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[resp. commutative and implicative] Γ-BCK-algebras and study some of
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1. Introduction

In 1966, Imai and Iséki [2] introduced the concept of I-algebras as a class of ab-
stract algebras and studied its several properties. In 1978, Iséki and Tanaka [3] intro-
duced the notion of BCK-algebras as a generalization of I-algebras. Iséki [4] defined
BCI-algebras as a generalization of BCK-algebras. Hu and Li [5, 6] introduced the
concept of BCH-algebras which any BCI-algebra is a proper BCH-algebra. Jun
et al. [7] defined BH-algebras as a generalization of BCH/BCI/BCK-algebras.
Ahn and Kim [8], and Neggers et al. [9] introduced the notions of QS-algebras and
Q-algebras as another generalizations of BCH/BCI/BCK-algebras. Such logical
algebras have been applied by many mathematicians to group theory, computer sci-
ence, topology, decision making problems, etc. Since ideals in logical algebras play
an important role, numerous mathematicians have studied ideal problems.

In 1964, Nobusawa [10] introduced the concept of Γ-rings as a generalization of
rings. Rao [11] defined Γ-semirings as a generalization of Γ-rings, ternary semiring
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and semiring. As a generalization of semigroups, Sen [12] introduced the notion of
Γ-semigroups. Rao [13] defined Γ-groups as a generalization of groups and study its
various properties. Recently, Saeid et al. [1] introduced the new concept of Γ-BCK-
algebras and discussed some of its properties, for examples, subalgebras, ideals,
closed ideals, normal subalgebras, normal ideals in Γ-BCK-algebras and quotient
Γ-BCK-algebras. However, in their paper [1], Theorem 3.15 is not true (See the first
statement in Section 3 for the reason). So, it is necessary to redefine the concept of
Γ-BCK-algebras they defined.

The purpose of our study is to redefine Γ-BCK-algebras in the sense of Saeid et
al. [1] and proceed with our study as follows: First, we define positive implicative
[resp. commutative and implicative] Γ-BCK-algebras and investigate some of their
properties. Next, we introduce the notions of positive implicative [resp. commutative
and implicative] Γ-ideals in a Γ-BCK-algebra and discuss several of their properties,
relationships among them and their characterizations respectively.

2. Preliminaries

We recall some definitions needed in next sections.

Definition 2.1 ([3, 4]). Let X be a nonempty set with a constant 0 and a binary
operation ∗. Consider the following axioms: for any x, y, z ∈ X,

(A1) [(x ∗ y) ∗ (x ∗ z)] ∗ (z ∗ y) = 0,
(A2) [x ∗ (x ∗ y)] ∗ y = 0,
(A3) x ∗ x = 0,
(A4) x ∗ y = 0 and y ∗ x = 0 imply x = y,
(A5) 0 ∗ x = 0..

Then X is called a:
(i) BCI-algebra, if it satisfies axioms (A1)–(A4),
(ii) BCK-algebra, if it satisfies axioms (A1)–(A5).

In BCI-algebra or BCK-algebra X, we define a binary operation ≤ on X as
follows: for any x , y ∈ X,

x ≤ y if and only if x ∗ y = 0.

Definition 2.2. Let X be a BCK-algebra. Then X is said to be:
(i) positive implicative [14], if (x ∗ z) ∗ (y ∗ z) = (x ∗ y) ∗ z for any x, y, z ∈ X,
(ii) commutative [15, 16], if x ∗ (x ∗ y) = y ∗ (y ∗ x) for any x, y ∈ X,
(ii) implicative [17], if x = x ∗ (y ∗ x) for any x, y ∈ X.

Example 2.3. Let X = {0, 1, 2, 3} be a set having the binary operation ∗ on X
given by the table:

∗ 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 2 3 0

Table 2.1
200
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Then we can easily check that X is a BCK-algebra. Moreover, X is implicative.
See Example 1 (p.21) and Example 3 (p.23) in [17] respectively for examples of a
positive implicative BCK-algebra and a commutative BCK-algebra.

Definition 2.4 ([18]). Let I be a nonempty set of a BCK-algebra X. Then I is
called a subalgebra of X, if x ∗ y ∈ I for any x, y ∈ X.

Definition 2.5 ([18]). Let I be a nonempty set of a BCK-algebra X. Then I is
called an ideal of X, if it satisfies the following conditions: for any x, y ∈ X,

(i) 0 ∈ I,
(ii) x ∗ y ∈ I and y ∈ I imply x ∈ I.

Definition 2.6 ([19]). Let I be a nonempty set of a BCK-algebra X. Then I is
called a positive implicative ideal of X, if it satisfies the following conditions: for any
x, y, z ∈ X,

(i) 0 ∈ I,
(ii) (x ∗ y) ∗ z ∈ I and y ∗ z ∈ I imply x ∗ z ∈ I.

Definition 2.7 ([20]). Let I be a nonempty set of a BCK-algebra X. Then I
is called an implicative ideal of X, if it satisfies the following conditions: for any
x, y, z ∈ X,

(i) 0 ∈ I,
(ii) [x ∗ (y ∗ x)] ∗ z ∈ I and z ∈ I imply x ∈ I.

Definition 2.8 ([21]). Let I be a nonempty set of a BCK-algebra X. Then I
is called a commutative ideal of X, if it satisfies the following conditions: for any
x, y, z ∈ X,

(i) 0 ∈ I,
(ii) (x ∗ y) ∗ z ∈ I and z ∈ I imply x ∗ [y ∗ (y ∗ x)] ∈ I.

Definition 2.9 ([11]). Let X and Γ be two nonempty sets. Then X is called a
Γ-semigroup, if there is a mapping f : X×Γ×X → X, denoted by f(x, α, y) = xαy
for each (x, α, y) ∈ X ×Γ×X, such that it satisfies the following condition: for any
x, y, z ∈ X and any α, β ∈ Γ,

(2.1) xα(yβz) = (xαy)βz.

Definition 2.10 ([11]). Let (X,+) and (Γ,+) be commutative semigroups. Then
X is called a Γ-semiring, if there is a mapping f : X × Γ × X → X, denoted by
f(x, α, y) = xαy for each (x, α, y) ∈ X × Γ ×X, such that it satisfies the following
conditions: for any x, y, z ∈ X and any α, β ∈ Γ,

(i) xα(y + z) = xαy + xαz,
(ii) (x+ y)αz = xαz + yαz,
(iii) x(α+ β)y = xαy + xβy,
(iv) xα(yβz) = (xαy)βz.

It is obvious that every semiring X is a Γ-semiring with Γ = X and ternary
operation as the usual semiring multiplication.

Definition 2.11 ([11]). Let X be a Γ-semiring. Then X is said to:
(i) have zero element, if there is 0 ∈ X such that for each x ∈ X and each α ∈ Γ,

(2.2) 0 + x = x = x+ 0 and 0αx = 0 = xα0,
201
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(ii) commutative, if xαy = yαx for any x, y ∈ X and each α ∈ Γ.

3. Some properties of Γ-BCK-algebras

[Theorem 3.15, [1]] is wrong. In order to prove it, Saeid et al. used the first
axiom of Γ-BCK-algebra. However, xβ0 = x cannot be derived from axioms of a
Γ-BCK-algebra and then we redefine Γ-BCK-algebra as follows and study some of
its properties. Also we introduce some special Γ-BCK-algebras and obtain some of
their properties.

Definition 3.1 (See [1]). Let X be a set with a constant 0 and let Γ be a nonempty
set. Then X is called a Γ-BCK-algebra, if there is a mapping f : X × Γ×X → X,
denoted by f(x, α, y) = xαy for each (x, α, y) ∈ X × Γ×X, satisfying the following
axioms: for any x, y, z ∈ X and α, β ∈ Γ,

(ΓA1) [(xαy)β(xαz)]β(zαy) = 0,
(ΓA2) [xα(xβy)]αy = 0,
(ΓA3) if xαy = 0 = yαx, then x = y,
(ΓA4) xαx = 0,
(ΓA5) 0αx = 0.

It is obvious that for a Γ-BCK-algebra X and a fixed α ∈ Γ, if we define the
operation ∗ : X ×X → X as follows: for any x, y ∈ X,

(3.1) x ∗ y = xαy,

then (X, ∗, 0) is a BCK-algebra and is denoted by Xα.

Example 3.2. (1) Let A be an arbitrary nonempty set, let X = {f : A → R}, let
Γ = {α} and let the ternary operation be defined as follows: for any f, g ∈ X and
each a ∈ A,

(fαg)(a) =

{
0 if f(a) ≤ g(a)
f(a)− g(a) if g(a) < f(a).

Then X is a Γ-BCK-algebra.
(2) Let X be a nonempty set, let P (X) be the power set of X, let let Γ = {α}

and let the ternary operation be defined as follows: for any A, B ∈ P (X),

AαB =

{
∅ if A ⊂ B
A−B otherwise .

Then we can easily see that P (X) is a Γ-BCK-algebra.
(3) Let X = {0, 1, 2, 3}, let Γ = {α, β, γ} and let the ternary operation be defined

by the table:

α 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 2 0 0
3 3 2 0 0

β 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 2 0 0
3 3 3 0 0

γ 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 3 0 2
3 3 3 0 0

Table 3.1

Then we can easily check that X is Γ-BCK-algebra. Moreover, Xα, Xβ and Xγ are
BCK-algebras.
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We define a binary relation ≤ on a Γ-BCK-algebra X as follows (See [1]): for
any x, y ∈ X and each α ∈ Γ,

(3.2) x ≤ y if and only if xαy = 0.

In this case, ≤ is called a Γ-BCK ordering. Then from (3.2), we obtain a charac-
terization of a Γ-BCK-algebra.

Theorem 3.3. A Γ-algebra X is a Γ-BCK-algebra if and only if it satisfies the
following conditions: for any x, y, z ∈ X and α, β ∈ Γ,

(1) (xαy)β(xαz) ≤ zαy,
(2) xα(xβy) ≤ y,
(3) x ≤ x,
(4) if x ≤ y and y ≤ x, then x = y,
(5) 0 ≤ x,
(6) x ≤ y if and only if xαy = 0.

The followings are immediate consequences of Definition 3.1 and Theorem 3.3.

Proposition 3.4. Let X be a Γ-BCK-algebra. Then the followings hold: for any
x, y, z ∈ X and each α ∈ Γ,

(1) if x ≤ y, then zαy ≤ zαx,
(2) if x ≤ y and y ≤ z, then x ≤ z.

From Theorem 3.3 (3), (4) and Proposition 3.4 (2), it is clear that (X,≤) is a
poset with the least element 0.

Proposition 3.5. Let X be a Γ-BCK-algebra. Then the followings hold: for any
x, y, z ∈ X and each α, β ∈ Γ,

(3.3) (xαy)βz = (xαz)βy.

Proposition 3.6. Let X be a Γ-BCK-algebra. Then the followings hold: for any
x, y, z ∈ X and each α, β ∈ Γ,

(1) xαy ≤ z if and only if xαz ≤ y,
(2) (xαz)β(yαz) ≤ xαy,
(3) if x ≤ y, then xαz ≤ yαz,
(4) xαy ≤ x,
(5) xα0 = x,
(6) xα[xβ(xαy)] = xαy.

We give a characterization of a Γ-BCK-algebra.

Theorem 3.7. Let X be a set with a constant 0 and let Γ be a nonempty set.
Then X is a Γ-BCK-algebra if and only if it satisfies axioms (ΓA1), (ΓA3) and the
following condition: for any x, y ∈ X and each α ∈ Γ,

(3.4) xα(0βy) = x.

Proof. (⇒): Suppose X is a Γ-BCK-algebra, let x, y ∈ X and let α, β ∈ γ. Then
by the axiom (ΓA5), xα(0βy) = xα0. Thus by Proposition 3.6 (5), xα0 = x. So
(3.4) holds.

(⇐): Suppose the necessary conditions hold, let x, y ∈ X and let α, β ∈
Γ. Then by the axiom (ΓA1), [(0αy)β(0α0)]β(0αy) = 0. By the condition (3.4),
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(0αy)β(0α0) = 0. Also by the condition (3.4), 0αy = 0. Thus the axiom (ΓA5)
holds. So by the condition (3.4) and the axiom (ΓA5), we get

(3.5) xα0 = x.

On the other hand, by the axiom (ΓA1), [(xβ0)α(xβ0)]α(0β0) = 0. Then by the
identity (3.5), xαx = 0. Thus the axiom (ΓA4) holds. Also by the axiom (ΓA1),
[(xβ0)α(xβy)]α(yβ0) = 0. By the identity (3.5), [xα(xβy)]αy = 0. So the axiom
(ΓA2) holds. Hence X is a Γ-BCK-algebra. □

Now we define some special Γ-BCK-algebras and discuss some of their properties.

Definition 3.8. A Γ-BCK-algebra X is said to be positive implicative, if it satisfies
the following axiom: for any x, y, z ∈ X and any α, β ∈ Γ,

(3.6) (xαz)β(yαz) = (xαy)βz.

It is obvious that if X is a positive implicative Γ-BCK-algebra, then Xα is a
positive implicative BCK-algebra for each α ∈ Γ.

Example 3.9. (1) Let X be a poset with the least element 0, let Γ = {α} and let
the ternary operation α be defined as followings: for any x, y ∈ X,

xαy =

{
0 if x ≤ y
x otherwise.

Then X is a positive implicative Γ-BCK-algebra. Furthermore, the Γ-BCK-algebra
P (X) given in Example 3.2 (2) is positive implicative.

(2) Consider the Γ-BCK-algebra X given in Example 3.2 (3). Then we have

(3α2)γ(1α2) = 1 ̸= 0 = (3α1)γ2.

Thus X is not positive implicative.
(3) Let X = {0, 1, 2, 3}, let Γ = {α, β} and let the ternary operation be defined

by the table:

α 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 2
3 3 3 3 0

β 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 2 0 2
3 3 3 3 0

Table 3.2

Then we can easily check thatX is a positive implicative Γ-BCK-algebra. Moreover,
Xα and Xβ are positive implicative BCK-algebras.

Proposition 3.10. Let X be a Γ-BCK-algebra. Then the following holds: for any
x, y ∈ X and any α, β ∈ Γ,

(3.7) (xβ(xαy))β(yαx) ≤ xβ(xα(yβ(yαx))).

Proof. [((xβ(xαy))β(yαx))]α(xβ(xα(yβ(yαx))))
= [(xβ(xβ(xα(yβ(yαx)))))α(xαy))]β(yαx) [By the identity (3.3)]
= [((xα(yβ(yαx))))α(xαy))]β(yαx) [By Proposition 3.6 (5)]
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≤ (yα(yβ(yαx)))β(yαx) [By Proposition 3.6 (2)]
= 0. [By the axiom (ΓA2)]

Then by Theorem 3.3 (5) and (4), we have

[((xβ(xαy))β(yαx))]α(xβ(xα(yβ(yαx)))) = 0.

Thus the inequality (3.7) holds. □

Theorem 3.11. Let X be a Γ-BCK-algebra. Then the followings are equivalent:
for any x, y, z ∈ X and any α, β ∈ Γ,

(1) X is positive implicative,
(2) xαy = (xαy)βy,

Proof. (1) ⇒ (2): Suppose X is positive implicative, let x, y ∈ X and let α, β ∈ Γ.
Then by the identity (3.6), we get

xαy = (xαy)β(yαy) = (xαy)βy.

Thus the condition (2) holds.
(2) ⇒ (1): Suppose the condition (2) holds, let x, y ∈ X and let α, β ∈ Γ. Then

we have
((xαz)β(yαz))β((xαy)βz)

= (((xαz)βz)β(yαz))β((xαy)βz) [By the condition (2)]
≤ ((xαz)βy)β((xαy)βz) [By Proposition 3.6 (2)]
= ((xαy)βz)β((xαy)βz) [By the identity (3.3)]
= 0.[By the axiom (ΓA4)]

Thus ((xαz)β(yαz))β((xαy)βz) = 0. So (xαz)β(yαz) ≤ (xαy)βz. The proof of
converse inequality is easy. Hence (xαz)β(yαz) = (xαy)βz. Therefore the condition
(1) holds. □

Theorem 3.12. Let X be a Γ-BCK-algebra. Then the followings are equivalent:
for any x, y, z ∈ X and any α, β ∈ Γ,

(1) X is positive implicative,
(2) if (xαy)βz = 0, then (xαz)β(yαz) = 0,
(3) if (xαy)βy = 0, then xαy = 0.

Proof. (1) ⇒ (2): The proof follows from the identity (3.6).
(2) ⇒ (3): Suppose the condition (2) holds and (xαy)βy = 0 for any x, y ∈ X

and let α, β ∈ Γ. Then we have
xαy = (xαy)β0 [By Proposition 3.6 (5)]

= (xαy)β(yαy) [By the axiom (ΓA4)]
= 0. [By the condition (2)]

Thus the condition (3) holds.
(3) ⇒ (1): Suppose the condition (3) holds. For any x, y ∈ X and any α, β ∈ τ ,

let u = (xαy)βy. Then we have
((xαu)βy)αy = ((xαy)βu)αy [By the identity (3.3)]

= ((xαy)βy)αu [By the identity (3.3)]
= ((xαy)βy)α((xαy)βy)
= 0. [By the axiom (ΓA4)]

Thus by the hypothesis and the identity (3.3), 0 = (xαu)βy = (xαy)βu, i.e.,

(xαy)β((xαy)βy) = 0.
205
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So xαy ≤ (xαy)βy. On the other hand, from the identity (3.3) and the axiom
(ΓA5), ((xαy)βy)β(xαy) = 0, i.e., (xαy)βy ≤ xαy. Hence by Proposition 3.6 (3),
xαy = (xαy)βy. Therefore by Theorem 3.10, X is positive implicative. □

Definition 3.13 ([1]). A Γ-BCK-algebra X is said to be commutative, if it satisfies
the following axiom: for any x, y ∈ X and any α, β ∈ Γ,

(3.8) yα(yβx) = xα(xβy).

We can easily see that if X is a commutative Γ-BCK-algebra, then Xα is a
commutative BCK-algebra for each α ∈ Γ.

Example 3.14. (1) Let X be the Γ-BCK-algebra in given Example 3.2 (3). Then

3α(3β2) = 0 ̸= 2 = 2α(2β3).

Thus X is not commutative. But the Γ-BCK-algebra P (X) given in Example 3.2
(2) is commutative.

(2) Let X = {0, 1, 2, 3}, let Γ = {α, β} and let the the ternary operation be
defined as the following table:

α 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 0
3 3 3 2 0

β 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 3 3 0

Table 3.3

Then we can easily check that X is commutative Γ-BCK-algebra.

From the identity (3.8), we obtain a characterization of commutative Γ-BCK-
algebras.

Theorem 3.15. Let X be a Γ-BCK-algebra. Then the followings are equivalent:
for any x, y ∈ X and any α, β ∈ Γ,

(1) X is commutative,
(2) xα(xβy) ≤ yα(yβx),
(3) (xα(xβy))α(yα(yβx)) = 0.

Lemma 3.16 (See Theorem 3.16, [1]). Let X be a Γ-BCK-algebra. Then the
followings are equivalent: for any x, y ∈ X and any α, β ∈ Γ,

(1) X is commutative,
(2) if x ≤ y, then x = yα(yβx).

Theorem 3.17. Let X be a Γ-BCK-algebra. Then the followings are equivalent:
for any x, y, z ∈ X and any α, β ∈ Γ,

(1) if x ≤ z and zαy ≤ zαx, then xαy,
(2) if x, y ≤ z and zαy ≤ zαx, then xαy,
(3) if x ≤ y, then x = yα(yβx),
(4) X is commutative,
(5) if xαy = 0, then xα(yβ(yαx)) = 0.

206



Shi et al./Ann. Fuzzy Math. Inform. 26 (2023), No. 3, 199–219

Proof. The proofs of (1) ⇒ (2) and (3) ⇔ (5) are straightforward.
(2) ⇒ (3): Suppose x ≤ y. By Proposition 3.6 (4), yα(yβx) ≤ y. Then by

Proposition 3.6 (3), yβ(yα(yβx)) ≤ yβx. Thus by the hypothesis, x ≤ yα(yβx). It
is clear that yα(yβx) ≤ x. So x = yα(yβx).

(3) ⇒ (4): The proof follows from Lemma 3.16.
(4) ⇒ (1): Suppose the condition (4) holds, and suppose x ≤ z and zαy ≤ zαx.

Then clearly, xαz = 0 and (zαy)β(zαx) = 0. Thus we have
xαy = (xα(xαz))βy [By Proposition 3.6 (5)]

= (zα(zαx))βy [Since X is commutative]
= (zαy)β(zαx) [By the identity (3.3)]
= 0.

So x ≤ y. Hence (1) holds. □

Also, we obtain another characterization of a commutative Γ-BCK-algebra.

Theorem 3.18. Let X be a Γ-BCK-algebra. Then followings are equivalent: for
any x, y ∈ X and any α, β ∈ Γ,

(1) X is commutative,
(2) xα(xβy) = yα(yβ(xα(xβy))).

Definition 3.19. Let X be a Γ-BCK-algebra. Then X is said to be implicative, if
it satisfies the following condition:

(3.9) x = xα(yβx) for any x, y ∈ X and any α, β ∈ Γ.

It is clear that if X is an implicative Γ-BCK-algebra, then Xα is an implicative
BCK-algebra fore each α ∈ Γ.

Example 3.20. (1) Let X = {0, 1}, let Γ = {α} and let the ternary operation be
defined as follows:

1α0 = 1, 0α0 = 0α1 = 1α1 = 0.

Then clearly X is an implicative Γ-BCK-algebra. Furthermore, the Γ-BCK-algebra
P (X) given in Example 3.2 (2) is implicative.

(2) Let X = {0, 1, 2, 3}, let Γ = {α, β} and let the the ternary operation be
defined as the following table:

α 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 2
3 3 2 3 0

β 0 1 2 3
0 0 0 0 0
1 1 0 1 2
2 2 2 0 2
3 3 2 3 0

Table 3.4

Then clearly, X is an implicative Γ-BCK-algebra.
(3) Let X = {0, 1, 2, 3, 4}, let Γ = {α, β} and let the the ternary operation be

defined as the following table:
Then X is a Γ-BCK-algebra. But it is neither implicative nor commutative.
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α 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 1 0 0 0
4 4 4 4 4 0

β 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 1 0
3 3 1 3 0 0
4 4 4 4 4 0

Table 3.5

We give a relationship among implicativeness, commutativity and positive im-
plicativeness.

Theorem 3.21. Let X be a Γ-BCK-algebra. Then X is implicative if and only if
it is commutative and positive implicative.

Proof. Suppose X is implicative, let x, y ∈ X and let α, β ∈ Γ. Then we have

xαy = (xαy)β(yβ(xαy)) = (xαy)βy.

Thus by Theorem 3.11, X is positive implicative. On the other hand, we get
xα(xβy) = (xα(yβx))α(xβy) [By the hypothesis]

≤ yα(yβx). [By Theorem 3.3 (1)]
Similarly, we get yα(yβx) ≤ xα(xβy). So xα(xβy) = yα(yβx). Hence X is commu-
tative.

Conversely, suppose the necessary conditions hold and let x, y ∈ X and α, β ∈ Γ.
Then we have

xβ(xα(yβx)) = (yβx)α((yβx)αx) [Since X is commutative]
= ((yβx)αx)α((yβx)αx) [By Theorem 3.2 (1)]
= 0. [By the axiom (ΓA4)]

Thus x ≤ xα(yβx). On the other hand, by Proposition 3.6 (4), (xα(yβx))αx = 0.
So xα(yβx) ≤ x. By Theorem 3.3 (4), x = xα(yβx). Hence X is implicative. This
completes the proof. □

Finally, we give a sufficient condition of implicative Γ-BCK-algebras.

Proposition 3.22. Let X be a Γ-BCK-algebra. Suppose the following condition
holds: for any x, y ∈ X and any α, β ∈ Γ,

(3.10) [xα(xβy)]α(xβy) = [yα(yβx)]α(yβx).

Then X is implicative.

Proof. Suppose the condition (3.10) holds, let x, y ∈ X and let α, β ∈ Γ. Then we
get

xαy = [(xαy)α0]α0 [By Proposition 3.6 (5)]
= [(xαy)α((xαx)βy)]α[(xαx)βy] [By the axioms (ΓA4) and (ΓA5)]
= [(xαy)α((xαy)βx)]α[(xαy)βx] [By the identity (3.3)]
= [yα(yβx)]α(yβx) [Putting xαy = y]
= [xα(xβy)]α(xβy) [By the condition (3.10)]
= [xα(xβ(xαy))]α[xβ(xαy)] [Since y = xαy]
= (xαy)α[xβ(xαy)] [By Proposition 3.6 (6)]
= [xα(xβ(xαy))]αy [By the identity (3.3)]
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= (xαy)αy. [By Proposition 3.6 (6)]
Thus X is positive implicative. On the other hand, we have

xα(xβy) = [xα(xβy)]α(xβy) [By Proposition 3.6 (6)]
= [yα(yβx)]α(yβx) [By the condition (3.10)]
= yα(yβx). [By Proposition 3.6 (6)]

So X is commutative. Hence by Theorem 3.21, X is implicative. □

Let X be a Γ-BCK-algebra in the sense of Saeid et al. [1]. If X is a Γ-semigroup,
then we can easily see that (ΓA2) holds. Thus we redefine a Γ-BCK-algebra as
follows:

Definition 3.23. Let X be a Γ-semigroup. Then X is called a Γ-BCK-algebra, if
it satisfies the following axioms: for any x, y, z ∈ X and α, β ∈ Γ,

(ΓA1) [(xαy)β(xαz)]β(zαy) = 0,
(ΓA2) if xαy = 0 = yαx, then x = y,
(ΓA3) xαx = 0,
(ΓA4) 0αx = 0.

4. Some Γ-ideals of Γ-BCK-algebras

Iséki [19] introduced the concepts of ideals and positive implicative ideals (called
implicative ideals) in BCK-algebras, and Meng [18, 21] proposed the notions of
implicative ideals and commutative ideals in BCK-algebras respectively. By modi-
fying them, we introduce the concepts of ideals, positive implicative ideals, implica-
tive ideals and commutative ideals in Γ-BCK-algebras and discuss some of their
properties.

Definition 4.1 ([1]). Let X be a Γ-BCK-algebra and let A be a nonempty subset
of X. Then A is called a Γ-subalgebra of X, if it satisfies the following condition:

(4.1) xαy ∈ A for any x, y ∈ A and for each α ∈ Γ.

Example 4.2. Let Γ = {α} and let X = {0, 1, 2, 3, 4} be the Γ-BCK-algebra with
the ternary operation be defined by the following table:

α 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 0
2 2 1 0 0 1
3 3 3 3 0 0
4 4 4 4 4 0

Table 4.1

Then {0, 1, 2} is a Γ-subalgebra of X. Also, in Γ-BCK-algebra X given in Example
3.2 (3), {0, 1, 2} is a Γ-subalgebra of X.

(2) Let X be the Γ-BCK-algebra given in Example 3.20 (3). Then clearly,
{0, 1, 2, 3} is a Γ-subalgebra of X.
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Definition 4.3 ([1]). Let X be Γ-BCK-algebra and let I be a nonempty set of
X. Then I is called a Γ-ideal of X, if it satisfies the following conditions: for any
x, y ∈ X and each α ∈ Γ,

(ΓI1) 0 ∈ I,
(ΓI2) if xαy ∈ I and y ∈ I, then x ∈ I.
A Γ-ideal I is said to be proper, if I ̸= X. It is obvious that X and {0} are

Γ-ideals of X. In particular, X is called a trivial Γ-ideal of X.

Example 4.4. (1) Let X be the Γ-BCK-algebra given in Example 3.2 (3). Consider
two subsets I1 and I2 of X given by:

I1 = {0, 1}, I2 = {0, 1, 2}.

Then clearly, I1 is a Γ-ideal of X. On the other hand, 3α2 = 1 ∈ I2 and 2 ∈ I2 but
3 ̸∈ I2. Thus I2 is not a Γ-ideal of X. In fact, I2 is a Γ-subalgebra of X.

(2) Let X be the commutative Γ-BCK-algebra given in Example 3.14 (2). Then
we can easily see that X has only two Γ-ideals {0} and X.

Proposition 4.5 (See Theorem 4.4, [1]). Let I be a Γ-ideal of a Γ-BCK-algebra X
and let x ∈ I. If y ≤ x, then y ∈ I.

Definition 4.6. Let X be Γ-BCK-algebra and let a, b ∈ X and α ∈ Γ be fixed.
Then the subset Aα(a, b) of X is defined as follows:

Aα(a, b) = {x ∈ X : xαa ≤ b}.

It is obvious that 0, a, b ∈ Aα(a, b).

Example 4.7. Let X be the Γ-BCK-algebra in Example 3.2 (3). Then clearly,

Aα(1, 2) = X, Aβ(1, 2) = {0, 1, 2} = Aγ(1, 2).

We obtain an equivalent condition of Γ-ideals in a Γ-BCK-algebra.

Theorem 4.8. Let I be a nonempty subset of a Γ-BCK-algebra X. Then I is a
Γ-ideal of X if and only if Aα(x, y) ⊂ I for any x, y ∈ I and each α ∈ Γ.

Proof. Suppose I is a Γ-ideal of X, let x, y ∈ I and let α ∈ Γ. Let z ∈ Aα(x, y).
Then clearly, zαx ≤ y. Thus by Proposition 4.5, zαx ∈ I. Since x ∈ I and I is a
Γ-ideal of X, z ∈ I. So Aα(x, y) ⊂ I.

Suppose the necessary condition holds. Since I ̸= ∅, there is x ∈ I. Then by
the axiom (ΓA5), 0αx ≤ x. Thus 0 ∈ Aα(x, x). Since Aα(x, x) ⊂ I, 0 ∈ I. So
the condition (ΓI1) holds. Now let xαy ∈ I and y ∈ I. Then by Theorem 3.3 (2),
xα(xβy) ≤ y. Thus x ∈ Aα(xβy, y) ⊂ I. So the condition (ΓI2) holds. Hence I is a
Γ-ideal of X. □

The following is an immediate consequence of Theorem 4.8.

Corollary 4.9. I be a Γ-ideal of a Γ-BCK-algebra X if and only if for any x, y ∈ I,
each x ∈ X and any α, β ∈ Γ, (zαx)βy = 0 implies z ∈ I.

Proposition 4.10. Every Γ-ideal of a Γ-BCK-algebra X is a Γ-subalgebra of X.

Proof. The proof is straightforward. □
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Definition 4.11. Let X be Γ-BCK-algebra and let I be a nonempty set of X.
Then I is called a positive implicative Γ-ideal (briefly, PIΓI) of X, if it satisfies the
following conditions: for any x, y, z ∈ X and any α, β ∈ Γ,

(ΓI1) 0 ∈ I,
(ΓPII2) if (xαy)βz ∈ I and yαz ∈ I, then xαz ∈ I.
It is obvious that X is a PIΓI of X.

Example 4.12. Let X be the Γ-BCK-algebra given in Example 3.20 (3). Then we
can easily check that {0, 1, 3} and {0, 1, 2, 3} are positive implicative Γ-ideals of X.

Proposition 4.13. Every positive implicative Γ-ideal of Γ-BCK-algebra is a Γ-ideal
but the converse is not true.

Proof. Let X be a Γ-BCK-algebra and let I be a positive implicative Γ-ideal of
X. Suppose xαy ∈ I and y ∈ I for any x, y ∈ X and each α ∈ Γ. Then clearly,
(αy)β0 ∈ I and yα0 ∈ I. Thus by the condition (ΓPII2), x = xα0 ∈ I. So I is a
Γ-ideal of X. On the other hand, in Example 4.12, it is clear that {0} is a Γ-ideal
of X. But (3α1)β1 = 0 ∈ {0} and 1α1 = 0 ∈ {0} but 3α1 = 1 /∈ {0}. So {0} is not
a positive implicative Γ-ideal of X. □

We provide an equivalent of positive implicative Γ-ideals.

Theorem 4.14. Let I be a Γ-ideal of a Γ-BCK-algebra X. Then I is positive
implicative if and only if the set Aa = {x ∈ X : xαa ∈ I for each α ∈ Γ} is a Γ-ideal
of X for each a ∈ X.

Proof. Suppose I is positive implicative and let α ∈ Γ, a ∈ X. Suppose xαy ∈ Aa

and y ∈ Aa. Then clearly, (xαy)βa ∈ I and yαa ∈ I. Thus by the condition (ΓPII2),
xαa ∈ I. So x ∈ Aa. Hence Aa is a Γ-ideal of X.

Now suppose the necessary condition holds. Suppose (xαy)βz ∈ I and yαz ∈ I
for any x, y, z ∈ X and any α, β ∈ Γ. Then clearly, xαy ∈ Az and y ∈ Az. Thus
by the hypothesis, x ∈ Az. So xαz ∈ I. Hence I is positive implicative. □

The following is an immediate consequence of Theorem 4.14.

Corollary 4.15. If I is a positive implicative Γ-ideal of a Γ-BCK-algebra X, then
for each a ∈ X, Aa is the least Γ-ideal of X such that I ∪ {a} ⊂ Aa.

The following is a characterization of positive implicative Γ-ideals.

Theorem 4.16. Let I be a nonempty subset of a Γ-BCK-algebra X. Then the
followings are equivalent:

(1) I is a positive implicative Γ-ideal of X,
(2) I is an ideal of X and (xαy)βy ∈ I implies xαy ∈ I for any x, y ∈ X and

α, β ∈ Γ,
(3) I is a Γ-ideal of X and (xαy)βz ∈ I implies (xαz)β(yαz) ∈ I for any x, y, z ∈

X and α, β ∈ Γ,
(4) 0 ∈ I, and [(xαy)βy]αz ∈ I and z ∈ I imply xαy ∈ I for any x, y, z ∈ X

and α, β ∈ Γ.

Proof. (1)⇒(2): Suppose I is a positive implicative Γ-ideal of X. Then by Propo-
sition 4.13, I is a Γ-ideal of X. Now suppose (xαy)βy ∈ I for any x, y ∈ X and
α, β ∈ Γ. Since yαy = 0 ∈ I, by (ΓPII2), xαy ∈ I. Then the condition (2) holds.
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(2)⇒(3): Suppose the condition (2) holds and suppose (xαy)βz ∈ I for any
x, y, z ∈ X and α, β ∈ Γ. Then we have

[(xβ(yαz))αz]βz = [(xαz)β(yαz)]βz [By the identity (3.3)]
≤ (xαy)βz [By Proposition 3.6 (2) and (3)]

Thus by Proposition 4.5, [(xβ(yαz))αz]βz ∈ I. By the hypothesis, [xβ(yαz)]αz ∈ I.
By the identity (3.3), [xβ(yαz)]αz = (xαz)β(yαz). So (xαz)β(yαz) ∈ I. Hence the
condition (3) holds.

(3)⇒(4): Suppose the condition (3) holds. Then it is obvious that 0 ∈ I. Suppose
[(xαy)βy]αz ∈ I and z ∈ I for any x, y, z ∈ X and α, β ∈ Γ. Then by the identity
(3.3), we get

[(xαy)βy]αz = [(xαz)βy]αz.

Thus [(xαz)βy]αz ∈ I. On the other hand, from the identity (3.3), the axiom (ΓA4)
and the condition (3), we have

(xαz)βy = (xαy)βz = [(xαz)βy]α(yαy) ∈ I.

Since I is a Γ-ideal of X and z ∈ I, xαy ∈ I. So the condition (4) holds.
(4)⇒(1): Suppose the condition (4) holds. Suppose xαy ∈ I and y ∈ I for any

x, y ∈ X and each α ∈ Γ. Then by Proposition 3.6 (5), we get

xαy = [(xα0)β0]αy.

Thus [(xα0)β0]αy ∈ I and y ∈ I. By the condition (4), xα0 ∈ I. By Proposition 3.6
(5), xα0 = x. So x ∈ I. Hence I is a Γ-ideal of X.

Now suppose (xαy)βz ∈ I and yαz ∈ I for any x, y, z ∈ X and any α, β ∈ Γ.
Then from the identity (3.3), and Proposition 3.6 (2) and (3), we have

[(xαz)βz]β(yαz) = [(xαz)β(yαz)]βz ≤ (xαy)βz.

Since (xαy)βz ∈ I, [(xαz)βz]β(yαz) ∈ I. Since yαz ∈ I, by the condition (4),
xαy ∈ I. Thus I is a positive implicative Γ-ideal of X. This completes the proof. □

Proposition 4.17. Let I and J be Γ-ideals of a Γ-BCK-algebra X such that I ⊂ J .
If I is positive implicative, then so is J .

Proof. Suppose (xαy)βz ∈ J and yαz ∈ J for any x, y, z ∈ X and any α, β ∈ Γ.
Let u = (xαy)βz. Then from the identity (3.3), the axiom (ΓA4) and the hypothesis,
we have

[(xαu)βy]αz = [(xαy)βu]αz = [(xαy)βz]αu = 0 ∈ I.

Since I is positive implicative, by Theorem 4.16 (3), we get

[(xαu)βz]α(yαz) ∈ I.

On the other hand, from the identity (3.3), we have

[(xαu)βz]α(yαz) = [(xαz)β(yαz)]βu = [(xαz)β(yαz)]β[(xαy)βz].

Thus [(xαz)β(yαz)]β[(xαy)βz] ∈ I. Since I ⊂ J, [(xαz)β(yαz)]β[(xαy)βz] ∈ J.
Since (xαy)βz ∈ J and J is an ideal of X, (xαz)β(yαz) ∈ J. So by Theorem 4.16
(3), J is positive implicative. □
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Theorem 4.18. Let X be a Γ-BCK-algebra. Then the followings are equivalent:
(1) X is positive implicative,
(2) {0} is a positive implicative Γ-ideal of X,
(3) every Γ-ideal of X is positive implicative,
(4) the set A(a) = {x ∈ X : x ≤ a} is a Γ-ideal of X for each a ∈ X.

Proof. (1)⇒(2): Suppose X is positive implicative. It is clear that {0} is a Γ-ideal of
X. Suppose (xαy)βy ∈ {0} for any x, y ∈ X and any α, β ∈ Γ. Since X is positive
implicative, by Theorem 3.12, xαy = (xαy)βy. Then by the hypothesis, xαy ∈ {0}.
Thus by Theorem 4.16 (2), {0} is positive implicative.

(2)⇒(3): The proof is clear from Proposition 4.17.
(3)⇒(4): Suppose the condition (3) holds and suppose xαy, y ∈ A(a) for each

a ∈ X and each α ∈ Γ. Then clearly, xαy ≤ a and y ≤ a. Thus (xαy)βa = 0 ∈ {0}
and yαa = 0 ∈ {0} for any β ∈ Γ. By the hypothesis, {0} is positive implicative. So
xαa ∈ {0}, i.e., xαa = 0, i.e., x ≤ a. Hence x ∈ A(a). Therefore A(a) is a Γ-ideal of
X.

(4)⇒(1): Suppose the condition (4) holds and suppose (xαy)βy = 0 for any
x, y ∈ X and any α, β ∈ Γ. Then clearly, xαy ≤ y, i.e., xαy ∈ A(y). By the
condition (4), A(y) is a Γ-ideal of X. It is obvious that y ∈ A(y). Thus x ∈ A(y).
So xαy = 0. Hence by Theorem 3.12, X id positive implicative. □

We obtain a characterization of a positive implicative Γ-BCK-algebra by Γ-ideals.

Theorem 4.19. Let X be a Γ-BCK-algebra. Then X is positive implicative if and
only if Aa is a Γ-ideal of X for each ideal I of X and each a ∈ X.

Proof. Suppose X is positive implicative, let I be any Γ-ideal of X and let a ∈ X.
Then by Theorem 4.18, I is a positive implicative Γ-ideal of X. Thus by Theorem
4.14, Aa is a Γ-ideal of X.

Conversely, suppose the necessary condition holds and let J be any Γ-ideal of X.
Suppose (xαy)βz ∈ J and yαz ∈ J for any x, y, z ∈ X and any α, β ∈ Γ. Consider
the set Az = {u ∈ X : uαz ∈ J}. Then clearly, xαy ∈ Az and y ∈ Az. Since Az

is a Γ-ideal of X, x ∈ Az. Thus xαz ∈ J. So J is positive implicative. Hence by
Theorem 4.18, X is positive implicative. □

Definition 4.20. Let X be Γ-BCK-algebra and let I be a nonempty subset of X.
Then I is called an implicative Γ-ideal (briefly, IΓI) of X, if it satisfies the following
conditions: for any x, y, z ∈ X and any α, β ∈ Γ,

(ΓI1) 0 ∈ I,
(ΓII2) if [xα(yβx]αz ∈ I and z ∈ I, then x ∈ I.
For any Γ-BCK-algebra X, it is obvious that X is always an IΓI of X which is

called the trivial implicative Γ-ideal.
It is obvious that every Γ-ideal of an implicative Γ-BCK-algebra X is implicative.

Example 4.21. Let X be the Γ-BCK-algebra given in Example 3.20 (3). Then
we can easily check that {0, 1, 2, 3} is an implicative Γ-ideal of X. Furthermore, {0}
is an ideal of X but not implicative, because [1α(2β1)]α0 ∈ {0} and 0 ∈ {0} but
1 ̸∈ {0}.
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Proposition 4.22. Every implicative Γ-ideal is an ideal but the converse is not
true.

Proof. The proof is clear. See Example 4.21 for the converse. □

Proposition 4.23. Every implicative Γ-ideal is positive implicative but the converse
is not true.

Proof. Let I be an implicative Γ-ideal of a Γ-BCK-algebraX and suppose (xαy)βz, yαz ∈
I for any x, y zinX and any α, β ∈ Γ. Then we get

[(xαz)βz]β(yαz) = [(xαz)β(yαz)]βz [By the identity (3.5)]
≤ (xαy)βz. [Proposition 3.6 (2)]

Since (xαy)βz ∈ I, by Proposition 4.5, [(xαz)βz]β(yαz) ∈ I. Since yαz ∈ I and I
is an ideal by Proposition 4.22, (xαz)βz ∈ I. On the other hand, we have

(xαz)β(xβ(xαz)) = [(xα(xβ(xαz))]βz [By the identity (3.5)]
= (xαz)βz ∈ I. [By Proposition 3.6 (6)]

Thus [(xαz)β(xβ(xαz))]α0 ∈ I. Since 0 ∈ I and I is implicative, xαz ∈ I. So I is
positive implicative.

In Example, 4.12, {0, 1, 3} is positive implicative but not implicative. □

The following is an equivalent condition of implicative Γ-ideals.

Theorem 4.24. Let I be a Γ-ideal of a Γ-BCK-algebra X. Then I is implicative
if and only if the following holds:

(4.2) xα(yβx) ∈ I implies x ∈ I for any x, y ∈ X and any α, β ∈ Γ.

Theorem 4.25. Let I be a positive implicative Γ-ideal of a Γ-BCK-algebra X.
Then I is implicative if and only if the following holds:

(4.3) yα(yβx) ∈ I implies xα(xβy) ∈ I for any x, y ∈ X and any α, β ∈ Γ.

Proof. Suppose I is implicative and suppose yα(yβx) ∈ I for any x, y ∈ X and any
α, β ∈ Γ. It is clear that [xα(xβy)]αx = 0. Then xα(xβy) ≤ x. Thus by Proposition
3.4 (1), yβx ≤ yβ(xα(xβy)]. Furthermore, we get

[xα(xβy)]α[yβ(xα(xβy))] ≤ [xα(xβy)]α(yβx) [By Proposition 3.4 (1)]
= [xα(yβx)]α(xβy). [By the identity (3.3)]

Note that [xα(yβx)]α(xβy) ≤ yα(yβx). So we we have

[xα(xβy)]α[yβ(xα(xβy))] ≤ yα(yβx).

Since I is a Γ-ideal of X by the hypothesis and Proposition 4.22, we get

([xα(xβy)]α[yβ(xα(xβy))])α0 ∈ I.

Since 0 ∈ I, by the condition (ΓII2), xα(xβy) ∈ I. Hence (4.3) holds.
Conversely, suppose necessary condition (4.3) holds and suppose [xα(yβx)]αz ∈

I, z ∈ I. Since I is positive implicative, by Proposition 4.13, I is an ideal of X.
Then xα(yβx) ∈ I. By Theorem 3.3 (1), we have

[yα(yβx)]α(yβx) ≤ xα(yβx) ∈ I.

Thus [yα(yβx)]α(yβx) ∈ I. Since I is positive implicative, by Theorem 4.16 (2),
yα(yβx) ∈ I. By the condition (4.3), we get

(4.4) xα(xβy) ∈ I.
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Furthermore, we have

(xαy)βz ≤ xαy ≤ xα(yβx) ∈ I.

So (xαy)βz ∈ I. Since z ∈ I and I is a Γ-ideal of X, xαy ∈ I. By the condition
(4.4), x ∈ I. Hence I is implicative. This completes the proof. □

We obtain a similar consequence to Proposition 4.17.

Proposition 4.26. If I is an implicative Γ-ideal of a Γ-BCK-algebra X, then every
Γ-ideal containing I is implicative.

Proof. Suppose I is implicative and let J be any Γ-ideal of X such that I ⊂ J .
From Proposition 4.23, it is obvious that I is positive implicative. By Proposition
4.17, J is positive implicative. To prove that I is implicative, it is sufficient to show
that J satisfies the condition (4.3). Suppose xα(xβy) ∈ J for any x, y ∈ X and
any α, β ∈ Γ and let u = xα(xβy). Then clearly, [xα(xβy)]αu = 0 ∈ I. Since I is
positive implicative, by Theorem 4.16 (3) and the identity (3.3), we have

(xαu)β[(xαy)βu] = (xαu)β[(xαu)βy] ∈ I.

Since I is implicative, by the condition (4.3), yα[yβ(xαu)] ∈ I. Since I ⊂ J ,
yα[yβ(xαu)] ∈ J. By Theorem 3.3 (2), yβ(yαx) ≤ x and yα[yβ(xαu)] ≤ xαu.
Thus we get

[yβ(yαx)]β[yα(yβ(xαu))] ≤ [yβ(yαu)]β(yαx) [By Theorem 3.3 (1)]
≤ xα(xβu) [By Proposition 3.4 (1)]
= xα[xβ(xα(xβy))] [Since u = xα(xβy)]
≤ xα(xβy) ∈ J.

So [yβ(yαx)]β[yα(yβ(xαu))] ∈ J. Since yα(yβ(xαu)) ∈ J , yβ(yαx) ∈ J. Hence by
Theorem 4.25, J is implicative. □

Also, we give a similar consequence of Theorem 4.18.

Theorem 4.27. Let X be a Γ-BCK-algebra. The the followings are equivalent:
(1) {0} is implicative,
(2) every Γ-ideal of X is implicative,
(3) A(a) is implicative for each a ∈ X,
(4) X is implicative.

Proof. (1)⇔(2): The proof is obvious from Proposition 4.26.
(2)⇔(3): The prof follows from Proposition 4.23 and Theorem 4.18.
(4)⇒(1): The proof is clear.
(1)⇒(4): Suppose {0} is implicative. Then by Proposition 4.23, {0} is positive

implicative. By Theorem 4.18, A(xα(yβx)) is a Γ-ideal of X for any x, y, z ∈ X. By
the hypothesis, A(xα(yβx)) is implicative. It is obvious that xα(yβx) ∈ A(xα(yβx)).
Thus x ∈ A(xα(yβx)). So x ≤ xα(yβx). It is clear that xα(yβx) ≤ x. Hence
x = xα(yβx). Therefore X is implicative. □

Definition 4.28. Let X be Γ-BCK-algebra and let I be a nonempty subset of X.
Then I is called a commutative Γ-ideal (briefly, CΓI) of X, if it satisfies the following
conditions: for any x, y, z ∈ X and any α, β ∈ Γ,

(ΓI1) 0 ∈ I,
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(ΓCI2) if [(xαy)βz] ∈ I and z ∈ I, then xα[yβ(yαx)] ∈ I.
For any Γ-BCK-algebra X, it is clear that X is always a CI of X which is called

the trivial commutative Γ-ideal.

Example 4.29. Let X be the Γ-BCK-algebra given in Example 3.20 (3). Then we
can easily check that {0, 4} is commutative but not positive implicative, {0, 1, 3} is
positive implicative but not commutative and {0, 1, 2, 3} is implicative.

Proposition 4.30. Every commutative Γ-ideal of a Γ-BCK-algebra X is a Γ-ideal
of X but the converse is not true.

Proof. The proof is obvious. See Example 4.29 for the converse. □

The following is an equivalent condition of commutative Γ-ideals.

Theorem 4.31. Let X be a Γ-BCK-algebra and let I be a Γ-ideal of X. Then I is
commutative if and only if it satisfies the following condition:

(4.5) xαy ∈ I implies xα[yβ(yαx)] ∈ I for any x, y ∈ X any α, β ∈ Γ.

Proof. The proof is straightforward. □

We obtain a similar consequence of Theorem 3.21 for Γ-ideals.

Theorem 4.32. Let X be a Γ-BCK-algebra and let I be anonempty subset of X.
Then I is implicative if and only if it is both commutative and positive implicative.

Proof. Suppose I is implicative. Then by Proposition 4.23, I is positive implicative.
It is sufficient to show that I is commutative.

Suppose xαy ∈ I for any x, y ∈ X and each α ∈ Γ. It is clear that

xα[yβ(yαx)] ≤ x for each β ∈ Γ.

Then we have

yαx ≤ yβ[xα(yβ(yαx))].

Let u = xα[yβ(yαx)]. Then we get
uβ(yαu) = [xα(yβ(yαx))]β[yα(xα(yβ(yαx)))]

≤ [xα(yβ(yαx))]β(yαx)
= [xα(yαx)]β[yβ(yαx)]
≤ xαy ∈ I.

Thus uβ(yαu) ∈ I. Since I is implicative, by Theorem 4.24, u ∈ I, i.e., xα[yβ(yαx)] ∈
I. So by Theorem 4.31, I is commutative.

Conversely, suppose the necessary condition holds and suppose xα(yβx) ∈ I for
any x, y ∈ X and each α ∈ Γ. It is clear that

[yα(yβx)]α(yβx) ≤ xα(yβx).

Then [yα(yβx)]α(yβx) ∈ I. Since I is positive implicative, by Theorem 4.16 (2), we
get

(4.6) yα(yβx) ∈ I.

Furthermore, by Theorem 3.3 (1) and the identity (3.3), we have

xαy ≤ xα(yβx).
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Since xα(yβx) ∈ I, xαy ∈ I. Since I is commutative, by Theorem 4.31,

(4.7) xβ[yα(yβx)] ∈ I.

Thus by (4.6) and (4.7), x ∈ I. So I is implicative. □

We obtain a similar consequence of Proposition 4.17 for implicative Γ-ideals.

Proposition 4.33. Let I and J be Γ-ideals of a Γ-BCK-algebra X such that I ⊂ J.
If I is commutative, then so is J .

Proof. Suppose I is commutative and suppose xαy ∈ J for any x, y ∈ X and
each α ∈ Γ. In order to prove that J is commutative, it is sufficient to show that
xα[yβ(yαx)] ∈ J by using Theorem 4.31. Let u = xαy. Then we have

(xαu)βy = (xαy)βu = 0 ∈ I.

Since I is commutative, by Theorem 4.31, we get

(xαu)α[yβ(yα(xαu))] ∈ I.

By the identity (3.3), we have

(xαu)α[yβ(yα(xαu))] = [xα(yβ(yα(xαu)))]αu.

Since I ⊂ J , xα[yβ(yα(xαu))]αu ∈ J. Since J is a Γ-ideal of X and u ∈ J,
xα[yβ(yα(xαu))] ∈ J. On the other hand,

[xα(yβ(yαx))]β[xα(yβ(yα(xαu)))] ≤ [yβ(yα(xβu))]α[yβ(yαx)]
≤ (yαx)β[yα(xβu)]
≤ (xβu)αx
= 0αu ∈ J.

Thus xα[yβ(yαx)] ∈ J. So by Theorem 4.31, J is commutative. □

The following is a characterization of commutative Γ-BCK-algebras.

Theorem 4.34. Let X be a Γ-BCK-algebra. The the followings are equivalent:
(1) {0} is commutative,
(2) every Γ-ideal of X is commutative,
(3) X is commutative.

Proof. (1)⇔(2): The proof is clear from Proposition 4.33.
(1)⇔(3): The proof follows from Theorem 3.17. □

5. Conclusions

We introduced various concepts of positive implicative [resp. commutative and
implicative] Γ-BCK-algebras and Γ-subalgebras [resp. positive implicative, commu-
tative and implicative] Γ-ideals and discussed these notions related to BCK-algebras
can be naturally extended to Γ-BCK-algebras.

In the future, we will use our proposed Γ-BCK-algebras to address quotient
Γ-BCK-algebras, homorphism problems and topological structures. Also, we will
discuss Γ-BCK-algebras in terms of Definition 3.23. Furthermore, by using the
concepts proposed in Appendix, we are going to apply Γ-BCK-algebras to fuzzy
sets.
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6. Appendix

For a nonempty set X, a mapping A : X → [0, 1] is called a fuzzy set in X (See
[22]). Saeid et al. [23] applied the concept of fuzzy sets to ideals of Γ-BCK-algebra.

Definition 6.1 (See [23]). Let X be a Γ-BCK-algebra and let A be a fuzzy set in
X. Then A is called:

(i) a fuzzy Γ-subalgebra of X, if A(xαy) ≥ A(x) ∧A(y),
(ii) a (anti) fuzzy Γ-ideal of X, if it satisfies the following conditions: for any

x, y ∈ X and each α ∈ Γ,
(a) A(0) ≥ A(x) (A(0) ≤ A(x)),
(b) A(x) ≥ A(xαy) ∧A(y) (A(x) ≤ A(xαy) ∨A(y)).

Definition 6.2. LetX be a Γ-BCK-algebra and let A be a fuzzy set inX. Then A is
called a fuzzy positive implicative Γ-ideal (briefly, FPIΓI) of X, if for any x, y, z ∈ X
and any α, β ∈ Γ,

(FΓI1) A(0) ≥ A(x),
(FPIΓI2) A(xαy) ≥ A((xαy)βz) ∧A(yαz).

Definition 6.3. Let X be a Γ-BCK-algebra and let A be a fuzzy set in X. Then
A is called a fuzzy commutative Γ-ideal (briefly, FCΓI) of X, if for any x, y, z ∈ X
and any α, β ∈ Γ,

(FΓI1) A(0) ≥ A(x),
(FCΓI2) A(xα[yβ(yαx)]) ≥ A((xαy)βz) ∧A(z).

Definition 6.4. Let X be a Γ-BCK-algebra and let A be a fuzzy set in X. Then
A is called a fuzzy implicative Γ-ideal (briefly, FIΓI) of X, if for any x, y, z ∈ X
and any α, β ∈ Γ,

(FΓI1) A(0) ≥ A(x),
(FIΓI2) A(x) ≥ A([xα(yβx)]αz) ∧A(z).
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[14] K. Iséki, On bounded BCK-algebras, Math. Seminar Notes 3 (1975) 23–33.

[15] S. Tanaka, A new class of algebras, Math. Seminar Notes 3 (1975) 37–43.
[16] S. Tanaka, Examples of BCK-algebras, Math. Seminar Notes 3 (1975) 75–82.

[17] J. Meng and Y. B. Jun, BCK-algebras, Kyung Moon Sa Co., Seoul, Korea 1994.

[18] J. Meng, Ideals in BCK-algebras, Pure Appl. Math. 2 (1986) 68–76.
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