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ABSTRACT.  Yager [1] introduced the fundamental concept of an or-
thopair fuzzy-set. Tiirkarslan et al. [2] proposed the idea of g-rung or-
thopair fuzzy topology on g-rung orthopair fuzzy sets. In this paper, the
concept of g-rung orthopair fuzzy compactness, g-rung orthopair fuzzy al-
most compactness and g-rung orthopair fuzzy near compactness are intro-
duced and studied. Further, g-rung orthopair fuzzy almost compactness of
an g-rung orthopair fuzzy regular open or regular closed in g-rung orthopair
fuzzy topology are introduced and characterized. Also, we investigate the
behavior of g-rung orthopair fuzzy compactness under several types of q-
rung orthopair fuzzy continuos.

2020 AMS Classification: 03E72, 08A72

Keywords:  g-rung orthopair fuzzy set, g-rung orthopair fuzzy topological space,
g-rung orthopair fuzzy compactness.

Corresponding Author: A. Haydar Es (haydares@baskent.edu.tr)

1. INTRODUCTION

In the literature, there are several kinds of the concept of fuzzy set which are
proposed after Zadeh [3] introduced the concept of fuzzy sets. Intuitionistic fuzzy
sets, Pythagorean fuzzy sets and soft sets introduced by Atannasov [41], Yager [1] and
Molodtsov [5], respectively. Moreover, many researchers [0, 7, 8, 9, 10, 11, 12, 13]
have investigated topology of these sets. Zadeh [3] introduced the fundamental con-
cept of a fuzzy set. Later Chang [4] has defined fuzzy topological spaces. Since
Atanassov [0] introduced the notion of intuitionistic fuzzy sets and Coker [7] de-
veloped the idea of intuitionistic fuzzy topological spaces and investigated various
counterpart versions of traditional topological properties such as compactness and
continuity. Es and Coker [14] introduced the investigate fuzzy almost compactness
and fuzzy near compactness in intuitionistic fuzzy topological spaces. Yager and
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Abbasov [15], and Yager [I] introduced the notion of Pythagorean fuzzy set, and
Yager [1] introduced the generalized membership grading concept named as g-rung
orthopair fuzzy set. Eg [16] gave the notion of connectedness for Pythagorean fuzzy
topological space. Riaz et al. [17] studied the concept of g-rung orthopair fuzzy
topological space by following the idea of Chang. A g-rung orthopair fuzzy set is a
robust approach for fuzzy modelling, computational intelligence, and multicriteria
decision-making problems.The main purpose of this paper is to extend the notions
of fuzzy compactness, intuitionistic fuzzy compactness and Pythagorean fuzzy com-
pactness to the notion of g-rung orthopair fuzzy topological space. Also, we inves-
tigate the behavior of g-rung orthopair fuzzy compactness under several types of
g-rung orthopair fuzzy continuous.

2. PRELIMINARIES
In this section, we give some basic preliminaries required for this paper.

Definition 2.1 ([4]). A fuzzy set A of given a set X is defined with a function
ta : X — I which is called the membership function of A.

Definition 2.2 ([4]). Let X be a non-empty fixed set and I the closed interval [0, 1].
An intuitionistic fuzzy set (briefly, IFS) A is an object of the following form

A={(z,pa(z),va(z)) |z € X},

where the mappings pg : X — I and v4 : X — I denote the degree of membership
(namely) pa(z) and degree of non-membership (namely) va(z) for each element
x € X to the set A respectively, and 0 < p4(x) + va(x) <1 for each x € X.

Definition 2.3 ([1, 15]). A Pythagorean fuzzy subset A of a non-empty set X is a
pair A = (ua,va) of a membership function gy : X — I and a non-membership
function v4 : X — I with p? + v = r% for each element x € X, where ry : X — I
is a function which is called the strength of commitment of point x.

Definition 2.4 ([1]). A g¢-rung orthopair fuzzy set A (briefly, -ROF set) of a non-
empty set X is a pair (puz,v7) of a membership function pz : X — I and a non-
membership function vz : X — I with p%(z) + v%(z) = r%(z) for any z € X and
for a real number ¢ > 1, where 73 : X — I is a function which is called the strength
of commitment at point x.

Corollary 2.5 ([1]). (1) Any IFS is a ¢-ROF set for all ¢ > 1.
(2) An IFS is a Pythagorean fuzzy set.
(3) Any Pythagorean fuzzy subset is a ¢-ROF set for q > 2.

Definition 2.6 ([1]). Let A = (uz,vz) and B = (ng,vg) be two q-ROF sets of a
set X. Then B B
(i) the complement of A, denoted by A€, is defined by

A° = (v, 15),
(ii) the intersection of A and B, denoted by An E, is defined by

ANB = (min{ugz, ugh maz{vy,vg}),
256
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(iii) the union of A and B, denoted by AU E, is defined by
AUB= (max{pz, pg}, min{vz,vg}),
(iv) we say Ais a subset of B or B contains A and we write A C B or B D A, if
pz < pgand vy > vg.

Definition 2.7 ([2]). Let X # @ be a set and let 7 be a family of g-ROF sets of X
satistying the following axioms:

(Ty) 1X, OX €T,

(T9) A1 ﬂAg € 7 for any Al, Ag €T,

(T5) U A; € 7 for any family of {Al} cT,

jeJ ieJ

where J is an index set, 1x and Oy are g-ROF sets which are defined by (1,0) and
(0,1) respectively. Then 7 is called a g-rung orthopair fuzzy topology on X and the
pair (X, 7) is called a g-rung orthopair fuzzy topological space (briefly, -ROFTS).
Furthermore, each member of 7 is called a ¢-ROF open set (briefly, q—ROFOS) in
X. A g-ROF set A is called a g-ROF closed set (briefly, -ROFCS) in X, if Acer.

Definition 2.8 ([2]). Let X and Y be two non-empty sets, let f : X — Y be a
function and let A and B be q-ROF sets of X and Y respectively.

(i) The membership and the non-membership functions of the image f(A) of A
are defined by: for each y € Y,

sup.ep1ypz(z) if 7 (y) # @

iy W) =
0 otherwise
and
infer1pz(z) if f7Hy) # 2,
v W) =
1 otherwise
respectively.

(ii) The membership and the non-membership functions of the pre-image f ~1(B)
of B C Y are defined by: for each = € X,

oy (@) = n5(F(@). vy ) (@) = v5(f(@))
respectively.

Proposition 2.9 ([2]). Let X and Y be two non-empty sets and f : X =Y be a
function and let A and B be q-ROF sets of X and Y respectively. Then

(1) f7HB)] = [f B,

(2) [f(A )] C fI(A)],

(3) f(f71(B)) C (B),

(4) Ac [ (f(4 )),

(5) fY(B1) C f~ ( 2), whenever By C By for any By, By are ¢-ROF sets of

Y

)

257
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(6) f(;lvl) C f(;i;) whenever Ay C Ay for any Ay, Ay are ¢-ROF sets of X.

Definition 2.10 ([2]). Let A and U be two q-ROF sets in a ¢-ROFTS X. Then U
is called a neghborhood of A there exists a -ROFOS Fin X such that A C F C U.

Definition 2.11 ([2]). Let (X, 1) and (Y, 72) be two ¢-ROFTSs and let f : X =Y
be a function. If for any q—ROF set A of X and for any neighbourhood V of f(A )
there exists a neighbourhood U of A such that fu ) C V, then f said to be ¢-rung
orthopair fuzzy continuous.

Definition 2.12 ([7]). Let (X,7) be a ¢-ROFTS and let A be a ¢-ROF set of X.
Then the ¢-ROF interior int(A A) and the ¢-ROF closure cl(A) are defined as:

(i) int(A) = U{G|G is a ¢-ROFOS in X and G C A}, i.c., int(A) is the -ROF
union of g-ROF open sets contained in A

(i) cl(A) = N{K|K is a ¢-ROFCS in X and A C K}, i.e., cl(A) is the ¢-ROF
intersection of g-ROF closed supersets of A.

Proposition 2.13 ([17]). Let (X, 71) and (Y, 72) two ¢-ROFTSs and f : X =Y be
a function. Then the following statements are equivalent:
(1) f is a g-rung orthopair fuzzy continuous,
(2) flel(A )] C(flA ]) for each ¢-ROF set A of X,
(3) c ( UK Dcrf Hel(K )]foreacthOFsetKon
(4) f[int(K)] C int(f~1[K]) for each ¢-ROF set K of Y.

Theorem 2.14 ([17]). Let (X,7) be a ¢-ROFTS and A be a ¢-ROF set of X. Then
(1) cl(A%) = (int(4))",
(2) int(A°) = (cl(A))".

3. Q-RUNG ORTHOPAIR FUZZY COMPACTNESS

Here, we generalize the concept of Pythgorean fuzzy compact topological space
to the case of g-rung orthopair fuzzy compact topological space.

Definition 3.1. Let (X,7) be a q-ROFTS, let U = {ﬁj}jeJ be a family of g-
ROFOSs in X and let U* be a finite subfamily of U.

(i) U is called a g-rung orthopair fuzzy open cover of X, if UjeJ ﬁj =1x.

(ii) U* is called a finite open subcover of U, if U is a g-rung orthopair fuzzy open
cover of X and U* is a g-rung orthopair fuzzy open cover of X.

Definition 3.2. Let V = {‘N/j}jeJ be a family of g-ROFCSs in X. Then we say
that 'V has the finite intersection property, if for each finite subfamily V* of V,

JjeEF
where F' is a finite subset of J.
Definition 3.3. A q-ROFTS (x,7) is said to be g-rung orthopair fuzzy compact, if

every g-rung orthopair fuzzy open cover of X has a finite subcover.
258
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Example 3.4. Let X = {ay, a2} and let {/L ;i =1,2,..} are 3-rung orthopair
fuzzy subsets of X such that u i, and v i, are corresponding membership and non-

membership functions of A; for each i = 1,2,3,...,m, ...

If ) )
2
pale) =y vl =y
1+ 1 1

ralod) =y valed) =i
then the family of 3-rung orthopair fuzzy sets 7 = {TX,GX }U{gl i=1,2,...n, }

is a 3-rung orthopair fuzzy topological space on X. Since the 3-rung orthopair fuzzy

open cover {Ai :1=1,2,3...,n, ...y has no finite subcover, i.e., (X, 7) is not 3-rung
orthopair fuzzy compact.

Theorem 3.5. Let (X,7x), (Y,7v) be two ¢-ROFTSs and let f : X — Y be a
g-rung orthopair fuzzy continuous surjection. If (X,7x) is g-rung orthopair fuzzy
compact, then so is (Y, 7y ).

Proof. Let {ﬁ i }iesbe a g-rung orthopair fuzzy open cover of Y. Then by the defini-
tion of g-rung orthopair fuzzy continuity, { f ’1([7]-} s is a g-rung orthopair fuzzy
JjE
open cover of X. Since (X,7x) is q-rung orthopair fuzzy compact, there exists a
finite subfamily {f‘l(l}l) i =1,2, ..,n} such that (J f‘l(ﬁi) = 1x. Thus we have
i=1
Yoy =UJre @) cJui =1y,
i=1 i=1 i=1

So (Y, 7y) is g-rung orthopair fuzzy compact. O

Definition 3.6. Let (X, 7x) be a g-ROFTS. Then (X, 7x) is said to be:

(i) g-rung orthopair fuzzy almost compact, if every g-rung orthopair fuzzy open
cover of X has a finite subcollection whose closures cover X,

(ii) g-rung orthopair fuzzy nearly compact, if every g-rung orthopair fuzzy open
cover of X has a finite subcollection such that the interiors of closures of g-rung
orthopair fuzzy subsets in this subcollection cover X.

It is clear that in g-rung orthopair fuzzy topological spaces, we have the following
implications:

q-ROF compactness — ¢-ROF nearly compactness
— ¢-ROF almost compactness.
But the reverse implications do not hold.

Example 3.7. Let X = {aj, a2} and let {Gi 1= 1,2,..} are 3-rung orthopair
fuzzy subsets of X such that B, and vg, are corresponding membership and non-

membership functions of G, for each i = 1,2,3,....
If

pg (o) =1- -, vg (o) =
259

)

1474
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T veled) = g
then the family of 3-rung orthopair fuzzy sets 7x = {1x,0x} U{G; :i=1,2,...} is
a 3-rung orthopair fuzzy topological space on X.
Since cl(G;) = 1x and int(cl(G;)) = 1x, (X,7x) is 3-rung orthopair fuzzy nearly
compact. But the 3-rung orthopair fuzzy open cover {C:‘Z :1=1,2,...} has no finite
subcover, i.e., (X, 7x) is not 3-rung orthopair fuzzy compact.

Theorem 3.8. A ¢-ROFTS (X,7x) is ¢-rung orthopair fuzzy almost compact if
and only if for every family {U;};cjof ¢-ROFOSs in X having the finite intersection
property, we have () cl(U;) # Ox.
jeJ
Proof. Let U = {(7] }jes be any family of g-ROFOSs in X having the finite inter-
section property.Assume the () ¢l(U;) = 0x. Then we |J int(U5) = 1x. Since X
jeJ jeJ
is gq-rung orthopair fuzzy almost compact, there exists a finite subfamily {U. i) =
1,2,...,n} such that |J cl(int(U$)) = Ix. Thus U cl(cl(U;))¢ = Ix. On the other
Jj=1 j=1
n ~ _ —~ —~ n
hand, ) int(cl(U;)) = O0x. But from U; C int(cl(U;)), we see that (| U; = Ox,
j=1 j=1
which is a contradiction with the finite intersection property of the family.
Conversely, let {K};cs be a g-rung orthopair fuzzy open cover of X, and assume
that that there exists no finite subfamily of {K,},cs, whose closures is not a cover
of X. Now the family {(cl(K¥))¢:j € J}, since (cl(K§))® = int(Kf) consists of
g-rung orthopair fuzzy open subsets in X and has the finite intersection property.
Thus () cl(cl(K5))® # 0x. Hence |J int(cl(K;)) # 1x, which is a contradiction

jEF JEF
with |J K; = 1x, since K; C int(cl(K;)) for each j € J. O
jeJ

Definition 3.9. Let (X,7) be a -ROFTS and let A be a ¢-ROF set in X. Then
A is called: B B

(i) a g-rung orthopair fuzzy regular open set in X, if A = int(cl(A)),

(ii) a g-rung orthopair fuzzy reqular closed set in X, if B= cl(int(]?)).

Theorem 3.10. In a ¢-ROFTS X, the following conditions are equivalent:

(1) X is g-rung orthopair fuzzy almost compact,

(2) for every family {K;}jcs of g-rung fuzzy regular closed sets such that (| K; =

jeJ
Ox, there exists a finite subfamily {f(j :j € FCJ} such that () int(ffj) =0yx,
jEF
3) N cl(kj) # 0x for each family {I?j}je] of gq-rung orthopair fuzzy reqular
jeJ

open set having the finite intersection property,

(4) Every g-rung orthopair fuzzy regular open cover of X contains a finite sub-
family whose closures cover X .

260
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Proof. (1)=(2): Let K = {K }Jej be a famlly of g-rung orthopalr fuzzy regular

closed sets in X with () K; = 0x. Then |J KC = 1x. Since Kc = mt(cl(Kc))
jeJ Jjel

have (J mt(cl(f(;)) = 1x. From the g-rung orthopair fuzzy almost compactness,
jeJ

it follows that there exists a finite subfamily {K; : j € F C J} of K such that

U cl(int(cl(K7))) = 1x. Thus we have

JEF
U cl(int(cl(K$))) = () [el(int(cl(KS)))° = () int(cl(int(K;))) = () int(K;) = Ox.
jeF jeF jeF JjeF

(2)=(3): Let {f( }jes be a family of g-rung orthopair fuzzy regular open sets

having the finite intersection property, and assume that () ¢l(K;) = Ox. Since
JjeJ
{cl( i)}iesisa famlly of g-rung orthopair fuzzy regular closed sets in X, there exists
a finite subfamily {cl/(K;) : j € F C J} such that () int(cl(K;)) = ) K; = Ox,
JEF JEF
which is a contradiction.
(3)=(4): The proof is similar to (2)=(3).
(4)=(1): The proof is straightforward. O

Definition 3.11. Let (X, 7x), (Y,7y) be two ¢-ROFTSs and let f : X — Y be a
function. Then f is called:

(i) g-rung orthopair fuzzy almost continuous, if the pre-image of each g-rung or-
thopair fuzzy regular open set in Y is a g-rung orthopair fuzzy open set in X,

(b) ¢- rung orthopazr fuzzy weakly continuous, if for each g-rung orthopair fuzzy
open set U in Y, f~Y(U) C int(f~(cl(U))).

Theorem 3.12. Let (X,7x), (Y,7y) be two ¢-ROFTSs and let f : X =Y be a
g-rung fuzzy almost continuous surjection. If X is g-rung orthopair fuzzy almost
compact, then so isY.

Proof. Let {(7] }jes be a g-rung orthopair fuzzy open cover of Y. Since f is g-rung

orthopair fuzzy almost continuous, {f~*(int(cl(U;)))};es is a g-rung orthopair fuzzy
open cover of X. Since X is g-rung orthopair fuzzy almost compact, there exist

{ﬁj :j € F C J} such that {J cl(f_l(int(cl(ﬁj)))) = 1x. From the surjectivity
JEF

and g-rung orthopair fuzzy almost continuity of f, we obtain

PO el Hint((U)))) = | (= nt(el(T))))) = £(1x) = Ty.
jEF jEF
Since f(int(f~(cl(U ) C FF(el( J)) —cl(U) we deduce
Flint(f~H(cl(U;)))) C cl(U;) for all j € J.

Thus | cl(ﬁj) =1y. So Y is also g-rung orthopair fuzzy almost compact. O
JEF
261
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Theorem 3.13. Let (X,7x), (Y,7y) be two ¢-ROFTSs and let f : X — Y be a
g-Tung orthopair fuzzy weakly continuos fuzzy surjection. If X is q-rung orthopair
fuzzy compact, then so 'Y .

Proof. The proof is similar to Theorem 3.12. 0

Definition 3.14. Let (X,7x), (Y,7y) be two ¢-ROFTSs and let f : X — Y be a
function. Then f is said to be g-rung orthopair fuzzy strongly continuous, if for each
q-ROF set G in X, f(cl(G)) C f(G).

Theorem 3.15. Let (X, 7x), (Y,7y) be two ¢-ROFTSs and let f : X =Y a g-rung
orthopair fuzzy strongly continuous surjection. If X is q-rung orthopair fuzzy almost
compact, then'Y is q-rung orthopair fuzzy compact.

Proof. The proof follows a similar pattern to Theorem 3.12. O

Definition 3.16. Let (X, 7x), (Y,7y) be two -ROFTSs and let f : X — Y be a
function. Then f is said to be ¢-rung orthopair fuzzy almost open, if the image of
each g-rung othopair fuzzy regular open set in X is a ¢-ROFOS in Y.

Theorem 3.17. The image of a g-rung orthopair nearly compact fuzzy topological
space under a g-rung orthopair fuzzy almost continuous and almost open function is
g-rung orthopair fuzzy nearly compact.

Proof. The proof follows a similar pattern to Theorem 3.12. O

Definition 3.18. A g-ROFTS X is said to be ¢-rung orthopair fuzzy countably
compact, if every countable g-rung orthopair fuzzy open cover of X has a finite
subcover.

Example 3.19. Let X = {a1,a2} and define the 3-rung orthopair fuzzy subsets
{A; : i € N} as follows:

1
Ha(e) = s va (o) = 5o and
1
pg, (o) = it vy, (az) = i3

Then the family 7x = {6)(, IX}U{AZ- : ¢ € N} is an 3-rung orthopair fuzzy topological
space on X. The 3-rung orthopair fuzzy topological space (X,7x) is not 3-rung
orthopair fuzzy countably compact.

Example 3.20. Let X = [0,1]. Consider the 3-rung orthopair fuzzy sets A;, for
1=2,3,4,---  and A in X defined as follows:

2ifz=0 L ifz=0,
pi(@)=qizif0<z<l wvi(e)={l-irifo<z<?
Liff<a<l, 0 if + <x<1

and

1 otherwise, 0 otherwise.

Mg(z)_{gifxzo Vg(x)_{lloifxzo
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Then 7x = {0x,1x, A} U{4; : i = 2,3,4,..} is a 3-rung orthopair fuzzy topolog-
ical space on X. The 3-rung orthopair fuzzzy topological space (X, 7x) is 3-rung
orthopair fuzzy countably compact, since every countable open cover of X should
contain 1 X.

4. CONCLUSION

This paper introduces certain properties of g-rung orthopair fuzzy compactness
are significant results of g-rung orthopair fuzzy compactness. We give some char-
acterizations of g-rung orthopair fuzzy compactness in terms of g-rung orthopair
fuzzy regular open sets or g-rung orthopair fuzzy regular closed sets. Moreover, we
introduce and study g-rung orthopair fuzzy near compactness. We examine multiple
relationships between different types of g-rung orthopair fuzzy compactness. The
results in this work can be extended to the g-rung orthopair fuzzy seperation axioms.

5. ACKNOWLEDGEMENT

The author would like to thank the referees for their valuable comments and
suggestions.

REFERENCES

[1] R. R. Yager, Generalized orthopair fuzzy sets, IEEE Transactions on fuzzy systems 25 (2017)
1222-1230.

[2] E. Tirkaslan, M. Unver and M. Olgun, g-rung orthopair fuzzy topological spaces, Lobachevskii
Journal of Mathematics 42 (2021) 470-478.

[3] L. A. Zadeh, Fuzzy Sets, Information and Control 8 (1965) 338-353.

[4] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986) 87-96.

[5] D. Molodtsov, Soft sets-first results, Comput. Math. Appl. 37 (1999) 19-31.

[6] C. L. Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968) 182-190.

[7] D. Qoker, An introduction to intuitionistic fuzzy topological spaces, Fuzzy Sets and Systems
88 (1997) 81-89.

[8] G. Senel, Soft topology generated by L-soft sets, Journal of New Theory 4 (2018) 83-100.

[9] G. Senel, A new approach to Hausdorff space theory via the soft sets, Mathematical Problems
in Engineering 9 (2016) 1-6.

[10] G. Senel and N. Cagman, Soft topological subspaces, Ann. fuzzy Math. Inform. 10 (4) (2015)
525-535.

[11] G. Senel and N. Cagman, Soft closed sets on soft bitopological space, Journal of New results
in Science 3 (2014) 57-66.

[12] G. Senel, J. G. Lee and K. Hur, Distance and similarity measures for octahedron sets and their
application to MCGDM Problems, Mathematics 8 (2020) 1690.

[13] J. G. Lee, G. Senel, P. K. Lim, J. Kim and K. Hur, Octahedron sets, Ann. Fuzzy Math. Inform.
19 (3) (2020) 211-238.

[14] D. GCoker and A. H. Es, On fuzzy compactness in intuitionistic fuzzy topological spaces, Journal
of Fuzzy Mathematics 3 (1995) 899-910.

[15] R. R. Yager and A. M. Abbasov, Pythagorean membership grades, complex numbers and
decision making, International Journal of Intelligent Systems 28 (2013) 436-452.

[16] A. H. Es, Connectedness in Pythagorean fuzzy topological spaces, International Journal of
Mathematics Trends and Technology 65 (2019) 110-116.

[17] M. Riaz, H. M. A. Farid, S. A. Alblowi and Y. Almalki, Novel concepts of g-rung orthopair
fuzzy topology and WPM approach for multicriteria decision-making, Journal of Function
Spaces 5 (2022) 1-16 Article ID: 2094593.

263



A. Haydar Es /Ann. Fuzzy Math. Inform. 25 (2023), No. 3, 255-264

A.HAYDAR Eg (haydares@baskent.edu.tr) — Department of mathematics educa-
tion, faculty of education, Bagkent University, postal code 06790, Ankara, Turkey.

264



	Compactness in q-rung orthopair fuzzy topological spaces. By 
	Compactness in q-rung orthopair fuzzy topological spaces. By 

