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ABSTRACT. Closure operators and closure systems play a significant
role in both pure and applied mathematics such that algebra, topology,
analysis and computer science. We investigate the relationships between
right (resp. left) closure systems and right (resp. left) closure operators on
complete generalized residuated lattices. We show that the set induced by
a right (resp. left) closure operator is right (resp. left) meet complete.
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1. INTRODUCTION

Beélohldvek [1, 2, 3, 1] investigate the properties of fuzzy relations and fuzzy closure
systems on a complete residuated lattice and developed the fuzzy formal concepts
and data analysis as foundation of theoretic computer science. As an Bélohldvek’s
extension, Fang and Yue [5] introduced strong fuzzy closure systems and strong
fuzzy closure operators.

Fuzzy closure operators and fuzzy closure systems can be applied to many different
areas as fuzzy Galios connections [0, 7, 8, 9], fuzzy rough sets [10], fuzzy formal
concepts [9, 10], decision rules [11] and fuzzy logics [12, 13, 14]. Recently, fuzzy
topological structures are introduced on soft sets, octahedron sets and cubic sets
[15, 16, 17].

For a non-commutative algebraic structure, Turunen [18] introduced a generalized
residuated lattice as a generalization of weak-pseudo-BL-algebras and left continuous
pseudo-t-norms [6, 19, 20]. Ko and Kim [21, 22] introduced the notions of right
(resp. left) closure operators and right (resp. left) closure systems on a generalized
residuated lattice. Moreover, as an extension of Zhang’s complete residuated lattices
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[23, 24], Ko and Kim [21, 22] investigated the notions of right (left) completeness
based on generalized residuated lattices.

In this paper, as the foundations of Alexandrov topologies, fuzzy formal con-
cepts, fuzzy rough sets, fuzzy relation logics, fuzzy equations and decision rules,
we examine the relationships between right (resp. left) closure systems and right
(resp. left) closure operators (See Section 3). Finally, we show that the set M =
{A e L*|C(A) = A}, where C is a right (resp. left) closure operator, is a right
(resp. left) meet complete (See Section 4).

2. PRELIMINARIES
In this section, we present some preliminary concepts and properties.

Definition 2.1 ([18, 21, 22]). A structure (L,V,A,®,—,=, 1, T) is called a gen-
eralized residuated lattice if it satisfies the following three conditions:

(GR1) (L,V,A, T,1) is bounded where T is the upper bound and L is the uni-
versal lower bound,

(GR2) (L,®, T) is a monoid, where T is the identity,

(GR3) it satisfies a residuation, i.e., a®b < ¢ if and only if a < b — ¢ if and only if b <
a=c.

In this paper, we always assume that (L, A,V,®,—,=, T, 1) is a complete gen-
eralized residuated lattice.

Lemma 2.2 ([18, 21, 22]). Letx, y, z € L and let {z;}ier, {yi}ier C L. Then the
followings hold.

() Ify<zthenzCy<zoOz,z—sy<z—oz,zor<y—oz,z=>y<zr=z
and z = x < y=x.

(2) z = (Nier vi) = Nier @ = 91) s (Vier @) =y = Nier(@i = 9),

<\/x> - <\/y> > A (@i = i), (/\x> — (/\y> > N (2 = wi),

ier ier ier ier ier i€l
ier i€l ier i€l
< Ii>:><\/yi>2/\(xi:yi>v (/\xz>:(/\yl>2/\($’:>yz)
ic ier ier ier ier ier

w7
)

(3) Yy —oz=x—=(y—=2) and (z0y) = z=y= (= z2).

Dr—y=2=y=>@—2)andz=(y—z2)=y— (z=2).

B)zo(z=y) <yand (x = y) ©x < y. Moreover, z < (x = y) = y and

z<(z—vy) =>y.

J(rz=y)o0z<r=>(y0z)andy®(xz — 2) <z — (yO2).

Y=y oy=2z)<z=zad(y—2)0x—y <z—z

YJ(z=2)<(yoz)=>(yOz2)and (z = 2) < (z0y) = (20y).

Je—oy<y—=z2z)=(@—2) and (z=y) <(y=2)— (r=2).

Dy—z<(z—=y = (r—2) and(y=2) <(z=y)=(z=2).

1)z —>y=T if and only if x < y. Similarly, x =y =T if and only if x < y.
266
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Definition 2.3 ([21, 22]). Let X be a set. A map e’ : X x X — L is called an
r-partial order (or right-partial order), if it satisfies the following three conditions:
(01) e%(z,z) =T forall x € X,
(02) if €% (z,y) = €% (y,x) = T, where z,y € X, then z =y,
(R) e (z,y) @ €% (y, 2) < e (x, z) for all z, y, z € X.
A map ek : X x X — L is called an [-partial order (or left partial order), if it
satisfies (O1), (O2) and the following condition :
(L) ek (y,2) @ el (2, y) < el (x, 2) for all x,y, 2 € X.
The pair (X, €' ) is called an r-partially ordered set (or right partially ordered set).
The pair (X, elX) is called an [-partially ordered set (or left partially ordered set).
The triple (X ey elX) is called a bi-partially ordered set.

Using Lemma 2.2 (7), one can have the following.

Lemma 2.4. Let G C L*. Defineel, : Gx G — L andelG:GxG—>L by: for
any A, B € X,

e(A,B) = M\ [A(x) = B(z)] and el(A,B)= A [A(z) = B(x)].
rzeX zeX

Then (G, € el(;) is a bi-partially ordered set.

3. BI-CLOSURE OPERATORS AND BI-CLOSURE SYSTEMS

In this section, we investigate the relationship between right (resp. left) closure
systems and right (resp. left) closure operators.

Definition 3.1. A map C" : LX — L¥ is called an r-closure operator (or right
closure operator) on X, if it satisfies the following three conditions:

(C1) A< CT(A) for all A€ L¥,

(C2) O (C™(A)) < CT(A) for all A € LX,

(CR) e} x(A,B) < e} x (C"(A),C"(B)) for all A, B € X,

A map C': LX — LX is called an I-closure operator (or left closure operator) on
X, if it satisfies the following three conditions:

(C1) A< CYA) for all A€ LX,
(C2) C' (C'(A)) < C'(A) for all Ae L™,
(CL) €} v (A,B) <€\ (CY(A),CY(B)) for all A,B € L*.

The triple (X, cr, Cl) is called a bi-closure space.

Let k€ L and A € LX. Definek -+ A: X — Land k= A: X — L by: for each
re X,
(k= A)(z) =k — A(z) and (k= A)(z) =k = A(z).

Definition 3.2. Let G", G' C LX.

(i) A family G" is called an r-closure system (or right closure system) on X, if
a)k—>AeG forallke Land Ae G,
b) Aier Ai € G for all {A;}icr € G".
A family G' is called an I-closure system (or left closure system) on X, if
a)k=AcG forall ke Land A € G,
b) /\iEF A; € G! for all {Ai}ief‘ - G
The triple (X, G", Gl) is called a bi-closure system.
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Remark 3.3. Ko and Kim [21, 22] defined the concepts of Definitions 3.1-3.2 as a
sense of completeness and they demonstrated the compatibility of their definitions
with Definitions 3.1-3.2.

Lemma 3.4. Let k € L and let A, B € L*X. Then the following hold.

(1) k<erx(k— A A) and k < e (k= A A).

(2) Let C" : LX — LX be an r-closure operator on X. If A < B, then C"(A) <
C"(B).

(3) Let C' : LX — LX be an l-closure operator on X. If A < B, then C'(A) <
CY(B).
Proof. (1) By Lemma 2.2 (5), we have

erx(k— A A) = N\ [(k— A)(z) = A®)] > k.
reX
Also, by Lemma 2.2 (5), we get
eix(k=AA) = N\ [(k= A)(z) > A®z)] > k.
reX
(2) Let A < B, where A, B € LX. Then
T=elx(A,B) <ejx(C"(A),C"(B)) [By (CR)]
= Neex [C7(A)(x) = CT(B)(x)] -
Thus by Lemma 2.2 (11), C"(A4) < C"(B).
(3) It can be similarly proved as in (2). O

Theorem 3.5. (1) Let C" : L* — LX be an r-closure operator on X. Then
ve ={Ae€L*|C"(A) = A} is an r-closure system on X.
(2) Let C' : LY — L be anl-closure operator on X. Then GL, = {A € L* | C'(A) = A}
is an l-closure system on X.
Proof. (1) Let k € L and A € G%,... Then
k- <ejx(k— A/A) [By Lemma 3.4 (1)]
<efx (C"(k— A),C"(A)) [ C"is an r-closure operator]
=eix (C"(k— A),A) [ AeGp.].
By residuation, C"(k — A) < k — A. On the other hand, kK - A < C"(k — A) by
(C1). Thus k - A=C"(k — A). So k — A € Gf..
Let {Ai}ief - GTCT Then
C" (Nier 4i) <A, "(A;) [by Lemma 3.4 (2)]
- /\iEF 1 [..- Al S G7 7‘] .
On the other hand, A;.p A; < C” (A\;er As) by (C1). Thus C™ (A,cr 4i) = Njer Ai
and A\;cp Ai € Gir. So G, is an r-closure system on X.
(2) It can be similarly proved as in (1). O

Lemma 3.6. Let A, B € LX. Then the following hold.
(1) A<e}x(A,B)— B.
(2) A<el«(A,B)= B.
(3) If A< B, then e, «(A,B) =T =€\ (A4, B).
268
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Proof. (1) By residuation, one see that
A<eix(A,B)—= B it A(z) <ejx(A,B)— B(z)forallz e X
iff A(z)©®e}x(A,B) < B(z) forall z € X

iff e} x (A4, B) A(z) = B(z) for all z € X
iff /\ = B(y)] < A(z) = B(x) for all x € X.
yeX
(2) It can be similarly done as in (1).
(3) It follows by Lemma 2.2 (11). O

Theorem 3.7. (1) Let G" be an r-closure system on X. Define CL, : LX — LX
by: for each A € LX,

Cér(A)= N{D € G"|A< D}.
Then C¢. is an r-closure operator such that
Cer(A) = N le1x (A, D) = D] forall A€ L* and G¢,, = G'.
DeGr
(2) Let G' be an l-closure system on X. Define C’lGl : LY — LX by: for each
AcLX,
Ctu(A)= N{DeGA<D}.

Then CIGL is an l-closure operator such that

Cea(A)= )\ [eLx (A, D)= D] forall Ac LX and G, =G".
DeG! <!
(3) Let C™ : L* — L be an r-closure operator on X. Then Cgér =C".
(4) Let C' : LX — LX be an I-closure operator on X. Then CZGZ =C
ol

Proof. (1) Claim 1: C&.(A) = Apegr [€5x (A, D) = D] for all A € L¥. Let
C(A) = Npegr [€5.x(A, D) — D], where A € LX. Note that for all D € G, we
have e} x(A,D) — D € G" and A < ¢} x(A,D) — D by Lemma 3.6 (1). Then
Ct(A) < C(A). On the other hand, we have

C(A) = Apeer [6er (A,D) — D]
< e (A,CLn(A) > CL(A) [ Chu(A) € 6]
=T 05 () [ A< Ch(A)],

Thus by residuation, C(A) < Cf.(A). So C(A) = C&. (A).
Claim 2: Let A€ L~ and D € G". Then A < D if and only if C%,.(A) < D.
(=): Suppose A < D. Then Cf..(A) = AN{E € G"|A< E} <D.
(«<): Suppose Cg:r(A) < D. Then A< N{E € G"|A< E} =Cf.(A) < D.
(C1) By definition, A < CF,(A) for all A € LX.
(C2) For all A € LX,
Cor (Cor(4)) = N{D € G"|CE.(A) < D}
=A{D e G"|A< D} [By Claim 2]
= Cgr (A).
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Claim 3: For allk € L and A € L, CL,(k — A) < k — CL.(A). Note that

k—CL-(A) =k— AN{DeG"|A<D}
=A{k— D|A< D, D e G"} [By Lemma 2.2 (2)]
>N{k—-Dlk—-A<k—-D,k—-DecG"}
> Clw(k — A).

Claim 4: If A < B, where A, B € LX, then C%.(A) < C%.(B). Suppose A < B.
Since {D € G"|B < D} C{D € G"|A < D}, we have Cf. (A) < CL.(B).
(CR) Let A, B € L. Since

e"x(A,B) = Cf(B) > CL» (€7 x(A,B) - B)  [By Claim 3]
> Cfr(A) [By Lemma 3.6 (1) and Claim 4],

we have by residuation that e} v (A, B) < e} x (Cgr(A),CE(B)). Thus Cg,. is an
r-closure operator.

Let A € G, - Then A = Cér(A) = N{DeG | A<D} Thus A€ G". On
the other hand, let A € G". Then Cj.(A) = A{D € G" | A < D} = A. Thus
AeGey .

(3) Claim 5: Let A€ L™ and let D € GY,.. Then A < D if and only if C"(A) <
D.

(=): Suppose A < D. Then by Lemma 3.4 (2), C"(4) < C"(D). Since
D € G, we have C"(D) = D. Thus C"(A) < D.
(«<): Suppose C"(A) < D. Since A < C"(A), we have A < D.

Let A € LX. Since ngr(A) =A{DeGL.|A< D}, C"(A) € G, and A <

C"(A), we have C&rcr (A) < C7"(A). On the other hand,

Chy (4) =N{D€GL | A< D)
— A{D e G%, | C"(A) < D} [by Claim 5]
> C7(A).

(2) and (4) can be similarly proved as in (1) and (3) respectively. O

By Theorem 3.7, we have the following.

Corollary 3.8. Let (X, eg(,elX) be a bi-partially ordered set.
(1) There is a one to one correspondence between the set of all r-closure operators
on X and the set of all r-closure systems on X.

(2) There is a one to one correspondence between the set of all I-closure operators
on X and the set of all [-closure systems on X.

Definition 3.9 ([22]). Let (X, €%, €l) be a bi-partially ordered set. Define four
maps lr, b1, T, T1: LX — LX by: for each S € LX and each = € X,

br Ax) = Vyex [ex(@,9) © Ay)], L Ax) = Vyex [Aly) © ek (z,y)]
T A(@) = Vyex [Ay) O e (v 2)], T Ax) = Vyex [k (y,2) © A(y)] -
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Definition 3.10. Let (X e, eX) be a bi-partially ordered set. Define four maps
cyr, Ct, ey, CL o LY — LX by: for each S € LX and each z € X,

Ci(A)(@) = Ayex [Nex [A(2) = €x(z )] = ex(z,y)],
CilA)(@) = Ayex [Nsex [Alz) = ex z2,y)] = ex(z,y)],
C3(A)(x) = Nyex A.ex [A(z) = ek (y,2)] = ek (y,@)],
Cy(A) (@) = Nyex [Neex [Alz) = e (y.2)] = ek (y,2)] .

Remark 3.11. Let (L,V,A,—) be a frame defined in [I, 18]. Then C](4) =
ClH(A) = (A")! and O} (A) = CL(A) = (AY)", where A € LX.

Let (X7 ey, elX) be a bi-partially ordered set. Let x € X. Define four maps (e%)”,
(k). (e%)", (%), : X — L by: for each y € X,

(eTX)Z(y) = eTX(y7x)7 (elX)z (y) = el)((xay)=

(elX) (y) = elX(yvx)a (eTX)/E (y) = 63((1',y).
Define T, : X — L by: for each z € X, T,(z) = T %f S
1 ifz# .

Theorem 3.12. Let (X eX,eX) be a bi-partially ordered set. Let A, B € L¥X.
Then the following hold.

(1) 1 and C are r-closure operators with | (T,) = (e%)” and C] (T,) = (e%)”.
Moreover, |.< CT.

(2) 1y and Cy are r-closure operators with 1y (T,) = (i) and C5 (T,) = (
Moreover, 11< C5.

(3) 1; and Ct are I-closure operators with |; (T ) = (efx)r and C{ (T4) = (
Moreover, ;< Cl.

(4) 1 and C} are l-closure operators with 1, (T,) = (€% ), and C5 (T,) = (e%),.
Moreover, 1,< Cb.

Proof. (1) We show that |, is an r-closure operator.
(C1) Let A € LX. Then

b Alx) =V yex [ex(@,y) © Ay)] = e (z,2) © A(z) = T © A(z) = A().
(C2) Let A € L¥. Then
b (4r A)(2)

Vyex lex (@,9)0 1r A(y)]

Vyex [ex(@,9) © V. ex [k (4,2) © A(2)]]
\%

\%

[
sex |Vyex 5 (@,0) © €5 (4, 2)] @ A(2)|
= V.ex €5 (@,2) © A(2)]
=1 Afa).
(CR) Let A, B € LX. Then
¢h x (b ALy B)
= /\xeX [\Lr Alz) =r B(x)]
= Avex [Vyex 5 (@.9) © AW)] = Vyex 5 (2.9) © B)]|

> Neex Nyex llex(2,y) © A(y)] = [ex (z,y) © B(y)]] By Lemma 2.2 (2)]
> Nyex [A(y) = B(y)] [By Lemma 2.2 (8)]
271
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=e} x (A, B).
Thus |, is an r-closure operator.
Moreover,
\J/r Tz (1') = \/yEX (erX(x7 y) © Tz(y))
=e%(z, 2)
= (eX)" (x).
We show that C7 is an r-closure operator.
(C1) Let A € LX. Then

CiA) (@) = Nyex [Neex [AR) = ek (2,9)] = ek (z,7)]
Z Nyex l[A(@) = ex (z,y)] = ex(z,y)]  [By Lemma 2.2 (1)]
> A(z) [By Lemma 2.2 (5)].
(C2) Let A € LX.

Claim 1: ey [A(2) = % (2,9)] = Ay [CT(A)(2) = €% (2, p)].
Since A(z) < C7(A)(z) by (C1), we have by Lemma 2.2 (1) that

N [AG) = ex(zm)] = N [CT(A)(z) = ek (z,9)].
zeX zeX
On the other hand, note that
/\wEX [CT(A)(UJ) = 6TX (way)]
= Auwex [Apex [Neex [A(2) = €& (2.)] = ek (w,p)] = e (w,y)]
> /\wEX [[/\zeX [A(Z) = eg{ (Z7y)] - 67AX (’LU, y)] = eTX (’LU, y)}
[By Lemma 2.2 (1)
> Nwex Noex [A(z) = e (z,9)] [By Lemma 2.2 (5)]
= Neex [A(z) = ek (z,9)].
Then Claim 1 is proved.
Finally, we have

CL(CHA) (1) = Ayex [Asex [CTANZ) = ek (2,9)] = ek (x.9)]
/\UEX [/\ZEX [A(z) = €% (z,y)] = eTX(x,y)] [by Claim 1]
= CI(A)(x).
Thus C7 (C7(A)) = CT(A) for all A € L¥.
(CR) Let A, B € LX. Then we have
¢} x (CT(4), CT(B))
= Nex [C(A)@) = C{(B) ()]
= Nvex [ Avex [Naex [AG2) = 5 (z,9)] = ek (2,9)]
= Ayex [Neex [B() = ek (z,9)] = ek (,9)] |
> Nvex Ayex | [Avex [AG) = 5 (z,9)] = ek (@.9)]

= [Noex [B() = ek (2,9)] = ek (@,)] |
[By Lemma 2.2 (2)]
> /\xeX /\yeX [/\zEX [B(Z) = erX(z,y)] — /\zeX [A(Z) = e%(z,y)]]
[By Lemma 2.2 (9)]

> Neex Nyex Noex [[B(2) = ek (2,9)] = [A(2) = ex (2,9)]]
272
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[By Lemma 2.2 (2)]
> Naex Nyex Neex [A(2) = B(2)] [By Lemma 2.2 (9)]

= Noex [A(2) = B(2)]
=ex (A, B).
Thus C7 is an r-closure operator.
Moreover,

CT(Tw) (@) = Ayex [Asex [Tuw(2) = ek (z,9)] = ek (z,y)]
= Nyex lex(w,y) = ex(z,y)]
= e (a, w)
= (e%)" ()

We show |.< CJ. Let A € L. Since

ex(2,y) © A) © Aex [A(2) = ek (zw)] < e (e,) © Aly) @ [A(y) = ek (y,w
< e (2,y) © e (y,w) (by Lemma 2.2(5))
< ey (z,w) (by (R)),

we have by residuation that
ey (z,y) ® A(y) < /\ [A(z) = ek (z,w)] = ex(xz,w) forall y,w e X,
zeX

which implies that

Vlex@yoaml < A\ | N AR = ex(zw)] = e (@w)] .

yeX weX LzeX

So |, (A) < CT(A) for all A e LX
(4) We show that 1. is an I-closure operator.
(C1) Let A € LX. Then

tr A(x) = \/ [A) © ek (y,2)] = A(x) © ek (z,2) = A@@) © T = Aa).
yeX
(C2) Let A € LX. Then
t (A @) = Ve [T AW) © ek (3,2)]
= Vyex [Veex [A(2) © ¢ (2,)] © ek (3, 2)]
~V.ex [A() 0 V,ex [ (2:0) © ek (3, 2)]]
= V.ex [A(2) © e (2,2)]

—1 Al).
(CL) Let A, B € L. Then we get
epx (tr A, 1 B)
= Naex [Ir A(z) =1, B(2)]
= Auex [Vyex [40) © ek (0,2)] = Vyex [B) © ek (3,2)]
2 Noex Nyex [[Aly )®€x(y z)] = [B(y) © ek (y, 7)]] [By Lemma 2.2 (2)]
2 Nsex Nyex [A(y) = B(y)] [By Lemma 2.2 (8)]

= Ayex [Aly) = Bly )]
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=el < (A, B).
Thus 1, is an l-closure operator.
Moreover,
T’I' Tz(m) = \/yEX [Tz(y) @ 67)’( (y7 .’13)}

= e (z,x)
= (ex), (7).

We show that C} is an I-closure operator.

(C1) Let A € LX. Then

C5(A)(w) vex [Noex [A(2) = ek (y,2)] = ek (v, 2)]
vex [[A(@) = e (y,7)] = ek (y,2)] [By Lemma 2.2 (1)]
« A(z) [By Lemma 2.2 (5)]

>
=M

~—

IV Iv Il

(C2) Let A € LX.
Claim 2: ey [A(2) = €% (5, 2)] = Aex [CHANZ) — & (3, 2)].
Since A(z) < Cy(A)(z) > by (C1), we have by Lemma 2.2 (1) that
N [AR) = ey, 2)] = N\ [C3(A)(2) = ek (y.2)] -
z€X zeX
On the other hand, note that
Awex [C5(A)(w) — ek (y,w)]
= Nuex [Mvex [Aeex [AG) = 5 (p,2)] = €5 p,w0)] = e (y,w)]
> Awex [[Ncex [A(2) = ek (1 2)] = ek (y,w)] — ek (y, w)]
[By Lemma 2.2 (1)]

> Nwex Neex [A(2) = e (y,2)] [By Lemma 2.2 (5)]
= Neex [A(2) = ex(y, 2)] -
Then Claim 2 is proved.
Finally, we have

Ch (CH(A) (@) = Ayex [Nuex [CHAE) = ek (3, 2)] = ek (v, 2)]
= Ayex [Auex [4(2) = ey 2)] = ek (y. )] [By Claim 2]
— C4(A)(@).
Thus C} (C’é(A)) = CL(A) for all A€ LX.
(CL) Let A, B € L*. Then we have
) x (C4(4), CY(B))
= Avex [CHA)@) = CH(B)(@)]
= Avex [ Avex [Noex [A(2) = €5 (5,2)] = ek (3, 2)]
= Ayex Neex [B() = ek (y,2)] = ¢ (4,2)] |
= Avex Ayex | [Noex [AG2) = €5 (y,2)] = ek (3, 2)]

= [Nuex [B() = €5 (y,2)] = ek (y,2)] |
[By Lemma 2.2 (2)]
> Naex Nyex [Neex [B(2) = ek (y,2)] = Asex [A(2) = ek (y,2)]]
[By Lemma 2.2 (9)]
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> Noex Nyex Neex [[B(z) = ek (2, y)] = [A(z) = ek (2,)]]
[By Lemma 2.2 (2)]
> Nuex Nyex Noex [A(z) = B(2)] [By Lemma 2.2 (9)]
= N.ex [A(z) = B(2)]
= elLX (A, B).
Thus Cé is an [-closure operator.
Moreover,

C5(Tw) (@) = Ayex (Niex (Tw(2) = ek (y,2)) = ek (y,2))
Nyex (€x(y, w) = ek (y,2))
e’ (w,z) By (R)]
= (eX),, (2).
We show 1, < C%. Let A € LX. Since
Neex [A(z) = ek (w, 2)] © A(y) © e (y, x)

< [Ay) = ex(w,y)] © Aly) © ek (y, )

< e (w,y) @ ek (y,z) [By Lemma 2.2 (5)]

< ek (w,z) By (R)],
we have by residuation that

Aly) @ ek (y,z) < /\ [A(z) = €% (w, 2)] = e (w,z) for all y,w € X,
zeX

which implies that

VA oex@al < A\ | A [AR) = ek (w,2)] = ek (w,2)
yeX weX LzeX
So 1. A < CL(A) for all A € LX.
(2) and (3) can be similarly proved. O

4. VARIOUS COMPLETENESS

In this section, we show that the set M = {4 € LX | C(A) = A}, where C is a
right (resp. left) closure operator, is a right (resp. left) meet complete.

Definition 4.1 ([22]). Let (X, e%) be an r-partially ordered set. Let A € L.
(i) A point zg is called an r-join (or right-join) of A, denoted by zo = U, A, if it
satisfies the following conditions:
(RJ1) A(x) < €' (z,x0) for all z € X,
(RI2) N,ex [A(z) = e (2,y)] < e (2o,y) for all y € X.
(ii) A point 2, is called an r-meet (or right-meet) of A, denoted by zy = M, A, if
it satisfies the following conditions:
(RM1) A(z) < €% (z1,z) for all z € X,
(RM2) A\, cx [A(z) — e (y,2)] < e (y,71) for all y € X.
Let (X7 elX) be an [-partially ordered set. Let A € LX.
(iii) A point ¢ is called an [-join (or left-join) of A, denoted by xzo = LA, if it
satisfies
(LJ1) A(z) < €l (x,z0) for all z € X,
(LJI2) Nex [A@) = e (z,y)] < € (o,y) for all y € X.
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(iv) A point z; is called an [-meet (or left-meet) of A, denoted by z1 = M A4, if it
satisfies
(LM1) A(x) < €k (x1,2) for all z € X,
(LM2) \,cx [A(@) = e (y,2)] <€l (y,x1) forall y € X.
(v) An r-partially ordered set (X, e% ) is r-join complete (resp. r-meet complete),
if there exists L, A (resp. M, A) for all A € LX.
(vi) An r-partially ordered set (X, e%) is r-complete if is r-join complete and
r-meet complete.
(vii) An [-partially ordered set (X, e'y) is I-join complete( resp. l-meet complete)
if there exists LA (resp. M;A) for all A € L.
(viii) An Il-partially ordered set (X, elX) is [-complete if it is [-join complete and
[-meet complete.

Lemma 4.2 ([22]). Let (X, €%, €') be a bi-partially ordered set. Let xo,x1 € X.
Let A € LX. Then the following hold.

(1) zo = Up A if and only if \,ex [A(x) = ex(x,y)] = e

(2) 21 =M A if and only if N\, ¢ [A(z) — eX(y,x)] =e

(3) wo = LA if and only if \,cx [A(z) " (z,y)]

(4) x1 = M A if and only Zf/\xEX [ (z) = eX(y,x)}

(5) U, A, M. A, UjA and T A are unique if each exists.

Let k € L. Let A € LX. Define two maps k — A, k= A: X — L by

(k= A)(z) =k — A(z), (k= A)(z)=k= A(x).

Theorem 4.3. (1) Let C" : L — LX be an r-closure operator. Let G%,. = {A €
LX | C"(A) = A}. Then (Grcraercgr) is r-meet complete, where

% (xo,y) for ally € X.
% (y,x1) for ally € X.
L (zo,y) for ally € X.
l Y (y,x1) for ally € X.

MU=\ [U(A)— A foral®eL"
AEGT,

(2) Let C* : L* — L be an l-closure operator. Let GL, = {A € L™ | C'(A) =
A}. Then (GC,, lGl ) is [-meet complete, where

mo = A [T(A)= 4] foral¥eL:
AeGl,
Proof. (1) Let ¥ : G, — L be a map. Note that for all B € G,
/\AGGET [\I/(A) - eggr (B,A)}
— Acan, [¥(A) = A,ex [B() = A(a)]
= Naear, Naex [W(A) = [B(z) = A(z)]] [By Lemma 2.2 (2)]
= Naccr,, Naex [B(x) = [W(A) = A(x)]] [By Lemma 2.2 (4)]
= Avex |B@) = Ascay, [¥(4) = A@)]] [By Lemma 2.2 (2)]
= G, (B Aacay, [9(4) —+ 4))
By Lemma 4.2, 1, ¥ = /\AeGT [T(A) — A].

(2) Let ¥ : G4, — L be a map. Note that for all B € G
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Aacer, |904) = ety (5.4

= Ancor, () = A,cx [B(&) — A@)]

= Nacat, Avex [9(4) = [B(z) > A@)]] [By Lemma 2.2 (2)

= Aacat, Naex [B@) = [¥(4) = A(@)]] [By Lemma 2.2 (4)
Asex |B@) = Aucer, [#(4) = A()]] [By Lemma 2.2 (2)

= el (B Aacor, [¥(4) = A])
By Lemma 4. 2 mw = /\AGGL (T(A) = A]. O

By Theorems 3.12 and 4.3, we have the following.

Corollary 4.4. (1) The pair (GTCT,eEET) is r-meet complete where C" =], CT,
T or C5.

(2) The pair (Glcl,elGl > is [-meet complete where C' =|;, Ct, 1, or C}.
ol

Remark 4.5. Ko and Kim [22] proved that the followings hold:
(1) the pair (G’(}r, eTGgT) is r-complete, where C" =|,. or 1y,

(2) the pair (Glcl,elGl, ) is l-complete, where C! =], or 1.
cl

5. CONCLUSION

We have investigated the relationships among right (resp. left) closure systems,
right (resp. left) closure operators and right (resp. left) meet complete lattices on
generalized complete residuated lattices.

In the future, fuzzy rough sets, information systems and decision rules may be
investigated on generalized complete residuated lattices.
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