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ABSTRACT. Rough group theory is an extension of group theory. It is
suitable for the processing of inaccurate data and uncertain informations.
This article is an attempt to bring together group cohomology theory and
rough group theory. More precisely, we construct the first and the second
rough cohomology groups of a rough group.
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1. INTRODUCTION

I. 1982, Pawlak [1] introduced the concept of rough set to analyze and to model
vague and uncertain data. The notion of rough set appears to be powerful with
significant applications in quantum mechanics, software engineering, computer sys-
tems, bioinformatics, decision analysis, electrical engineering, finance, chemistry,
computer engineering, economics, neurology, medicine, statistics, etc ([2, 3, 4]).

The notion of rough set has been later extended to the group theory setting ([5, 6,

, 8]). The study of algebraic structures of objets related to rough groups seems to be
useful and may conduct to a better understanding of rough groups ([6, 9, 10, 11]).
Cohomology theory plays an important role in group theory ([12, 13, 14]). This
suggests to conduct similar investigation for rough groups.

The main purpose of this work is to construct the first and the second cohomology
groups of a rough group.

The rest of the paper is organized as follows. Section 2 collects some definitions
and results that we may need. Section 3 states the main results.
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2. PRELIMINARIES
In this section, we give some well-known definitions.

Definition 2.1 ([1]). Let U be a non-empty set (called the universe). Let R be an
equivalence relation on U. The pair (U, R) is called an approzimation space.

Let (U, R) be an approximation space. For x € U, the equivalence class of z is
denoted by [z]. For X C U, set

X={rxeU:2INnX#J}and X ={z e U : [z] C X}.

The sets X and X are called the upper approzimation and lower approximation of
X in (U, R) respectively. Clearly, we have X C X C X.

Assume that U is endowed with a binary operation U x U — U. The product
of two elements z and y is denoted by xy. The inverse of  (if it exists) is denoted
by z71.

Definition 2.2 ([7]). Let (U, R) be an approximation space. Assume that there is
a binary operation on U. A subset G of U is called a rough group if all the following
properties hold:

() Va, ye G, 2y €G,

(i) YV, y, z€G, (vy)z = 2(y2),

(iii) 3e € G, Vo € G, ex = we = x (e is called a rough identity element of G),

(iv)Vz e G,3y € G,zy = yxr = e (y is called the rough inverse of x and it is
denoted by z71).

Definition 2.3 ([6]). A non-empty subset H of a rough group G is called a rough
subgroup of G, if the following two conditions are satisfied:

(i) Vo, y € H, zy € H,

(ii) Ve € H,z7' € H.

There is only one guaranteed trivial rough subgroup of a rough group G which
is G itself. A necessary and sufficient condition for the set {e} to be a trivial rough
subgroup of the rough group G is that e € G.

A rough normal subgroup can be defined as follows.

Definition 2.4 ([15]). Let N be a rough subgroup of a rough group G. Then N is
called a rough normal subgroup of G, if

Vz € G,¥Yn € N,znz~! € N.

Definition 2.5 ([8]). Let (U1, R1) and (Uz, R2) be two approximation spaces with
binary operations on U; and Us. Suppose that G; C Uy, Gy C Us are rough groups.
If a mapping ¢ : G; — G4 is such that Yo,y € Gy, p(zy) = o(z)¢(y), then ¢ is
called a rough homomorphism.

3. ROUGH COHOMOLOGY GROUPS OF A ROUGH GROUP

3.1. The first rough cohomology group. Let A be an abelian multiplicative
group (with identity element e 4) such that there exists an action of the rough group
G on A. That is, there exists a map G x A — A, (xz,a) — %a such that

Ve,y € G, Va, b€ A,
238
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(3.1) “a =a,a= "(Ya), “(ab) = “a®b, and (“a)"t = “(a™1).
Definition 3.1. A map f: G — A is called a rough crossed homomorphism, if
Yz, y € G, f(zy) = “f(y)f(z).
Let us denote by Z!(G, A) the set of rough crossed homomorphisms of G over A.
For f, g € Z}G, A), set
(fog)(z) = f(z)g(z),z € G.
Theorem 3.2. (Z}(G, A),©) is an abelian group.
Proof. (i) Let f, g be in Z}(G, A) and let x, y be in G. Then we have

(fog)(zy) = f(zy)g(ay)
= (S (@) (g(y)g(x))

( FW)g(y))(f(x)g(x))

“(f9)y)(fg)(x).
Thus foge€ ZHG, A).
(ii) The law ¢ is obviously associative.
(iii) The law © is commutative because A is commutative.
(iv) Consider the map €4 : G — A given by €a(x) = %es. Then €4 is in
(G,

ZHNG, A). Indeed, for z, y € G7 we have

ealzy) = "ea= "(Yea) = “(Yeaea) = “(Yea)"ea = "ea(y)ea(x).

The map €4 is the neutral element of Z} (G, A) because for f € Z}(G, A) and = € G,
we have

(foea)(x) = f(z)ea(r)

Thus foeq = f.
(v) Let f € ZYG, A). Set g(x) = (f(x))~! for z € G. For z, y € G, we have
glzy) = (flzy) ™" = ("f) @)™ = Cfy)) 7 (F@) ™ = “g(y)g(a).
Then g € Z}(G, A). Moreover,
(fog)(x) = f(2)f(x)™! = “ea =eal(x).
Thus fog = €4. So g is the inverse of f. Hence (Z}(G, A),¢) is an abelian group. [
Definition 3.3. Let a € A. A map f, : G — A is called a principal rough crossed
homomorphism, if

falz) = Taa™", Vo € G.
239
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Let us denote by B} (G, A) the set of principal rough crossed homomorphisms of
G over A.

Theorem 3.4. The set BY(G, A) is a normal subgroup of (Z}(G, A),o).
Proof. (i) Let us first show that Bl(G,A) C Z(G, A). For a € A, consider f, €
BX(G, A). For z, y € G, we have
“fay) fa(z) = “(Yaa™")("aa™")
= (Va)(“a™)("aa™)
= (Ya)(a) Ca)a”
= Waq!
= fa(xy).
Then f, € ZL(G, A). Thus B}(G, A) C ZL(G, A). B
(i) Let f,, f» be in BX(G, A) with a,b € A. For x € G, we have
(fa o fo)(x) = falz) fo(2)
— (aa™)(B)
— *(ab)(ab) !
= fab(@).
Then f, o fo = fap. Thus f, o fp € BL(G, A). Moreover, f, ¢ fo-1(x) = fo,(z) =
Teqe,t = ea(z). So fi' = f,-1 € BXG, A). Furthermore, since Z}(G, A) is an
abelian group, its subgroup B}(G, A) is a normal subgroup. g

Definition 3.5. We call the quotient-group H}(G, A) := Z}(G,A)/BL(G, A) the
first rough cohomology group of G over A.

Example 3.6. Take U = Z7; = {0,1,2,3,4,5,6}. The operation considered on Z;
is the multiplication of integers modulo 7. Let R be an equivalence relation on Zr
such that the equivalence classes are E1 = {0,2,4}, E; = {1,3,5} and FE3 = {6}.
Definition 2.2, one may verify easily that G is a rough group. Take A = (Z7,+). It is
well known that (Z7,+) is an abelian group. The map Z7 x Z; — Z7, (x,a) — za
is such that the equalities (3.1) are verified.

Here, Z}(G,7Z7) is the set of functions f : Z7 — Z7 such that

Va,y € Zn, f(zy) =z f(y) + f(2).
Furthermore, Bl(G,Z7) is the set of functions f, : Z; — Zy, with a running
through Zr, such that Vo € Z7, fo(z) = za — a.
Finally, HX(G,Z7;) = {f + BX(G,Z7) : f € ZXG,Z7)}.

3.2. The second rough cohomology group. In this subsection, A is still an
abelian group and G is a rough group.

Definition 3.7. A map a : G x G — A is called a rough multiplier or a rough
2-cocycle of G over A, if Vo, y, z € G,
(i) a(z, y)alzy, 2) = alz, y2)aly, 2),
(i) a(z,e) = ale,z) = ea.
240
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The set of rough 2-cocycles is denoted by Z2(G, A).
For o, B € Z2(G, A), set
(ax B)(z,y) = oz, y)B(x,y), z, y € G.
Theorem 3.8. (Z2(G, A),x) is an abelian group.
Proof. (i) The set Z2(G, A) is stable under the law x. Indeed, let o, 3 be in Z2(G, A).
For z, y, z € G, we have
(o % B) (@, y)(a % B) (w9, 2) = e, )
= a(z, y)o(zy, 2)(B(z,y)B(zy, 2 )
( )B(, yZ) (v, 2)
z,yz)aly, 2)B(y, 2)
= (04*5)(% yz)(ax B)(y, 2).
Moreover, (axf8)(e,x) = ale,x)f(e,x) = es and (axf)(z,e) = a(z,e)B(x,e) = eq.
Then ax 3 € Z2(G, A).
(ii) The law * is obviously associative and commutative.
(iii) The map €: G x G — A, defined by €(x,y) = ea, is an element of Z2(G, A).
It is the neutral element for the law x.
(iv) Let a € Z2(G, A). Set a~(z,y) = a(x,y) L. A straightforward computation
shows that a=! € Z3(G,A) and axa~! = € Then (Z2(G, A),*) is an abelian
group. O

Definition 3.9. Let f : G — A be a map such that f(e) =e4. Amapv: GxG — A
defined by

v(z,y) = f(2)f(y)fxy) ™", Yo,y € G.

is called a rough coboundary.
We denote by B2(G, A) the set of rough coboundaries.
Theorem 3.10. The set B2(G, A) is a normal subgroup of (Z2(G, A), *).

Proof. (i) The neutral element € of Z2(G, A) belongs to B2(G, A) since for =, y € G,
e(x,y) = feol@)fo(y)(fe(xy)) !, where f, : G — A is defined by f.(z) = ea.

(ii) Let v € B%(G, A). Then there exists f : G — A with f(e) = e4 such that
v(z,y) = f(z)f(y)(f(zy))~t. Thus we have

vz, y)v(ey, z) = f(@) f ) (f(@y) "' f

(zy) f(2)(f(zyz)"")
y)f(2)(f(zyz)
(2

)
= f(@)f(y) )~
= (@) f()f(2)f(y2) (£ (y2)) " (f(ay2) ™"
= fW) ()" (@) f (y2)(f (wyz)
= v(y, 2)v(z,yz).

Moreover, we get

v(e, ) = f(e)f(x)(f(ex) ™" = fle)f(x)(f(x)) ™) = f(e) = ea
and

v(z,e) = f(x)fe)(f(ze)) ™" = f(2)f(e)(f(2) ™) = fle) = ea.
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So v € Z%(G, A). Hence B2(G, A) C Z%(G, A).

(iii) Let v, u € B%(G,A). Then there exists f : G — A with f(e) = ea and
g : G — A with g(e) = ea such that v(z,y) = f(2)f(y)(f(xy))~! and p(x,y) =
9(2)g(y)(g(xy))~t. Thus Vz, y € G, we have

(vxp)(z,y) = vz, y)u(z,y)

= (f(2)f(y)(f(zy)) ") g(x)g(y)(g(xy)) ™)
= f(@)f(W)(f(zy))  g(2)g(y)(g(xy)) !
f(@)g(@) f(w)gy)(f(xy)~ g(zy) ™
= (f9)(@)(f9) (W) (fa(zy))~".

Also, (fxg)(e) = f(e)g(e) = eaea =ea. Sov*p € B2(G, A).
(iv) Let v € B%(G, A). Then there exists f : G — A with f(e) = e4 such that

(&
v(z,y) = f(@)f(y)(f (fcy)) L Set g(z) = (f(2)) " and vo(z,y) = g(2)g(y)(g(zy)) "

Thus vy € B%(G, A). Moreover,
vxw(e,y) = f(2)f(y)(fzy) " g9(2)g(y)(g(zy) ™" = ea = e(z,y).

So v~1 = .
Finally, since Z2(G, A) is an abelian group, its subgroup B2Z(G, A) is a normal
subgroup. O

Definition 3.11. We call the quotient-group H2(G, A) = Z2(G, A)/B2(G, A) the
second rough cohomology group of G over A.

Example 3.12. We consider again the rough group G = {2,3,4,5,6} and the
abelian group A = (Z7,+) as in Example 3.6.
The group Z2(G,Z7) is made up of functions o : G x G — Z7 such that

a(z,y) + a(zy, 2) = a(r,yz) + aly, 2) and a(z,1) = a(1,2) = 0,Vz, y, 2 € G.

The elements of the subgroup B2(G,Z7) of Z2(G,Zz) are the functions v from G x G
into Z7 such that Vz,y € G, v(z,y) = f(x)+ f(y) — f(xy) where f is a function from
G into Z7 with f(1) = 0. Finally, H2(G,Z7) = {f + B*(G,Z7) : f € Z2(G,Zz)}.

4. CONCLUSION

The first and the second rough cohomology groups are constructed. This paved
the way for the study of projective representations of rough groups.

REFERENCES

[1] Z. Pawlak, Rough Sets, Int. J. Comput. Inf. Sci. 11 (5) (1982) 341-356.

[2] P. Pattaraintakorn and N. Cercone, Integrating rough set theory and medical applications,
Appl. Math. Letters 21 (2008) 400-403.

[3] A. Skowron and S. Dutta, Rough sets : past, present and future, Natural Computing 17 (2018)
855-876.

[4] 9. Yiiksel, Z. G. Ergiil and N. Tozlu, Soft covering based rough sets and their Application,
The Scientific World Journal (2014) Article ID 970893, 9 pages.

[5] A. Altassan, N. Alharbi, H. Aydi and C. Ozel, Rough action on topological rough groups,
Appl. Gen. Topol. 21 (2) (2020) 295-304.

242



Kieou et al. /Ann. Fuzzy Math. Inform. 26 (2023), No. 3, 237-243

[6] N. Bagirmaz, L. Igen and A. F. Ozcan, Topological Rough Groups, Topol. Algebra Appl. 4 (1)
(2016) 31-38.

[7] R. Biswas and S. Nanda, Rough groups and rough subgroups, Bull. Polish Acad. Sci. Math.
42 (1994) 251-254.

[8] C. A. Neelima and P. Isaac, Rough Anti-homomorphism on a Rough Group, Glob. J. Math.
Sci.: Theor. Pract. 6 (2) (2014) 79-87.

[9] F. Li and Z. Zhang, The homomorphisms and Operations of Rough Groups, The Scientific
World Journal (2014) Article ID 507972, 6 pages.

[10] G. Liu and W. Zhu, The algebraic structures of generalized rough set theory, Inform. Sci. 178
(21) (2008) 4105-4113.

[11] N. Kuroki and J. N. Mordeson, Structure of rough sets and rough groups, J. Fuzzy Math. 5
(1) (1997) 183-191.

[12] G. Karpilovsky, Topics in field theory, North-Holland Math. Stud. 1989.

[13] G. Karpilovsky, Group representations, North-Holland Math. Stud. Vol. 1 1992.

[14] G. Karpilovsky, Group Representations, North-Holland Math. Stud. Vol. 2 1993.

[15] N. Alharbi, A. Altassan, H. Aydi and C. Ozel, Rough quotient in topological rough sets, Open
Math. 17 (2019) 1750-1755.

EssoyoMEWE KIEOU (kieouesso@gmail.com)
Department of Mathematics, University of Kara, 1 P.O.Box 43 Kara, Togo

Mawousst TODJRO (todjrom7@gmail . com)
Department of Mathematics, University of Kara, 1 P.O.Box 43 Kara, Togo

YAOGAN MENSAH (mensahyaogan2@gmail.com, ymensah@univ-lome.tg)
Department of Mathematics, University of Lomé, 1 P.O.Box 1515 Lomé 1, Togo
and International Chair in Mathematical Physics and Applications (ICMPA)-Unesco
Chair, University of Abomey-Calavi, Benin

243



	Rough cohomology groups of rough groups. By 
	Rough cohomology groups of rough groups. By 

