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ABSTRACT. In this paper, we redefine I'-BC K-algebras in the sense
of Saeid et al. [I] and we introduce the concepts of positive implicative
[resp. commutative and implicative] I'-BC K-algebras and study some of
their properties. Also, we define I'-subalgebras [resp. positive implicative,
commutative and implicative] I'-ideals in a I'-BC K-algebra and investigate
several of their properties, relationships among them and their characteri-
zations respectively.

2020 AMS Classification: 03G25, 06F'35, 03E72, 08A35

Keywords:  Positive implicative [resp. commutative and implicative] I-BCK-
algebra, I'-subalgebra, Positive implicative [resp. commutative and implicative] I'-
ideal.

Corresponding Author: J. I. Back M. Cheong (jibaek@wku.ac.kr)
M. Cheong (poset@kau.ac.kr)

1. INTRODUCTION

In 1966, Imai and Iséki [2] introduced the concept of I-algebras as a class of ab-
stract algebras and studied its several properties. In 1978, Iséki and Tanaka [3] intro-
duced the notion of BC'K-algebras as a generalization of I-algebras. Iséki [4] defined
BCT-algebras as a generalization of BC' K-algebras. Hu and Li [5, 6] introduced the
concept of BC'H-algebras which any BC1I-algebra is a proper BC H-algebra. Jun
et al. [7] defined BH-algebras as a generalization of BCH/BC1/BC K-algebras.
Ahn and Kim [8], and Neggers et al. [9] introduced the notions of )S-algebras and
Q-algebras as another generalizations of BCH/BCI/BC K-algebras. Such logical
algebras have been applied by many mathematicians to group theory, computer sci-
ence, topology, decision making problems, etc. Since ideals in logical algebras play
an important role, numerous mathematicians have studied ideal problems.

In 1964, Nobusawa [10] introduced the concept of I'-rings as a generalization of
rings. Rao [11] defined T'-semirings as a generalization of I'-rings, ternary semiring
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and semiring. As a generalization of semigroups, Sen [12] introduced the notion of
I-semigroups. Rao [13] defined I'-groups as a generalization of groups and study its
various properties. Recently, Saeid et al. [1] introduced the new concept of I'-BCK-
algebras and discussed some of its properties, for examples, subalgebras, ideals,
closed ideals, normal subalgebras, normal ideals in I'-BC K-algebras and quotient
I'-BCK-algebras. However, in their paper [1], Theorem 3.15 is not true (See the first
statement in Section 3 for the reason). So, it is necessary to redefine the concept of
I'-BC K-algebras they defined.

The purpose of our study is to redefine I'-BC K-algebras in the sense of Saeid et
al. [1] and proceed with our study as follows: First, we define positive implicative
[resp. commutative and implicative] I'-BC K-algebras and investigate some of their
properties. Next, we introduce the notions of positive implicative [resp. commutative
and implicative] I'-ideals in a I'-BC K-algebra and discuss several of their properties,
relationships among them and their characterizations respectively.

2. PRELIMINARIES
We recall some definitions needed in next sections.

Definition 2.1 ([3, 4]). Let X be a nonempty set with a constant 0 and a binary
operation *. Consider the following axioms: for any z, y, z € X,

(A1) [(z*y) * (z* 2)]* (zxy) =0,

(Az) [z (zxy)xy =0,

(Az) zxx =0,
(Agy) zxy=0and y+*x =0 imply z =y,
(As) 0%z =0..

Then X is called a:
(i) BCI-algebra, if it satisfies axioms (A1)—(Ay),
(ii) BCK -algebra, if it satisfies axioms (A;)—(As).

In BCI-algebra or BC'K-algebra X, we define a binary operation < on X as
follows: for any x ,y € X,
r <y if and only if x xy = 0.

Definition 2.2. Let X be a BC'K-algebra. Then X is said to be:

(i) positive implicative [11], if (z * 2) * (y* 2) = (x xy) * z for any z, y, 2z € X,
(i) commutative [15, 16], if zx (x*xy) =y x (y*z) for any z, y € X,
(ii) smplicative [17], if z = z * (y * x) for any z, y € X.

Example 2.3. Let X = {0,1,2,3} be a set having the binary operation * on X
given by the table:

x[0 1 2 3
0/0 0 0 O
11 0 0 1
212 1 0 2
313 2 3 0
Table 2.1
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Then we can easily check that X is a BCK-algebra. Moreover, X is implicative.
See Example 1 (p.21) and Example 3 (p.23) in [17] respectively for examples of a
positive implicative BC' K-algebra and a commutative BC K-algebra.

Definition 2.4 ([18]). Let I be a nonempty set of a BC'K-algebra X. Then I is
called a subalgebra of X, if x xy € I for any x, y € X.

Definition 2.5 ([18]). Let I be a nonempty set of a BCK-algebra X. Then I is
called an ideal of X, if it satisfies the following conditions: for any x, y € X,
ioel,
(i) cxy el and y € I imply x € 1.

Definition 2.6 ([19]). Let I be a nonempty set of a BCK-algebra X. Then I is
called a positive implicative ideal of X, if it satisfies the following conditions: for any
x, Yy, z€ X,

(i)oel,

(ii) (x*y)xz€Tand yxz € I imply x * z € I.

Definition 2.7 ([20]). Let I be a nonempty set of a BCK-algebra X. Then [
is called an implicative ideal of X, if it satisfies the following conditions: for any
z, Yy, z € X,

ioel,

(i) [x*(y*x)]*xz € and z € I imply = € I.

Definition 2.8 ([21]). Let I be a nonempty set of a BCK-algebra X. Then I
is called a commutative ideal of X, if it satisfies the following conditions: for any
z, y, z€ X,

(i)0el,

(ii) (zxy)*z€ T and z € I imply x * [y * (y xx)] € I.

Definition 2.9 ([11]). Let X and T' be two nonempty sets. Then X is called a
T-semigroup, if there is a mapping f : X xT'x X — X, denoted by f(x,a,y) = zay
for each (x,,y) € X x ' x X, such that it satisfies the following condition: for any
z,y, z€ X and any o, B €T,

(2.1) za(yBz) = (zay)pPz.
Definition 2.10 ([11]). Let (X,+) and (T, +) be commutative semigroups. Then
X is called a I'-semiring, if there is a mapping f : X x I' x X — X, denoted by
flz,a,y) = zay for each (z,a,y) € X x T x X, such that it satisfies the following
conditions: for any z, y, z € X and any a, § € T,

(i) za(y + 2) = zay + zaz,

(ii) (x + y)az = zaz + yaz,

(iil) z(a + By = zay + x Py,

(iv) za(yBz) = (zay)pz.

It is obvious that every semiring X is a I'-semiring with I' = X and ternary
operation as the usual semiring multiplication.

Definition 2.11 ([11]). Let X be a I'-semiring. Then X is said to:
(i) have zero element, if there is 0 € X such that for each z € X and each a € T,

(2.2) 0+2=2=2x+0and Oax =0 = zal,
201
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(ii) commutative, if zay = yax for any x, y € X and each a € T.

3. SOME PROPERTIES OF I'-BC K-ALGEBRAS

[Theorem 3.15, [1]] is wrong. In order to prove it, Saeid et al. used the first
axiom of I'-BC K-algebra. However, x50 = = cannot be derived from axioms of a
I'-BC K-algebra and then we redefine I'-BC K-algebra as follows and study some of
its properties. Also we introduce some special I'-BC K-algebras and obtain some of
their properties.

Definition 3.1 (See [1]). Let X be a set with a constant 0 and let I' be a nonempty
set. Then X is called a I'-BCK -algebra, if there is a mapping f: X xI' x X — X,
denoted by f(z,a,y) = zay for each (z,a,y) € X x T' x X, satisfying the following
axioms: for any z, y, z € X and o, § €T,

(T'A1) [(zoy)B(zaz)]B(2ay) = 0,
(T'Az) [za(zpBy)]ay =0,

(TA3) if zay = 0 = yax, then z =y,
(TAy) zax =0,

(TAs) Oax = 0.

It is obvious that for a I'-BCK-algebra X and a fixed a € T, if we define the
operation * : X x X — X as follows: for any z, y € X,
(3.1) T*yY = zay,
then (X, *,0) is a BC K-algebra and is denoted by X,,.

Example 3.2. (1) Let A be an arbitrary nonempty set, let X = {f : A — R}, let
I' = {a} and let the ternary operation be defined as follows: for any f, g € X and

each a € A, |
(fag)(a) = { 0 i 7(0) < ot

fla) —g(a) if g(a) < f(a).
Then X is a I'-BC K-algebra.
(2) Let X be a nonempty set, let P(X) be the power set of X, let let T' = {a}
and let the ternary operation be defined as follows: for any A, B € P(X),

@ ifACB
A — B otherwise .
Then we can easily see that P(X) is a I'-BC K-algebra.

(3) Let X ={0,1,2,3}, let ' = {«, 8,7} and let the ternary operation be defined
by the table:

AaB:{

alO0 1 2 3|0 1 2 3|~v|/0 1 2 3

0|0 O O 0O|[]O|O O O OfjOJO O 0 O

11 0 0 Of[1|1 O O Ofj1]|1 0 0 1

212 2 0 01]2]2 2 0 0|22 3 0 2

313 2 0 0([3]3 3 0 0|33 3 0 0
Table 3.1

Then we can easily check that X is I'-BC K-algebra. Moreover, X, Xg and X, are
BCK-algebras.
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We define a binary relation < on a I'-BCK-algebra X as follows (See [1]): for
any z, y € X and each a € T,

(3.2) x <y if and only if zay = 0.

In this case, < is called a I'-BCK ordering. Then from (3.2), we obtain a charac-
terization of a I'-BC' K -algebra.

Theorem 3.3. A T'-algebra X is a I'-BCK -algebra if and only if it satisfies the
following conditions: for any x, y, z€ X and a, B €T,

(1) (zay)B(zaz) < zay,

(2) za(zBy) <y,

(3) z <z,

(4) if e <y and y < x, then © =y,

(5) 0 <=,

(6) x <y if and only if xay = 0.

The followings are immediate consequences of Definition 3.1 and Theorem 3.3.

Proposition 3.4. Let X be a I'-BCK -algebra. Then the followings hold: for any
x, y, 2z € X and each a € T,

(1) if x <y, then zay < zax,

(2) if e <y andy < z, then xz < z.

From Theorem 3.3 (3), (4) and Proposition 3.4 (2), it is clear that (X, <) is a
poset with the least element 0.

Proposition 3.5. Let X be a I'-BCK -algebra. Then the followings hold: for any
xz, Yy, z€ X and each o, B €T,

(3.3) (zay)Bz = (zaz)By.

Proposition 3.6. Let X be a I'-BCK -algebra. Then the followings hold: for any
z, Yy, 2z € X and each o, B €T,

)
) (xaz)B(yaz) < zay,

) if x <y, then zaz < yaz,
) ray <,

) zal = =,

We give a characterization of a I'-BC K-algebra.

Theorem 3.7. Let X be a set with a constant 0 and let T' be a nonempty set.
Then X is a T-BCK -algebra if and only if it satisfies axioms (T'Ay), (TA3) and the
following condition: for any x, y € X and each o € T,

(3.4) xa(0By) = .

Proof. (=): Suppose X is a I'-BC'K-algebra, let z, y € X and let o, 8 € . Then
by the axiom (T'As), za(08y) = za0. Thus by Proposition 3.6 (5), za0 = z. So
(3.4) holds.
(«<): Suppose the necessary conditions hold, let z, y € X and let o, 8 €
I'. Then by the axiom (I'A1), [(Oay)B(0a0)]8(0cy) = 0. By the condition (3.4),
203
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(0ay)B(0a0) = 0. Also by the condition (3.4), Oy = 0. Thus the axiom (I'As)
holds. So by the condition (3.4) and the axiom (I"A5), we get
(3.5) zal = x.

On the other hand, by the axiom (T'A;), [(z£0)a(z50)]«(050) = 0. Then by the
identity (3.5), xzax = 0. Thus the axiom (T"A4) holds. Also by the axiom (T'A;),
[(zB0)a(zfy)]a(yB0) = 0. By the identity (3.5), [za(zfy)]ay = 0. So the axiom
(T'A3) holds. Hence X is a I'-BC K-algebra. O

Now we define some special I'-BC K-algebras and discuss some of their properties.

Definition 3.8. A I'-BC K-algebra X is said to be positive implicative, if it satisfies
the following axiom: for any x, y, z € X and any «, S €T,

(3.6) (zaz)B(yaz) = (zay)Bz.

It is obvious that if X is a positive implicative I'-BC' K-algebra, then X, is a
positive implicative BC K-algebra for each av € T'.

Example 3.9. (1) Let X be a poset with the least element 0, let I' = {a} and let
the ternary operation « be defined as followings: for any z, y € X,

o — 0 ifx<y
Y=\ = otherwise.

Then X is a positive implicative I'-BC K-algebra. Furthermore, the I'-BC K-algebra
P(X) given in Example 3.2 (2) is positive implicative.
(2) Consider the I'-BC K-algebra X given in Example 3.2 (3). Then we have
(3a2)y(1a2) =1 # 0 = (3al)y2.

Thus X is not positive implicative.
(3) Let X = {0,1,2,3}, let ' = {«, 8} and let the ternary operation be defined
by the table:

al0 1L 2 3|[BJ0 L 2 3

0(0 0 0 0[[0]0 0 0 0

1/1 01 0l/1|1 00 0

212 2 0 2|/2/2 2 0 2

303 33 033330
Table 3.2

Then we can easily check that X is a positive implicative I'-BC' K-algebra. Moreover,
X, and X are positive implicative BC'K-algebras.

Proposition 3.10. Let X be a I'-BCK -algebra. Then the following holds: for any
z, ye X and any a, B €T,

(3.7) (zB(zay))B(yax) < xp(za(yf(ya))).

Proof. [((zB(zay)) Byax))]a(zf(zalyb(yar))))
= [(@B(zp(zalyf(yar)))))a(ray))]B(yax) [By the identity (3.3)]
= [((za(yB(yaz))))a(zay))|B(yax) By Proposition 3.6 (5)]

204



Shi et al./Ann. Fuzzy Math. Inform. 26 (2023), No. 3, 199-219

< (ya(yB(yax)))B(yax) [By Proposition 3.6 (2)]
= 0. [By the axiom (T'Aj)]
Then by Theorem 3.3 (5) and (4), we have

[((zB(zay))B(yax))]a(zb(zalyb(yar)))) = 0.
Thus the inequality (3.7) holds. O

Theorem 3.11. Let X be a I'-BCK-algebra. Then the followings are equivalent:
for any x, y, z € X and any o, p €T,

(1) X is positive implicative,

(2) zay = (zay)By,
Proof. (1) = (2): Suppose X is positive implicative, let z, y € X and let a, 8 € T.
Then by the identity (3.6), we get

zay = (zay)B(yay) = (zay)By.
Thus the condition (2) holds.
(2) = (1): Suppose the condition (2) holds, let z, y € X and let a, 8 € T'. Then
we have
zaz)B(yaz))B((zay)Bz)
(xaz)ﬂz) (yaz))B8((zay)Bz) [By the condition (2)]
By)B((xay)Bz) [By Proposition 3.6 (2)]
xay)ﬁz)ﬁ((may)ﬂz) [By the identity (3.3)]
= 0.[By the axiom (T'A,)]
Thus ((zaz)B(yaz))B((zay)Bz) = 0. So (zaz)f(yaz) < (xay)fz. The proof of
converse inequality is easy. Hence (zaz)B(yaz) = (zay)Bz. Therefore the condition
(1) holds. O

Theorem 3.12. Let X be a I'-BCK -algebra. Then the followings are equivalent:
forany x, y, z€ X and any o, B €T,
(1) X is positive implicative,
(2) if (xay)Bz = 0, then (xaz)B(yaz) =0,
(3) if (zay)By =0, then zay = 0.
Proof. (1) = (2): The proof follows from the identity (3.6).
(2) = (3): Suppose the condition (2) holds and (zay)By = 0 for any z, y € X
and let o, 8 € T'. Then we have
zay = (zay)B0 [By Proposition 3.6 (5)]
= (zay)B(yay) [By the axiom (T'Ay)]
= 0. [By the condition (2)]
Thus the condition (3) holds.
(3) = (1): Suppose the condition (3) holds. For any =, y € X and any «, 3 € 7,
let u = (zay)By. Then we have
((xaw)py)ay = ((zay)Pu)ay [By the identity (3.3)]
= ((zay)By)au By the identity (3.3)]
= ((zay)By)a((zay)By)
= 0. [By the axiom (T'Ay)]
Thus by the hypothesis and the identity (3.3), 0 = (zau)By = (zay)pfu, i.e.,

(zay)B((zay)By) = 0.
205
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So zay < (xay)By. On the other hand, from the identity (3.3) and the axiom
(T'As), ((zay)By)B(zay) = 0, ie., (zay)By < xay. Hence by Proposition 3.6 (3),
zay = (zay)By. Therefore by Theorem 3.10, X is positive implicative. O

Definition 3.13 ([1]). A T-BCK-algebra X is said to be commutative, if it satisfies
the following axiom: for any x, y € X and any «, g €T,

(3.8) ya(yBr) = za(zPfy).

We can easily see that if X is a commutative I'-BC K-algebra, then X, is a
commutative BC K-algebra for each a € T'.

Example 3.14. (1) Let X be the I'-BC K-algebra in given Example 3.2 (3). Then
30/(382) = 0 # 2 = 2a(253).

Thus X is not commutative. But the I'-BC K-algebra P(X) given in Example 3.2
(2) is commutative.

(2) Let X = {0,1,2,3}, let T' = {«, 8} and let the the ternary operation be
defined as the following table:

al0 1 2 3|0 1 2 3

0/0 O O OfJO]O O O O

1/1 0 1 111 0 1 1

212 2 0 01|22 2 0 2

313 3 20133 3 30
Table 3.3

Then we can easily check that X is commutative I'-BC K-algebra.

From the identity (3.8), we obtain a characterization of commutative I'-BC K-
algebras.

Theorem 3.15. Let X be a I'-BCK -algebra. Then the followings are equivalent:
for any x, y € X and any o, p €T,

(1) X is commutative,

(2) za(zBy) < yo(ypu),

(3) (za(zBy))a(ya(ypz)) = 0.
Lemma 3.16 (See Theorem 3.16, [1]). Let X be a I'-BCK -algebra. Then the

followings are equivalent: for any x, y € X and any o, 8 €T,
(1) X is commutative,

(2) if x <y, then x = ya(yBz).

Theorem 3.17. Let X be a I'-BCK -algebra. Then the followings are equivalent:
for any x, y, z € X and any o, p €T,

)ifz, y <z and zay < zax, then zay,

) if ¥ <y, then = ya(yPz),

) X is commutative,

) if zay = 0, then za(yB(yazx)) = 0.
206
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Proof. The proofs of (1) = (2) and (3) < (5) are straightforward.

(2) = (3): Suppose z < y. By Proposition 3.6 (4), ya(yBz) < y. Then by
Proposition 3.6 (3), yB(ya(yBz)) < yBz. Thus by the hypothesis, z < ya(yfz). It
is clear that ya(yBz) < x. So x = ya(yfx).

(3) = (4): The proof follows from Lemma 3.16.

(4) = (1): Suppose the condition (4) holds, and suppose = < z and zay < zax.
Then clearly, zaz = 0 and (zay)S(zaxz) = 0. Thus we have

zay = (za(zaz))fy [By Proposition 3.6 (5)]
(za(zax))By [Since X is commutative]
(zay)B(zax) [By the identity (3.3)]
0.
So x < y. Hence (1) holds. O

Also, we obtain another characterization of a commutative I'-BC K-algebra.

Theorem 3.18. Let X be a I'-BCK-algebra. Then followings are equivalent: for
any x, y € X and any o, B €T,
(1) X is commutative,

(2) za(zBy) = ya(yB(za(zpy))).
Definition 3.19. Let X be a I'-BC K-algebra. Then X is said to be implicative, if
it satisfies the following condition:

(3.9) z = za(yfz) for any z, y € X and any o, g €T

It is clear that if X is an implicative I'-BC K-algebra, then X, is an implicative
BC K-algebra fore each a € T'.

Example 3.20. (1) Let X = {0,1}, let I' = {a} and let the ternary operation be
defined as follows:
1la0 =1, 0a0 = 0al = 1al = 0.
Then clearly X is an implicative I'-BC K -algebra. Furthermore, the I'-BC K-algebra
P(X) given in Example 3.2 (2) is implicative.
(2) Let X = {0,1,2,3}, let I' = {a, 5} and let the the ternary operation be
defined as the following table:

al0 1 2 3|80 1 2 3

0|0 O O O|[]O]O O O O

1/1 0 1 O0ff1]1 0 1 2

212 2 0 2(/2(|2 2 0 2

313 2 3 0|33 2 3 0
Table 3.4

Then clearly, X is an implicative I'-BC K-algebra.

(3) Let X = {0,1,2,3,4}, let T' = {«, 8} and let the the ternary operation be
defined as the following table:
Then X is a I-BCK-algebra. But it is neither implicative nor commutative.
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al0 1 2 3 4(|p]0 1 2 3 4

0/0 O O O Of|]0OJO O O O O

1/1 0 1 0 Off1(1 0 1 0 O

212 2 0 0 04[22 2 0 1 0

313 1.0 0 0|33 1 3 0 0

414 4 4 4 0(]|4(4 4 4 4 0
Table 3.5

We give a relationship among implicativeness, commutativity and positive im-
plicativeness.

Theorem 3.21. Let X be a I'-BCK -algebra. Then X is implicative if and only if
it is commutative and positive implicative.

Proof. Suppose X is implicative, let =, y € X and let a, 8 € I'. Then we have

ray = (vay)B(yB(zay)) = (vay)By.

Thus by Theorem 3.11, X is positive implicative. On the other hand, we get
za(zfy) = (za(yBz))a(zBy) [By the hypothesis]
< ya(yBx). [By Theorem 3.3 (1)]
Similarly, we get ya(ySz) < za(zfy). So za(zfy) = ya(yPfzx). Hence X is commu-
tative.
Conversely, suppose the necessary conditions hold and let z, y € X and o, 5 €T
Then we have
zf(za(yBr)) = (yBx)a((yBr)ax) [Since X is commutative]
= ((yBz)ax)a((yBz)az) By Theorem 3.2 (1)]
= 0. [By the axiom (T'Ay4)]
Thus z < za(ypz). On the other hand, by Proposition 3.6 (4), (za(yBz))az = 0.
So za(yfz) < x. By Theorem 3.3 (4), z = za(yfz). Hence X is implicative. This
completes the proof. O

Finally, we give a sufficient condition of implicative I'-BC K-algebras.

Proposition 3.22. Let X be a I'-BCK -algebra. Suppose the following condition
holds: for any z, y € X and any a, B €T,

(3.10) [za(zBy)]a(zBy) = [ya(yBz)]a(yB).
Then X is implicative.
Proof. Suppose the condition (3.10) holds, let z, y € X and let o, § € I'. Then we

get

zay = [(xay)al]al [By Proposition 3.6 (5)]

=
= [(zay)a((zazx)By)|al(zaz) By [By the axioms (I'A4) and (I'As)]
— [(zoy)a((zay)Bx)o](zay)Bx] [By the identity (3.3)]
— [yo(yBa)|e(ybz) [Putting zay = 1]
= [za(xfy)]a(zPy) By the condition (3.10)]
— [ra(zB(zoy))afsB(zay)] [Since y = zay]
= (zay)azf(ray)] [By Proposition 3.6 (6)]
= [za(zf(zay))]ay [By the identity (3.3)]
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= (zay)ay. [By Proposition 3.6 (6)]
Thus X is positive implicative. On the other hand, we have
za(zfy) = [za(zfy)]a(xzPy) [By Proposition 3.6 (6)]
= [ya(yBx)]a(yBz) [By the condition (3.10)]
= ya(yBz). [By Proposition 3.6 (6)]
So X is commutative. Hence by Theorem 3.21, X is implicative. O

Let X be a I'-BCK-algebra in the sense of Saeid et al. [1]. If X is a I-semigroup,
then we can easily see that (I'As) holds. Thus we redefine a I'-BCK-algebra as
follows:

Definition 3.23. Let X be a I'-semigroup. Then X is called a I'-BC' K -algebra, if
it satisfies the following axioms: for any x, y, 2z € X and o, B €T,

(FAy) [(way)B(zaz)]B(zay) = 0,

(TAy) if zay = 0 = yax, then = =y,

(TA3) zax =0,

(TA4) Oax = 0.

4. SOME I'-IDEALS OF I'-BC K-ALGEBRAS

Iséki [19] introduced the concepts of ideals and positive implicative ideals (called
implicative ideals) in BCK-algebras, and Meng [18, 21] proposed the notions of
implicative ideals and commutative ideals in BC K-algebras respectively. By modi-
fying them, we introduce the concepts of ideals, positive implicative ideals, implica-
tive ideals and commutative ideals in I'-BC K-algebras and discuss some of their
properties.

Definition 4.1 ([1]). Let X be a I~BCK-algebra and let A be a nonempty subset
of X. Then A is called a I'-subalgebra of X, if it satisfies the following condition:

(4.1) zay € A for any z, y € A and for each a € T'.

Example 4.2. Let I' = {a} and let X = {0,1,2,3,4} be the I'-BC K-algebra with
the ternary operation be defined by the following table:

al0 1 2 3 4
00 0 O 0 O
1/1 0 0 0 O
212 1 0 0 1
313 3 3 00
414 4 4 4 0
Table 4.1

Then {0,1,2} is a I'-subalgebra of X. Also, in I'-BCK-algebra X given in Example
3.2 (3), {0,1,2} is a I’-subalgebra of X.
(2) Let X be the I'~BCK-algebra given in Example 3.20 (3). Then clearly,
{0,1,2,3} is a I'-subalgebra of X.
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Definition 4.3 ([1]). Let X be I'~BCK-algebra and let I be a nonempty set of
X. Then [ is called a I'-ideal of X, if it satisfies the following conditions: for any
z, y€ X and each a €T,

(Th) 0 €I,

(TLy) if xay € I and y € I, then = € I.

A T-ideal T is said to be proper, if I # X. It is obvious that X and {0} are
I'-ideals of X. In particular, X is called a trivial I'-ideal of X.

Example 4.4. (1) Let X be the I-BC K-algebra given in Example 3.2 (3). Consider
two subsets I; and I, of X given by:

L ={0,1}, I, ={0,1,2}.
Then clearly, I; is a I'-ideal of X. On the other hand, 302 =1 € I5 and 2 € I5 but
3 & I. Thus I is not a I'-ideal of X. In fact, I3 is a I'-subalgebra of X.

(2) Let X be the commutative I'-BC K-algebra given in Example 3.14 (2). Then
we can easily see that X has only two I'-ideals {0} and X.

Proposition 4.5 (See Theorem 4.4, [1]). Let I be a I'-ideal of a T'-BCK -algebra X
andletx e l. If y <z, theny € I.

Definition 4.6. Let X be I'-BC'K-algebra and let a, b € X and a € T be fixed.
Then the subset A, (a,b) of X is defined as follows:

An(a,b) ={zx € X : zaa < b}.
It is obvious that 0, a, b € A,(a,b).
Example 4.7. Let X be the I'-BCK-algebra in Example 3.2 (3). Then clearly,
An(1,2) = X, Ap(1,2) ={0,1,2} = A,(1,2).
We obtain an equivalent condition of I'-ideals in a I'-BC K-algebra.

Theorem 4.8. Let I be a nonempty subset of a I'-BCK-algebra X. Then I is a
[-ideal of X if and only if An(x,y) C I for any x, y € I and each a € T.

Proof. Suppose I is a I'-ideal of X, let z, y € I and let a € I'. Let z € A, (z,v).
Then clearly, zax < y. Thus by Proposition 4.5, zax € I. Since x € I and [ is a
I-ideal of X, z € I. So A, (x,y) C I.

Suppose the necessary condition holds. Since I # @, there is € I. Then by
the axiom (I'Aj), Oax < x. Thus 0 € A,(x,x). Since Aq(x,x) C I, 0 € I. So
the condition (I'T;) holds. Now let xzay € I and y € I. Then by Theorem 3.3 (2),
za(xfy) <y. Thus z € A,(zBy,y) C I. So the condition (I'ly) holds. Hence I is a
I'-ideal of X. O

The following is an immediate consequence of Theorem 4.8.

Corollary 4.9. I be aT'-ideal of a I'-BCK -algebra X if and only if for any x, y € I,
each x € X and any o, B €T, (zax)By = 0 implies z € I.

Proposition 4.10. FEvery I'-ideal of a T'-BCK -algebra X is a I'-subalgebra of X .

Proof. The proof is straightforward. O
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Definition 4.11. Let X be I'-BCK-algebra and let I be a nonempty set of X.
Then I is called a positive implicative T'-ideal (briefly, PITT) of X, if it satisfies the
following conditions: for any x, y, z € X and any «, § €T,

(Th) 0 €I,

(TPIL,) if (zay)Bz € I and yaz € I, then zaz € 1.

It is obvious that X is a PII'T of X.

Example 4.12. Let X be the I'-BC K-algebra given in Example 3.20 (3). Then we
can easily check that {0,1,3} and {0,1,2,3} are positive implicative I'-ideals of X.

Proposition 4.13. FEvery positive implicative I'-ideal of I'-BC K -algebra is a T'-ideal
but the converse is not true.

Proof. Let X be a I'~-BCK-algebra and let I be a positive implicative I'-ideal of
X. Suppose zay € I and y € I for any =, y € X and each a € T'. Then clearly,
(ay)B0 € I and ya0 € I. Thus by the condition (I'PIly), 2 = za0 € I. So I is a
I-ideal of X. On the other hand, in Example 4.12, it is clear that {0} is a I'-ideal
of X. But (3a1)81 =0 € {0} and 1lal =0 € {0} but 3al =1 ¢ {0}. So {0} is not
a positive implicative I'-ideal of X. O

We provide an equivalent of positive implicative I'-ideals.

Theorem 4.14. Let I be a I'-ideal of a I'-BCK -algebra X. Then I is positive
implicative if and only if the set A, = {x € X : zaa € I for each a € T'} is a T'-ideal
of X for each a € X.

Proof. Suppose I is positive implicative and let a € I', a € X. Suppose zay € A,
and y € A,. Then clearly, (zay)fa € I and yaa € I. Thus by the condition (I'PII,),
zaa € I. So x € A,. Hence A, is a I'-ideal of X.

Now suppose the necessary condition holds. Suppose (zay)Bz € I and yaz € T
for any x, y, z € X and any «, € I'. Then clearly, zay € A, and y € A,. Thus
by the hypothesis, € A,. So xaz € I. Hence [ is positive implicative. O

The following is an immediate consequence of Theorem 4.14.

Corollary 4.15. If I is a positive implicative I'-ideal of a I'-BC'K -algebra X, then
for each a € X, A, is the least T-ideal of X such that I U{a} C A,.

The following is a characterization of positive implicative I'-ideals.

Theorem 4.16. Let I be a nonempty subset of a I'-BCK -algebra X. Then the
followings are equivalent:

(1) I is a positive implicative T-ideal of X,

(2) I is an ideal of X and (xay)By € I implies xay € I for any x, y € X and
a, peT,

(3) Iis aT-ideal of X and (zay)Bz € I implies (xaz)B(yaz) € I foranyx, y, z €
X and o, B €T,

(4) 0 € I, and [(zay)Bylaz € I and z € I imply zay € I for any z, y, z € X
and o, B €T

Proof. (1)=(2): Suppose I is a positive implicative I'-ideal of X. Then by Propo-

sition 4.13, I is a I'-ideal of X. Now suppose (zay)fy € I for any z, y € X and

a, B €T. Since yay =0 € I, by (I'PIly), zay € I. Then the condition (2) holds.
211



Shi et al./Ann. Fuzzy Math. Inform. 26 (2023), No. 3, 199-219

(2)=-(3): Suppose the condition (2) holds and suppose (zay)Bz € I for any
z, y, z€ X and «a, § € I'. Then we have

[(zB(yaz))az]Bz = [(zaz)B(yaz)]fz [By the identity (3.3)]
< (zay)Bz [By Proposition 3.6 (2) and (3)]
Thus by Proposition 4.5, [(x8(yaz))az]5z € I. By the hypothesis, [x8(yaz)]az € 1.
By the identity (3.3), [z8(yaz)]az = (zaz)B(yaz). So (zaz)B(yaz) € I. Hence the
condition (3) holds.

(3)=(4): Suppose the condition (3) holds. Then it is obvious that 0 € I. Suppose
[(zay)Bylaz € I and z € I for any x, y, 2 € X and a, B € I'. Then by the identity
(3.3), we get

[(zay)Bylaz = [(zaz)By|az.

Thus [(zaz)Bylaz € I. On the other hand, from the identity (3.3), the axiom (I'A4)
and the condition (3), we have
(zaz)fy = (zay)Bz = [(raz)Byla(yay) € 1.

Since I is a I'-ideal of X and z € I, zay € I. So the condition (4) holds.
(4)=(1): Suppose the condition (4) holds. Suppose zay € I and y € I for any
x, y € X and each a € T'. Then by Proposition 3.6 (5), we get

zay = [(xa0)B0]ay.

Thus [(xza0)80]ay € I and y € I. By the condition (4), za0 € I. By Proposition 3.6
(5), xa0 = z. So x € I. Hence I is a I'-ideal of X.

Now suppose (zay)Bz € I and yaz € I for any x, y, z € X and any «, 8 € T.
Then from the identity (3.3), and Proposition 3.6 (2) and (3), we have

[(zaz)Bz]B(yaz) = [(zaz)B(yaz)|Bz < (zay)Bz.
Since (ray)Bz € I, [(zaz)Bz|B(yaz) € I. Since yaz € I, by the condition (4),
xay € I. Thus I is a positive implicative I'-ideal of X. This completes the proof. [
Proposition 4.17. Let I and J be I'-ideals of a I'-BCK -algebra X such that I C J.

If I is positive implicative, then so is J.

Proof. Suppose (zay)fBz € J and yaz € J for any z, y, z € X and any «, 8 €I
Let u = (xay)Bz. Then from the identity (3.3), the axiom (I"A4) and the hypothesis,
we have

[(zou)Bylaz = [(zay)Bulaz = [(zay)Bzlau =0 € I.
Since [ is positive implicative, by Theorem 4.16 (3), we get
[(zau)Bzla(yaz) € 1.
On the other hand, from the identity (3.3), we have

[(zaw)Bzla(yaz) = [(zaz)B(yaz)]fu = [(zaz)B(yez)|B](zay)Bz].

Thus [(zaz)B(yaz)|B[(zay)Bz] € I. Since I C J, [(zaz)B(yaz)|B[(zay)Bz] € J.

Since (zay)Bz € J and J is an ideal of X, (zaz)B(yaz) € J. So by Theorem 4.16

(3), J is positive implicative. d
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Theorem 4.18. Let X be a I'-BCK -algebra. Then the followings are equivalent:
(1) X is positive implicative,
(2) {0} is a positive implicative I'-ideal of X,
(3) every I'-ideal of X is positive implicative,
(4) the set A(a) ={x € X : x < a} is a T'-ideal of X for each a € X.

Proof. (1)=(2): Suppose X is positive implicative. It is clear that {0} is a I'-ideal of
X. Suppose (zay)By € {0} for any z, y € X and any «, § € I'. Since X is positive
implicative, by Theorem 3.12, zay = (xay)By. Then by the hypothesis, zay € {0}.
Thus by Theorem 4.16 (2), {0} is positive implicative.

(2)=(3): The proof is clear from Proposition 4.17.

(3)=(4): Suppose the condition (3) holds and suppose zay, y € A(a) for each
a € X and each o € T'. Then clearly, zay < a and y < a. Thus (zay)Ba = 0 € {0}
and yaa = 0 € {0} for any 8 € T'. By the hypothesis, {0} is positive implicative. So
zaa € {0}, i.e., zaa =0, i.e.,, x < a. Hence z € A(a). Therefore A(a) is a I'-ideal of
X.

(4)=(1): Suppose the condition (4) holds and suppose (zay)By = 0 for any
z, y € X and any «, S € I'. Then clearly, zay < y, ie., zay € A(y). By the
condition (4), A(y) is a I'-ideal of X. It is obvious that y € A(y). Thus = € A(y).
So xay = 0. Hence by Theorem 3.12, X id positive implicative. O

We obtain a characterization of a positive implicative I'- BC K -algebra by I'-ideals.

Theorem 4.19. Let X be a '-BCK -algebra. Then X is positive implicative if and
only if A, is a I'-ideal of X for each ideal I of X and each a € X.

Proof. Suppose X is positive implicative, let I be any I'-ideal of X and let a € X.
Then by Theorem 4.18, I is a positive implicative I'-ideal of X. Thus by Theorem
4.14, A, is a I'-ideal of X.

Conversely, suppose the necessary condition holds and let J be any I'-ideal of X.
Suppose (zay)Bz € J and yaz € J for any z, y, z € X and any «, 8 € T'. Consider
the set A, = {u € X : uaz € J}. Then clearly, zay € A, and y € A,. Since A,
is a I'-ideal of X, x € A,. Thus zaz € J. So J is positive implicative. Hence by
Theorem 4.18, X is positive implicative. O

Definition 4.20. Let X be I'-BCK-algebra and let I be a nonempty subset of X.
Then [ is called an implicative T'-ideal (briefly, IT'T) of X if it satisfies the following
conditions: for any z, y, z € X and any «, S €T,

(Th) 0 €I,

(T'IL,) if [za(yBrlaz € I and z € I, then z € I.

For any I'-BC K-algebra X, it is obvious that X is always an II'T of X which is
called the trivial implicative I'-ideal.

It is obvious that every I'-ideal of an implicative I'-BC K-algebra X is implicative.

Example 4.21. Let X be the I-BCK-algebra given in Example 3.20 (3). Then
we can easily check that {0,1,2,3} is an implicative I'-ideal of X. Furthermore, {0}
is an ideal of X but not implicative, because [1la(281)]a0 € {0} and 0 € {0} but
1 ¢ {0}.
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Proposition 4.22. Every implicative I'-ideal is an ideal but the converse is not
true.

Proof. The proof is clear. See Example 4.21 for the converse. O

Proposition 4.23. Fvery implicative I'-ideal is positive implicative but the converse
18 not true.

Proof. Let I be an implicative I'-ideal of a I'-BC K-algebra X and suppose (zay)Bz, yaz €
I for any z, y zinX and any «, B € I'. Then we get
[(zaz)Bz|f(yaz) = [(zaz)B(yaz)]fz By the identity (3.5)]
< (zay)Bz. [Proposition 3.6 (2)]
Since (xay)Bz € I, by Proposition 4.5, [(zaz)pz]f(yaz) € I. Since yaz € I and I
is an ideal by Proposition 4.22, (zaz)Bz € I. On the other hand, we have
(raz)B(xf(zaz)) = [(za(xzf(zaz))]Bz [By the identity (3.5)]
= (zaz)Bz € I. [By Proposition 3.6 (6)]
Thus [(zaz)B(xf(zaz))]a0 € I. Since 0 € I and I is implicative, zaz € I. So I is
positive implicative.
In Example, 4.12, {0, 1, 3} is positive implicative but not implicative. O

The following is an equivalent condition of implicative I'-ideals.

Theorem 4.24. Let I be a I'-ideal of a I'-BCK -algebra X. Then I is implicative
if and only if the following holds:

(4.2) za(yBx) € I implies x € I for any x, y € X and any «, B €T.

Theorem 4.25. Let I be a positive implicative I'-ideal of a T'-BCK -algebra X.
Then I is implicative if and only if the following holds:

(4.3)  ya(yBz) € I implies xa(xzfy) € I for any xz, y € X and any o, B €T.

Proof. Suppose I is implicative and suppose ya(yfz) € I for any x, y € X and any
a, B €T. Tt is clear that [xa(xfy)]ax = 0. Then za(xfy) < z. Thus by Proposition
3.4 (1), yBx < yB(xa(xPy)]. Furthermore, we get
[za(zBy)|alyB(za(zfy))] < [za(zBy)la(yBz) [By Proposition 3.4 (1)]
= [za(yBz)]|a(xzBy). [By the identity (3.3)]
Note that [za(yfz)]a(zBy) < ya(yBz). So we we have
[za(zfy)]alyf(za(zfy))] < yolyB).

Since [ is a I'-ideal of X by the hypothesis and Proposition 4.22, we get

([za(zBy)|alyB(za(zBy))])a0 € I.

Since 0 € I, by the condition (I'Ily), za(xzpfy) € I. Hence (4.3) holds.

Conversely, suppose necessary condition (4.3) holds and suppose [za(ySz)]az €
I, z € I. Since [ is positive implicative, by Proposition 4.13, I is an ideal of X.
Then za(yBz) € I. By Theorem 3.3 (1), we have

[ya(yBa)lalybr) < za(yfe) € 1.
Thus [ya(yBz)|a(yBx) € I. Since I is positive implicative, by Theorem 4.16 (2),
ya(yPx) € I. By the condition (4.3), we get

(4.4) za(xPy) € 1.
214



Shi et al./Ann. Fuzzy Math. Inform. 26 (2023), No. 3, 199-219

Furthermore, we have
(zay)fz < zay < za(yPzx) € 1.

So (zay)Bz € I. Since z € I and I is a I'-ideal of X, xay € I. By the condition
(4.4), z € I. Hence [ is implicative. This completes the proof. O

We obtain a similar consequence to Proposition 4.17.

Proposition 4.26. If I is an implicative I'-ideal of a I'-BC K -algebra X, then every
I'-ideal containing I is implicative.

Proof. Suppose I is implicative and let J be any I'-ideal of X such that I C J.
From Proposition 4.23, it is obvious that [ is positive implicative. By Proposition
4.17, J is positive implicative. To prove that I is implicative, it is sufficient to show
that J satisfies the condition (4.3). Suppose za(zfy) € J for any z, y € X and
any a, 8 € I' and let u = za(zBy). Then clearly, [za(z8y)]au = 0 € I. Since [ is
positive implicative, by Theorem 4.16 (3) and the identity (3.3), we have

(zau)B|(zay)Bu] = (zau)B[(zau)By] € I.

Since I is implicative, by the condition (4.3), ya[yB(zau)] € I. Since I C J,
yalyB(zau)] € J. By Theorem 3.3 (2), yf(yaz) < z and yalyS(zau)] < zou.
Thus we get
(B (ya)|BlyalyB(zaw))] < [yB(yaw)|f(yaz) [By Theorem 3.3 (1)

< za(zfu) [By Proposition 3.4 (1)]

= zalzf(za(zBy))] [Since u = za(zPy)]

< za(xpPy) € J.
So [yB(yax)|Blya(yB(zau))] € J. Since ya(yB(xau)) € J, yB(yazx) € J. Hence by
Theorem 4.25, J is implicative. O

Also, we give a similar consequence of Theorem 4.18.

Theorem 4.27. Let X be a I'-BCK -algebra. The the followings are equivalent:
(1) {0} is implicative,
(2) every I'-ideal of X is implicative,
(3) A(a) is implicative for each a € X,
(4) X is implicative.

Proof. (1)<(2): The proof is obvious from Proposition 4.26.

(2)<(3): The prof follows from Proposition 4.23 and Theorem 4.18.

(4)=(1): The proof is clear.

(1)=(4): Suppose {0} is implicative. Then by Proposition 4.23, {0} is positive
implicative. By Theorem 4.18; A(zxa(yfx)) is a I'-ideal of X for any z, y, z € X. By
the hypothesis, A(za(yBz)) is implicative. It is obvious that za(yfz) € A(za(ypz)).
Thus z € A(za(yfx)). So x < za(yBz). It is clear that za(yBz) < x. Hence
x = za(yBz). Therefore X is implicative. O

Definition 4.28. Let X be I'-BC K-algebra and let I be a nonempty subset of X.
Then T is called a commutative T'-ideal (briefly, CT'T) of X, if it satisfies the following
conditions: for any z, y, z € X and any o, 8 € T,
(Ty) 0€el,
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(IClLy) if [(zay)Bz] € I and z € I, then zalyf(yaz)] € I.
For any I'-BC K-algebra X, it is clear that X is always a CI of X which is called
the trivial commutative I'-ideal.

Example 4.29. Let X be the I'-BC K-algebra given in Example 3.20 (3). Then we
can easily check that {0,4} is commutative but not positive implicative, {0, 1,3} is
positive implicative but not commutative and {0,1, 2,3} is implicative.

Proposition 4.30. Every commutative I'-ideal of a IT'-BCK -algebra X is a I'-ideal
of X but the converse is not true.

Proof. The proof is obvious. See Example 4.29 for the converse. 0

The following is an equivalent condition of commutative I'-ideals.

Theorem 4.31. Let X be a I'-BCK -algebra and let I be a I'-ideal of X. Then I is
commutative if and only if it satisfies the following condition:

(4.5) zay € I implies zalyB(yax)) € I for any x, y € X any a, B €T.
Proof. The proof is straightforward. 0
We obtain a similar consequence of Theorem 3.21 for I'-ideals.

Theorem 4.32. Let X be a I'-BCK -algebra and let I be anonempty subset of X.
Then I is implicative if and only if it is both commutative and positive implicative.

Proof. Suppose I is implicative. Then by Proposition 4.23, I is positive implicative.
It is sufficient to show that I is commutative.
Suppose zay € I for any x, y € X and each a € T'. It is clear that

zayB(yax)] < z for each 8 €T

Then we have
yaz < yBlza(yB(yax))].
)]. Then we get

= [za(yB(yaz))|Blya(za(yB(yar)))]
f [za(yB(yazx))]B(yar)

Let u = zafyB(ya

<zay € l.
Thus ufB(yau) € I. Since I is implicative, by Theorem 4.24, u € I, i.e., zafyB(yax)] €
1. So by Theorem 4.31, I is commutative.
Conversely, suppose the necessary condition holds and suppose za(yS8z) € I for
any z, y € X and each a € I'. It is clear that

lya(yBz)]la(yBz) < za(yfz).
Then [ya(yBz)]a(yBz) € I. Since [ is positive implicative, by Theorem 4.16 (2), we
get

(4.6) yo(ypzx) € I.
Furthermore, by Theorem 3.3 (1) and the identity (3.3), we have

zay < za(yf).
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Since za(yBz) € I, xay € I. Since I is commutative, by Theorem 4.31,

(4.7) zflya(ybr)] € I
Thus by (4.6) and (4.7), z € I. So I is implicative. O

We obtain a similar consequence of Proposition 4.17 for implicative I'-ideals.

Proposition 4.33. Let I and J be I'-ideals of a I'-BC' K -algebra X such that I C J.
If I is commutative, then so is J.

Proof. Suppose I is commutative and suppose zay € J for any z, y € X and
each @ € T'. In order to prove that J is commutative, it is sufficient to show that
zalyB(yax)] € J by using Theorem 4.31. Let u = zay. Then we have

(rau)By = (vay)pu=0¢€ I.

Since I is commutative, by Theorem 4.31, we get

(zow)alyBlya(zaw))] € I.
By the identity (3.3), we have

(zau)alyBya(zau))] = [za(yf(ya(zau)))]ou.

Since I C J, zalyB(ya(zau))auw € J. Since J is a I'-ideal of X and u € J,
zalyB(ya(zau))] € J. On the other hand,
[za(yB(ya))|BlralyBlyalzan))] < [yB(ya(zpu))alys(yox)
< (yox)Blya(zfu)]
< (zfu)ax
= 0au € J.
Thus zalyB(yax)] € J. So by Theorem 4.31, J is commutative. O

The following is a characterization of commutative I'-BC K-algebras.

Theorem 4.34. Let X be a I'-BCK -algebra. The the followings are equivalent:
(1) {0} is commutative,
(2) every I'-ideal of X is commutative,
(3) X is commutative.

Proof. (1)<(2): The proof is clear from Proposition 4.33.
(1)<(3): The proof follows from Theorem 3.17. O

5. CONCLUSIONS

We introduced various concepts of positive implicative [resp. commutative and
implicative] I'-BC K-algebras and I'-subalgebras [resp. positive implicative, commu-
tative and implicative] I'-ideals and discussed these notions related to BC K-algebras
can be naturally extended to I'-BC K-algebras.

In the future, we will use our proposed I'-BCK-algebras to address quotient
I'-BC K-algebras, homorphism problems and topological structures. Also, we will
discuss I'-BC K-algebras in terms of Definition 3.23. Furthermore, by using the
concepts proposed in Appendix, we are going to apply I'-BCK-algebras to fuzzy
sets.
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6. APPENDIX

For a nonempty set X, a mapping A : X — [0,1] is called a fuzzy set in X (See
[22]). Saeid et al. [23] applied the concept of fuzzy sets to ideals of I'-BC K-algebra.

Definition 6.1 (See [23]). Let X be a I'-BC K-algebra and let A be a fuzzy set in
X. Then A is called:
(i) a fuzzy T'-subalgebra of X, if A(xay) > A(x) A A(y),
(ii) a (anti) fuzzy D-ideal of X, if it satisfies the following conditions: for any
z, y€ X and each a €T,
(a) A(0) > A(z) (A(0) < A(x)),
(b) A(z) = Alzay) A Aly) (Alz) < A(zay) vV Aly))-

Definition 6.2. Let X be a I'-BC K-algebra and let A be a fuzzy set in X. Then A is
called a fuzzy positive implicative T'-ideal (briefly, FPITT) of X, if for any x, y, z € X
and any o, g €T,

(FTL,) A(0) > A(a),

(FPIT'Ly) A(zay) > A((zay)B2z) A A(yaz).

Definition 6.3. Let X be a [-BCK-algebra and let A be a fuzzy set in X. Then
A is called a fuzzy commutative T-ideal (briefly, FCTT) of X, if for any =, y, z € X
and any «, g €T,

(FTTy) A(0) > A(x),

(FCTT,) A(zalyB(yaa)]) > A((zay)Bz) A A(2).

Definition 6.4. Let X be a I-BC'K-algebra and let A be a fuzzy set in X. Then
A is called a fuzzy implicative T-ideal (briefly, FIT'T) of X, if for any z, y, z € X
and any «, B €T,

(FTL,) A(0) > A(s),

(FITIy) A(x) > A([za(yBz)|az) A A(z).
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