example.

Example 3.5. Let X = {a,b} and let 7 = {0x,1x, A}, where A(a) = 0.5, A(b) =
0.6. Then (X, 7) is an fts. Consider two fuzzy sets B, C in X defined by:
B(a) =04, B(b) =0.6, C(a) =0.6, C(b) =0.4.
Then clearly, B, C € FabO(X). Let D = BAC. Then D(a) = D(b) = 0.4. Thus
c(aint(clD)) = cl(aint(lx \ A)) = cl0x =0x # D.
So D & FabO(X).

From Example 3.5, we can conclude that the set of all fuzzy a-b-open sets in an
fts X does not form a fuzzy topology.

Remark 3.6. It is clear from definitions that fuzzy open set, fuzzy semiopen set,
fuzzy preopen set, fuzzy a-open set, fuzzy S-open set implies fuzzy a-b-open set, but
the reverse implications are not necessarily true follow from the following example.

Example 3.7. Let X = {a,b} and let 7 = {0x,1x, A}, where A(a) = 0.5, A(b) =
0.4. Then (X,7) is an fts. Here FaO(X) = {0x,1x,U}, where A KU £ 1x \ A.
Consider a fuzzy set B in X defined by B(a) = B(b) = 0.5. Then clearly, B¢ 7, B ¢
FPO(X), B¢ FaO(X). But cl(aint(clB)) = 1x \ A > B. Thus B € FabO(X).
Next consider the fuzzy set C' in X defined by C(a) = C(b) = 0.4. Then clearly,
C ¢ FSO(X), but C € FabO(X).
As 7 C FaO(X), clearly fuzzy a-b-open set may not necessarily fuzzy S-open set.

Theorem 3.8. Let (X,7) be an fts. Then the union of any collection of fuzzy
a-b-open sets in X is fuzzy a-b-open in X.

Proof. Let G = {G, : @ € A} be any collection of fuzzy a-b-open sets in X and
let @ € A. Then clearly, G, < cl(aint(clGy)). Also, G, < \/ Gq. Thus G, <

ach
c( \/ Ga). So Gy < d(aint(clGy)) < cl(aint(cl( \/ G.))). Taking union on both
acA a€A
sides, \/ Go < cl(aint(cl( \/ G4))). Hence \/ G, is fuzzy a-b-open in X. O
a€cA a€cA acA
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Definition 3.9. Let (X,7) be an fts and A € IX. Then fuzzy a-b-closure of A,
denoted by abclA, is defined by
abcdlA=NUeIX: A<UU € FabC(X)}
and fuzzy a-b-interior of A, denoted by abintA, is defined by
abintA=\/{GeI*:G <A Ge FabO(X)}.

Note 3.10. By Remark 3.4, we can conclude that for any fuzzy set A in an fts X,
abclA is fuzzy a-b-closed and abintA is fuzzy a-b-open. Again, if A € FabC(X),
then A = abclA and if A € FabO(X), then A = abintA.

Result 3.11. Let (X,7) be an fts. Then the following statements are true:

(1) for any fuzzy point x; in X and any U € I, x; € abelU implies that for any
V € FabO(X) with x,qV, VqU,

(2) for any two fuzzy sets U, V, where V € FabO(X), if U 4V, then abclU 4V .

Proof. (1) Let xy € abclU and V € FabO(X) with z,qV. Then z; & 1x \'V €
FabC(X). ThusU £ 1x \ V. So UgV.

(2) Assume that abclUqV but U /qV. Then there exists + € X such that
(abclU)(x) + V(x) > 1. Thus V(z) +t > 1, where t = (abclU)(z). So x; € abclU,
where x:qV, V € FabO(X). By (1), VqU. This is a contradiction. O

Result 3.12. Let (X,7) be an fts and A € I’X. Then the following statements are
true:

(1) abcl(1x \ A) = 1x \ abintA,

(2) 1x \ abclA = abint(1x \ A).

Proof. (1) Let z; € abel(1x \ A). Assume that z; € 1x \ abintA. Then z,qabintA.
Thus there exists U € FabO(X) with U < A such that z;qU. Since z; € abel(1x \
A), by Result 3.11 (1), Ug(1x \ A). So Aq(1x \ A). This is a contradiction. Hence

(3.1) abel(lx \ A) < 1x \ abintA.
Conversely, let x; € 1x \ abintA. Then we have

1 — abintA(z) >t = x; gabintA = x; AU,

(3.2) where U € FabO(X) with U < A.

Let V € FabC(X) with 1x \ A < V. Then 1x \ V < A, where 1x \ V € FabO(X).
Thus by (3.2), we get

e fAx\V) =2 €V =z € abel(lx \ A).
So we have
(3.3) 1x \ abintA < abcl(1x \ A).

Hence combining (3.1) and (3.3), we get the result.
(2) Writing 1x \ A for A in (1), we get the proof. O

Let us now recall the following Lemma from [16] for ready references.
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Lemma 3.13 ([16]). Let (X,T) be an fts and A € I’X. Then the following statements

hold:
(1) for any A € FRO(X), 0-sclA = A,
(2) for any A € FBO(X),clA = aclA,
(3) for any A € FSO(X), clA = pclA,
(1)

for any A € 1,sclA = 0-sclA.

4. Fuzzy a-b-r-CONTINUOUS FUNCTION : SOME CHARACTERIZATIONS

In this section, we first introduce fuzzy a-b-r-continuous function and characterize
it in several ways. Afterwards, two new types of functions, viz., fuzzy a-b-continuous
function and fuzzy almost a-b-continuous function are introduced. The mutual re-
lationships of these three functions are established here.

Definition 4.1. Let (X,7) and (Y, 71) be two fts’s. Then f: X — Y is called a
fuzzy a-b-r-continuous function, if f~1(A) € FabC(X) for all A € FRO(Y).

Theorem 4.2. Let (X,7) and (Y, 71) be two fts’s and f : X — Y be a function.
Then the following statements are equivalent:
(1) f is fuzzy a-b-r-continuous,

(2) f71(A) € FabO(X) for all A € FRC(Y),

(3) flabel,U) <r- ker( ( )) for all U € IX,

(4) abel, (f~Y(A)) < f~(r-ker(A)) for all A e IV,
(5) abel, (f~Y(R)) < f~Y(0-scl,, R)) for all R € Ty,
(6) abel, (f~Y(R)) < f~(scl, R)) for all R € 14,

(7) abel, (f~1(R)) S “L(int,, (cly, R)) for al R € 11,
(8) f~L(int,, (cl,,A)) € FabC(X) for all A € T4,

9) f~(cly, (mtnF)) € FabO(X) for all F € 7¢,
(10) f~Ycl,U) € FabO(X) for all U € FRO(Y),
(11) f~Ycl,U) € FabO(X) for allU € FSO(Y),
(12) f~1(int,, (cl,U)) € FabC(X) for allU € FPO(Y),
(13) f~Hacl,,U) € FabO(X) for allU € FRO(Y),
(14) f~Y(pcl,,U) € FabO(X) for allU € FSO(Y).

Proof. (1) < (2): Obvious.

(2) = (3): Let U € I'X and suppose y; is a fuzzy point in Y with y; & r-ker(f(U)).
Then there exists V' € FRO(Y) such that f(U) <V and y; € V, ie., V(y) < t.
Thus y:q(ly \ V) € FRC(Y) and 1y \ f(U) > 1y \ V. So f(U) 4(1y \ V), ie
U 4f 1y \V). By (2), f1(1y\V) = 1x\f~1(V) € FabO(X). By Result 3.11 (2)
abel,U 4(1x \ f~1(V)). This implies that abel,U < f~1(V), ie., f(abel,U) <V
implies that 1y \ f(abcl,U) > 1y \ V. Hence we have

— flabcl,U)(y) > 1=V (y) >1—1t, e, t > f(abcl;U)(y), ie., yr & f(abcl U).

Therefore f(abel U) < r-ker(f(U)).
(3) = (4): Let A€ IY. Then f~1(A) € IX. Thus by (3), we get
flabel, f71H(A)) <r-ker(f(f~1(A))) <r-ker(A).
So abel.(f~1(A)) < f~1(r-ker(A)).
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(4) = (1): Let A€ FRO(Y). By (4), abel, (f7'(A)) < f~(r-ker(4)) = f~1(A).
But f~1(A4) < abel (f~'(A)). Thus f~1(A) = abcl.(f~1(A)). So f~1A) €
FabC(X). Hence f is a fuzzy a-b-r-continuous function.

(5) < (6): Follows from Lemma 3.13 (4).

(6) & (7): Obvious
(7) = (1): Let A€ FRO(Y). Then by (7), we get

abel, (fH(A)) < f~  (intr, (clr, A)) = f71(A).
Thus f~1(A) € FabC(X). So f is a fuzzy a-b-r-continuous function.

(1) = (7): Let A € 7. Then int,, (cl,, A) € FRO(Y). Then by (1), f~!(int,, (cl, A)) €
FabC(X). Thus we have

abel (f71(A)) < abel (f (int,, (clr, A)) = £ (int,, (clr A)).

(1)= (8): Let A € 74. Then int,, (cl,,A) € FRO(Y). Thus by (1), f~*(int,, (cl;, A)) €
FabC(X).

(8) = (1): Let A € FRO(Y). Then A € 7. Thus by (8), f~1(A) = f~(int,, (cl;, A)) €
FabC(X).

(2) = (9): Let F € 7f. Then cl,,int,, F € FRC(Y). Thus by (2), f~1(cl,, (int,, F)) €
FabO(X).

(9) = (2): Let F € FRC(Y). Then by (9), f~Y(F) = f~Y(cl, (int,, F)) €
FabO(X).

(2) = (10): Let U € FBO(Y). Then U < cl, (int,, (cl,U)) < ¢l U. Thus

cn U <l (cr (int, (cl U))) = ey, (intr, (cl, U)) < clpy (cr,U) = ey, U.

Socl;, U = cl, (int,, (cl;, U)). Hence cl,, U € FRC(Y). Therefore by (2), f~(cl,U) €
FabO(X).

(10) = (6): Since FSO(Y) C FRO(Y), by (10), f~1(cl,U) € FabO(X) for all
UeFSOY).

(11) = (12): Let U € FPO(Y). Then U < int, (cl-,U). We claim that
intr, (cl;,U) € FRO(Y). Note that the following inequalities hold:

intr, (cly, U) <intr, (clry (intr, (cl:,0))) <intr (., U).

Then int,, (cl;,U) = int, (cls, (intr, (cl,U))). Thus 1y \ int; (cl,U) € FRC(Y).
So 1y \ int,, (cl,U) € FSO(Y). By (11), f~*(cl,, (1y \ int,, (cl,U))) € FabO(X).
Hence we have

Ix \ ft(int,, (int,, (cl, U))) = 1x \ f~*(int,, (cl,, U)) € FabO(X).

Therefore f~1(int,, (cl,,U)) € FabC(X).

(12) = (1): Let U € FRO(Y). Then U € FPO(Y). By (12), f~!(int,, (cl,U)) €
FabC(X). Thus f=2(U) = f~1(int,, (cl;,U)) € FabC(X). So (1) holds.

(10) < (13): The proof follows from Lemma 3.13 (2).

(11) & (14): The proof follow from Lemma 3.13 (3). O

Theorem 4.3. Let (X,7) and (Y,71) be two fts’s and f : X — Y be a function.
Consider the following statements:
(a) for each fuzzy point x; in X and each A € FSO(Y) with f(x:)qA, there
exists U € FabO(X) with xqU, f(U) < cl; A,
(b) f(abel,P) < 0-scl., (f(P)) for all P € I,
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(¢) for each fuzzy point x; in X and each A € FSO(Y') with f(x;) € A, there
exists U € FabO(X) such that x; € U and f(U) < cl A,

(d) f~1(A) < abz’ntT(f’l(clﬁA)) forall A e FSO(Y),

(e) abel, (f~1(R)) < f~Y(0-scly, R)) for all R € IV,

(f) f is a fuzzy a-b-r-continuous function.

Then we have:
(1) (a), (b), (¢), (d) and (e) are equivalent,

(2) (e) implies (f).

Proof. (1) (a) = (b): Let P € I and x; be any fuzzy point in X such that z; €
abel. P and let G € FSO(Y) with f(x:)gG. By (a), there exists U € FabO(X) with
x:qU, f(U) < clr,G. As x4 € abcl; P, by Result 3.11 (1), UgP. Then f(U)qf(P).
Thus f(P)qcl;,G. So f(z;) € G—SCZTl(f(P)). Hence f(abcl,P) < 0-scl., (f(P)).

()= (e): Let R € IY. Then f~(R) € I’. Thus by (b), we have

Fabel, (1 (R))) < 0-sclr, (f(f(R)) < O-scl, R
So abel, (f~YHR)) < f~1(6-scl, R).
(e) = (a): Let x; be any fuzzy point in X and A € FSO(Y) with f(z;)qA.
Since cnA g (1y \ cr A), by definition, f(z:) & 0-scly, (1y \ clr,A). Then z; ¢

“1(B-scl,, (1y \ cl;, A)). By (e), oy & abel(f~(1y \ cl;, A)). Thus there exists
U € FabO(X) with x,qU such that U 4f~*(1y \ cl, A). So f(U) A4(1y \ cl, A).
Hence f(U) < ¢l A.

(a) = (d): Let A € FSO(Y) and x; be any fuzzy point in X such that z,qf~1(A).
Then f(z:)qA. By (a), there exists U € FabO(X) with z,qU such that f(U) <
cly, A. Thus z,qU < f=1(cl;, A). So z,qU = abint,U < abint.(f~'(cl,, A)). Since
abint,(f~1(cl;, A)) is the union of all fuzzy a-b-open sets in X contained in f~(cl,, A),
xrqabint, (f~1(cl,, A)). Hence f~1(A) < abint,(f~1(cl., A)).

(d) = (a): Let x; be any fuzzy point in X and A € FSO(Y') with f(x¢)gA. Then
by (d), z:qf ~*(A) < abint,(f~(cl;, A)). Thus there exists U € FabO(X) with
x,qU such that U < f~1(cl,, A). So f(U) < cl,, A.

(c) = (d): Let A € FSO(Y) and z; be any fuzzy point in X such that x; €
f71(A). Then f(x;) € A. By (¢), there exists U € FabO(X) with a; € U such that
fU) <l A Thus U < f=1(cl, A). So z¢ € U = abint, U < abint, (f~(cl,, A)).
Hence f~1(A) < abint, (f~(cl,, A)).

(d) = (c¢): Let ¢ be any fuzzy point in X and A € FSO(Y) with f(z;) € A.
Then by (d), z; € f~1(A4) < abintr(f_l(clnA)). Thus there exists U € FabO(X)
with z; € U such that U < f=1(cl,, A). So f(U) < cl,, A.

(2) Suppose (e) holds and let A € FRO( ). Then by (¢), we get

abel. (f~1(A)) < fY(0-scl, A) = f~1(A).
Thus by Lemma 3.13 (1), f~1(A) € FabC(X). So f is a fuzzy a-b-r-continuous
function. O

Theorem 4.4. Let (X,7) and (Y,71) be two fts’s and f : X — Y be a function
satisfying abel, (f~1(R)) < f~Y(#-scl, R), for all R € IY. Then the following
statements hold:
(1) abel, (f~Y(R)) < f~Y(0-scl,, R) for all R € FSO(Y)
(2) abel, (f~Y(R)) < f~H(0-scl, R) for all R € FPO(Y),
(3) abel, (f~Y(R)) < f~H(@-scl, R) for all R € FBO(Y).
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Proof. Obvious. O

Definition 4.5. Let (X,7) and (Y, 71) be two fts’s and f : X — Y be a function.
Then f is said to be fuzzy

(i) a-b-continuous, if f~1(A) € FabO(X) for all A € T4,

(ii) almost a-b-continuous, if f~1(A) € FabO(X) for all A € FRO(Y).

Let us now recall the following definition from [2] for ready references.

Definition 4.6 ([2]). Let (X,7) and (Y,71) be two fts’s and f : X — Y be a
function. Then f is said to be a fuzzy continuous function, if f~1(U) € 7 for all
U € T1.

Remark 4.7. It is clear from definitions that:

(1) fuzzy continuity = fuzzy a-b-continuity = fuzzy almost a-b-continuity, but
reverse implications are not necessarily true, in general, follow from the next exam-
ples,

(2) fuzzy a-b-r-continuity is an independent concept of fuzzy continuity, fuzzy
a-b-continuity and fuzzy almost a-b-continuity, follow from the next examples.

Example 4.8. Fuzzy continuity, fuzzy a-b-continuity and fuzzy almost a-b-continuity
% fuzzy a-b-r-continuity.

Let X = {a,b}, m = {0x,1x,A4,B}, 2 = {0x,1x, B}, where A(a) = A(b) =
0.5,B(a) = B(b) = 0.4. Then (X,71) and (X, 72) are fts’s. Consider the identity
function i : (X,71) — (X, 72). Then clearly, i is fuzzy continuous and thus fuzzy
a-b-continuous as well as fuzzy almost a-b-continuous function. Now 1x \ B €
FRC(X,72). i Y(1x \ B) = 1x \ B. Then we get

ey (cintr, (-, (1x \B))) =AZ21x\B=1x \ B ¢ FabO(X, ).
Thus 4 is not a fuzzy a-b-r-continuous function.

Example 4.9. Fuzzy a-b-r-continuity, fuzzy a-b-continuity and fuzzy almost a-b-
continuity # fuzzy continuity.

Let X = {a,b}, n = {0x,1x}, 72 = {0x,1x,A}, where A(a) = A(b) = 0.5.
Then (X,71) and (X, 72) are fts’s. Consider the identity function i : (X,71) —
(X, 72). Since every fuzzy set in (X, 71) is fuzzy a-b-open in (X, 71), 4 is fuzzy a-b-
r-continuous, fuzzy a-b-continuous and fuzzy almost a-b-continuous. Since A € 79,
i~1(A) = A ¢ 71. Then i is not a fuzzy continuous function.

Example 4.10. Fuzzy a-b-r-continuity, fuzzy almost a-b-continuity # fuzzy a-b-
continuity.

Lt X = {a,b}, 1 = {0x,1x,A, B}, 2 = {0x,1x,C}, where A(a) = A(b) =
0.4, B(a) = B(b) = 0.5,C(a) = 0.5,C(b) = 0.6. Then (X, 71) and (X, 72) are fts’s.
Consider the identity function i : (X, 7)) — (X,72). Now C € 7, i 1(C) = C.
Then cl;, (aint,, (cl;,C)) = B # C. Thus C ¢ FabO(X, ). So i is not fuzzy a-b-
continuous. Since Ox,lx € FRO(X, o) only, i is a fuzzy a-b-r-continuous function
and a fuzzy almost a-b-continuous function.

Example 4.11. Fuzzy a-b-r-continuity # fuzzy almost a-b-continuity.
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Let X = {a,b}, m = {0x,1x,A}, = = {Ox,1x, B}, where A(a) = 0.5, A(b) =
0.6, B(a) = 0.5, B(b) = 0.3. Then (X, 7;) and (X, 72) are fts’s. Consider the iden-
tity function i : (X,7) — (X,72). Now B € FRO(X,7), i }(B) = B. Then
int,, (acl;, (int;, B)) = 0x < B. Thus B € FabC(X, ). So i is a fuzzy a-b-r-
continuous function. But ¢l (aint,, (cl, B)) = 0x # B, i.e., B € FabO(X, ).
Hence i is not a fuzzy almost a-b-continuous function.

Definition 4.12 ([17]). An fts (X, 7) is said to be fuzzy extremally disconnected, if
the closure of every fuzzy open set in X is fuzzy open in X.

Theorem 4.13. Let (X, 7) and (Y,71) be two fts’s and f : X =Y be a function. If
(Y,11) is a fuzzy extremally disconnected space, then f is a fuzzy a-b-r-continuous
function if and only if f is a fuzzy almost a-b-continuous function.

Proof. First suppose that f is fuzzy a-b-r-continuous function and let U € FRO(Y).
Then U = int,, (cl,U). AsY is fuzzy extremally disconnected, ¢l.,U € 71. Thus
U = int;c U = U = clint,,U. SoU € FRC(Y). By the hypothesis,

f71(U) € FabO(X). Hence f is a fuzzy almost a-b-continuous function.
Conversely, suppose f is a fuzzy almost a-b-continuous function and let U €
FRC(Y). AsY is a fuzzy extremally disconnected space, U € FRO(Y'). Then By
the hypothesis, f~1(U) € FabO(X). Thus f is a fuzzy a-b-r-continuous function.
O

Remark 4.14. Composition of two fuzzy a-b-r-continuous (resp. fuzzy a-b-continuous
and fuzzy almost a-b-continuous) functions need not be so, as it seen from the fol-
lowing examples.

Example 4.15. Let X = {qa,b}, n = {0x,1x,A,B}, o = {0x,1x}, 73 =
{0x,1x, B}, where A(a) = A(b) = 0.5,B(a) = B(b) = 0.4. Then (X,m), (X, 72)
and (X, 73) are fts’s. Consider two identity functions iy : (X,71) — (X, 72), 42 :
(X,72) — (X,73). Clearly, i; and iy are fuzzy a-b-r-continuous functions. Let
i3 =iy 0i1. Now 1x \ B € FRC(X,73), i3 (1x \ B) = 1x \ B. Then we have

ey (aintr, (e, (1x \ B))) = A 2 1x \ B.

Thus 1x \ B € FabO(X, ). So i3 is not a fuzzy a-b-r-continuous function.

Example 4.16. Let X = {a, b}, T = {Ox, lx,A}, To = {Ox, lx}, T3 = {Ox, lx, B},
where A(a) = 0.5, A(b) = 0.6,B(a) = 0.5,B(b) = 0.3. Then (X,7), (X,72) and
(X, 13) are fts’s. Consider two identity functions 4y : (X,7) — (X, 72) and iz :
(X,72) = (X, 713). Clearly, i; and iy are fuzzy a-b-continuous and thus fuzzy almost
a-b-continuous functions. Let i3 = iz 04;. Bow B € 73 as well as B € FRO(X, 73).
iz'(B) = B. Now cl,, (aint,, (cl, B)) = 0x # B= B ¢ FabO(X, 1) = i3 is not a
fuzzy a-b-continuous function and also a fuzzy almost a-b-continuous function.

5. FuzzYy a-b-REGULAR, a-b-COMPACT AND «-b-T5-SPACES

In this section, new types of separation axioms and compactness are introduced
and studied. Then the mutual relationships of these spaces with the spaces defined
in [2, 4] are established.
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Definition 5.1. An fts (X, 7) is called an a-b-reqular space, if for each fuzzy point
x; in X and each fuzzy a-b-closed set F' with x; & F', there exist a fuzzy open set U
and a fuzzy a-b-open set V in X such that x,qU, F <V and U 4V.

Theorem 5.2. For an fts (X, 7), the following statements are equivalent:

(1) X is fuzzy a-b-regular,

(2) for each fuzzy point xy in X and each fuzzy a-b-open set U in X with x4qU,
there exists a fuzzy open set V' in X such that x.qV < abclV < U,

(3) for each fuzzy a-b-closed set F in X, N{cdV : F <V,V € FabO(X)} =F,

(4) for each fuzzy set G in X and each fuzzy a-b-open set U in X such that GqU,
there exists a fuzzy open set V in X such that GqV and abclV < U.

Proof. (1)=(2): Let x; be a fuzzy point in X and let U be a fuzzy a-b-open set in
X with z.qU. Then z; ¢ 1x \ U € FabC(X). By (1), there exist a fuzzy open set
V and a fuzzy a-b-open set W in X such that z,qV, 1x \U < W and V' 4W. Thus
2qV < 1x \ W < U. So 24qV < abclV < abel(lx \W)=1x \W < U.

(2)=(1): Let F be a fuzzy a-b-closed set in X and let z; be a fuzzy point in X
with z; € F. Then x4q(1x \ F) € FabO(X). By (2), there exists a fuzzy open set V
in X such that z:qV < abclV <1x \ F. Put U = 1x \ abclV. Then U € FabO(X)
and z;qV, F <U and U 4V.

(2)=(3): Let F' be fuzzy a-b-closed set in X. Then we get

F< N\{dV:F<V,VeFabO(X)}.

Conversely, let 2y ¢ F € FabC(X). Then F(z) < t. Thus x:q(1x \ F'), where
1x \ F' € FabO(X). By (2), there exists a fuzzy open set U in X such that z,qU <
abclU <1x \F. Put V =1x \ abclU. Then F <V and U 4V. Thus z; & clV. So
NV :F<V,V € FabO(X)} < F. Hence A{clV: F <V,V € FabO(X)} = F.

(3)=(2): Let V be any fuzzy a-b-open set in X and let z; be any fuzzy point in
X with z¢qV. Then V(z) +t > 1, ile., 2 € (1x \ V), where 1x \ V € FabC(X).
By (3), there exists G € FabO(X) such that 1x \ V < G and z; ¢ clG. Thus there
exists a fuzzy open set U in X with z,qU such that U 4G. So U < 1x\G < V.
Hence z:qU < abcU < abel(lx \G)=1x \G < V.

(3)=(4): Let G be any fuzzy set in X and let U be any fuzzy a-b-open set in X
with GqU. Then there exists € X such that G(z)+U(z) > 1. Let G(z) = t. Then
2qU = x4 & 1x \U, where 1x \U € FabC(X). By (3), there exists W € FabO(X)
such that 1x \U < W and z; & cIW. Thus (cIW)(x) < t. So z:q(1x \ clW). Let
V = 1x\clW. Then V is fuzzy open set in X and V' (z)+t > 1. Thus V(x)+G(z) > 1.
So V¢G and abclV = abcl(1x \ W) < abcl(lx \W)=1x \W < U.

(4)=(2): Obvious. O

Note 5.3. It is clear from Theorem 5.2 that in a fuzzy a-b-regular space, every fuzzy
a-b-closed set is fuzzy closed and hence every fuzzy a-b-open set is fuzzy open. As
a result, in a fuzzy a-b-regular space, the collection of all fuzzy closed (resp., fuzzy
open) sets and fuzzy a-b-closed (resp., fuzzy a-b-open) sets coincide.

Definition 5.4. Let A be a fuzzy set in X. A collection U of fuzzy sets in X is
called a fuzzy cover of A, if sup{U(z) : U € U} = 1 for each = € suppA [18]. In
particular, if A = 1x, we get the definition of fuzzy cover of X [2].
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Definition 5.5. A fuzzy cover U of a fuzzy set A in X is said to have a finite
subcover Uy, if Uy is a finite subcollection of U such that | JUy > A, i.e., U is also a
fuzzy cover of A [18]. In particular, if A =1y, we get JUy = 1x [2].

Definition 5.6. A fuzzy set A in an fts (X, 7) is said to be fuzzy compact [18], if
every fuzzy covering U of A by fuzzy open sets in X has a finite subcovering Uy of
U. In particular, if A =1x, we get the definition of fuzzy compact space [2].

Definition 5.7. An fts (X, 7) is said to be fuzzy s-closed [19] (resp. fuzzy nearly
compact [17]), if every fuzzy covering of X by fuzzy regular closed (resp. fuzzy
regular open) sets of X contains a finite subcovering.

Let us now introduce the following concept.

Definition 5.8. A fuzzy set A in an fts (X, 7) is called fuzzy a-b-compact, if ev-
ery fuzzy covering of A by fuzzy a-b-open sets of X has a finite subcovering. In
particular, if A = 1x, we get the definition of fuzzy a-b-compact space.

Remark 5.9. It is clear from above discussion that fuzzy a-b-compact space is fuzzy
compact. But the converse is not necessarily true follows from the next example.

Example 5.10. Let X = {a}, 7 = {Ox,1x}. The clearly (X, 7) is a fuzzy compact
space. Here every fuzzy set is fuzzy a-b-open set in X. Consider the fuzzy cover
U = {Un(a) : n € N}, where Up(a) = {;75 : n € N}. Then U is a fuzzy a-b-
open cover of X. But it does not have any subcovering of X. Thus X is not fuzzy
a-b-compact space.

Theorem 5.11. FEvery fuzzy a-b-closed set A in a fuzzy a-b-compact space X 1is
fuzzy a-b-compact.

Proof. Let A be a fuzzy a-b-closed set in a fuzzy a-b-compact space X and let U be
a fuzzy covering of A by fuzzy a-b-open sets in X. Then V =U J(1x \ A) is a fuzzy
a-b-open covering of X. By the hypothesis, there exists a finite subcollection Vy of
V which also covers X. If V, contains 1x \ A, we omit it and get a finite subcovering
of A. Consequently, A is fuzzy a-b-compact. g

Let us now recall the following definition from [4] for ready references.

Definition 5.12 ([4]). Let (X, 7) be an fts. Then X is said to be a fuzzy Ts-space,
if for each pair of distinct fuzzy points x,, ys : when x # y, there exist fuzzy open
sets Uy, Us, V1, Va such that zo € Uy,ysqVi and Uy 4V and z,qUs, yg € Vo and
Us Vs ; when & =y, o < 8 (say), there exist fuzzy open sets U,V in X such that
2o € U,ysqV and U 4V.

Now we introduce the following concept.

Definition 5.13. Let (X, 7) be an fts. Then X is said to be a fuzzy a-b-Ts-space, if
for each pair of distinct fuzzy points 4, yg : when x # y, there exist fuzzy a-b-open
sets Uy, Ua, V1, V2 such that o € Ui,ysqVi and Uy Vi and z.qUs, yg € Vo and
Us 4V ; when x =y, a < (8 (say), there exist fuzzy a-b-open sets U,V in X such
that 2o € U,ygqV and U 4V.

Let us now recall the following definition from [4] for ready references.
7
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Definition 5.14 ([1]). An fts (X,7) is said to be a fuzzy regular space, if for any
fuzzy point z; in X and any fuzzy closed set F' in X with z; € F, there exist fuzzy
open sets U,V in X such that x,qU, F <V and U 4V.

Remark 5.15. It is clear from Note 5.3 that fuzzy a-b-regular space is fuzzy reg-
ular and fuzzy Th-space is fuzzy a-b-Ts-space. But the reverse implications are not
necessarily true, follow from the next example.

Example 5.16. Consider Example 5.10. Tt is clear that (X, 7) is fuzzy regular and
fuzzy a-b-Th-space (as every fuzzy set is fuzzy a-b-open set as well as fuzzy a-b-closed
set). Now consider the fuzzy point ap4 and a fuzzy set A defined by A(a) = 0.3.
Then agy ¢ A € FabC(X). But there do not exist any fuzzy open set U and a
fuzzy a-b-open set V in X such that ap4qU, A <V and U 4V (because 1x is the
only fuzzy open set in X with ag4qlyx and 1xqV for all fuzzy set V(# 0x) in X).
Thus X is not fuzzy a-b-regular space.

Consider two fuzzy points ap4 and ag 5 in X. But there do not exist fuzzy open
sets U,V in X such that ag4 € U,ap.5¢V and U 4V. So X is not fuzzy Ts-space.

6. APPLICATIONS OF FUZZY «a-b-r-CONTINUOUS, a-b-CONTINUOUS AND ALMOST
a-b-CONTINUOUS FUNCTIONS

In this section, the applications of the functions introduced in this paper are
established. First we recall the following definition from [20] for ready references.

Definition 6.1 ([20]). A function f: X — Y is said to be a fuzzy open function, if
f(U) is a fuzzy open set in Y for every fuzzy open set U in X.

Theorem 6.2. Let (X,7) and (Y,71) be two fts’s and f : X — Y be a surjective,
fuzzy a-b-r-continuous function. If X is a fuzzy a-b-compact space, then'Y is a fuzzy
s-closed space.

Proof. Let U = {U,, : a € A} be a fuzzy covering of Y by fuzzy regular closed sets
of Y. As f is a fuzzy a-b-r-continuous function, V = {f~1(U,) : a € A} covers X
by fuzzy a-b-open sets of X. As X is a fuzzy a-b-compact space, there exists a finite
subset Ag of A such that 1x = \/ f~1(Uy,). Then we have

a€lg
by =V 7 0) =V 17 Ua) <\ Ua
aclNg aclNg a€lp
Thus Y is a fuzzy s-closed space. O

Theorem 6.3. Let (X,7) and (Y,71) be two fts’s and f : X — Y be a fuzzy a-
b-continuous function. If A is fuzzy a-b-compact set relative to X, then the image
f(A) is fuzzy compact relative to Y.

Proof. Let A be fuzzy a-b-compact relative to X and U = {U, : @ € A} be a

fuzzy covering of f(A) by fuzzy open sets of Y, i.e, f(4) < \/ Us. Then A <
aEA

f’l(\/Ua) = \/f’l(Ua). Thus V = {f~1(U,) : @ € A} is a fuzzy covering

aEN aEA
of A by fuzzy a-b-open sets in X. As A is fuzzy a-b-compact set relative to X,
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there ex1sts a finite subcollection VO = {fYU, ) 1 <i<n} of V such that

A<\/f Ua,). So f(A <f\/f \/f \/U . Hence
Uy = {Ua 1<i<mn}isa ﬁnlte subcovering of f( ). Therefore f( ) is fuzzy
compact relative to Y. O

Theorem 6.4. Let (X, 7) and (Y, 71) be two fts’s and f: X =Y be a fuzzy almost
a-b-continuous function. If A is fuzzy a-b-compact relative to X, then the image
f(A) is fuzzy nearly compact relative to Y.

Proof. The proof is similar to that of Theorem 6.3. O

Theorem 6.5. Let (X, 1) and (Y, 1) be two fts’s and f : X =Y be a injective, fuzzy
a-b-continuous function and 'Y is a fuzzy Th-space. Then X is a fuzzy a-b-Th-space.

Proof. Let x, and yg be two distinct fuzzy points in X, where x # y. As f is
injective, f(zq) # f(yg). As Y is a fuzzy Tr-space, there exist fuzzy open sets
Ui,Us,V1,Vo in Y such that f(z,) € Ul,f(yg)qu and Uy /qV1 and f(z4)qUa,
f(ys) € V2 and U2 AVa. Then zo € f~1(U1),ysqf ™" (V1) and f=1(U1) 4f~ (V).
Assume that f=1(Uy)qf~(V1). Then there exists z € X such that

FTHUDE) + T )(R) > 1.
Thus Uy (f(2)) + Vi(f(z)) > 1. So Uy¢V;. This is a contradiction. Also, we have

zadf 1 (U2),ys € 71 (Va) and 71 (Us) 4F 7 (Va),

where fﬁl(Ul)v fﬁl(V1)7 fﬁl(UZ)v fﬁl(‘/Q) € FabO(Xv Tl)'
Similarly, when = =y, o < 8 (say), there exist Uy, Us € 7y such that

f(za) € Ur, f(yp)qUs and Uy 4Us.

Then o € f~H(U1),ypqf *(Uz) and f~1(Uyr) 4f~*(U2), where f~1(U1), f~1(Us) €
FabO(X,71). Thus X is a fuzzy a-b-Tr-space. O

Theorem 6.6. If a bijective function h : X — Y is a fuzzy a-b-continuous, fuzzy
open function from a fuzzy a-b-reqular space X onto an ftsY , then'Y is fuzzy reqular
space.

Proof. Let y, be a fuzzy point in Y and F, a fuzzy closed set in Y with y, & F.
As h is bijective, there exists unique z € X such that h(z) = y. Then h(zy) & F.
As h is fuzzy a-b-continuous function, z, &€ h™1(F) € FabC(X). As X is fuzzy
a-b-regular space, there exist a fuzzy open set U and a fuzzy a-b-open set V in X
such that

ToqU,h N (F) <V and U 4V.

Since X is fuzzy a-b-regular, by Note 5.3, V is also fuzzy open set in X. As h is fuzzy

open function, we have h(x,)gh(U), F < h(V) and h(U) 4h(V'), where h(U), h(V)

are fuzzy open sets in Y. Thus Y is a fuzzy regular space. O
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7. CONCLUSIONS

In this paper we have introduced and characterized only fuzzy a-b-regularity,
fuzzy a-b-compactness and fuzzy a-b-To property. A thorough discussion on these
three spaces are done in a separate article which has already been communicated.
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