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1. INTRODUCTION AND PRELIMINARIES

Berinde [1] introduced the concept of almost contractions:
Amap T: X — X, (X,d) is a metric space, is called an almost contraction, if it
satisfies
d(Tz,Ty) < kd(z,y) + Ld(y, Tx),

where k € (0,1) and L > 0.
Berinde [1] obtained a generalization of the Banach contraction principle by prov-
ing existence of fixed point for almost contractions defined on complete metric spaces.
Suzuki [2] generalized Banach contraction principle by using the notion of con-
tractive map T : X — X, where (X, d) is compact metric space, as follows:

1
Ve,y € X(x #vy), id(x,Tx) < d(z,y) implies d(Tz, Ty) < d(z,y).

On the one hand, Branciari [3] extended Banach contraction principle to Branciari
distance spaces, which is a generalization of metric spaces.
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After that, many researchers ([4, 5, 6, 7, 8, 9, 10, 11] and references therein)
extended fixed point results in metric spaces to Branciari distance spaces despite the
topological disadvantages of the branchiari distance ([9, 10, 12, 13, 14]) as follows.

- Branchiari distance is not necessarily continuous in each coordinates;

- An open ball doesn’t have to be open, and hence there is no topology which
is compatible with the Branchiari distance;

- A convergent sequence doesn’t have to be Cauchy.

Given function 9 : (0,00) — (1, 00), we consider the following conditions:

(91) ¥ is non-decreasing,

(92) ¥{ha} C (0,00),
lim h, =0< lim d(h,) =1,

n—oo n—oo

(93) Ir e (0,1) Al € (0,00):

(94) ¥ is continuous on (0, 00).

Jleli and Samet [15] gave the concept of ¥-contractions in Branciari distance
spaces and obtained related fixed point result with conditions (¥1), (¥2) and (93).
Ahmad et al. [16] proved the existence of fixed points by introducing the concept of
Suzuki-Berinde type 1¥-contractions in metric spaces with conditions (1), (¢¥2) and
(04).

Very recently, Cho [17] gave the notion of £-contractions, which is a more gener-
alized notion than some existing concept of contractions. He proved the existence
of fixed points for such contractions. And then, many researchers, for example
[12, 13, 14, 18, 19, 20, 21, 22, 23], generalized the result of [17].

In the paper, we introduce the new concept of generalized Suzuki-Berinde type
L.-contractions which is a generalization of the concept of L-contractions, and we
establish a new fixed point theorem for such contraction mappings in the setting of
Branciari distance spaces. We give an example to support main theorem.

A function £ : [1,00) x [1,00) — R is called an L-simulation [17], if it satisfies the
following conditions:

(€1 €(1,1) =1,

(62) &(t,s) < § Vs, t>1,

(€3) for any sequence {t,},{sn} C (1,00) with ¢, <s, Yn=1,2,3,---

lim t, = lim s, > 1= lim sup&(t,,s,) < 1.
n—oo n—oo n—oo

Denote I'[1, 00) the family of all non-decreasing functions v : [1,00) — [1, 00) such
that

) =1

A function € : [1,00) X [1,00) — R is called an L. -simulation [13], provided that
it satisfies (£1), (£3) and the following condition (£4):

(€4) £(t, 8) < 18 Vs,t > 1, where v € T'[1, 00).
18
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Denote £ by the set of all £-simulation functions £ : [1,00) X [1,00) — R, and
Denote £, by the family of all £,-simulation functions & : [1,00) x [1,00) — R.
Remark 1.1. We have the following:

(1) LcC L,
(2) &(t,t) < 1Vt>1, whenever £ € L.
Example 1.2 ([13]). Let &, &w, &, & ¢ [1,00) x [1,00) = R, i = 1, 2, 3, be functions
defined as follows respectively:
k

(1) &t s) = S vt s > 1, where k € (0,1),

(2) &u(t,s) = % Vt, s > 1 where ¢ : [1,00) — [1,00) is nondecreasing and
lower semicontinuous such that ¢=1({1}) = 1,

1 if (s,) = (1,1)
(3) &ltys) = { g s <t
h’y((st))] otherwise

Vs,t > 1, where A € (0,1),

(4) &1(t,s) = 1((2/;8)))) Vt,s > 1, where 1, : [1,00) — [1,00) are continuous
functions such that ¥(t) = p(t) =1 if and only if t = 1, () <t < (t) ¥Vt > 1 and
 is an increasing function,

(5) &(t,s) = % Vs,t > 1, where  : [1,00) — [1, 00) is upper semi-continuous
with () <t Vt > 1 and n(t) =1 if and only if t = 1,

(6) &3(t, s) = m Vs,t > 1, where ¢ : [0,00) — [0,00) is a function such
0

that for each t > 1, fot ¢(u)du exists and fot ¢(u)du >t and fol ¢(u)du = 1.
Then &, &w, &, &1, &2 and &3 are L-simulation functions.
Note that if y(t) =t, Vt > 1, then &, &w, &, &1, 2,83 € L (See [13, 17, 20]).

Example 1.3. Let functions &,,&,,&, : [1,00) X [1,00) — R be defined as follows
respectively:

(1) &.(t,s) = % Vt,s > 1, where A > 1,

(2) &-(t, s) = %(9) Vt, s > 1, where ¢ : [1,00) — [1,9(1)) and ¥ : (0,00) — (1,00)
is non-decreasing such that

lim sup ¢(#) < 9(1),
(3) &,(t,s) = 299 Wt s > 1, where ar: [1,00) — [1,9(1)) and 9 : (0,00) — (1, 00)

t
is non-decreasing such that

lim a(t,) =9(1) < lim t, = 1.
n— oo n—oo
Then &,, & and &, are L,-simulation functions.

We recall the following definitions which are in [3].

Let X be a nonempty set, and let d : X x X — [0,00) be a map such that for all
x,y € X and all distinct points u,v € X — {z,y},
(d1) d(z,y) =0 if and only if x =y,
(d2) d(gjv y) = d(ya 1')7
(d3) d(z,y) < d(z,u) + d(u,v) + d(v,y).
19
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Then d is called a Branciari distance on X and (X, d) is called a Branciari distance
space.

Let (X, d) be a Branciari distance space. Then we say that
(i) a sequence {z,} C X is convergent to z, denoted by lim, . x, = x, if
lim,, o d(zy, ) = 0,
(ii) a sequence {x,} C X is Cauchy, if lim, oo d(Tn, Tm) =0,
(iii) (X,d) is complete, if every Cauchy sequence in X is convergent to some point
in X.
Lemma 1.4 ([241]). Let (X,d) be a Branciari distance space, {x,} C X be a Cauchy
sequence and x,y € X. If there exists a positive integer N such that
(1) =, # zpm Yn,m > N,
(2) , #x VYn> N,
(3) xn #y Vn > N,
(4) limy— o0 d(p, ) = limy 00 d(p, y), then x =y.
Lemma 1.5. Let I > 0, and let {t,},{sn} C (I,00) be non-increasing sequences

such that

th < 8$p,Vn=1,2,3,--- and lim t, = lim s, =1.
n—oo n— oo
If 9 : (0,00) = (1,00) is non-decreasing, then we have

lim 9(t,) = Lm 9(s,) = lLim 9(¢) > 0.
im 9(tn) = lim 9(sn) = lim 9(¢) >

n—
Proof. Since ¥ is non-decreasing and {¢,,} is non-increasing,

tl_l)rg I(t) = nhﬁn;() Htny1) < nl;n;o I(tn) < nhﬁn;() I(sp) < nhﬁn;o I(sp—1) < tlig}r I(t).
Then we have

lim 9(t,) = lim 9(s,) = lim 9(¢) > 1.

n—oo n—00 t— 1t

Lemma 1.6 ([13]). Let w : [0,00) X [0,00) — (—00,00) be a function such that
1
w(s,t) < 55~ t, Vs,t € [0,00).

If %s <t Vs,t€[0,00), then we have that
(1) w(s,t) <0,
(2) w(min{s,u},t) <O0.
2. FIXED POINT THEOREMS

Let (X, d) be a Branciari distance space.

A map T : X — X is called a generalized Suzuki-Berinde type L.-contraction
with respect to { € L, if there exist a positive real number L and a function
¥ :(0,00) = (1,00) such that for all z,y € X with d(Tz,Ty) > 0,

w(m(z,y),d(z,y)) <0
(2.1) = §(0(d(T, Ty)), 9(M(z,y) + Lm(z,y))) = 1,
where m(z,y) = min{d(z,Tz),d(y, Tx)} and M(x,y) = max{d(z,y),d(z,Tz),d(y, Ty)}.
20
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Now, we prove our main result.

Theorem 2.1. Let (X, d) be a complete Branciari distance space and let T : X — X
be a generalized Suzuki-Berinde type L. -contraction with respect to & € L. If 9 is
non-decreasing, then T has a unique fized point and for every initial point xo € X,
the Picard sequence {T"xo} converges to the fized point.

Proof. Firstly, we show uniqueness of fixed point whenever it exists.

Assume that w and u are fixed points of T'.

If u # w, then d(w,u) > 0 and 3d(w,Tw) = 0 < d(w,u). By Lemma 1.6,
w(m(w,u),d(w,u)) < 0. We infer that M(w,u) = d(w,u) and m(w,u) = 0. Thus
it follows from (2.1) that

1 < (d(Tw, Tu)), I(M (w, u) + Lm(w,u)))

(
=6((d(Tw,Tu)), Hd(w, u)))
=¢(0(d(w,w)), Hd(w, u)))
A )
V(O (d(w, u)))

which is a contradiction. So w = u and fixed point of 7" is unique.

Secondly, we prove existence of fixed point.

Let 29 € X be a point. Define a sequence {z,} C X by 2, = Ta,_1 = T"29 Vn =
1,2,3---

If z,, = zp,+1 for some ng € N, then z,, is a fixed point of T" and the proof is
finished.

Assume that

(2.2) Tpo1FZ Ty Vn=1,23---.
We infer that
1 1
(23) id(xn—laT'rn—l) = id(xn—la-rn) < d(xn—laxn)-

By applying Lemma 1.6 with (2.3), we obtain that
w(m(Tp_1,%n),d(Tn-1,%s)) < 0.
We have that
(2.4) M(zp—1,x,) = max{d(xn_1,2Tn), d(Tn, Tnt1)}
and
m(Tp—1,%n) = min{d(x,_1,2,),d(Tn, z,)} = 0.

It follows from (2.1), (2.2), (2.3) and (2.4) that Yn =1,2,3,---,
(2.5) 1 <€ d(Txp-1,Tzy)), d(M(Tp-1,%n) + Lm(zp_1,2n)))

=E(I(d(n, Tt1)), I M (Tn—1,20)))

YOM (zn-1,2n)))

V(I (d(@n, Tnt1)))

N

which implies

V(0 d(@n, 2p41))) <YM (2n-1,20))) V0 =1,2,3,-- .
21
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Consequently, we obtain that
AT, Tnt1) < d(Tp—1,2,) YR =1,2,3,---.
Then {d(x,—1,%,)} is a decreasing sequence. Thus there exists [ > 0 such that

nhﬁngo d(xp—1,z,) =1

‘We now show that [ = 0.
Assume that I > 0 and let s, = d(d(xp—1,2,)) and t, = Hd(Tn,Tnt1)) V0 =
1,2,3,--- . Then t, < s, Vn=1,2,3,--- . By Lemma 1.5, we have that

lim s, = lim ¢, = lim J(¢) > 1.
n—oo n—00 n—lt+

It follows from (£3) that
1< lim sup&(t,,s,) <1
n—oo

which yields a contradiction. Thus we get

(2.6) lim d(xp—1,2,) = 0.

n—oo

Now, we show that {z,} is a Cauchy sequence.

On the contrary, assume that {z,} is not a Cauchy sequence. Then there exists
€ > 0 for which we can find subsequences {x,,(x)} and {z, )} of {z,} such that
m(k) is the smallest index for which

(2.7) m(k) > n(k) >k, d(@mk); Tnk)) > € and d(Tp,)—1, Tnk)) < €.
From (2.7), we have
(2.8) € < d(Tp (k) Tr(k))
<d(Tn(k)s Tm(k)—2) + A @mk)y—25 Tmk)—1) + ATmr)—1, Tm(k))
<€+ d(Tp(ky—25 Tm(k)—1) + A k) =1, Tm(k))-
Letting k£ — oo in (2.8), we obtain
(2.9) Jim d( @ k), Tnr)) = €
On the other hand, we obtain
AT (k) Tn(k)) < ATn(k) Tnk)+1) + ATn) 115 Tmk) 1) + ATmk)+1> Tm(k))
and
A(@n(k)+1 Zmk)+1) < AT e)+1, Tnk)) + Aoy, Tmr)) T AZm(k)s Tmk)+1)-

Then we get
(210) kli{rolo d(xn(k)-‘rla xm(k)-‘rl) =e€

It follows from (2.6) that there exists NV € N such that

1
(2.11) d(xn(k)7xn(k)+1) < 16, Vk > N.
We infer that Vk > N

1 1 1
SA(@nk) TTnk)) = 5 Tnk)s Trky+1) < 5€ < A(Zn(k)s Tm(k))
2 2 99 8
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and thus
(2.12) @ (M(Tr(k)s (k) ) A Tm(k)s Tn(r))) < 0.
We deduce that

M (Z(ys Trmry) = max{d(Tr(k)s Tmr))> AT (k) Tr(k)+1)s ATmk), Tm(k)+1)}
and
(2.13) ML (k)s T (k) = MIN{A(Zn (k) T (k)+1) A Tm(h)» Tr()+1) }-
From (2.7), we infer that

€< d(xm(k)-‘rlaxn(k))

SA(Tn(k)s Tnk)+1) T ATnk)+15 Tmk)) + ATmk)s Tm(k)+1)

1 1
<Z€ + d(lfn(k)+1, il?m(k)) + 15

1
256 + d(mn(k)+1, :L‘m(k)), Vk > N
which implies
1
—e< d(In(k)+1, zm(k)); vk > N.

2
So we get

1 1
d(xn(k)7xn(k)+l) < 16 < §€ < d(l‘n(k)Jrl,mm(k)) Vk > N.

From (2.13) we have
M(Tr (k) Trn(k)) = A Tn(k)s Trk)+1) VE > N.
It follows from (2.1), (2.12) and (2.13) that
1 <Ed(T (k) TTmk)))s WM (Tr(ry, Tmk)) + L(Tn (k) Tmr))))
=E(d(@n(k)+15 Trm(e)+1))s V(M (T Tmiy) + LTy, Tnry+1)))
YO(M (T (k) Trm(ry) + LA T (k) Tr(r)+1)))

Vk > N
YA T (k)1 Tm(k)+1)))

which implies
Y@ (k)41 Tmk)+1)) < VOM (Zn(k), Tm(ry) + Ld(Tn(r), T(r)+1))) Ve > N,
Hence we infer that
ﬁ(d(xn(k)-&-l; xm(k)+1)) < ﬁ(M(.’En(k), (Em(k)) + Ld(l’n(k)7 l’(k)+1)) Vk > N.
Let for each k > N,
th = W d(Znk)+1, Tm(k)+1)) and sg = I M (T (k)s Trm(k)) + Ld(Znk)s Trk)+1))-
Then t, < s Yk > N. From (2.6), (2.9) and (2.10), we obtain
li = lim [M L =€
. d(@n )15 Tmey+1) = B0 M (@ngw), Tmei)) + LAd(Znir)s Tniry+1)] = €
By Lemma 1.5, we obtain that

lim ¢ = lim s, = lim 9(¢) > 1.
k—o0 k—o0 t—et
23
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From (£3), we have
1< lim sup&(tg,sk) <1
k—o0
which leads a contradiction. Thus {z,} is a Cauchy sequence. Since X is complete,

there exists z € X such that
(2.14) lim d(x,,z)=0.

n— oo

From (2.6) and (2.14), we may assume that
d(xpn, Ty) = d(@n, Tnt1) < d(zp,2) Vn=1,2,3,--- .
which implies

1
—d(xp, Tzy) < d(Tp,z) Yn=1,2,3,---.

Applying Lemma 1.6,2we have that
(2.15) w(m(an, 2), d(x,, 2)) < 0.
We deduce that
(2.16) M (zp, 2) =max{d(zy, 2),d(zn, Tni1),d(z,Tz)}
=max{d(z,, 2),d(z,Tz)}
and
(2.17) m(zy, z) = min{d(x,, Tpi1),d(z, Tni1)} = d(Xp, Tpy1).
It follows from (2.1) that
1 <€W(d(Twn, T2)), (M (zp, 2) + Lm(zy, 2))))
(AT 0, T2)), 9(M (2, 2) + L, 20 11))

Y(O(M (2, 2) + Ld(Tn, Tny1))) ,
< v (9(d(Tr, T7))) e hE

which implies

Yy d(Txn, Tz2))) < y(H M (2p, 2) + Ld(xp, Tpt1))) Y0 =1,2,3,---
Thus we have
(2.18) Vd(Txn, T2)) <V M(xn,2) + Ld(zp, Tpt1)) ¥n=1,2,3,--- .

Assume that M(z,, z) = d(z,Tz2).
If d(z,Tz) =0, then T has a fixed point, and the proof is finished.
Let d(z,Tz) > 0. Then

Hd(Txy, T2)) < ¥d(2,Tz) + Ld(2pn, Xni1)) VR =1,2,3,---
which implies
d(xp41,T2) < d(z,Tz) + Ld(zyp, Tpt1) ¥n=1,2,3,-- .
Thus we obtain that
d(z,Tz) < d(z,xn) + d(@n, Tnie1) + d(@ps1,T2)
<d(z,xpn) + d(xn, Tnt1) + d(z,Tz) + Ld(p, Tpt1)-
24
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Letting n — oo in above inequality, we obtain
lim d(xn41,T2) =d(z,Tz).
n—oo

We infer that
1Lm {d(2,Tz) + Ld(xpn, Tny1)} = d(z,Tz).

Let t, = H(d(xpny1,T2)) and s, = H(d(z,Tz) + Ld(xn,Tpnt1)) Yn = 1,2,3,---.

Then t, < s, Yn=1,2,3,--- . By applying Lemma 1.5, we deduce that
lim t, = lim s, = lim  9(t) > L.
n— o0 n—00 n—d(z,Tz)*t

It follows from (£3) that
1 <limsup&(t,,s,) <1
which is a contradiction. Thus the case does not occur.
If M(zy,2) = d(zn,2), then from (2.18) we obtain that

d(Tx,,Tz) < d(xn,z) + Ld(zp, Tpnt1), Yn=1,2,3,---.

Thus
(2.19) 7}1_)11;0 d(zp+1,T2) = 0.
Applying Lemma 1.4 with (2.14) and (2.19), we have z = T'z. O

We give an example to illustrate Theorem 2.1.

Example 2.2. LetX:{l—%:n: 1,2,3,---JU{l,2},and let d : X x X — [0, 0)
be a map defined by

ifx=y

ifre{l,2landy=1-1,n=1,23,.-

ifr=1-1n=1,23 and y € {1,2}

n?

d(z,y) =

=33 O

othewise.

Then (X,d) is a complete Branciari distance space and it is not a metric space. In
fact, we have that

3 2 3 2
d(—=,2)+d(2, - d(—, =).
(5.2 +d2 3) <d(7.3)
Define amap T : X — X by
1 ifx=1,2
T,’L‘:{ . 1.13 ) .

Let 9(t) = €'Vt > 0 and y(t) = 1 + In(t) Vt > 1.
We now show that T is a generalized Suzuki-Berinde type L.-contraction with
respect to &, where &(t,s) = A’v((sg)k Vt,s>1, k=73 and L =2.
We have that
ATz, Ty) >0 (z=1,y=2),(z=1y=1— %),(m:Q,y: 1—%), or
(lef%,yzlf%,nyém).
We consider the following four cases.

25
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Case 1: x =1 and y = 2. We infer that

m(1,2) =0,M(1,2) =1 and d(1,2) = 1.
Then
w(m(1,2),d(1,2)) = w(0,1) < 0.
Thus we obtain that

&(V(d(T1,T2)),9(M(1,2) + Lm(1,2)))

6, (9(0), 9(1)) = (e, ey = 1 _ 5y,

(%)

Case2:leandyzlf%,nzl,Z,?),u-.Wehavethat
1 1 1 1
,1-—)=0,M(1,1——)=1land d(1,1 — =) = —
m(? n) ) (7 n) an (7 n) n

and
1 1 1
w(m(l,1 - —),d(1,1— ﬁ)) = w(0, 5) <0

Then we obtain that
&WATL,T1 = =), 9(M(1,1 = —) + Lm(1,1 = —)))

=6 (I 7)0(E) = e )
_b@F _ v

y(ewT) 14+

n+1
Case3:xz?andyzl—%,nzl,Q,B,---.Weobtainthat
1 1 1 1
2,1—-—-)=—M(2,1—=-)=1landd(2,1——)=1
m2,1 - —) =~ M2,1- ) =1land d(2,1--)
and
(m(2,1 1)d(21 1)) (1 1)<0
w(m - = — =) =w(— .
) n? ) n n?
Then we have that
1 1 1
1 2 1 2
=6(0(——), 91+ —)) = w1 eltn
S0 91+ ) = (e, e +)
1+2/n\1k 249 1/2
_De : "2+ /7}] S =1,23
(e T) I+
Case4:le—%andyzl—%m;ém.Weinferthat
1 1 1 1 1 1
ml-—1—-—)=1,M(1-—1—-—)=landd(1—-——,1——)=1
n m n m n m
and 1 1 1 1
1-—1—-—),dl—-—-,1-—))=w(1,1) <0
(1= 1 - ). d( ) ==(1,1)



Seong-Hoon Cho /Ann. Fuzzy Math. Inform. 26 (2023), No. 1, 17-33

Then we have that
§(19(d(T1—lT1—l))19(M(1—l 1—i)+L (1_11_i)))
b na m ’ n’ m m n,

=6(9(1),9(3)) = (e, e”)

[v(e3)]* V1+3Ine V4 L 1923
= = = —_—= n = cee
~(e) 1+1Ine 2 ’ T
Thus 7' is a generalized Suzuki-Berinde type £,-contraction with respect to &. So
the assumptions of Theorem 2.1 are satisfied and T has a fixed point z = 1.

Note that the Banach contraction condition is not satisfied. In fact, if for x =

%7 Yy = %7
1,3 13
T-,T-)<kd(z, - 1
AT5,TY) < kd(5,) k€ (0,1)
then 5 4 13
d(=,=) < kd(=,-).
(5.5) < k(5. )
Thus k > 1.
Also, note that the ¥-contraction condition [16] does not hold.

Let 9(t) = €', ¥Vt > 0. Then (U1),(12) and (¥4) are satisfied.
Let z = %,y: %. If

1,3 13

T < N |
DT, T2) < (g, S ke (0,)

then 9 4 13

I(d(5, <)) <I(d(5, )"

(A2, 3) < 00d(5, )

Thus e < €*. So k > 1. Hence T is not a ¥-contraction map.
Remark 2.3. Theorem 2.1 is a generalization of Theorem 1 of [13]. By taking
L =0 and M(z,y) = d(z,y) in Theorem 2.1, we have Theorem 1 of [13]. Also,
Theorem 2.1 is a generalization of Theorem 2 of [13] without continuity of 9. In

fact, let M(x,y) = d(x,y) in Theorem 2.1. Then Theorem 2.1 reduces to Theorem
2 of [13].

Corollary 2.4. Let (X,d) be a complete Branciari distance space, and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) >0

@(m(z,y),d(z,y)) <0 implies {(I(d(Tz, Ty)), 9(M(x,y) + Ln(z,y))) = 1,
where & € L is non-decreasing with respect to the second coordinate, L > 0 and
n(x,y) = min{d(z,Tx),d(x,Ty),d(y, Tx)}. If 9 is non-decreasing, then T has a
unique fixed point.
Corollary 2.5. Let (X,d) be a complete Branciari distance space, and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) >0

w(m(z,y),d(x,y)) <0 implies {(I(d(Tz,Ty)), d(M(z,y) + Lp(z,y))) = 1,
where £ € L, is non-decreasing with respect to the second coordinate, L > 0 and
p(z,y) = min{d(z,Ty),d(y, Tx), %[d(:c,Tx) + d(y, Ty)]}. If ¥ is non-decreasing,
then T has a unique fixed point.

27



Seong-Hoon Cho /Ann. Fuzzy Math. Inform. 26 (2023), No. 1, 17-33

Remark 2.6. Corollary 2.5 is a generalization of Theorem 15 of [14]. By Taking
M(z,y) = d(z,y),y(t) = t, Vt > 1 and applying Lemma 1.6 in Corollary 2.5, we
have Theorem 15 of [14] without condition (93) and continuity of 7T'.

Corollary 2.7. Let (X,d) be a complete Branciari distance space, and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) >0

w(m(z,y),d(z,y)) <0 implies {(I(d(Tz, Ty)),)(M(z,y) + Lq(z,y))) > 1,

where { € L is non-decreasing with respect to the second coordinate, L > 0 and
q(z,y) = min{d(z, Tx),d(y, Ty),d(x, Ty),d(y, Tx)}. If 9 is non-decreasing, then T
has a unique fixed point.

By taking L = 0 in Theorem 2.1, we have the following corollary.

Corollary 2.8. Let (X,d) be a complete Branciari distance space, and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) >0

w(m(z,y),d(z,y)) <0 implies {(I(d(Tx, Ty)), J(M(z,y))) > 1,
where £ € L.,. If ¥ is non-decreasing, then T' has a unique fized point.
From Theorem 2.1, we have the following result.

Corollary 2.9. Let (X,d) be a complete Branciari distance space, and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) >0

§W(d(Tz, Ty)), Hd(x,y)) + Lm(z,y)) = 1,

where § € L, is non-decreasing with respect to the second coordinate and L > 0.
If ¥ is non-decreasing, then T has a unique fized point.

Remark 2.10. Corollary 2.9 is a generalization of Theorem 2.1 of [17]. In fact, if
L =0 and v(t) =t, V¢t > 1, then Corollary 2.9 reduces Theorem 2.1 of [17].

3. CONSEQUENCE

Applying simulation functions given in Examples 1.2 and 1.3, we have some fixed
point results.
By taking £ = &, in Theorem 2.1, we obtain the following result.

Corollary 3.1. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all x,y € X with d(Tx,Ty) > 0,

w(m(z,y), d(z,y)) < 0 implies y(I(d(Tx, Ty))) < y(I(M(z,y) + Lm(z,y)))]",
where k € (0,1) and L > 0. If 9 is non-decreasing, then T has a unique fixed point.

Corollary 3.2. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all ,y € X with d(Txz,Ty) > 0,

@(m(z,y),d(z,y)) < 0 implies y(I(d(Tz, Ty))) < [y(I(M(z,y) + Ln(z,y)))]",

where k € (0,1) and L > 0. If 9 is non-decreasing, then T' has a unique fized point.
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Corollary 3.3. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all x,y € X with d(Tx,Ty) > 0,

w(m(z,y), d(z,y)) <0 implies v(I(d(Tx, Ty))) < [y(I(M(z,y)) + Lg(z,y)))]*,
where k € (0,1) and L > 0. If 9 is non-decreasing, then T has a unique fized point.

Corollary 3.4. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all x,y € X with d(Tz,Ty) > 0,

w(m(z,y), d(z,y)) < 0 implies y(9(d(Tx, Ty))) < (M (z,9))))",
where k € (0,1). If ¥ is non-decreasing, then T has a unique fixed point.
Corollary 3.5. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all x,y € X with d(Tx,Ty) > 0,
9(d(Tz,Ty)) < [9(d(z,9)))",

where k € (0,1). If ¥ is non-decreasing, then T has a unique fixed point.
Remark 3.6. (1) Corollary 3.2 is an extention and generalization of Theorem 3.2
of [16] to Branciari distance space without the condition (92).

(2) Corollary 3.5 is a generalization of Theorem 2.1 of [15] without the conditions
(92) and (¥3) and is an extension of Theorem 2.2 of [16] to Branciari distance space

without the condition (92).
(3) Corollary 3.5 is an answer to open question of [25].

By taking £ = £, in Theorem 2.1, we obtain the following result.

Corollary 3.7. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all x,y € X with d(Tz,Ty) > 0,

Y(O(M(z,y) + Lm(z,y)))
d(Y(I(M(z,y) + Lm(z,y))))’

where L > 0 and ¢ : [1,00) — [1,00) is non-decreasing and lower semicontinuous
such that ¢~1({1}) = 1. If 9 is non-decreasing, then T has a unique fized point.

w(m(z,y),d(z,y)) < 0 implies y(I(d(Tx,Ty))) <

Corollary 3.8. Let (X, d) be a complete Branciari distance space and let T : X — X
be a mapping such that for all x,y € X with d(Tx,Ty) > 0,

0(d(z,y))
¢(0(d(x,y)))’
where L > 0 and ¢ : [1,00) — [1,00) is non-decreasing and lower semicontinuous
such that ¢~1({1}) = 1. If 9 is non-decreasing, then T has a unique fized point.

w(m(z,y),d(z,y)) < 0 implies ¥(d(Tz,Ty)) <

Remark 3.9. Corollary 3.8 is a generalization of Corollary 8 of [17].
By taking £ = £, in Theorem 2.1, we obtain the following result.

Corollary 3.10. Let (X,d) be a complete Branciari distance space and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) > 0,
w(m(x,y),d(z,y)) <0 implies
(T, Ty < AO(M(z,y) + Lm(z,y))),

where A > 1. If ¥ is non-decreasing, then T has a unique fixed point.
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By taking & = &, in Theorem 2.1 with y(t) = ¢,Vt > 1, we obtain the following
result.

Corollary 3.11. Let (X,d) be a complete Branciari distance space and let T : X —
X be a mapping such that for all x,y € X with d(Tx,Ty) > 0,

w(m(z,y),d(z,y)) <0 implies
Hd(Tx, Ty)) < Id(z,y))o(I(d(z,y))),
where ¥ is non-decreasing and ¢ : [1,00) — [1,9(1)) is a function such that
lim sup ¢(t) < P(1)Vt > 1.
t—st
Then T has a unique fixed point.

Corollary 3.12. Let (X,d) be a complete Branciari distance space and let T : X —
X be a mapping such that for all x,y € X with d(Tx,Ty) > 0,

w(m(z,y),d(z,y)) <0 implies

(3.1) d(Tz,Ty) < d(z,y)p(d(z,y)),
where ¢ : [0,00) = [0,1) is a function such that

lim sup ¢(t) <1 Vs> 0.
t—st

Then T has a unique fized point.
Proof. Let 9(t) = €' Vt > 0 and let ¢(t) = In(¢(I(¢))) V¢t > 0 where ¢ : [1,00) —
[1,6(1)) is a function. Then we have that
lim sup p(t) = lim supIn(¢(9(t)))
t—st t—st
=In( lim sup ¢(¥(t)))
t—st
<In(¥(1))

which implies
lim sup ¢(9(t)) < ¥(1),vt > 0.

t—st

Thus

lim sup ¢(t) < 9(1), V¢ > 1.

t—st
It follows from (3.1) that for all z, y € X with d(Tz, Ty) > 0 and w(m(z,y), d(z,y)) <
0,

Wd(Tz, Ty)) < I(d(z, y)e(d(z,y)))
=0(In(¢(I(d(z,y)))d(x, y))
—en(d(I(d(z,y)))d(x,y)
<o(I(d(z,y)))9(d(z,y))-
So by Corollary 3.11, T has a unique fixed point. O

Taking ¢ = &, in Theorem 2.1 with y(t) = ¢,Vt > 1, we have the following result.
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Corollary 3.13. Let (X,d) be a complete Branciari distance space and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) > 0,

w(m(x,y),d(z,y)) <0 implies
Hd(Tz, Ty)) < I(d(x, y))a(I(d(z,y))),
where ¥ is non-decreasing and « : [1,00) — [1,9(1)) is a function such that
nh_)n;o alt,) =9(1) — nh_}ngo t, = 1.
Then T has a unique fized point.

Corollary 3.14. Let (X,d) be a complete Branciari distance space and let T : X —
X be a mapping such that for all x,y € X with d(Tx,Ty) > 0,

w(m(x,y),d(z,y)) <0 implies

(3-2) d(Tz,Ty) < d(z,y)B(d(z,y)),

where 5 : [0,00) = [0,1) is a function such that

(3.3) lim B(t,) =1 <= lim t, = 0,Vt, > 0.
n—oo n—0o0

Then T has a unique fized point.
Proof. Let 9(t) = e Vt > 0 and let B(t) = In(a(I(t))),Vt > 0, where « : [1,00) —

[1,9(1)) is a function. Let {s,} C [1,00) be a sequence and let {t, = Ins,} C [0, c0)
be a sequence. Then from (3.3), we infer that

(3-4) Jim S(tn) =1
<:>1n(n1LrI;o a(d(t,)) = nl;néo In(a(9(t,))) = In(¥(1))

& lim a(¥(ty)) =9(1)
(E)nll_{%o a(sy) = 9(1).

Also, we have that

(3.5) lim t, =0
n— o0
< lim s, = lim ¥(¢,) = 9(0) = 1.
n— oo n— o0

It follows from (3.5) that
lim a(s,) =9(1) < lim s, =1V, > 1.
n— oo

n—oo

Thus from (3.2), we obtain that
HNd(Tz, Ty) = (T2 Ty)
<ed@y)Bd(y)
—en(a(d((d(z,y)))d(z,y)
=a(d(d(z,y)))d(z,y)
<a(¥((d(z,y)))d(d(z,y))-

So by Corollary 3.13, T has a unique fixed point. d
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Remark 3.15. Corollary 3.14 is a generalization and extention of Theorem 2.1 of
[26] to Branciari distance.

By taking 9(t) = 2 — 2 arctan(;%) V¢ > 0, where a € (0,1) in Corollary 3.8, we
have the following result.

Corollary 3.16. Let (X,d) be a complete Branciari distance space and let T : X —
X be a mapping such that for all x,y € X with d(Tz,Ty) > 0,

w(m(z,y),d(z,y)) <0 implies

2 1
L < 2 - S arctan( e T D)
a’/ — 2 1
d(TCU, Ty) ¢(2 - arCtan(m))
where a € (0,1) and ¢ : [1,00) — [1,00) is nondecreasing and lower semicontinuous
such that ¢~*({1}) = 1. Then T has a unique fived point.

2
2 — — arctan(
™

)

4. CONCLUSION

One can unify and merge some existing fixed point theorems by using £,-simulation
functions in Branciari distance spaces. One can obtain some concequence of the main
result by applying £L.-simulation functions given in Example 1.2 and Example 1.3.
Further, one can derive all the results of the paper in the setting of metric spaces.

SUGGESTION

We suggest that the main theorem can be extended and generalized to fuzzy
mappings defined on abstract distance spaces by using L-simulation functions and
L-simulation functions. Also, we suggest that the fuzzy £-simulation function and
fuzzy L,-simulation function can be extended in a similar way to the one in which
the Z-simulation function is extended to the F Z-simulation function. The main the-
orem can be extended and generalized to fuzzy metric spaces using certain extended
simulation functions, and the existing fixed point theorem can be interpreted.
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