Annals of Fuzzy Mathematics and Informatics
Volume 25, No. 3, (June 2023) pp. 279-291 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2023.25.3.279 http://ribs.wonkwang.ac.kr

Fuzzy topological spaces on fuzzy graphs

P. S. GHoLAP, V. E. NIKUMBH

=
=L

® ©II
’ﬁ a:;ﬁm
Z =

=]

FMI
@F MTI
@F M I
@QF MT

@F M

Q[ M
@F I
@F MI
@ MT

@F MI

®
- ®
®
= =(|={|=|[ |[®]|e
2]

QFMI, @FMTI
Q@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 25, No. 3, June 2023



Annals of Fuzzy Mathematics and Informatics
Volume 25, No. 3, (June 2023) pp. 279-291 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2023.25.3.279 http://ribs.wonkwang.ac.kr

Fuzzy topological spaces on fuzzy graphs
P. S. GHoLAP, V. E. NIKUMBH

Received 3 March 2023; Revised 30 March 2023; Accepted 12 May 2023

ABSTRACT. In this paper we study interrelation between fuzzy graphs
and fuzzy topological spaces. We have introduced various fuzzy topologi-
cal spaces on simple connected fuzzy graphs by using adjacency relation.
Some characterization theorems for fuzzy topologies related to isomorphic
fuzzy graphs, weak isomorphic fuzzy graphs and co-week isomorphic fuzzy
graphs are given. Interior, closure properties, 71 and 715 separation axioms
for these fuzzy topological spaces are studied. In last section we define
neighborhood fuzzy topological spaces on simple fuzzy graph and establish
a linkage between fuzzy topology and fuzzy graph.
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1. INTRODUCTION

Graph theory has wide applications in various fields like digital image process-
ing, computer technology, communication science, networking problems, mechanism
analysis, civil engineering, electric engineering, graphics, medical field, traffic prob-
lems, genetics etc. Graph is the pictorial representation of objects and binary re-
lation between them. Various real life situations can be modeled using graphs and
their practical solution can be obtained. Topology is a study of objects that are
invariant under certain deformations. Topology has vast applications in fields like
digital machine learning, image processing, graphics, robotics, biology, civil engi-
neering, geographic information system, data analysis, remote sensing, networking,
traffic problems, artificial intelligence, economics etc. Both graph theory and topol-
ogy are originated from Euler’s “ Seven Bridge of Konigsberg problem ” in 1736
and because of their common applications in many fields, the study of interrelation
between them is of great interest. Amiri et al. [1] defined graphic topology on crisp



Gholap and Nikumbh /Ann. Fuzzy Math. Inform. 25 (2023), No. 3, 279-291

graph. Kilicman and Abdulkalek [2] introduced a incidence topology with a set of
vertices for any simple crisp graph. Sari and Kopuzlu [3] studied topologies gener-
ated by simple undirected crisp graphs without isolated vertices and discussed the
condition for homeomorphic topological spaces generated by crisp graphs. Ibraheem
and Nagim [1] generates topology on crisp graph by defining relations on the edges
set of graph. Gholap and Nikumbh [5] introduced topological spaces on simple crisp
graph by using adjacency relation and non adjacency relation on set of vertices.
Many researchers introduced and studied topological spaces associated with graphs
using various relations.

In 1968, Chang [6] introduced fuzzy topological spaces and in 1975, Rosenfeld [7]
introduced fuzzy graphs and various results analogue to crisp graphs. Pramanik et
al. [8] introduced interval valued fuzzy competition graph (IVFC) and discussed its
properties. Rashmanlou et al. [9] defined direct product, degree of vertex in cubic
graph and introduced complete cubic graphs. The concept of reinforcement number
with respect to half-domination introduced by Muhiuddin [10]. Amanathulla et al.
[11] studied surjective L(2,1) labeling problems for paths and interval graphs. Atef
et al. [12] introduced a new kind of fuzzy topological structures in terms of fuzzy
graphs called fuzzy topological graphs, which is study of fuzzy graphs on certain
class of fuzzy subsets.

Since fuzzy graphs and fuzzy topological spaces have some common applications
in various fields hence to find relation between them is important. Many authors
studied topological spaces on various crisp graphs but there in no literature available
where fuzzy topological spaces on fuzzy graphs are studied. Using fuzzy topological
structure we can study different aspect of various fuzzy graphs, this is our motivation
to introduce fuzzy topological spaces on certain fuzzy graphs. In this paper we
introduce fuzzy vertex topology and fuzzy edge topology on simple connected fuzzy
graphs using adjacency relation and discussed related results. In the last section we
define fuzzy neighborhood topology on simple fuzzy graphs.

2. PRELIMINARIES

Definition 2.1 ([13]). Let S be a set. A map o :.S5 — [0,1] is called a fuzzy subset
of S. A fuzzy relation on S is a fuzzy subset of S x S.

Let S be a set , A and B be fuzzy sets on S. Then the join and the meet of A
and B, denoted by AV B and A A B, are defined as follows: for each x € S,

(AV B)(z) = max(A(z), B(z)) and (A A B)(z) = min(A(x), B(z)).

Definition 2.2 ([11]). A fuzzy graph is a triplet G = (V, o, 1), where V is a finite
nonempty set, o is a fuzzy subset of V' and p is a fuzzy relation on o satisfying

w(a,b) <o(a) No(b) Ya, be V.

The fuzzy set o and p are called the fuzzy vertex set of G and the fuzzy edge set

of G respectively. Clearly, p is a fuzzy relation on o. A fuzzy graph H = (U, p,v)

is called a fuzzy partial fuzzy subgraph of G = (V,o,u), if p < o and v < p. We

call H = (U, p,v) a spanning fuzzy subgraph of G = (V,o,u), if p = 0. A path in

a fuzzy graph G = (V,o,u) is a sequence of distinct vertices ag, a1, ag, ..., a, such

that p(a;—1,a;) > 0,1 < i < n. Two vertices are said to be connected, if they are
280
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joined by path. The strength of path is defined as A|_; u(ai—1,a;). The strength
of connectedness between two vertices a and b is defined as the maximum of the
strengths of all paths between a and b and it is denoted by u>°(a,b). A fuzzy graph
G = (V,o, ) is said to be connected, if u>°(a,b) > 0 for every a, b in V.

Definition 2.3 ([14]). A fuzzy graph G = (V, o, ) is said to be a complete fuzzy
graph, if p(a,b) =c(a) Ao(b)Va, beV.

Definition 2.4 ([15]). A fuzzy graph G = (V, 0, 1) is said to be complete bipartite,
if vertex set V can be partitioned into two non empty sets V; and V5 such that
w(a,b) = 0 if a and b both belongs to V4 or Vo and u(a,b) = o(a) Ao(b), if a € V3
and b € V5.

Definition 2.5 ([7]). Let G = (V,o,u) and G' = (V',¢’, /') be two fuzzy graphs. A
map f: G — G is said to be a homomorphism from G to G, if o(a) < ¢'(f(a)) for
all a € V and p(a,b) < p/(f(a), f(b)) for all a, b € V. A bijective map f: G — G’
is said to be an isomorphism from G to G’ if o(a) = o'(f(a)) for all @ € V and
w(a,b) =y (f(a), f(b)) for all a, b € V. A bijective homomorphism f : G — G’ is
said to be a weak isomorphism from G to G', if o(a) = o'(f(a)) for all a € V. A
bijective homomorphism f : G — G’ is said to be a co-weak isomorphism from G to
G if p(a,b) = p' (f(a), f(b)) for all a,b e V.

Definition 2.6 ([16]). Let (X, 7) be a fuzzy topological space. Then a subfamily
B of 7 is called a base for T, if every member of 7 can be written as a union of
members of 8. A subfamily S of 7 is called a subbase for 7, if the family of finite
intersections of its members forms a base for 7. If 7 and 75 are fuzzy topologies on
X and 11 C 79, then we say that 71 is coarser than 1o or o is finer than 7.

Definition 2.7 ([17]). A fuzzy topology T is said to be generated by a subfamily S
of fuzzy sets in X, if every member of 7 is a union of finite intersections of members
of S.

Definition 2.8 ([138]). Let G = (V,0, ) be a fuzzy graph. Then the complement of
G, denoted by G = (V, 0, i), is defined as:

f(a,b) = o(a) Ao(b) — p(a,b) Ya, be V.

Definition 2.9 ([15]). A fuzzy graph G = (V, 0, u1) is said to be self complementary,
if G is isomorphic to its complement G.

Definition 2.10 ([17]). A fuzzy topological space (X, 7) is called a fuzzy Ti- topo-
logical space, if for every pair of distinct fuzzy points p, ¢ € X, we can find fuzzy
open sets U and V in (X, 7) such that pe U,p ¢V and g€V, ¢ ¢ U.

Definition 2.11 ([17]). A fuzzy topological space (X, 7) is said to be fuzzy T5 or
Hausdroff, if for every pair of distinct fuzzy points p, ¢ € X, there exist two fuzzy
open sets U and V in (X, 7) such that pe U, g€V and UNV = 0.

3. Fuzzy VERTEX TOPOLOGY GENERATED BY FUZZY GRAPHS

Definition 3.1. Let G = (V,0,u) be the simple connected fuzzy graph and let
V(G) be a fuzzy set of vertices. On fuzzy set V(G) we define an adjacency relation
281
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R as ((u,0(uw)), (v,0(v))) € R, if p(u,v) > 0, where (u,o(u)) and (v,o(v)) € V(G).
Now for (u,o(u)) € V(G), we define
Rlu] = {(v,0(v)) € V(G)/p(u,v) > 0}

Then the set S = {R[u] : (u,o(u)) € V(G)} forms a subbasis for a topology on V(G).
Let 8 be the finite intersection of members of subbasis S. Then clearly, 5 forms a
basis. The collection 7 of all union of members of S is a topology on V(G) called as
a fuzzy vertex topology generated by fuzzy graph G and the ordered pair (V(G), )
as a fuzzy vertex topological space generated by fuzzy graph G. The members of 7
are called v-open fuzzy sets and the complement of an v-open fuzzy set is called a
v-closed fuzzy set.

Example 3.2. From figure 1, let G; be fuzzy graph with vertex set and let
V(G1) = {(a,0.2),(b,0.5), (¢,0.4), (d,0.7)}.
Then we have
Rla] = {(b,0.5)}, R[b] = {(a,0.2), (¢,0.4),(d,0.7)}, R[c] = {(b,0.5)}, R[d] = {(b,0.5)}.
Moreover, we get
S1 = {{(b,0.5)},{(a,0.2),(c,0.4),(d,0.7)} }

and

B1 = {0,{(b,0.5)},{(a,0.2),(c,0.4), (d,0.7)} }.

Thus 71 = {0,{(b,0.5)},{(a,0.2), (c,0.4), (d,0.7)}, V(G1 } is a fuzzy vertex topology
generated by Gj.

(a,0.2) (d,0.7)
0.2 2
(b,0.5) 03 (c0.4)

FI1GURE 1. A simple connected fuzzy graph G

Theorem 3.3. If H is a simple connected spanning fuzzy subgraph of fuzzy graph G,
then the fuzzy vertex topology generated by fuzzy graph H is finer than fuzzy vertex
topology generated by fuzzy graph G.
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Proof. Let H = (U, T,v) be a simple connected spanning fuzzy subgraph of fuzzy
graph G = (V,0,u), where U = V. Then by 3.1, S1 = {R[u] : (u,7(u)) € U} and
Sy = {Ru] : (u,0(u)) € V} forms a subbasis of vertex topology 7 on H and fuzzy
vertex topology 7o on G respectively. Clearly, S7 C Ss. Thus 7 C 7. O

Theorem 3.4. If two fuzzy graphs G1 = (Vi,01,p1) and Gy = (Va,09,u2) are
isomorphic, then the fuzzy vertex topologies 1 and 1o generated by G1 and G4 re-
spectively are homeomorphic.

Proof. Since G1 = (Vi,01,11) and Go = (Va,09, p2) are isomorphic. Then there
exists a bijective mapping f : G; — G2 such that o1(a) = 02(f(a)) Va € V; and
p1(a,b) = pa(f(a), f(b)) Ya,b € V4. Thus the sets S; = {R[a] : (a,01(a)) € V1 } and
So ={R[f(a)] : (f(a) o2(f(a))) € Va} are equivalent. So the fuzzy vertex topologies
71 and 7 generated by subbasis S7 and S5 respectively are homeomorphic. g

Example 3.5. From figure 2, G; and G4 are isomorphic fuzzy graphs. Let 71 be
the fuzzy vertex topology generated by G1 and let 75 be the fuzzy vertex topology
generated by Go. Then we have
T = {O, {(b,0.5)},{(d,0.2)},{(b,0.5), (d,0.2)},{(a,0.6), (c,0.9)},
{(a,0.6), (¢,0.9),(d,0.2)},{(a,0.6), (b,0.5), (c,0.9)}, V(Gl}
and
7 = {0,{(2,05)}, {(2,0.2)}, {(9,0.9), (1, 0.6)}, {(#,0.5), 5, 0.2)},
{(,0.9), (2,0.2), (w,0.6)}, {(z,0.5), (,0.9), (w,0.6)}, V(G2 }.
So 71 and 75 are homeomorphic.

(2,0.6) 0.2 (d,02) (x,0.5) 04 (w,0.6)
0.4 S 0.9 0.5 0.2
(b,0.5) (¢,0.9) (v,0.9) (2,0.2)

0.2

FIGURE 2. Isomorphic fuzzy graphs G; and Go

Corollary 3.6. If two fuzzy graphs G; = (Vi,01,p1) and Gy = (Va, 09, u2) are
weak isomorphic then the fuzzy vertex topologies T1 and 1o generated by G1 and Go
respectively are homeomorphic.

Remark 3.7. If two fuzzy graphs G1 = (Vi,01, 1) and Go = (Va, 09, i2) are co-
weak isomorphic then the fuzzy vertex topology 7 generated by G and the fuzzy
vertex topology 7o generated by G2 may not be homeomorphic.

283



Gholap and Nikumbh /Ann. Fuzzy Math. Inform. 25 (2023), No. 3, 279-291

Example 3.8. From figure 3, G; and G5 are co-weak isomorphic fuzzy graphs. Let
71 be the fuzzy vertex topology generated by G; and let 75 be the fuzzy vertex
topology generated by G5. Then we have
T = {O, {(6,0.5)},{(d,0.2)},{(b,0.5),(d,0.2)}, {(a,0.6),(c,0.9)},
{(a,0.6),(¢,0.9),(d,0.2)},{(a, 0.6), (b,0.5), (¢,0.9)}, V(Gl}
and
Ty = {O, {(2,0.6)},{(2,0.4)},{(y,1), (w,0.6)}, {(x,0.6),2,0.4)},

{(y7 1)a (Zv 04)7 (U}, 06)}» {(IE, 06)1 (yv 1)7 (wa 06)}7 V(GQ}
Since 71 and 7o contains different fuzzy sets, 7 is not homeomorphic to 7.

0.2 0.4

(2,0.6) (d,0.2) (x,0.6) (,0.6)
0.4 Y 0.2 0.5 % 0.2
(b,0.5) 05 (c,0.9) (v,1) 02 (2,0.4)

F1GURE 3. Co-weak isomorphic fuzzy graphs G; and Go

Theorem 3.9. Let X be the set of all simple connected fuzzy graphs. Then the
relation ~ defined on X as G1 ~ Go if and only if 1 ~ 75 is an equivalence
relation on X, where 7 and T are fuzzy vertex topologies generated by G1 and Go
respectively.

Proof. 1. Reflexive: Since 7, ~ 11, G1 ~ Gj.

2. Symmetry: As 71 ~ 7o, clearly, 7o ~ 71. Then G; ~ G5 implies Go ~ G;.

3. Transitive: As G1 ~ G5 and Go ~ G3, 11 >~ 7 and 75 ~ 73 which implies
71 =~ 73. Then G; ~ G3. Thus the relation ~ defined on X is an equivalence
relation. O

Theorem 3.10. If G = (V,o, ) is a complete fuzzy graph, then the fuzzy vertex
topology T generated by G is Tj.

Proof. As G = (V,o,u) is a complete fuzzy graph, u(a,b) = o(a) Ao(b) Va, be V.
Let a, b € V be any two distinct elements. Then by 3.1, a € R[b] but a ¢ R[a] and
b € R[a] but b ¢ R[b]. Since R[a] and R[b] are elements of 7, they are open sets.
thus for every pair of distinct fuzzy points a, b € V, there exist fuzzy open sets R[a]
and R[b] in (V(G), 7) such that a € R[b] but a ¢ R[a] and b € R[a] but b ¢ R[b]. So
T is Tl. O
Remark 3.11. Converse of above theorem need not be true. That is if fuzzy vertex

topology 7 generated by G is T, then that fuzzy graph G = (V, 0, ) may not be
284
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complete. For example the fuzzy graph G in figure 4 is not complete but its fuzzy
vertex topology = {0, {(a,0.4)}, {(5,0.6)}, {(c, 1)}, {(a,0.4), (5,0.6)}, {(a,0.),
(¢, D)}, {(b,0.6), (c, 1)},V(G)} is Ty.

Theorem 3.12. IfG = (V, 0, i) is a complete fuzzy graph, then fuzzy vertex topology
T generated by G is Th.

Proof. As G = (V,o,u) is a complete fuzzy graph, for each a € V(G), R[a] =
V —{(a,o(a))}. Then S ={V —{(a,0(a))} : (a,0(a)) € V(G)} is a subbase for 7.
Let 8 be the finite intersection of members of S. Then for each (a,c0(a) € V(G),
{(a,0(a))} € B because (a,0(a)) ¢ R[a] but (a,c(a)) € R[b] for all (a,o(a)), (b,o(b)) €
V(G) such that (a,0(a)) # (b,0(b)); so that

NR[b] = {(a,0(a))},

where intersection is taken over all (b, 0 (b)) € V(G) such that (b, (b)) # (a,o(a)).
Thus the fuzzy vertex topology 7 generated by G must contains singleton set of the
form {(a,o0(a))} for each (a,0(a)) € V(G). So for any (a,c(a)),(b,o(b)) € V(G)
with (a,0(a)) # (b,0(b)), there exists open sets say U = {(a,0(a))} and V =
{(b,0(b))} in 7 such that (a,o(a)) € U, (b,0(b)) € V(G) and UNV = ¢. Hence T
is TQ. O

Remark 3.13. Converse of above theorem need not be true. That is, if fuzzy vertex
topology 7 generated by G is Th, then that fuzzy graph G = (V, 0, ) may not be
complete. For example, the fuzzy graph G in figure 4 is not complete but its fuzzy
vertex topology, 7 = {0, {(a,0.4)}, {(b.0.6)}, {(c. 1)}, {(a,0.4), (5, 0.6)}, {(a,0.4),

(e, D)} {(6,0.6), (¢, 1)}, v(G) } is To.

Corollary 3.14. If G = (V,o,p) is a complete bipartite fuzzy graph, then fuzzy
vertex topology T generated by G is Ty and Ts.

Theorem 3.15. If G = (V,o0, ) is a simple connected self complementary fuzzy
graph, then fuzzy vertex topologies generated by G and G respectively are equal.

Proof. As G is self complementary, G' and G are isomorphic. Then by 3.4, fuzzy
vertex topologies generated by GG and G are homeomorphic. It is clear that vertex
set V of G and G is same. Thus fuzzy vertex topologies generated by G and G are
equal. O

Example 3.16. From figure 4, G is a self complementary fuzzy graph. Let 7 be
the fuzzy vertex topology generated by G and let T be the fuzzy vertex topology
generated by GG. Then we have

7={0,{(a,00)}, {(4,0.6)}, {(c, )}, {(a,0.4), (b,0.6)},
{(a,0.4), (¢, 1)}, {(6,0.6), (c, 1)}, V(G)}

and

{(a,0.4),(b,0.6)},

7 ={0,{(a,0.4)},{(0,0.6)},{(c. 1)},{(a,0.4),
S {(a,0.4), (c, 1)}, {(6,0.6), (c, N}, V(G)}.

l
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(2,0.4) (a,0.4)
0.2 % 0.2 %
(b,0.6) 03 (c,1) (b,0.6) 03 (c,1)

FIGURE 4. Self complementary fuzzy graphs G and G

4. THE INTERIORS AND THE CLOSURES OF A FUZZY GRAPH

In this section, we define the interior and the closure of a subset of a vertex set
of a fuzzy graph G with respect to vertex topology generated by G.

Definition 4.1. Let G = (V, 0, u) be a simple connected fuzzy graph and (V(G), 1)
be the corresponding fuzzy vertex topological space. Let A be any subset of V(G).
Then the interior and the closure of A, denoted by int(A) and cl(A), are defined as
follows:

int(A) = \/{Ber:B< A} and cl(A) = \{Ber': B> A},
where 7/ is the complement of 7.

Theorem 4.2. Let G = (V, o, 1) be the simple connected fuzzy graph and (V(G), 1)
be the corresponding fuzzy vertex topological space. If A is a subset of V(Q), then
(1) int(A) < A,

(2) int(int(A)) = int(A)

(3) A<B = int(4) < int(B),
(4) int(A A B) = int(A) Aint(B),
(5) A<cl(A),

(6) cl(cl(A)) = cl(A),
(7) A< B = d(A
(8) cl(AV B) =cl(A)

< cl(B),
vV cl(B).

5. FUzzY EDGE TOPOLOGY GENERATED BY A FUZZY GRAPH

Definition 5.1. Let G = (V, 0, 1) be a simple connected fuzzy graph and let E(G)
be a fuzzy set of edges for it. On fuzzy set F(G), we define an adjacency relation R as
((e1, p(er)), (e2, u(e2))) € R, if e1 is adjacent to eq for (eq, p(er)), (e, u(e2)) € E(G).
Now for (eq, u(e1)) € E(G), we define,

Rlei] = {(ej, n(ej)) € B(G)/((ei, p(er))s (ej, u(ej))) € R}, where i # j.

Then the set S = {R[e]/(e, u(e)) € E(G)} forms a subbasis for a topology on E(G).
Let 8 be the finite intersection of members of subbasis S. Then clearly, 5 forms a
286
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basis. The collection 7 of all union of members of 3 is a topology on E(G). We
called 7 as a fuzzy edge topology generated by fuzzy graph G and the ordered pair
(E(G), ) as a fuzzy edge topological space generated by fuzzy graph G. The members
of 7 are called an F-open fuzzy set and the complement of E-open fuzzy set is called
an F-closed fuzzy set.

Example 5.2. From figure 5,let G5 be simple connected fuzzy graph with edge set
and let F(G3) = {(e1,0.4), (62,0 3), (e3,0.6)}. Then we have

Rle1] = {(e2,0.3), (e3,0.6)}, R[ea] = {(e1,0.4), (e3,0.6)}, Rles] = {(e1,0.4), (e2,0.3)},
Sz = {{(e2,0.3), (e3,0.6)}, {(e1,0.4), (e3,0.6)},{(e1,0.4), (e2,0.3)} },

Bz = {0, {(e1,0.4)}, {(e2,0.3)}, {(e3,0.6)}, {{(e2,0.3), (e3,0.6)},
{(e1,0.4), (e3,0.6)},{(e1,0.4), (e2,0.3) }}

Ty = {0 {(e1,0.4)},{(e2,0.3)},{(e3,0.6)},{(e2,0.3), (e3,0.6)},
{(e1,0.4), (e3,0.6)},{(e1,0.4), (e2,0.3)}, E(G2) }.

(0.2)

(81“,0.4)

(€2,0.3)

FIGURE 5. A simple connected graph G»

Theorem 5.3. If H is a simple connected spanning fuzzy subgraph of fuzzy graph
G, then the fuzzy edge topology generated by fuzzy graph H is finer than the fuzzy
edge topology generated by fuzzy graph G.

Theorem 5.4. If two fuzzy graphs Gy = (V1,01, 1) and Gy = (Va, 09, p2) are iso-
morphic, then the fuzzy edge topologies Ty and 7o generated by G1 and Go respectively
are homeomorphic.

Proof. Since G1 = (Vi,01,11) and Go = (Va,09, p2) are isomorphic. Then there
exists a bijective mapping f : G; — G2 such that o1(a) = 02(f(a)) Va € V; and
u1((a, b)) = pa(f(a), f(b)) Ya,b € V. Thus S; = {Rle] : (e,u1(e)) € E1} and
Sa =A{R[f(e)] : (f(e),n2(f(e))) € Ea} are equivalent. So the fuzzy edge topologies
71 and 7 generated by subbasis S7 and S5 respectively are homeomorphic. g

Corollary 5.5. If two fuzzy graphs G1 = (Vi,01,p1) and Go = (Va, 09, u2) are
co-weak isomorphic, then the fuzzy edge topologies 71 and o generated by Gy and

G respectively are homeomorphic.
287
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Remark 5.6. If two fuzzy graphs G1 = (V1,01, 1) and Go = (Va, 09, o) are weak
isomorphic, then the fuzzy edge topology 7 generated by G; and the fuzzy edge
topology 7o generated by G5 may not be homeomorphic.

Example 5.7. From figure 6, G; and G5 are weak isomorphic. Let 71 be the fuzzy
edge topology generated by G; and let 7o be the fuzzy edge topology generated by
G5. Then we have
T1 = {0, {(62, 0.2)}, {(61, 0.4), (65, 0.2)}, {(63, 0.2), (64, 05)},
{(e1,0.4), (e2,0.2), (e5,0.2) }, {(e2,0.2), (e3,0.2), (e4,0.5) },
{(61, 04), (63, 02), (64, 05), (657 02), E(Gl)}
and
73 = {0, {(eh, 0.2)} {(e}, 0.4), (e, 0.2)}, {(€4, 0.2), (€}, 0.5)},
{(€},0.4), (€5,0.2), (e5,0.2)}, {(e},0.2), (5,0.2), (¢4, 0.5)},
{(e},0.4), (e4,0.2), (e},0.5), (ef,0.2), E(Gg)}.
Thus clearly, 7 is not homeomorphic to 7.

(0.6) (2,02) (0.2) (0.5) (1, 0.5) (0.6)

(€1,0.4) (€},0.6) (¢},0.3)

(e5,0.2)

(0.5) e (0.9) (0.9) ey (0.2)

FIGURE 6. Weak isomorphic fuzzy graphs G; and Gs

Theorem 5.8. Let X be the set of all simple connected fuzzy graphs. Then the
relation ~ defined on X as Gy ~ Go if and only if 71 ~ T is a equivalence relation,
where 11 and T2 be the fuzzy edge topologies generated by G1 and G2 respectively.

Proof. 1. Reflexive: Since 7, ~ 11, G1 ~ G.

2. Symmetry: As 71 ~ T, clearly, 7o ~ 71. Then G; ~ G5 implies Go ~ G1.

3. Transitive: As G; ~ G5 and Gy ~ G3, 11 >~ T and 7 ~ 73 which implies
71 =~ 73. Then G; ~ G3. Thus ~ is reflexive, symmetric and transitive. So ~ is
equivalence relation. O

Theorem 5.9. If G = (V,0,u) is a simple connected self complementary fuzzy
graph, then fuzzy edge topologies generated by G and G respectively are equal.

Proof. As G is self complementary, G and G are isomorphic. Then by 5.4, the fuzzy

edge topologies generated by GG and G are homeomorphic. It is obvious that E of G

and G is same. Thus fuzzy edge topologies generated by G and G are equal. O
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Theorem 5.10. If G = (V,0,u) is a complete fuzzy graph, then fuzzy edge topology
T generated by G is Ty and Ts.

Corollary 5.11. If G = (V, o, u) is a complete bipartite fuzzy graph, then fuzzy edge
topology T generated by G is Ty and Ts.

6. Fuzzy NEIGHBORHOOD TOPOLOGY GENERATED BY A SIMPLE FUZZY GRAPH

Definition 6.1. Let G = (V, 0, 1) be the simple fuzzy graph and let V(G) be a
fuzzy set of vertices. Then a neighborhood of each (a,0(a)) € V(G) is defined as
set of all vertices in (b, (b)) € V(G) such that u(a,b) > 0 and containing (a,o(a))
itself. We denote it as NJa].

Definition 6.2. Let G = (V, 0, 1) be the simple fuzzy graph and let V(G) be a fuzzy
set of vertices. Then the set S = {NJa] : (a,0(a)) € V(G)} forms a subbasis for a
topology on V(G). Let [ be the finite intersection of members of subbasis S. Then
clearly, 8 forms a basis. The collection 7 of all union of members of 3 is a topology
on V(G). We called 7 as a fuzzy neighborhood topology generated by simple fuzzy
graph G and the ordered pair (V(G),7) as a fuzzy neighborhood topological space
generated by simple fuzzy graph G. The members of 7 are called a fuzzy N-open
fuzzy set and the complement of open fuzzy set is called a fuzzy N-closed set.

Theorem 6.3. Let G = (V, o, 1) be the simple fuzzy graph and let V(G) be a fuzzy
set of vertices. Then the collection S = {Nla]/(a,c(a)) € V(G)} forms a subbasis
for a fuzzy topology on V(G).

Example 6.4. From figure 7, let G35 be fuzzy graph with vertex set
V(G3) = {(a,0.4),(b,0.7), (c,0.8),(d,0.9)}. Then we have
Nla] = {(a,0.4),(b,0.7)}, N[b] = {(a,0.4),(b,0.7)}, N[c] = {(c,0.8)}, N[d] = {(d,0.9)},
Ss = {{(a,0.4), (0,0.7)}, {(,0.8)}, {(d, 0.9)} },
By = {0,{(a,0.4), (b,0.7)}, (¢, 0.8)}, {(d, 0.9)}},

73 = {0,{(c,0.8)},{(d,0.9)},{(a,0.4), (b,0.7)},{(a,0.4), (b,0.7), (c,0.8)},
{(a,0.4),(b,0.7),(d,0.9)},V(Gs)}.

Theorem 6.5. If G = (V, 0, ) is a null fuzzy graph and (V(G), ) is a fuzzy neigh-
borhood topological space generated by G, then the proper N-open sets of (V(G),T)
are singleton.

Example 6.6. Let G4 be a null fuzzy graph with vertex set
V(G4) = {(a,0.4),(,0.7), (c,0.8), (d,0.9) }.
Then we have
Nla] ={(a,0.4)}, N[o] ={(b,0.7)}, Nlc] = {(c,0.8)}, N[d] ={(d,0.9)},
Si={{(a,0.4)},{(6,0.7)},{(c,0.8)}, {(d, 0.9)} },
Ba = {0,{(a,0.4)}, {(6,0.7)},{(c,0.8)}, {(d, 0.9)} }.

Thus the fuzzy neighborhood topology generated by G5 is

71 = {0,{(a,0.9)},{(6,0.7)},{(c, 0.8)}, {(d, 0.9)},
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(a,0.4) (d,0.9)
05
(b,0.7) (¢,0.8)

FIGURE 7. A simple fuzzy graph G3

{(a,0.4), (b,0.7)},{(a,0.4), (¢,0.8)},{(a,0.4), (d,0.9)},
{(6,0.7), (c,0.8)},{(b,0.7), (d,0.9)}, {(c,0.8), (d,0.9)},
{(a,0.4),(b,0.7), (c,0.8)},{(a,0.4), (b,0.7), (d,0.9) },
{(a,0.4), (c,0.8),(d,0.9)},{(b,0.7), (c,0.8), (d,0.9)}, V(G4) }

Theorem 6.7. If G = (V,o,u) is a complete fuzzy graph, then fuzzy neighborhood
topology T generated by G is Ty and Ts.

Corollary 6.8. If G = (V,o,u) is a complete bipartite fuzzy graph, then fuzzy
neighborhood topology T generated by G is Ty and Ts.

7. CONCLUSION

In this paper we have studied a relation between fuzzy graphs and fuzzy topo-
logical spaces. We have generated three types of fuzzy topological spaces on fuzzy
graphs by using adjacency relation. Also fuzzy topologies related to isomorphic fuzzy
graphs, weak isomorphic fuzzy graphs and co-week isomorphic fuzzy graphs are in-
vestigated. We have shown that homeomorphic fuzzy topological structure forms an
equivalence relation. We have verified that the fuzzy topological spaces generated by
complete fuzzy graph and complete bipartite fuzzy graph satisfies separation axioms
T1 and T5.We have shown that using interior and closure of a set corresponding to
a fuzzy graph a fuzzy topology can be formed and there interrelationship may give
some useful insights. Using fuzzy topological structures as discussed in the paper
one can further study various topological aspects and fuzzy topological indices of
different types of fuzzy graphs. The results discussed may lead to significant ap-
plications in fields that deal with uncertainty,vagueness and imprsion like pattern
recognition, image processing,decision making,control system etc. in future.
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