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ABSTRACT. The notion of the J-operator in the closed interval [0, 1] is
introduced and several properties are investigated. Using the J-operator,
a new fuzzy set called the Yj-fuzzy set is established and it is applied
it to subalgebras in BCK/BCI-algebras. The concept of the Yj-fuzzy
subalgebra is introduced and its properties are discussed. Conditions for
a fuzzy set to be a Yj-fuzzy subalgebra are provided, and the relationship
between the fuzzy subalgebra and the Yj-fuzzy subalgebra is discussed.
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1. INTRODUCTION

The fuzzy set is a mathematical framework that can express and manipulate
the uncertainty and ambiguity of data with applications in control systems, pattern
recognition, decision making, image processing, expert systems, data mining, natural
language processing, risk assessment and decision analysis, etc. The study of fuzzy
sets in BC' K-algebra began in 1991 and various studies have been conducted since
then. Fuzzy set studies of subalgebra of BC K algebra are being conducted in various
forms (See [1, 2, 3]).

In this paper, we introduce the notion of the J-operator in the closed interval
[0,1] and investigate several properties. We use the J-operator to create a new fuzzy
set called the Y$-fuzzy set and apply it to subalgebras in BCK/BCI-algebras. We
introduce the concept of the Yj-fuzzy subalgebra and investigate its properties. We
provide conditions for a fuzzy set to be a Yj-fuzzy subalgebra. We discuss the
relationship between the fuzzy subalgebra and the Y7-fuzzy subalgebra.
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2. PRELIMINARIES

A BCK/BCI-algebra is an important class of logical algebras introduced by K.
Iséki (See [1] and [5]) and was extensively investigated by several researchers.

We recall the definitions and basic results required in this paper. See the books
[6, 7] for further information regarding BC'K/BCI-algebras.

If a set X has a special element 0 and a binary operation * satisfying the condi-
tions:

() (Va,b,c € X) (((axb)* (axc))x(cxb) =0),
(I1) (Va,b e X) ((a* (a*b))*xb=0),

(IIT) (Va € X) (a*a =0),

(IV) (Va,be X) (axb=0,bxa=0 = a="h),

then we say that X is a BCI-algebra. If a BCI-algebra X satisfies the following
identity:

(V) Vae X) (0xa=0),
then X is called a BOK -algebra.

The order relation “<x” in a BCK/BCI-algebra X is defined as follows:

(2.1) (Va,be X)(a<x b & axb=0).
Every BCK/BC1I-algebra X satisfies the following conditions:
(2.2) (Va e X)(ax0=a),
(2.3) (Va,b,ce X)(a<x b= axc<xb*xc,cxb<xcxa),
(2.4) (Va,b,c € X)((axb)*xc= (axc)x*b).
Every BCK-algebra X satisfies:
(2.5) (Vz,a € X)(x*a <x z).

A nonempty subset S of a BCK/BC1I-algebra X is called a subalgebra of X (See
[M)ifaxy € S for all a,y € S.

The concept of fuzzy set was introduced by Zadeh [8] in 1965.

A fuzzy set in a set X is defined to be a function f : X — [0,1]. Denote by
FS(X) the collection of all fuzzy sets in X. Define a relation “ C” on FS(X) by

(Vf,g e FS(X))(f S g & (Vae X)(f(a) < g(a))).
The join (V) and meet (A) of f and g are defined by
(f vV g)(a) = max{f(a),g(a)},
(f AN g)(a) = min{f(a), g(a)},
respectively for all a € X. The complement of f, denoted by f€, is defined by
(Va € X)(f*(a) = 1 - f(a))-

A fuzzy set f in a BOK/BCT-algebra X is called a fuzzy subalgebra of X (See
[9]), if it satisfies:

(2.6) (va,a € X)(f(z a) > f(z) A f(a)).
166
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3. THE FUZZY SET INDUCED BY THE J-OPERATOR IN [0, 1]

We use the notation I instead of [0, 1]. Let “<” be the order relation in I? defined
as follows:

(V(m,n), (j,4) € I*)((m,n) < (j,i) & m<j,n<i)

For every m,e € I, we define m A e := min{m, e} and m V e := max{m, e}.
Consider a binary operation Y in I given as follows:

Yy:I? =1, (me) = (1—m)A(1—e¢).
We will call this binary operation Y; as the J-operator in I.

Proposition 3.1. The J-operator Yy in I satisfies:

(3.1) (Ym e I)(Y;(1,m) = 0),

(3.2) (V(m,e) € I*)(Yy(m,e) = Yy(e,m)),

(3.3) (V(ml,a), (m2,€2) S 12) < OQ;&fnll), izgﬂg;j()eliz) > .

Proof. Straightforward. a

Using the J-operator Y in I, we induce a new fuzzy set.

Definition 3.2. Let X be a set. Given a fuzzy set f in X and € € I, let &(f) be a
mapping defined by

e(f): X =1, z =Y, fx)).

It is clear that e(f) is a fuzzy set in X determined by the J-operator and . So
we can say that e(f) is a Y5 -fuzzy set of f in X.

Example 3.3. Let f be a fuzzy set in R given by

077 if ae{zeR|z <0},
fiR—=[0,1], a—{ 042 if a=0,
0.59 if ae{zeR|z >0},

where R is the set of all real numbers. Then the Yj-fuzzy set of f with e = 0.51 is
described as follows:
023 ifac{reR|z <0},
e(f):R—1[0,1], a—~ ¢ 049 if a=0,
041 if ae{zeR|z >0}

Proposition 3.4. Ife = 0, then the Y§-fuzzy set e(f) is the same as the complement
of f. If e =1, then the Yj-fuzzy set e(f) is the zero fuzzy set, i.e., 1(f)(xz) =0 for
allx e X.

Proof. Let € = 0. Then e(f)(z) = 0(f)(z) = Y50, f(z)) = (1 —0) A (1 — f(x)) =
1— f(z) = f°(z) for all x € X. Thus the Y§-fuzzy set with ¢ = 0 is the complement
of f. If e =1, then 1(f)(x) =Y (1, f(x)) = (1-1)A(1—f(z)) =0forallz € X. O

Proposition 3.5. Given a fuzzy set f in a set X, if € € I satisfies e > f(x) for all
x € X, then the Yj-fuzzy set of f is constant on X.
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Proof. Let f be a fuzzy set in X that satisfies ¢ > f(x) for all x € X. Then
1—e<1— f() for all z € X, and thus

e(f)@) =Yy, fx) =(1-e)ANA - f(z))=1-¢
for all z € X. This shows that ¢(f) is constant on X. O

Given a fuzzy set f in X and € € (0,1), if the Y5-fuzzy set (f) of f is not
constant on X, then ¢ is is said to be a nonconstant factor in (0,1).

Proposition 3.6. Let f be a fuzzy set in a set X and (e1,e2) € I?. Ife1 < &9, then
e1(f) 2 e2(f)-

Proof. For every x € X, we have
er(f)(x) =Yi(er, f(2)) = 1 =) A(1 = f(2))
> (1 —e)N1-fx) =Y, f(x))
=e2(f)(2).
Then e1(f) 2 ea(f). O
Proposition 3.7. Let f and g be fuzzy sets in a set X and e € I. If f C g, then
e(f) 2 <(g).
Proof. Suppose that f C g. Then f(z) < g(z) for all z € X, and thus
E(f)(@) = Yole, f(@)) = (1 —2) A (1 = f(x)
>([1=e) A1 —g(x)) =Y;(e g(x))
=e(g)(x)
for all z € X. So e(f) 2 (g). O

Proposition 3.8. If f is a fuzzy set in a set X, then e(f€) C e(f)¢ for alle € I.
Proof. Let x € X and € € I. For € and f(z), we have to consider the following cases:

(i) e < f(z) 0.5, (if) f(z) <e <05,
(iii) 0.5 < e < f(x), (iv) 0.5 < f(z) <e,
(v) e <x 0.5 < f(x), (vi) f(z) 0.5 <x e.

(i) Suppose € < f(x) < 0.5 Then we have
e(f)(x) =1 —e(f)(x) =1 =Y;(e, f(2))
=1-(A =g A - f(2))
—1- (- /@) = /()
and
e(f) ) =Yi(e, f9(x)) = (1 —e) A (1 = f(x))
=1 =) A flz) = f(z).

Thus e(f)¢ = (f°).
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(ii) Suppose f(x) <e<0.5 Then 1— f(z) >1—¢ > 0.5 and f(z) <1—¢. Thus
e(f)(z) =1—e(f)(z) =1 =Y;(e, f(2))
=1-((1=g) A1~ f(2)))

=1-(1-¢)=ce.
So
e(f) (@) =Ys(e, f(x) = (L —e) A (1= f(x))
=1 -e)Afx) = flz) <e=e(f) ()

Hence (f°) C e(f)°.
(iii) Suppose 0.5 < e < f(x). Then 1 — f(z) <1—e < 0.5 and 1 —e < f(x). Thus
e(f)(@) =1—e(f)(@) =1-Y;(e f(2))
=1-(1=e) A1~ f(2)))
—1- (- @) = f(@)

and
e(f) @) =Y;(e, f(z) = (1 =) A (1 = f(x))
=1—-e)Af(z)=1—-e<05< f(x)
=e(f) ().
So e(f¢) Ce(f)e.

(iv) Suppose 0.5 < f(x) <e. Thenweget 1 —e < 1—f(z) < 0.5and 1—¢ < f(x).
Thus

e(f)(x) =1 —e(f)(x) =1 =Y;(e, f(2))
=1-(A-g) A - f(2))
=1-(1-¢)=¢
and
e(f) ) =Yi(e, f9(x)) = (L —e) A (1= f(x))
=(l-grfla)=1-e<flr)<e
=e(f)(x).
So £(f¢) € e(f)".
(v) Suppose € < 0.5 < f(x). Then 1— f(x) < 0.5 <1—¢ and either 1 —¢ < f(z)
or 1 —e > f(x). It follows that
e(f) () =1 —e(f)(x) =1=Y;(e, f(x))
=1-(A=-g) A= f(x)
=1-(1-f(x) = f(z)
and
e(f) @) =Ys(e, f9(x)) = A=) AL = f(2)) = (1 —2) A f(2)
:{ 1-¢ %f 1—e< f(x),
flz) if 1—e> f(z).
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Thus e(f€) C e(f)e.
(vi) Suppose f(x) < 0.5 <x e. Then 1— f(z) > 0.5 > 1—¢ and either 1—¢ > f(z)
or 1 —e < f(x). It follows that
e(f)(x) =1 —e(f)(z) =1 =Y;(e, f(2))
— 1 (1= A @)
—1-(-9)=c> f(2)

and
e(f) (@) =Y(e, f9(2)) = (L =) AN (1 = f(2)) = (1 =) A f(2)
_{ flx) if 1—e> f(x),
1—e if 1—e< f(z).
Thus e(f€) C e(f)°. This completes the proof. O

Given two fuzzy sets f and g in a set X and € € I, we can naturally anticipate
the next operations:

e(fng)=e(f)ne(g) and e(f V g) =e(f) Ve(g).

However, the following example shows that these things are not generally true.

Example 3.9. Let f and g be constant fuzzy sets in any set X given by f(z) = 0.3
and g(x) = 0.8 for all x € X. If we take € := 0.4 € I, then

e(f ng)(@) =Y;(e, (fAg)(x)) =Yi(e, fz) Ag(x))
— (1-&) A (1 - f(2) A g(a))
=(1-04)A(1-03A0.8)=06A0.7=0.6
and
(e(f) ne(g)(z) = e(f)(z) Ae(g)(z)
=Y;(e f(2) NYi(e, g(2))

g
=((1=a)AA=fl@)A (A -e)A1-g)))
=(1-e)A(1~ f(2)A(1-g(x))
(1—0.4)A(1—0.3)A(L—0.8) = 0.2.

Thus e(f A g) # e(f) Ae(g). Also,
e(f V() =Y;(e (fVg)(x) =Yl fx) V g(x))
=1 =) A (1= flx)Vg(x)
=(1-04)A(1-03Vv0.8) =0.6A0.2=0.2
and
() Velg)(x) = e(f)(z) Velg)(z)
= Y&, f(@) V Y (e, ()
— (=)A= FEN) V(L) A (1 — g()))
=(1-04)A(1-03)V((1-04)A(1-0.8))
=0.6Vv0.2=0.6.
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Soe(fVyg) #e(f)Vvelg)

Proposition 3.10. If f and g are fuzzy sets in a set X and e € I, thene(f)Ne(g) =
e(fVyg) and e(f) Ve(g) =e(f Ng).

Proof. For every x € X, we obtain

(e(f) ne(g)(@) = e(f)(z) Ae(g)(@) = Yi(e, f(x)) AYs(e g(x))
(=)A= f2) A((1—e) A1 —g(z)))
(1= f) A (1 —g(2)))
(1= f(z)Vg(x))
(I=(fVg)(z))

and

Then e(f) Ae(g) = e(f V g) and e(f) Ve(g) = (f A g)- O

4. Y;-FUZZY SUBALGEBRAS

In what follows, let (X, *, 0) be a BC K-algebra or a BCI-algebra, and ¢ € (0,1)
unless otherwise specified.

Definition 4.1. A fuzzy set f in X is called a Yj-fuzzy subalgebra of (X, *, 0), if
the next inequality is valid.

(4.1) (Vz,a € X)(Yi(e, f(x*xa)) <Yj(e, f(z) VYs(e, f(a))).
Example 4.2. (1) Consider a BCK —algebra X = {0,1,2,3,4} (See [7]) with the

Wy ”

binary operation “x” given by Table 1:

[ 1%

TABLE 1. Cayley table for the binary operation “x

=W N~ O %
NIV I i el Nl
W W oo
B wWw o R o
O O O OolWw
OO OO O
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Define a fuzzy set f in X as follows:

0.77 if =0,
0.63 if z=1,

fiX 50,1, z—<{ 069 if z=2,
047 if z =3,

047 if z=4.

Then f is a Y5-fuzzy subalgebra of (X, *, 0) for all €.
(2) Let X = {0,1,2,a,b} be a set with the binary operation “x” given by Table
2:

TABLE 2. Cayley table for the binary operation “x”

SR N O %
QR N = OO
R NO O
Q Q OO O
O SR Q|
SO Q Qo

Then (X, %, 0) is a BCI-algebra (See [0]). Define a fuzzy set f in X as follows:

0.46 if y =0,
0.61 if y=1,
f:X—=100,1, y—= < 053 if y=2,
0.54 if y=a,
0.38 if y=0.

Then f is a Y§-fuzzy subalgebra of (X, *, 0) for e = 0.61. But it is not a Y5-fuzzy
subalgebra of (X, *, 0) for £ = 0.43 since

Yy(e, f(2%a)) = Yy(e, f(b)) = Y7(0.43,0.38) = 0.57
£ 0.47 = Y;(0.43,0.53) V Y;(0.43,0.54)
= YJ(E? f(2)) \ YJ(Ev f((l))

Proposition 4.3. Every Y5 -fuzzy subalgebra f of (X, *, 0) satisfies:

(4.2) (Vz € X)(Yy(e, £(0)) <Yi(e, f(2))),
Y(e, f(0)) =Yy(e, f(z)) &
(4.3) (Va,a € X) < {/Je(s,f(x*a))J;YJ L. ) .

Proof. Using (III) and (4.1), we have

Yi(e, £(0)) = Yi(e, flwxx)) < Yile, f(2) VYile, fz) = Yi(e, f(z))
172



Y. B. Jun/Ann. Fuzzy Math. Inform. 26 (2023), No. 2, 165-175

for all z € X. Thus (4.2) is valid. Assume that Y, (g, f(0)) = Y;(e, f(z)) for all
x € X. Then

Yi(e, f(xxa)) <Yi(e, f(x)) VY, fla)
=Y;(e, f(0)) VYi(e, f(a)
=Y;(e, f(a))

for all z,a € X. Conversely, if Y;(g, f(z x a)) < Y;(e, f(a)) for all z,a € X, then

Yi(e, f(x) = Yy(e, f(x % 0)) < Yy(e, £(0)). Thus YJ(€ (0)) = Y(e, f(x) for all
reX. U

Corollary 4.4. If f is a fuzzy subalgebra of (X, *, 0), then its Y5-fuzzy set e(f)
satisfies:

(Vo € X)(e(£)(0) < e(f)(x)))-

(Vz,a € X)(e(£)(0) = e(f)(x)) < e(f)(z*a) <e(f)(a))).
Lemma 4.5. Every Y§5-fuzzy subalgebra f of a BCI-algebra (X, %, 0) satisfies:
(4.4) (Vo € X)(Yi(e, f(0x ) <Y(e, f(2)))-
Proof. It is induced by the combination of (4.1) and (4.2). O

Corollary 4.6. If f is a fuzzy subalgebra of a BCI-algebra (X, x, 0), then its
Y& -fuzzy set e(f) satisfies:

(Vo € X)(e(f)(0xz) < e(f)(x)).
Proposition 4.7. In a BCI-algebra (X, *, 0), every Y5 -fuzzy subalgebra f satisfies:
(4.5) (Vo,a € X)(Yi(e, f(z* (0% a))) <Yi(e, f(z)) VYi(e, f(a)).
Proof. Using (4.1) and Lemma 4.5, we have
Yy(e, £+ (0 a))) < Ve, (@) V Ys(e, £(0 % a))
<Yy(e, f(2) VY(e, fla))
for all z, a € X. O

Corollary 4.8. If f is a fuzzy subalgebra of a BCI-algebra (X, x, 0), then its
Y5 -fuzzy set e(f) satisfies:

(Va,a € X)(e(f)(@ * (0% a)) <e(f)(z) vV e(f)(a)).
We provide conditions for a fuzzy set to be a Yj-fuzzy subalgebra.
Theorem 4.9. If a fuzzy set f in X satisfies:
(46)  (Vo,yzeX)(z<xz = Y& f(zxy)) <Yi(e f(y) VYi(e f(2))),
then f is a Y5 -fuzzy subalgebra of (X, *, 0).

Proof. Assume that a fuzzy set f in X satisfies (4.6). Since z <x z for all z € X,
we get
YJ(€7 f(l’ * y)) < YJ(E7 f(l‘)) \ YJ(ga f(y))

for all z, y € X. Then f is a Yj-fuzzy subalgebra of (X, *, 0). d
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We discuss the relationship between the fuzzy subalgebra and the Yj-fuzzy sub-
algebra.

Theorem 4.10. Every fuzzy subalgebra of (X, %, 0) is a Y5 -fuzzy subalgebra of (X,
%, 0) for all e € (0,1).

Proof. Let f be a fuzzy subalgebra of (X, %, 0) and let ¢ € (0,1). Then f¢(z *a) <
feé(z) Vv f(a) for all z, a € X. Thus

Yi(e, f(x xa))

(1 [z *a)

(1 (f(z) Vv f(a))

(L=e)A f(@) V(A =e)Afa))
=Y;(e f(2) VYi(e, f(a))

for all z, a € X. So f is a Y5-fuzzy subalgebra of (X, , 0) for all € € (0,1). O

) A
) A

IN

Question 4.11. Let f be a fuzzy set in X. If f is a Y$-fuzzy subalgebra of (X, ,
0) for some € € (0,1), then is f a fuzzy subalgebra of (X, *, 0)?

The answer to Question 4.11 is negative as seen in the following example.

Example 4.12. Let (X, %, 0) be the BCK-algebra in Example 4.2(i) and let f be
a fuzzy set in X given as follows:

0.69 if z =0,
0.61 if z =1,
f: X =101, z— < 057 if =2,
0.48 if x =3,
0.53 if z =4.

Then f is a Y§-fuzzy subalgebra of (X, #, 0) for ¢ = 0.69. But f is not a fuzzy
subalgebra of (X, *, 0) because of

FAx1) = f(3) =048 #0.53 = f(4) A f(1).

Theorem 4.13. Let f be a fuzzy set in X and let € be a nonconstant factor in (0,1).
If f is a Y§-fuzzy subalgebra of (X, %, 0), then it is a fuzzy subalgebra of (X, *, 0).

Proof. Let f be a Yj-fuzzy subalgebra of (X, %, 0) where ¢ is a nonconstant factor
in (0,1). Then

A )

It follows that 1 — f(x *a) < )
flxxa) > f(z) A f(a) for all z, a € X. So f is a fuzzy subalgebra of (X, %, 0). O

1
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5. CONCLUSIONS

In order to develop a new type of fuzzy set, the concept of the J-operator in the
closed interval [0, 1] was first introduced and the necessary properties were checked.
By using the J-operator, a new fuzzy set called Yj-fuzzy set was formed, and it
was applied to the subalgebra of BCK/BCI-algebras. We introduced the concept
of Y§-fuzzy subalgebras and investigated its properties. We explored conditions
for the fuzzy set to be Y7-fuzzy subalgebra, and further discussed the relationship
between fuzzy subalgebra and Y7-fuzzy subalgebra. Future research will first apply
the ideas and results presented in this paper to different types of ideals or filters in
BCK/BCI-algebras, and then to other logical algebras. We also want to provide
a basis for this Yj-fuzzy set to be applied to decision making, medical diagnostic
systems, state machines, pattern registration, and so on, as the fuzzy set did.
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