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ABSTRACT. In this paper, we introduce the concepts of positive im-
plicative [resp. implicative and commutative] I'-KU-algebras, and obtain
their some properties (including characterizations) respectively and some
relationships among them. Next, we propose the notions of positive im-
plicative [resp. implicative and commutative] I'-ideals of a I-K U-algebra,
and deal with their some properties (including characterizations) respec-
tively and some relationships among them. Finally, we define a topological
I'-KU-algebra and discuss its various topological structures.
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1. INTRODUCTION

I 1978, Iséki and Tanaka [l] introduced the notion of BCK-algebras as a
generalization of I-algebras proposed by Imai and Iséki [2] in 1966. Iséki [3] de-
fined BCI-algebras which is a proper subclass of BC' K-algebras. Some researchers
[4, 5, 6, 7, 8] studied properties of ideals which important role in BC K-algebras and
BCT-algebras respectively. Furthermore, Dudek and Zhang [9] introduced a con-
cept of BCC-algebras and discussed relationships between ideals and congruences
in BCC-algebras. Also, some researchers [10, 11, 12, 13] investigated topological
structures on BC K-algebras and BC'I-algebras respectively.

In 2009, Prabpayak and Leerawat [14] defined a KU-algebra as new logical alge-
bras and studied properties ideals and congruences in KU-algebras. Also, They [15]
dealt with isomorphisms in KU-algebras. After then, many researchers [16, 17, 18,

, 20, 21, 22] investigated various properties in K U-algebras. Recently, Hur et al.
[23] introduced the notion of square root fuzzy sets and obtained some properties
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of square root fuzzy ideals of a KU-algebra. KU-algebras were studied by many
mathematicians and applied to group theory, functional analysis, probability theory,
topology, graph theory and computer science etc.

In 1981, Sen [24] proposed the notion of I'-semigroups as a generalization of
semigroups. Rao [25] introduced the concept of I'-groups as generalization of groups
and studied it various properties. Also, Rao [26] proposed the notion of I'-semirings
of a generalization of semirings. After then, Kaushik and Moin [27] investigated bi-
I-ideals in a I'-semiring, Rao and Venkateswarlu [28] studied some properties related
to regular I'-incline and field I'-semiring.

In 2022, Saeid et al. [29] introduced the concept of I'-BC K-algebras as a gen-
eralization of BC' K-algebras and dealt with some properties of subalgebras, ideals,
closed ideals, normal subalgebras and normal ideals in I'-BC K-algebras and quo-
tient I'-BC K-algebras. After that time, Shi et al. [30] defined positive implicative
[resp. implicative and commutative] I'-BC K-algebras and positive implicative [resp.
implicative and commutative] I'-ideals of a I-BC K-algebra, and studied their some
properties respectively and some relationships among them. Also, Shi et al. [31]
defined a topological I'-BC K-algebra and studied some of its topological structures.

It is the aim of our study to introduce the notion of I'-KU-algebras as a gen-
eralization of KU-algebras, and define positive implicative [resp. implicative and
commutative] I'-KU-algebras and discuss their some properties (including charac-
terizations) respectively and some relationships among them. Also, we define pos-
itive implicative [resp. implicative and commutative] I'-ideals of a I'-KU-algebra,
and obtain their some properties (including characterizations) respectively and some
relationships among them. Furthermore, we introduce the concept of topological I'-
KU-algebras and study its various topological structures.

2. PRELIMINARIES

We recall some definitions needed in next sections. An algebra X = (X, *,0)
means a nonempty set X together with a binary operation x and a special element
0.

Definition 2.1 ([11]). An algebra X is called a KU-algebra, if it satisfies the fol-
lowing axioms: for any z, y, z € X,

(KUy) (2 y) = [(y* 2)] = (x5 2)] =0,

(KUs) z+0 =0,

(KU3) 0%z = =,

(KUy) zxy=0and yxx =0 imply z = y.

In KU-algebra X, we define a binary operation < on X as follows: for any
z, ye X,

x <y if and only if y xz = 0.

Definition 2.2. Let X be a KU-algebra. Then X is said to be:

(i) KU -positive implicative [19], if (z%z) % (z%y) = z* (z*y) for any z, y, z € X,

(ii) KU-commutative [20], if (y xx) xx = (z *xy) *x x for any z, y € X,

(ii) KU-implicative [19], if z = (x xy) xx for any z, y € X.

2
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Definition 2.3 (See [11]). Let A be a nonempty set of a KU-algebra X. Then A
is called a subalgebra of X, if x xy € A for any z, y € A.

Definition 2.4. Let I be a nonempty set of a KU-algebra X. Then
(a) I is called an ideal of X [19], if it satisfies the following conditions: for any
z, yeX,
(L) oer,
(Io) x«y €I and z € I imply y € I.
(a) I is called an ideal (briefly, KUI) of X [14], if it satisfies the following condi-
tions: for any x, y, z € X,
(KUL) 0 € 1,
(KUL) 2 (y*x2) €l and y € I imply zx z € I.

Definition 2.5 ([18]). Let I be a nonempty set of a KU-algebra X. Then I is called
a KU-positive implicative ideal (briefly, KUPII) of X, if it satisfies the following
conditions: for any z, y, z € X,

(KUL) 0 € I,

(KUPIL,) z* (z*xy) € I and zxx € ] imply zxy € I.

Definition 2.6 ([18]). Let I be a nonempty set of a KU-algebra X. Then I is called
an KU -implicative ideal (briefly, KUII) of X, if it satisfies the following conditions:
for any z, y, z € X,

(KUL) 0 € I,

(KUIL,) (z*y)*(z*xz) €I and z € I imply = € I.

Definition 2.7 ([18]). Let I be a nonempty set of a KU-algebra X. Then I is called
a KU -commutative ideal (briefly, KUCI) of X, if it satisfies the following conditions:
for any x, y, z € X,

(KUL) 0 € I,

(KUCL) y* (z*z) € I and z € I imply [(x xy) xy] xz € I.

Definition 2.8 ([20]). Let X and T' be two nonempty sets. Then X is called a
I-semigroup, if there is a mapping f : X xT'x X — X, denoted by f(z,a,y) = zay
for each (x,,y) € X x ' x X, such that it satisfies the following condition: for any
z,y, z€ X and any o, B €T,

(2.1) za(yBz) = (vay)Bz.
3. SOME PROPERTIES OF I'-KU-ALGEBRAS

In this section, we introduce the concept of I'-K U-algebras and study some of its
properties.

Definition 3.1. Let X be a set with a constant 0 and let I' be a nonempty set.
Then X is called a I'-KU -algebra, if there is a mapping f : X xI'x X — X, denoted
by f(z,a,y) = zay for each (z,a,y) € X x I' x X, satisfying the following axioms:
forany z, y, z€ X and a, B €T,

(TKU,) (zay)Bl(yaz)B(zaz)] = 0,

(TKUy) Oz = x,

(TKUj3) za0 = 0,

(TKU,) zay = 0 = yax imply z = y.

3
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Remark 3.2. From (I'KU,), (TKUs3) and (I'KU;), (I'KUs), we have
(3.1) zax =0, zB(xaz) =0 for any z, z € X and any o, B €T.

We define a binary relation < on I'-KU-algebra X as follows: for any z, y € X
and each a € T,

(3.2) r<y&yar=0.
Then we obtain the following properties.
Proposition 3.3. Let X be a I'-KU-algebra. Then the following inequalities hold:
forany x, y, z € X and each o, B €T,

(1) (yaz)3(xaz) < zay,

(2) 0 < x,

(3) z <y andy < x imply x =y,

4) z <,

(5) zay <.

It is clear that for a I'-KU-algebra X and a fixed a € T, if we define the operation
x: X x X = X as follows: for any z, y € X,

T*y = xay,

then (X, *,0) is a KU-algebra and is denoted by X,

Example 3.4. (1) Let X = {0,1,2,3}, let T' = {e, 8,7} and let the ternary opera-
tion be defined by the table:

al0 1 2 3|0 1 2 3||~v/0 1 2 3

o(fo 1 2 3{|ojo 1 2 3||0|j0 1 2 3

110 0 2 2(|/1/0 0 2 3(/l1]0 0 3 3

2|10 0 0 0f/2/0 O 0 Of|2]|/0 0 0 O

3/0 0 0 0([3]0 0 0 O[30 1 2 0
Table 3.1

Then we can easily check that X is I'-KU-algebra. Also, X, X3 and X, can confirm
KU-algebras.

(2) Let X ={0,1,2,3,4,5}, let T = {, 8,7, 9,9} and let the ternary operation
be defined by the table:
Then we can easily check that X is I'-KU-algebra.

Proposition 3.5. Let X be a I'-K1-algebra. Then the followings hold: for any
z, y, 2 € X and each a € T,

(1) x <y implies yaz < zaz,

(2) x <y andy <z, then z < z.

Proof. (1) Suppose z < y. Then clearly, yax = 0 for each o € T'. Thus by the axiom
(TKU,), we have

(yazx)B(xaz)B(yaz)] =0, ie., 08[(zaz)b(yaz)] =0 for any «, S €T.

So by the axiom (I'KUs), (zaz)B(yaz) = 0. Hence by (3.2), yaz < zaz.
4



Baek et al./Ann. Fuzzy Math. Inform. 27 (2024), No. 1, 1-27

al0 1 2 3 4 5(la|0 1 2 3 4 5||la|0 1 2 3 4 5
0/{0 1 2 3 4 5|00 1 2 3 4 5{|]0j0 1 2 3 4 5
110 0 2 3 4 5(/1]0 0 3 4 5 1||1]0 0 4 5 1 2
210 1 0 3 4 5(||2/0 2 0 4 5 1{[2/0 3 0 5 1 2
3/0 1 2 0 4 5||3|/0 2 3 0 4 1{[3]/0 3 4 0 1 2
410 1 2 3 0 5|40 2 3 4 0 1{|]4/0 3 4 5 0 2
510 1 2 3 4 0{|5|/0 2 3 4 5 0|50 3 4 5 1 0

610 1 2 3 4 5{|v|0 1 2 3 4 5

0/0 1 2 3 4 5(l0j0 1 2 3 4 5

10 0 51 2 3(|1{0 0 1 2 3 4

2/0 4 01 2 3||2|]0 5 0 2 3 4

310 4 5 0 2 3|/|3|0 5 1 0 3 4

410 4 5 1 0 3|]{4]0 5 1 2 0 4

5/0 4 5 1 2 0||5]0 5 1 2 3 0

Table 3.2

(2) Suppose z < y and y < z. Then by (1), zaz < yazx. Since z < y, yaz = 0.
Thus zaz < 0. By Proposition 3.3 (2), 0 < zazx. So by Proposition 3.3 (3), zaxz = 0.
Hence z < z. O

From Proposition 3.3 (3), (3.1) and Proposition 3.5 (2), it is obvious that (X, <)
is a poset with the least element 0.

Proposition 3.6. Let X be a I'-KU-algebra. Then the followings hold: for any
x, y, 2 € X and each o, B €T,

(3-3) za(ypr) = ya(zPr).

Proof. From the axiom (I'KU;), (0az)B[(zax)B8(0ax)] = 0. Then by the axioms
(TKUs), 2B8[(zax)Bx] =0, i.e.,

(3.4) (zax)Bz < z.

Thus by (3.4), Proposition 3.5 (1) and Proposition 3.3 (1), we have

(3.5) 2a(yba) < [(z02)Brla(yBa) < ya(-Hz).

Since z, y, z are arbitrary, by interchanging y and z in the equality (3.5), we get
(3.6) yo(zPz) < za(ypz).

So the axiom (I'KUy), the identity (3.3) holds. O

The followings are immediate consequences of Proposition 3.6.

Corollary 3.7. Let X be a I'-KU-algebra. Then the followings hold: for any
xz, Yy, z€ X and each o, B €T,

(1) zay < z if and only if xaz <y,

(2) (yax)Bz <y.

The following is an immediate consequence of Theorem 3.3 (1) and Corollary 3.7

(1)
5
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Corollary 3.8. In a I'-KU-algebra X, the followings hold: for any x, y, z € X
and each o € T,

(vay)B(zaz) < yaz, ie., (yaz)Bl(zay)B(zaz)] = 0.
The following is an immediate consequence of Corollary 3.8.
Corollary 3.9. In a I'-KU-algebra X, the followings hold: for any z, y, z € X
and each a € T,
z <y implies zax < zay.
We define a binary operation A on a I'-KU-algebra X as follows: for any z, y € X
and any «, B €T,
x Ay = (yax)Bx.
Then it is obvious that z Ay is a lower bound of {z,y} and Az = 0, zA0 = 0 = Oaz.
However, x Ay # y A x in general.
Proposition 3.10. In a I'-KU-algebra X, the followings hold: for any x, y € X
and each o € T,
(y A z)ax = yax.

Proof. Since y A z <y, by Proposition 3.5 (1), we have

(3.7 yar < (y A x)ox.

On the other hand, by Corollary 3.7 (2), we get

(3.8) (y A z)az = [(xay)Bylax < ya.

Thus (y A z)ax = yax. O

We obtain a characterization of a I'-KU-algebra.

Theorem 3.11. Let X be a set with a constant 0 and let I' be a nonempty set.
Then X is a T-KU-algebra if and only if it satisfies azioms (I'KU;), (I'KU,) and
the following condition: for any x, y € X and any o, p €T,

(3.9) (ya0)Bz = x.

Proof. (=): The proof is straightforward from the axioms (I'KU;) and (I'KUsj).
(«<): Suppose the necessary conditions hold, let x € X and let o, 8 € T'. Then
from the axiom (I'KUs), we get (za0)8[(0a0)3(za0)] = 0. On the other hand, by
(3.9), (za0)B(za0) = 0. Again by (3.9), xa0 = 0. Thus the axiom (I'KUj;) holds.
By combining (3.9) and the axiom (I'KUjs), Ocx = z. So the axiom (I'KUs) holds.
Hence X is a I'-KU-algebra. 0

4. SPECIAL I'-KU-ALGEBRAS

In this section, we define some special ['-K U-algebras, for example, positive im-
plicative [resp. implicative and commutative] I'-KU-algebras and obtain some of
their properties (including characterizations) respectively and a relationship among
them.

6
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Definition 4.1. A I'-KU-algebra X is said to be positive implicative, if it satisfies
the following axiom: for any z, y, z € X and any «, B €T,

(4.1) (zaz)B(zay) = 2B(zay).
It is obvious that if X is a positive implicative I'-K U-algebra, then X, is a positive
implicative KU-algebra for each o € I

Example 4.2. Let X = {0,1,2,3}, let ' = {a, 8} and let the ternary operation be
defined by the table:

al0 1 2 3||B|0 1 2 3

0{0 1 2 3||0j]0 1 2 3

110 0 2 3([1|0 O 2 3

210 1 0 3(|2]0 0 0 3

3]0 0 2 0([3]0 0 2 O
Table 4.1

Then we can easily check that X is a positive implicative I'-K U-algebra. Moreover,
we confirm that X, and X3 are positive implicative KU-algebras.

Proposition 4.3. In a I'-KU-algebra X, the following holds: for any x, y € X and
any a, B €T,

(4.2) (zay)B((yaz)Bz) < (((zay)By)ax)Bz.
Proof. [(((zay) By)ax) Brlal(ray) B((yax)Br)]
= (zay)B[((((zay)By)ax) Bz)a((yax)Sz)] [By the identity (3.3)]
< (zay)B[((zay)By)a((yar) Bz )] [By Corollary 3.7 (2)]
= (my)ﬁ( y) [By Corollary 3.7 (2)]
0. [By (3.1)]

Then by Pr0p051t10n 3.3 (2) and (3), we have

[(((zay)By)ox) Bl af(zay) B((yax) z)] =
Thus the inequality (4.2) holds. O

We have a characterization of a positive implicative I'- K U-algebra.

Theorem 4.4. Let X be a I'-KU-algebra. Then the followings are equivalent:
(1) X is positive implicative,
(2) zay = za(zBy) for any x, y, 2 € X and any o, B €T.

Proof. (1) = (2): The proof follows from the axiom (I'KUs), (3.1) and the identity
(4.1).
(2) = (1): Suppose the condition (2) holds, let z, y, z € X and let a, g € T.

Then we have
[za(zpy))al(zBz)a(20y)]
[za(zBy)]al(z62)(B(>a1))] [By (2)]

[za(zBy)|alzra(zBy)] [By Corollary 3.8]

[za(zBy)|alza(zBy)] [By Proposition 3.6]

7
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= 0. [By (3.1)]
Thus (z8z)a(zBy) < za(xfy). The proof of the converse inequality is easy. So
(zBz)a(zPy) = za(xPy). Hence X is positive implicative. O

We give another characterization of a I'- K U-algebra.

Theorem 4.5. Let X be a I'-KU-algebra. Then the followings are equivalent: for
any x, y, z € X and any o, B €T,

(1) X is positive implicative,

(2) za(xBy) = 0 implies (zax)B(zay) =0,

(3) ya(yBz) = 0 implies yax = 0.

Proof. (1) = (2): The proof is straightforward.
(2) = (3): Suppose (2) holds and ya(yBx) = 0 for any z, y € X and any «, 5 € T.
Then we have
yax = 08(yax) [By the axiom (I'KUs)]
= (yay)B(yaz) [By (3.1)]
—0. By (2)
Thus (3) holds.
(3) = (1): Suppose (3) holds. For any z, y € X and any o, 8 € 7, let u =
yB(yax). Then we have
ya(yf(uax)) = ya(uf(yax)) [By Proposition 3.6)
= ua(yB(yax)) [By Proposition 3.6]
= (yB(yax))a(yB(yaz))
= 0. [By (3.1)]
Thus by the hypothesis and (3.1), we get

0 = yBuax) = yB(yb(yax)ax)) = (yB(yax)B(yax).

So yax < yB(yax). On the other hand, from Proposition 3.6 and (3.1), it is obvious
that y8(yax) < yax. Hence yfB(yax) = yax. Therefore by Theorem 4.4, X is positive
implicative. O

Definition 4.6. A I'-KU-algebra X is said to be commutative, if it satisfies the
following axiom:
(4.3) (yax)Bx = (xay)By, i.e., xAy=yAz foranyx, y € X and any o, B €T.

We can easily see that if X is a commutative I'-KU-algebra, then X, is a com-
mutative kU-algebra for each o € T'.

Example 4.7. (1) Let X ={0,1,2,3,4}, let I' = {«, 8} and let the ternary opera-
tion be defined by the table:

al0 1 2 3 4(|p]0 1 2 3 4

00 1 2 3 4||0j0 1 2 3 4

1/0 011 3f/1(0 0 1 1 3

210 1 0 3 4([]2|{0 1 0 3 4

3/0 00 0 1{[3|0 0 0 0 1

410 0 0 O O0{|][4(0 0 0 O O
Table 4.2
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Then clearly, X is a I'-KU-algebra but (2a3)83 = 3 # 2 = (3a2)52. Thus X is not
commutative.

(2) Let X = {0,1,2,3}, let I' = {«, 8} and let the the ternary operation be
defined as the following table:

al0 1 2 3||B]0 1 2 3

0{0 1 2 3||0j]0 1 2 3

110 0 2 3([1|0 0 2 3

20 1 0 2{/2|0 1 0 3

3/{0 1 0 0(|[3]0 1 2 O
Table 4.3

Then we can easily check that X is commutative I'- K U-algebra.

The following is an immediate consequence of the axiom (I'KU,) and Definition

Theorem 4.8. Let X be a I'-KU-algebra. Then the followings are equivalent: for
any x, y € X and any o, B €T,

(1) X is commutative,

(2) (yox)Bz < (zay)By,

(3) ((zay)By)a((yax)bz) = 0.

We obtain a characterization of commutative I'-BC K-algebras.

Theorem 4.9. Let X be a I'-KU-algebra. Then the followings are equivalent: for
anyx, y, 2z€ X and any a, B €T,

(1) x < z and yaz < zaz imply © < vy,

(2) z, y <z and yaz < xaz imply x < y,

(3) z <y implies v = (xay)Py,

(4) X is commutative,
(5) = <y implies ((xay)By)ax = 0.

Proof. (1) = (2): The proof is clear.

(2) = (3): Suppose x < y and let o, 8 € T'. Then by Corollary 3.7 (2), (zay)By <
x. Moreover, ((xay)By)ay < xzay. Thus by the hypothesis, z < (zay)By. So x =
(vay)By.

(3) = (4): Suppose the condition (3) holds, let =, y € X and let o, 8 € I'. From
Corollary 3.7 (2), it is clear that (zay)By < x. Then by the hypothesis, we have

(4.4) (zay)By = (((xay)By)ax) Bz

On the other hand, we get

[(yaw)Br]al(zay) By
[(yax)Ba]al(((zay)By)ax)Bz] By (4.4)]
[((zay)By)az]al((yax)Bz)Bx] [By Proposition 3.6]
[((zay)By)az]a(ypz) [Corollary 3.7 (2)]

ya[(xay)By] [By Proposition 3.3 (1)]
(zay)a(yPy) [By Proposition 3.6]
= (zay)al [By (3.1)]

<
<

9
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=0 [By (I'KUs3)]
Thus (zay)By < (yaz)Bz. So by Theorem 4.8, X is commutative.

(4) = (1): Suppose the condition (4) holds, and suppose z < z and yaz < zaz
for any x, y, z € X and each a € I. Then clearly, zaz = 0 and (zaz)B(yaz) =0
for any 8 € I'. Thus we have

yaz = ya(08z) [By (TKUs)]
= ya[(zax)pz] [Since zax = 0]
= ya[(zaz)pz] [Since X is commutative]
= (zaz)B(yaz) [By Proposition 3.6]
=0.
So x < y. Hence (1) holds.
(3) & (5): The proof is obvious. O
The following is an immediate consequence of Theorem 4.9.

Theorem 4.10. Let X be a I'-KU-algebra. Then followings are equivalent: ,
(1) X is commutative,

(2) za(zfy) = ya(yB(za(zBy))) for any z, y € X and any o, B €T
For a I'-KU-algebra X and each x € X, the set
Alz) ={ye Xy <z}
is called an initial section of x.
Theorem 4.11. o I'-KU-algebra X is commutative if and only if for any x, y € X,
Az) N A(y) = Az A y).
Proof. The proof follows from the property of A and Theorem 4.8 (2). O

Definition 4.12. Let X be a I'-KU-algebra. Then X is said to be implicative, if it
satisfies the following condition:

(4.5) x = (zay)Px for any z, y € X and any o, § €T.

It is clear that if X is an implicative I'-BC K-algebra, then X, is an implicative
BC K-algebra fore each o € T'.

Example 4.13. (1) Let X = {0,1,2,3}, let I' = {«a, 8} and let the the ternary
operation be defined as the following table:

al0 1 2 3||B]0 1 2 3

0{0 1 2 3||0j0 1 2 3

110 0 2 2(/1]0 0 2 2

2|10 1 0 3{|]2|0 1 0 3

3]0 0 2 0([3]0 2 2 O
Table 4.4

Then clearly, X is an implicative I'-KU-algebra.
(2) Let X = {0,1,2,3,4}, let T' = {a, 8} and let the the ternary operation be
defined as the following table:
Then X is a I'-KU-algebra. But it is neither implicative nor commutative.
10
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al0 1 2 3 4(|p]0 1 2 3 4

00 1 2 3 4(|0j0 1 2 3 4

1/0 0 2 1 4(/1({0 0 2 1 4

2/0 1 0 0 4(|]2|{0 1 0 3 4

3/0 0 0 0 4(|3/0 0 1 0 4

410 0 0 0 O0{|][4(/0 0 0 0 O
Table 4.5

We obtain a relationship among implicativeness, commutativity and positive im-
plicativeness.

Theorem 4.14. Let X be a I'-KU-algebra. Then X is implicative if and only if it
is commutative and positive implicative.

Proof. Suppose X is implicative, let x, y € X and let o, 8 € I'. Then by Proposition
3.6, we have
zay = [(zoy)Bz]B(zay) = vo(zfy).
Thus by Theorem 4.4, X is positive implicative. On the other hand, we get
(yax)Bzx = (yax)B((zay)Bz) [By the hypothesis]
< (zay)By. [By Proposition 3.3 (1)]
So by Theorem 4.8 ( ), X is commutative.
Conversely, suppose the necessary conditions hold and let z, y € X and «, 8 € T.
Then we have
[(zay)Bx]ax = [zf(zay)]f(zay) [Since X is commutative]
— [s8(zay) BB ()] [By Theorem 4.4 (2)]
=0. [By (3.1)]
Thus « < (xay)Bz. On the other hand, by Proposition 3.3 (5), (zay)Bz < z. So
by Proposition 3.3 (3), ¢ = (zay)Bz. Hence X is implicative. This completes the
proof. O

Now we provide a sufficient condition of implicative I'- K U-algebras.

Proposition 4.15. Let X be a I'-KU -algebra. Suppose the following holds: for any
z, ye€ X and any a, B €T,

(4.6) (yax)B(yor)Ba] = (zay)Bl(zay)By].

Then X is implicative

Proof. Suppose the condition (4.6) holds, let =, y € X and let o, 8 € I'. Then we
have
yazx = 0a[0f(yaz)] [By the axiom (I'KUs)]
= [yB(rax)|a(yB(xax))B(yaz)] [By the axiom (I'KUs) and (3.1)]
[z (yax)]af(x(yax))B(yax)] [By Proposition 3.6]
= (zBy)a[(xBy)B(yax)] [Putting yay = y]
[za(zBy)]a(xzBy) [By the condition (2)]
[wa(zB(zay))alzf(zay)] [Since y = ay]
= (zay)azf(zray)] [By Proposition 3.6 (6)]
= [za(zf(zay))]ay [By the identity (3.1)]
11
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= (zay)ay. [By Proposition 3.6 (6)]
Thus X is positive implicative. On the other hand, we have
za(zfy) = [za(zfy)]a(xzPy) [By Proposition 3.6 (6)]
= [ya(yBx)]a(yBx) [By the condition (2)]
= ya(yBz). [By Proposition 3.6 (6)]
So X is commutative. Hence by Theorem 4.14, X is implicative. O

5. SOME I'-IDEALS OF I'-KU-ALGEBRAS

In this section, we introduce the concepts of I'-K U-ideals, positive implicative I'-
KU-ideals, implicative I'-KU-ideals and commutative ['-K U-ideals in I'- K U-algebras
and discuss some of their properties respectively and a relationship among them.

Definition 5.1. Let X be a I-KU-algebra and let A be a nonempty subset of X.
Then A is called a I'- subalgebra of X, if it satisfies the following condition:

(5.1) zay € A for any z, y € A and for each a € T

Example 5.2. Let X be the I'-KU-algebra given in Example 3.2 (3), {0,1,2} is a
I'-subalgebra of X.

Definition 5.3. Let X be I'-KU-algebra and let I be a nonempty set of X. Then
I is called a I'- ideal (briefly, I'T) of X, if it satisfies the following conditions: for any
z,y, z€ X and any o, 8 €T,

(T) 0 e,

(T1y) if zay € I and x € I, then y € I.

An ideal T is said to be proper, if I # X. It is obvious that X and {0} are ideals
of X. In particular, X is called a trivial I'-ideal of X.

Example 5.4. (1) Consider the I'-KU-algebra given in Example 3.4. Then {0,2}
is a T'-ideal but {0,1} not a I'-ideal of X.

(2) Let X be the commutative I'-KU-algebra given in Example 4.7 (2). Then we
can easily see that X has only two I'ls {0} and X.

The following is an immediate consequence of Definition 5.3

Proposition 5.5. Let I be a 'l of a I'-KU-algebra X and let x € I. If y < z, then
yel.

Proposition 5.6. Fvery I'l of a I'-KU-algebra X is a I'-subalgebra of X.

Proof. Let I be aI'lof X and let z, y € I, a € I'. Then by Proposition 3.6 and the
axiom (I'KUj), yB(zay) = 0. Thus zay < y. So by Proposition 5.5, xay € I. Hence
I is a I'-subalgebra of X. O

Definition 5.7. Let X be I'-KU-algebra and let a, b € X and a € I'. Then the
subset A, (a,b) of X is defined as follows:

An(a,b) = {x € X : bax < a}.
It is obvious that 0, a, b € A,(a,b).
Example 5.8. Let X be the I'-BCK-algebra in Example 3.4. Then clearly,

An(1,2) =X, Ap(1,2) ={0,1,2} = A,(1,2).
12
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We have a characterization of I'ls of a I'-KU-algebra.

Theorem 5.9. Let I be a nonempty subset of a I'-KU-algebra X. Then I is a T'1
of X if and only if Ax(a,b) C I for any a, b €I and each a € T.

Proof. (=): Suppose I is a I'l of X and let € A,(a,b). Then clearly, baz < a.
Thus by Proposition 5.5, bax € I. Since b € I and I is a I'l of X, =z € I. So
Aqla,b) C 1.

(«<): Suppose the necessary condition holds. Since I # @, there is a € I. Then
by (3.1), aa0 < a. Thus 0 € A,(a,a). Since Ay(a,a) C I, 0 € I. So the condition
(T'Ty) holds. Now let b8a € I and b € I. Then by Corollary 3.7 (2), (bfa)ax < b.
Thus = € A, (bBa,b) C I. So the condition (I'l;) holds. Hence I is a I'T of X. O

The following is an immediate consequence of Theorem 5.9.

Corollary 5.10. [ is a 'l of a I'-KU-algebra X if and only if for any a, b € I and
any o, B €T, (bfa)ax =0 implies x € I.

Definition 5.11. Let X be I'-KU-algebra and let I be a nonempty set of X. Then
I is called a positive implicative T-KU -ideal (briefly, PITKUI) of X, if it satisfies
the following conditions: for any =, y, 2z € X and any «, S €T,

(T'y) 0€el,

(PIT'KUIL,) if za(zfy) € I and zax € I, then zay € I.

It is obvious that X is a PII'KUI of X.

Example 5.12. Let X be the I'-BC K-algebra given in Example 4.13 (2). Then we
can easily check that {0,1,3} and {0, 1,2,3} are PI'KUIs of X. Furthermore, {0},
{0,2} and {0,2,4} are I'ls but not PITKUIs of X.

Proposition 5.13. Every PITKUI of T'-KU -algebra X is a T'I of X but the converse
18 not true.

Proof. Let I be a PIT'KUI of X. Suppose zay € I and x € [ for any =, y € X
and each a € T. Then clearly, 08(zay) € I and Oay € I. Thus by (PITKUIL),
x=0ax €1.SoIisallof X. See Example 5.12 for the converse. O

We have a characterization of positive implicative I'-KU-ideals.

Theorem 5.14. Let I be a TKUI of a I'-KU -algebra X. Then I is positive implica-
tive if and only if the set A, = {x € X :aax € I for each a € " } is a T'I of X for
each each a € X.

Proof. Suppose [ is positive implicative and xay € A,, x € A, for each a € X
and each o € T'. Then clearly, af(zay) € I and aay € I. Thus by the condition
(PITKUlLy), aax € I. So x € A,. Hence A, is a I'T of X.

Now suppose the necessary condition holds, and za(zBy) € I and zay € I for
any z, y, z € X and any «, 8 € I'. Then clearly, yax € A, and x € A,. Thus by
the hypothesis, y € A,. So zay € I. Hence I is positive implicative. O

The following is an immediate consequence of Theorem 5.14.

Corollary 5.15. IfI is a PI'KUI of a I'-KU -algebra X, then for each each a € X,
Ag is the least T'T of X such that I U {a} C A,.
13
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‘We obtain a characterization of PII'KUIs.

Theorem 5.16. Let I be a nonempty subset of a I'-KU-algebra X. Then the fol-
lowings are equivalent:

(1) I is a PMKUI of X,

(2) I is a T'I of X and ya(yBz) € I implies yax € I for any z, y € X and
a, BeT,

(3) I'isaTlof X and za(yBx) € I implies (zay)B(zax) € I for any x, y, z € X
and o, B €T,

(4) 0 € I, and za[yB(yax)] € I and z € I imply yax € I for any x, y, z € X
and o, B €T.

Proof. (1)=(2): Suppose I is a PI'KUI of X. Then by Proposition 5.13, I is a
I'T of X. Now suppose ya(yfSz) € I for any z, y € X and «, 8 € I. From (3.1),
yay =0 € I. Then by (PIT'KUI,), xzay € I. Thus the condition (2) holds.

(2)=>(3): Suppose the condition (2) holds and suppose za(yBz) € I for any
z, y, z€ X and «a, f € I'. Then we have

2alza((2By)az)] = 26](2By)a(z62)] By (3.3)
< za(ypBz). [By Corollaries 3.8 and Corollaries 3.7 (2)]

Since I is a T'T of X, by Proposition 5.5, za[za((z8y)az)] € I. By the condi-
tion (2), za[(zBy)az] € I. On the other hand, by Proposition 3.6, za[(z8y)ax] =
(zBy)a(zBx). Thus (28y)a(zBz) € I. So the condition (3) holds.

(3)=-(4): Suppose the condition (3) holds. Then clearly, 0 € I. Suppose za[yf(yax)] €
I and z € [ for any z, y, z € X and «, S € I'. Then by Proposition 3.6, we get

zalyf(yax)] = yalyB(zax)].
Thus yalyB(zaz)] € I. On the other hand, from Proposition 3.6, (3.1) and the
condition (3), we have
2Blyaw) = yB(zaz) = (yay)B(zaz) € 1.

Since [ is aT'T of X and z € I, yax € I. So the condition (4) holds.
(4)=(1): Suppose the condition (4) holds. Suppose zay € I and z € I for any
z, y € X and each o € I'. Then by the axiom (I'KUs), we get

zay = zal0a(08y)].

Thus za[(ya0)50] € I and « € I. By the condition (4), 08y € I. By the axiom
(TKU,), 08y =y. Soy € I. Hence I is a I'T of X.

Now suppose za(zfy) € I and zax € I for any z, y, z € X and any «, 8 €T
Then from Corollary 3.9 and Proposition 3.6, we have

(zay)Blza(zaz) < yB(zax) = zB(yax).

Since za(zBy) € I, (zay)Blza(zaz) € I. Since zax € I, by the condition (4),
yax € I. Thus [ is a PITKUI of X. This completes the proof. O

Proposition 5.17. Let I and J be I'ls of a I'-KU-algebra X such that I C J. If I
is positive implicative, then so is J.
14
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Proof. Suppose zB(xay) € J and zax € J for any z, y, 2 € X and any «, 8 €T
Let u = zf(xzay). Then from Proposition 3.6, (3.1) and the hypothesis, we have

salzp(uay)] = ualzB(zay)] = 0 € I.
Since [ is positive implicative, by Theorem 5.16 (3), we get
(zax)Blza(uay)] € 1.
On the other hand, by Proposition 3.6, we have

(zax)Blza(uay)] = ubl(zax)B(zay) = [20(xay)|B[(zax)B(zay)].

Thus [28(zay)]Bl(zax)B(zay)] € I. Since I C J, [28(zay)]Bl(zax)B(zay)] € J.
Since zf(zay) € J and J is a I'T of X, (zax)B(zay) € J. So by Theorem 5.16 (3),
J is positive implicative. O

From the following Theorem, we can see that in ['-K U-algebras, the zero I'ls play
important roles.

Theorem 5.18. Let X be a I'-KU-algebra. Then the followings are equivalent:
(1) X is positive implicative,
(2) {0} is a PICKUI of X,
(3) every T'I of X is positive implicative,
(4) the set A(a) ={x € X :x <a} is aTlof X for each a € X.

Proof. (1)=(2): Suppose X is positive implicative. It is obvious that {0} is a I'T of
X. Suppose yB(yax) € {0} for any z, y € X and any «, 8 € I'. Since X is positive
implicative, by Theorem 4.4, yax = ya(yBz). Then by the hypothesis, yax € {0}.
Thus by Theorem 5.16 (2), {0} is a PITKUT of X.

(2)=(3): The proof follows from Proposition 5.17.

(3)=(4): Suppose the condition (3) holds and zay, y € A(a) for each a € X
and each a € T". Then clearly, yaxr < a and y < a. Thus afB(yaz) = 0 € {0} and
aay = 0 € {0} for any 8 € I". By the hypothesis, {0} is positive implicative. So
acz € {0}, i.e., acx =0, i.e., x < a. Hence x € A(a). Therefore A(a) is a I'I of X.

(4)=(1): Suppose the condition (4) holds and yS(yax) = 0 for any =, y € X and
any a, 8 € T'. Then clearly, yaz < y, i.e., yax € A(y). By the condition (4), A(y)
is a I'T of X. It is obvious that y € A(y). Thus = € A(y). So yax = 0. Hence by
Theorem 4.5, X id positive implicative. O

We have a characterization of a positive implicative I'-K U-algebra by I'Is.

Theorem 5.19. Let X be a I'-KU-algebra. Then X is positive implicative if and
only if Aq is a T'T of X for each T1 1 of X and each a € X.

Proof. Suppose X is positive implicative, let I be any I'T of X and let ¢ € X. Then

by Theorem 5.18, I is a PI'KUI of X. Thus by Theorem 5.14, A, is a I'T of X.
Conversely, suppose the necessary condition holds and let J be any I'T of X.

Suppose za(xzpy) € J and zax € J for any z, y, z € X and any «, 8 € I'. Consider

the set A, = {u € X : zau € J}. Then clearly, 28y € A, and x € A,. Since A, is

alTof X, ye€ A,. Thus zay € J. So J is positive implicative. Hence by Theorem

5.18, X is positive implicative. O

15
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Definition 5.20. Let X be I'-KU-algebra and let I be a nonempty subset of X.
Then I is called an implicative T'-KU -ideal (briefly, I'KUI) of X, if it satisfies the
following conditions: for any x, y, z € X and any «, § €T,

(TTh) 0 €I,

(I'KUL) if za[(zBy)ax] € I and z € I, then x € I.

For any I'-KU-algebra X, it is obvious that X is always an II'KUI of X which is
called the trivial implicative I'-KU -ideal.

We can easily show that every I'T of an implicative I'-K U-algebra X is implicative.

Example 5.21. Let X be the I-KU-algebra given in Example 4.13 (2). Then we
can easily check that {0,1,2,3} is an I'KUI of X. Furthermore, {0} is a I'T of X
but not implicative, since 0c[(152)al)] € {0} and 0 € {0} but 1 ¢ {0}.

Proposition 5.22. Fvery IU'KUI is a 'l but the converse is not true.

Proof. The proof is straightforward from Definitions 5.3 and 5.20. See Example
5.21) for the converse. O

Proposition 5.23. Every IUKUI is positive implicative but the converse is not true.

Proof. Let I be an IT'KUI of a I'-KU-algebra X and za(yBz), zBy € I for any
z, y zinX and any a, 8 € I'. Then we get

(zBy)alza(z8z)] < ya(zBz) [By Corollary 3.7]

= za(ypPx). [Proposition 3.6]

Since za(ypx) € I, by Proposition 5.5, (28y)a[za(zBz)] € I. Since zBy € I and I
is a T'T of X by Proposition 5.22, za(zfx) € I. On the other hand, we have

[za(zB8z)|a(zB2) = zaf[(za(zfx))azx] [By Proposition 3.6]

= za(zfx) € I. [By Proposition 3.10]
Thus 08[(za(zpz))a(zBx)] € I. Since 0 € I and I is implicative, zBz € I. So I is
positive implicative.
In Example 5.12, {0, 1, 3} is positive implicative but not implicative. O

‘We obtain a condition for a I'l to become a II'KUI.

Theorem 5.24. Let I be a I'l of a I'-KU-algebra X. Then I is implicative if and
only if the following holds:

(5.2) (xay)Bx € I implies x € I for any xz, y € X and any o, B €T.

Proof. Suppose I is implicative and (zay)Bz € I for any z, y € X and any o, 8 € T.
It is obvious that 08[(zay)Bz] € I and 0 € I. Then by the hypothesis, € I. Thus
(5.2) holds.

The proof of the converse is easy. O

Now we obtain a condition for a PITKUI to become a II'KUI.

Theorem 5.25. Let I be a PITKUI of a I'-KU-algebra X. Then I is implicative if
and only if the following holds:

(5.3)  (zay)By € I implies (yax)Bx € I for any z, y € X and any o, S €T.
16
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Proof. Suppose I is implicative and (zay)By € I for any z, y € X and any «, 8 € T.
Then by Corollary 3.7 (2), (yax)Bx < y. Thus by Proposition 3.5 (1), zf8y <
xf|(yax)Bx]. Furthermore, we get
[2B((yaz)Ba)lal(yaz)a] < (xBy)al(yaz)sal( [By Proposition 3.5 (1)
(yax)B[(zay)Bz]. [By Proposition 3.6)
(xay)pBy. [By Proposition 3.3] (1)]

IN I IA

Since I is a I'T of X by the hypothesis and Proposition 5.22, we get

08([zp((yow) B) ]l (yax) Bx]) € 1.

Since 0 € I, by the condition (ITKUL), ya(zBz) € I. So (5.3) holds.

Conversely, suppose necessary condition (5.3) holds, and z8[(zay)Bz] € I and
z € I Since I is positive implicative, by Proposition 5.13, I is a I'T of X. Then
(zay)Bx € I. By Proposition 3.6 (3), we have

(zBy)Bl(zay)By] < (zay)pz) € 1.
Thus (xzBy)B[(xay)By] € I. Since I is positive implicative, by Theorem 5.16 (2),
(xay)By € I. By the condition (5.3), we get
(5.4) (yazx)Bz € 1.
Furthermore, from (3.1) and the axiom (I'KUj), we have
2Byoz) < you < (yaz)fe € I.

So zB(yax) € I. Since z € I and I is a I'T of X, yax € I. By the condition (5.4),
x € I. Hence I is implicative. O

We obtain a similar consequence to Proposition 5.17.

Proposition 5.26. IfI is an I KUI of a I'-KU-algebra X, then every I'I containing
I is implicative.

Proof. Suppose I is implicative and let J be any I'T of X such that I C J. From

Proposition 5.23, it is obvious that I is positive implicative. By Proposition 5.17,

J is positive implicative. To prove that I is implicative, it is sufficient to prove

that J satisfies the condition (5.3). Suppose (zBy)ay € J for any z, y € X and

any a, 8 € I' and let uw = (xfy)ay. Then clearly, ua[(z8y)ay] = 0 € I. Since I is

positive implicative, by Theorem 5.16 (3) and Proposition 3.6, we have

[ua(yBx)a(ufz) = [ya(ufz)]a(ubx) € T.

Since I is implicative, by the condition (5.3), [(uBz)ay|fy € I. Since I C J,

[(uBz)ay]By € J. On the other hand, by Corollary 3.7 (2), [(uBz)ay]By < ufx

and (zf8y)ay < z. Thus we get
[((uBz)ay)Bylel(zBy)ay] < (s8y)al(upz)ay] [By Proposition 3.3 (1)

< (upz)ax [By Proposition 3.5 (1)]

= [((zBy)ay)Bz]az [Since u = za(xzPy))

< (zBy)ay € J.

So [((uBz)ay)Bylel(zBy)ay] € J. Since [(uBz)ay]fy € J, (zBy)ay] € J. Hence by

Theorem 5.25, J is implicative. O

Now we obtain a similar consequence of Theorem 5.18.
17
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Theorem 5.27. Let X be a I'-KU-algebra. The the followings are equivalent:
(1) {0} is implicative,
(2) every 'l of X is implicative,
(3) A(a) is implicative for each a € X,
(4) X is implicative.

Proof. (1)&(2): The proof follows from Proposition 5.26.

(2)<(3): The prof is straightforward from Proposition 5.23 and Theorem 5.18.

(4)=(1): The proof is obvious.

(1)=(4): Suppose {0} is implicative. Then by Proposition 5.23, {0} is positive
implicative. By Theorem 5.18, A((zfy)azx)) is a I'T of X for any z, y, z € X. By
the hypothesis, A((zBy)ax)) is implicative. It is clear that (z8y)ax € A((zBy)ax)).
Thus z € A((zBy)ax)). So (xBy)axr < x. Note that z < (xfy)ax. Hence x =
(zBy)ax. Therefore X is implicative. O

Definition 5.28. Let X be I'-KU-algebra and let I be a nonempty subset of X.
Then [ is called a commutative T'-KU -ideal (briefly, CTKUI) of X, if it satisfies the
following conditions: for any x, y, z € X and any «, § €T,

(T) 0 eI,

(CTKUL) if za(ypx), z € I, then [(zay)Bylax € I.

It is obvious that X is always a CI'KUI of a I'-KU-algebra X which is called the
trivial commutative I'-KU -ideal.

Example 5.29. Let X be the I'-KU-algebra given in Example 4.13 (2). Then we
can easily see that {0,4} is commutative but not positive implicative, {0,1,3} is
positive implicative but not commutative and {0, 1, 2,3} is implicative.

Proposition 5.30. Every CTUKUI of a I'-KU-algebra X is a T'I of X but the con-
verse is not true.

Proof. Let I be any CI'KUI of X and yax € I and y € I for any z, y € X and
each 8 € I'. Then clearly, ya(08z) € I for each a € T'. Since I is commutative,
x = [(xa0)B0]ax € I. Then I is a I'l of X. See Example 5.29 for the converse. [

We have an equivalent condition of CT'KUISs.

Theorem 5.31. Let X be a I'-KU-algebra and let I be a T'I of X. Then I is
commutative if and only if it satisfies the following condition:

(5.5) yax € I implies [(xay)Bylax € I for any x, y € X any a, B €T.

Proof. Suppose I is commutative and yax € I for any z, y € X and each a € T'.
Then clearly, 05(yax) € I for any 8 € I'and 0 € I. Thus by the condition (CTKUI,),
[(zay)Bylaz € I. So the condition (5.5) holds.

Conversely, suppose the condition (5.5) holds and z8(yazx), z € I for any x, y,z €
X and any «, 8 € I. Since I is a I'l of X, yax € I. Then by the condition (5.5),
[(zay)Bylaz € I. Thus I is commutative. O

We obtain a similar consequence of Theorem 4.14 for I'ls.

Theorem 5.32. Let X be a I'-KU-algebra and let I be a nonempty subset of X.
Then I is implicative if and only if it is both commutative and positive implicative.
18
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Proof. Suppose I is implicative. Then by Proposition 5.23, I is positive implicative.
It is sufficient to prove that I is commutative.

Suppose yax € I for any z, y € X and each o € I'. From (3.1) and the axiom
(TKUs), [(zay)Bylax < z for each 8 € T'. Then yax < yB[((zay)By)az]. Let u =
[(zay)Bylaz. Then we have

(uBy)au = [(((zay)By)ox) Bylal((zay) By)aa]

< (zay)a[((zay)By)ax]

= [(zay)Bylal(zay)]ox]

<yax € l.
Thus uf(yau) € I. Since I is implicative, by Theorem 5.24, u € I, i.e., [(xay)Bylazx €
1. So by Theorem 5.31, I is commutative.

Conversely, suppose the necessary condition holds and (xay)Bx € I for any x, y €

X and each o € T'. It is obvious that

(zay)B(vay)By] < (zay)Br € 1.

Then (zay)B[(zay)By] € I. Since T is positive implicative, by Theorem 5.16 (2), we
have

(5.6) (xay)By € 1.
Furthermore, by Propositions 3.3 (1) and 3.6, we have
yPr < (zay)px.

Since (xay)Bx € I, yBx € I, ie., yax € I. Since I is commutative, by Theorem
5.31,

(5.7) [(zay)Bylaz € 1.
Thus by (5.6) and (5.7), € I. So I is implicative. O

We obtain a similar consequence of Proposition 5.17 for II'KUISs.

Proposition 5.33. Let I and J be 'KUIs of a I'-KU-algebra X such that I C J.
If I is commutative, then so is J.

Proof. Suppose I is commutative and yax € J for any x, y € X and each a € I'. In
order to show that J is commutative, it is sufficient to show that [(zay)Bylax € J
by using Theorem 5.31. Let u = yax. Then we get

yBuazx) = uf(yax) =0 € I.
Since I is commutative, by Theorem 5.31, we have

(uaz)By)ay)B(uaz) € I.
By Proposition 3.6, we have

[(ua) By)ay)B(uaz) = uB[(((uaz)By)ay)az] € I.

Since I C J, uB[(((uax)By)ay)ax] € J. Since JisaT'lof X and u € J, [((uaz)By)aylax €

J. On the other hand, from Proposition 3.3 (1), (1) and (I'KUj), we get
[(((ua) By)a)az)B(((zay)By)ac] < [(zay)Bylal((uaz)By)ay
< [(uaz)Byla(zBy)
< zfB(uax)
= uf(zaz).

19



Baek et al./Ann. Fuzzy Math. Inform. 27 (2024), No. 1, 1-27

=0¢eJ
Thus [(zay)Bylax € J. So by Theorem 5.31, J is implicative. O

Finally, we obtain a characterization of commutative I'-K U-algebras.

Theorem 5.34. Let X be a I'-KU-algebra. The the followings are equivalent:
(1) {0} is commutative,
(2) every T'I of X is commutative,
(3) X is commutative.

Proof. (1)<(2): The proof is clear from Proposition 5.33.
(1)<(3): The proof follows from Theorem 4.9. O

6. TOPOLOGICAL STRUCTURES ON I'-KU-ALGEBRAS

We recall some terms and notations related for a general topology (See [32, 33]).
For a subset A of a topological space (X, 7), the closure and the interior of A are
denoted by cl,(A), cl(A) or A and int,(A), int(A) or A°. A subfamily B of 7 is
called a base for 7, if for each U € 7 either U = @& or there is B' C B such that
U =|JB. A subset A of X is called a neighborhood of z € X, if there is U € 7
such that € U C A. The set of all neighborhoods of = write as N, (z) or N(x) and
N(x) is called the neighborhood filter of z € X. A subfamily N (z) of N(z) is called
a fundamental system of neighborhoods of z, if for each U € N(z) there is V € N (x)
such that V' C U. In fact, N'(x) is a filter base of N(x). Moreover, it is well-known
([32]) that N, (z) satisfies the following properties:

(N1) z € U for each U € N, (x),

(Ng) if U € Ny(z) and U C V C X, then V € N.(z),

(N3) if Uy, Uy € N.(z), then Uy NU; € N, (z),

(Ny) if V € N, (z), there is W € N, (z) such that V € N, (z) for each y € W.
Furthermore, it is well-known (Proposition 1.1.2, [32]) that for each z € X if B(x)
be a set of subsets of X satisfying the properties (N;)—(N4), then a unique topology
on X such that B(x) = N.(z), where

7={V CX:VzeV, U € B(z) such that U C V'}.

Definition 6.1. Let X be a KU-algebra and let 7 be a topology on X. Then X is
called a topological KU -algebra (briefly, TKU-algebra), if x : (X x X, 7x7) = (X, 1)
is continuous, i.e., for any z, y € X and each W € N(x xy) there are U € N(x) and
V € N(y) such that UV C W, where UV ={zxyec X :z €U, ycV}.

Definition 6.2. Let X be a I'-KU-algebra and let 7 be a topology on X. Then
X is called a topological T'-KU -algebra (briefly, TI'-KU-algebra), if a mapping f :
(X,7) xT' x (X,7) = (X,7) is continuous at each (z,a,y) € X xI' x X, i.e., for
each a € T, any z, y € X and each W € N(zay) there are U € N(x) and V € N(y)
such that UaV C W, where UaV C W ={zay:z €U, y e V}.

It is clear that if X is a TI-KU-algebra, then X, is a TKU-algebra for each
acl.
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Example 6.3. (1) Let X = {0,1,2,3,4} be the I'-KU-algebra given in Example
4.13 (2). Consider the topology 7 on X given by:

r={2,{4},{0,1,2,3}, X}.

Then we can easily check that (X, 7) is a TT-KU-algebra. Moreover, X, and Xg
are TKU-algebras.

(2) Let X ={0,1,2,3} be the I'-KU-algebra given in Example 3.4 (1). Consider
a topology 7 on X given by:

T ={2,{0},{0,1},{0,2,3}, X }.
Then we can easily see that (X, 7) is a TI-KU-algebra.

Proposition 6.4. Let X be a TT-KU-algebra. If {0} is open in X, then X is
discrete.

Proof. Let x € X and let a € I'. Then clearly, zax = 0 € {0} € N(0). Thus there
are U, V € N(x) such that UaV = {0}. Let W = UNV. Then WaW C UaV = {0}.
Thus WaW = {0}. Since x e UNV, 2z € W. So W = {z} and W is open in X.
Hence X is discrete. U

The following is an immediate consequence of Proposition 6.4.

Corollary 6.5. Let X be a TT-KU-algebra. If {0} is open in X, for each a € T,
then X, is discrete.

Theorem 6.6. Let X be a TU-KU-algebra. Then {0} is closed in X if and only if
X is Hausdorff.

Proof. Suppose {0} is closed in X, let z, y € X such that x # y and let « € T
Then zay # 0 or yax # 0, say zay # 0. Since {0} is closed in X and zay # 0, {0}¢
is open in X and zay € {0}°. Thus {0}° € N(zay). Since X is a TT-KU-algebra,
by Definition 6.2, there are U € N(z) and V € N(y) such that UaV C {0}¢. So
UNV =@. Hence X is Hausdorft.

Conversely, suppose X is Haousdorff and let z € {0}°. Then = # 0. By the
hypothesis, there are U € N(z) and V € N(0) such that UNV = @. Thus 0 ¢ U.
So U C {0}°. Hence {0}° is open in X. Therefore {0} is closed in X. O

The following is an immediate consequence of Theorem 6.6.

Corollary 6.7. Let X be a TT-KU-algebra. Then {0} is closed in X,, if and only
if X is Hausdorff for each o € T'.

Proposition 6.8. Let X be a TT'-KU-algebra and let A be open in X. If A is a
I-subalgebra of X, then A is a TT-KU-algebra.

Proof. Let 7 be the topology on X and let 7, be the subspace topology on A with
respect to 7. Let z, y € A and let a € T". Since A is a I'-subalgebra of X, zay € A.
Let W4 € N; (zay), where N; (way) denotes the neighborhood of zay in the
subspace (A, 7,) of (X, 7). Then there is W € N(zay) such that W4 = ANW. Since
X is a TT-KU-algebra, there are U € N(z) and V € N(y) such that UaV C W.
Thus Us = ANU € N; () and Va = ANV € N; (z). It is clear that

UsaVy=(AND)a(ANV)C W and UsaVy C A.
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So UpaVy C ANW = W4, Hence A is a TT-KU-algebra. O

Corollary 6.9. Let X be a TT'-KU -algebra and let A be open in X, for each a € T.
If A is a T'-subalgebra of X, then A is a TKU-algebra.

Proposition 6.10. Let X be a TT-KU-algebra and let I be open in X. If I is a '
of X, then I is closed in X.

Proof. Let x € I¢ and let a € T". Since zax =0 € I and [ is open, I € N(0). Since
X is a TT-KU-algebra, there is U € N(z) such that UaU C I. Assume that U ¢ I°.
Then there is y € X such that y € UNI. It is obvious that yaz € UaU C [ for each
z€U. Since I 'isallTof X and y € I, z € I. Thus U C I. This is a contradiction.
SoU C I¢ i.e., I°is open in X. Hence [ is closed in X. O

Corollary 6.11. Let X be a TT'-KU -algebra and let I be open in X,, for each o € T.
If I is a 'l of X, then I is closed in X,.

Proposition 6.12. Let X be a TT-KU-algebra and let I be a TI of X. If 0 € int(I),
then I is open in X.

Proof. Let x € I and let o € T'. Since 0 € int(I) and zax = 0 € I, there is
W € N(0) = N(zax) such that W C I. Since X is a TT-KU-algebra, there are
U, V € N(z) such that UaV C W C I. Tt is obvious that zay € UaV C I for each
yeU Since I'isallof X andx € I,ye€ . Theny e I. Thus U C I. So I is open
in X. 0

Corollary 6.13. Let X be a TT'-KU-algebra and let I be a I'I of X,, for each a € T'.
If 0 € int(I), then I is open in X,.

In Proposition 6.12, when 0 # x € int(I), I need not open in X (See Example
6.14).

Example 6.14. For a set I' = {«a, 8}, let X ={0,1,2,3} be a I-KU-algebra with
the ternary operation be defined by the table:

al0 L 2 3][B]0 1L 2 3

0/0 1 2 3({|]0j0 1 2 3

10 0 2 2(|/1]0 0 1 3

210 0 0 3[/2|/0 0 0 3

3/01 2 01[3]0 2 1 0
Table 6.1

Consider a topology 7 on X given by:

T ={2,{2},{3},{0,1},{2,3},{0,1,3}, X }.
Let I = {0,3}. Then clearly, 3 € int(I). But I ¢ 7.

Proposition 6.15. Let X be TU-KU-algebra. Then ((N(0) = {0} and thus (N (0) =
{0}.
Proof. Assume that 0 # x ¢ [ N(0). Then clearly, there is U € N(0) such that

0 €U but z ¢ U. Thus = ¢ (| N(0). This is a contradiction. So (JN(0) = {0}. O
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Proposition 6.16. Let (X,7) be a TT-KU-algebra and let By, Bs be the families
of subsets of X given by:

Bi={Uaz:z€X, ael, UeN(0)}, Bo={zaU:z€ X, ael, UecN(0)},

where Uax = {uazx : v € U} and zaU = {zau : uw € U}. Then By and By are bases
for T.

Proof. Let x € X. Since 0 € U € N(0), Ocx = x. Then |JB; = X. Suppose
Bi, By € By and z € B1N Bs. Then there are Uy, Uy € N(0) such that By = Ujaz,
By = Usax and B1NBy = (U NUy)ax. Since z € B1N By, there is y € Uy NUs,. Since
Uy, Uy € N(0), Uy NUz € N(0). So there is V € N(0) such that y € V C Uy N Us.
Hence z = yax € Vax € B;. Therefore B; is a base for 7. Similarly, we can prove
that By is a base for 7. O

Now in order to give a filter base on X generating a topology on a I'-KU-algebra,
let us define the subset U(a) of X generated by each a € X and each subset U of X
as follows:

U()={re X :zaa €U, aax € U, a €T}

Proposition 6.17. Let X be a I'-KU-algebra. Suppose B is a filter base on X
satisfying the following condition:

(1) for each uw € U € B there is B € B such that B(u) C U,

(2) for each u e U € B and each a € T if uax =0, then x € U,

(3) for each U € B there is B € B such that B(b) C U for each b € B, i.e.,
B(B)cU.
Then there is a unique topology T on X such that B = N;(0) and (X,7) is a TT-
KU-algebra.

Proof. Let 7 = {O € P(X) : for each a € O there is B € B such that B(a) C O}.
Then we can easily prove that 7 is a topology on X. To accomplish to the proof,
consider the following Claims.

Claim 1: B(a) € 7. Let « € B(a). Then zaa, aax € B for each a € T'. Thus by
the condition (1), there are By, By € B such that By (xaa) C B and By(aax) C B.
Since B is a filter base on X, there is U € B such that U € B1NBs. Let zay, yax € U,
i.e., y € U(x). By Proposition 3.3 (1), we have

(zaa)B(yaa) < yazx, (yaa)B(zaa) < zay.

Then (yax)B[(zaa)B(yaa)] = 0, (zay)B[(yaa)s(ray)] = 0. By the condition (2),
(xaa)B(yaa), (yaa)B(zay) € U. Thus we get

yaa € U(zaa) C By(zaa) C B.

So yaa € B. Similarly, we can show that aay € U. Hencey € U(a), i.e., U(x) C B(a).
Therefore B(a) € 7.

Claim 2: B = N;(0). Let A € B and let x € A. Since X is a ['-KU-algebra, by
the axiom (I'KUj;), xa0 = 0. By the condition (2), 0 € A. By the condition (1),
there is B € B such that B(0) C A. Then by Claim 1, B(0) € 7. Thus A € N,(0).
So B C N.(0). Hence by the condition (3), B C N;(0). It can be easily proved that
N (0) C B. Therefore B = N.(0).
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Claim 3: A mapping f : (X,7) x ' x (X,7) — (X, 7) is continuous at each
(r,a,y) € X xI'x X. Let z, y € X, let « € T and let W € N, (xay). Since
zay € W, by the condition (1), there is W' € B such that W' (zay) c W. Since
W' € B, by the condition (3), there is B € B such that B(b) € W' for each b e W'.
Let U = B(x), V = B(y) and let v € U, v € V. Then we have

(zxau)B[(uav)f(zay)] = (uav)B(xau)B(zay)] [By Proposition 3.6]
(uaw)B(uay) [By Corollary 3.8]
vay. [By Corollary 3.8]
Thus (ay)B[(zau)B((uav)B(zay))] = 0. Since vay € B, by the condition (2),
(xau)B[(uav)B(zay)] € B. Similarly, we have [(uav)B(zay)]f(zxau) € B. So we
get

INIA I

(uaw)B(zay) € B(zau) C W' ie., (uow)B(zay) € W .
Similarly, (zay)B(uaw) € W'. Hence we have
uaw € W' (zay), ie., UaV = B(z)aB(y) ¢ W (zay) C W.

Therefore f is continuous. The proof of uniqueness for 7 is easy. This completes the
proof. O

Example 6.18. (1) Let X be the I-KU-algebra and let Z be the collection of all
I'ls of X. Let z € I € Z. Then clearly, I(x) C I. Thus T satisfies the conditions (1)
and (3) in Proposition 6.17. Let y € I € T and suppose yaxz = 0. Then yax =0 € I.
Thus z € I. So 7 satisfies the condition (2) in Proposition 6.17. So Z forms a filter
base of X satisfying all the conditions in Proposition 6.17. Hence (X, 7) is a (X, 7)
is a TT-KU-algebra, where 7 is the topology on X generated by Z.

(2) Let X ={0,1,2,3} be the I'-KU-algebra given in Example 4.7 (2). Consider
the family B of subsets of X given by:

B = {{0,1},{0,2},{0,3},{0,1,2},{0,1,3}, {0,2, 3} }.
Then we can easily check that B is a filter base on X. Moreover, we have
{0,1}(0) = {0,1}(1) ={0,1}, {0,1}(2) = {2}, {0,1}(3) = {3},
{0,2}(0) = {0,2}(2) = {0,2}, {0,2}(1) = {1}, {0,2}(3) = {3},
{0,3}(0) = {0,3}(3) = {0,3}, {0,3}(1) = {1}, {0,3}(2) = {2},
{0,1,2}(0) = {0,1,2}(1) = {0,1,2}(2) = {0,1,2}, {0,1,2} = {3},
{0,1,3}(0) ={0,1,3}(1) ={0,1,3}(3) = {0,1,3}, {0,1,3}(2) = {2},

{0,2,3}(0) ={0,2,3}(2) = {0,2,3}(3) = {0,2,3}, {0,2,3}(1) = {1}.
Thus B is a filter base on X satisfying all the conditions in Proposition 6.17. So the
topology 7 on X generated by B is given as follows:

T= {@7 {07 1}7 {07 2}7 {07 3}7 {07 1, 2}7 {07 1, 3}7 {07 2, 3}7 X}

Hence (X, 7) is a TT-KU-algebra.
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Lemma 6.19. Let X be a I'-KU-algebra and let T be the topology on X generated
by B, where B is a filter base on satisfying all the conditions in Proposition 6.17.
Then for each B € B and each a € X,

(1) B(a) € N-(a),

(2) B(A) = Ugeca B(a) € N;(A) for each A € P(X).

Proof. The proof is straightforward. O

Proposition 6.20. Let X be a I'-KU-algebra and let T be the topology on X gener-
ated by B, where B s a filter base on X satisfying all the conditions in Proposition
6.17. Then for each B € B, cl;(A) = \gep B(A).

Proof. Let x € cl;(A) and let B € B. By Lemma 6.19 (1), B(z) € N,(z). Then
B(z) N A # @. Thus there is a € A such that acx, zaa € B for each a € T'. So
v € B(a) C B(A), ie., v € (Ngep B(A). Hence cl.(A) C (g B(A). Conversely,
let © € (e B(A). Then 2 € U(A) for each U € B. Thus there is a € A such that
x € B(a), i.e., zaa, aox € B for each a € I". So a € B(x), i.e., B(z)NA # &. Hence
z € clr(A), ie, Npeg B(A) C clr(A). Therefore cl-(A) = e B(A). O

Corollary 6.21. Let (X,7) be a TT-KU-algebra, where B is a filter base on X
satisfying all the conditions in Proposition 6.17 and T is the topology on X generated
by B. Then every B € B is closed in X, i.e., B is a collection of clopen subsets of
X.

Proof. Let B € B. It is obvious that B(B) C B. Then by Proposition 6.20, B C
c(B) = NyepU(B) C B(B) C B. Thus cl.(B) = B. So B is closed in X. From
Proposition 6.17, it is clear that B is open in X. So B is clopen in X. g

The following shows that every neighborhood of a compact set contains a neigh-
borhood B(A) for some B € B

Proposition 6.22. Let A be a compact subset of a TT-KU-algebra. If U is a
neighborhood of A, then there is B € B such that A C B(A) C U.

Proof. Suppose U is a neighborhood of A and let a € A. Then there is B, € B such
that B, C U. Thus by the condition (3), there is W, € B such that W,(W,) C B,.

Since A is a compact subset of X and A C (J,c 4 Wa(a), there are a1, ag, -+, a, € A
such that
(6.1) AC Wy (a1) UW,,(a2)U--- W, (an).

Now let W = i, W,, and let a € A. Then by (6.1), there is i € {1,2,--- ,n}
such that a € W, (a;) Thus aaa;, a;aa € Wy, for each o € T'. Suppose aay, yaa €
W for each y € X. By Proposition 3.3 (1). we have

(6.2) (yaa;)B(aaa;) < aay € W for each 8 €T.
Then (yaa;)B(aca;) € W. Thus we get
yaa; € Wy, (aaa;) C W, (Wy,) C By, .
Similarly, a;ay € B,,. So y € By, (a;) C U and W(a) C U. Hence W(A) C U. O

The following is an immediate consequence of Proposition 6.22.
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Corollary 6.23. Let A be a compact subset of a TT'-KU -algebra and let F' is closed
in X. If ANF = @, then there is B € B such that B(A) N B(F) = @.

7. CONCLUSIONS

By proposing positive implicative [resp. implicative and commutative] I'-KU-
algebras, we obtained some of their properties respectively and a relationship among
them (See Theorem 4.14). Also, by defining positive implicative [resp. implicative
and commutative] I'-KU-ideals of a I'-KU-algebra, we studied their various proper-
ties respectively and a relationship among them (See Theorem 5.32). Moreover, we
discussed some topological structures on a I'-KU-algebra.

In the future, we will use our proposed I'- K U-algebras to address quotient I'-KU-
algebras, homorphism problems, graph theory and Zariski topological structures.
Furthermore, we want to study some ideals of a I'-KU-algebra in the sense of the
fuzzy set theory.
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