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1. Introduction

Crisp data are not always required to solve problems in researches. In order to deal
with uncertainty mathematically, various theories have been developed, including
such as fuzzy set theory [1, 2], intuitionistic fuzzy sets [3], and rough sets [4]. All
of these hypotheses have issues, comparable to those mentioned by Molodtsov in
[5]. To deal with ambiguity and uncertainties, Molodtsov introduced the idea of
soft set theory as a new theory and mathematical instrument. The soft set theory
was successfully implemented by Molodtsov in a number of ways. Many studies
that are defined over initial universal sets with a specified set of parameters have
presented and examined the idea of soft topological spaces (See [6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22]). For some important concepts of generalized
topology and generalized continuity, see [23]. Thomas and John [19] introduced soft
generalized topology, soft generalized neighborhood systems and some properties
and Öztürk [24] introduced and studied some soft mappings on soft generalized
topological spaces. The contents of this paper is organized as follows: In section
two, I recall some fundamental concepts and related definitions, moreover, some
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important results are outlined. In section three, by some logical steps, it is obtained
the main result that“the category GTOP of the crisp generalized topological spaces
is embedded in the category ESGTOP”.

2. Preliminaries and some important results

Definition 2.1 ([25, 26, 27, 28]). A category is a quadruple C = (∂, hom, id, ◦)
consisting of:

(i) a class ∂, whose members are called C-objects,
(ii) for each pair (A,B) of C-objects, a set hom(A,B), whose members are called

C-morphisms from A to B,
(iii) for each C-object A, a morphism idA : A → A, called the C-identity on A,
(iv) a composition law associating with each C-morphism f : A → B and each

C-morphism g : B → C an C-morphism g ◦ f : A → C, called the composite
of f and g, subject to the following conditions:
a. composition is associative,
b. C-identities act as identities with respect to composition,
c. the sets hom(A,B) are pairwise disjoint.

For more information about the notions of category theory, see[25] and [26].

Definition 2.2 ([5]). Let E be a set of parameters. A pair (F,A) is called a soft
set over the initial universe set U , if F : A −→ P (U) is a mapping from A ⊂ E to
the power set P (U) of U .

Each soft set (F,A) will be reformulated to be a soft set of the form (K,E), where

(1) K(e) = F (e) for all e ∈ A,
(2) K(e) = ∅ for all e ∈ E −A.

Definition 2.3 ([29]). For two soft sets (F,A) and (G,B) over a common universe
U, we say that (F,A) is a soft subset of (G,B), denoted by (F,A) ⊂̃ (G,B), if

(i) A ⊆ B,
(ii) for all e ∈ A,F (e) ⊆ G(e).

Definition 2.4 ([29]). Two soft sets (F,A) and (G,B) over a common universe set
U are said to be soft equal, denoted by (F,A) = (G,B), if (F,A) is a soft subset of
(G,B) and (G,B) is a soft subset of (F,A).

Definition 2.5 ([29]). A soft set (F,A) over U is said to be a null soft set, denoted
by Φ, if for all e ∈ A,F (e) = ∅.

If A = E, then Φ will denoted by Φ̃.

Definition 2.6 ([29]). A soft set (F,A) over U is said to be an absolute soft set,

denoted by Ã, if for all e ∈ A,F (e) = U.

If A = E, then Ã will denoted by Ũ .
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Definition 2.7 ([29]). The union of two soft sets (F,A) and (G,B) over the common
universe set U is the soft set (H,C), where C = A ∪B and for all e ∈ C,

H(e) =

 F (e) e ∈ A−B,
G (e) e ∈ B −A,
F (e) ∪G(e) e ∈ A ∩B.

We write (F,A) ∪̃ (G,B) = (H,C).

Definition 2.8 ([29]). The intersection (H,C) of two soft sets (F,A) and (G,B)
over a common universe set U, denoted (F,A) ∩̃ (G,B), is defined as follows:

C = A ∩B and H(e) = F (e) ∩G(e) for all e ∈ C.

Definition 2.9 ([29]). The relative complement of a soft set (F,A), denoted by
(F,A)c, is defined by (F,A)c = (F c, A), where F c : A −→ P (U) is a mapping given
by:

F c(e) = U − F (e) for all e ∈ A.

The following is an immediate consequence of the above definitions.

Proposition 2.10. Let (F,E) and (G,E) be the two soft sets over U. Then

(1) ((F,E) ∩̃ (G,E))c = (F,E)c ∪̃ (G,E)c,

(2) ((F,E) ∪̃ (G,E))c = (F,E)c ∩̃ (G,E)c.

Definition 2.11. The soft set (H̃, E) or simply H̃, where H ⊆ U is said to be a

uniform soft set over U , if for all e ∈ E, H̃(e) = H.

Notation 2.12. In our study, the set of all soft sets and uniforms soft sets over
a common universe U parameterized by the set E will be denoted by S(U,E) and
UNIS(U,E) respectively.

Definition 2.13. The soft set (F,A) = He is called a soft point over U , if ϕ ̸= H ⊆ U

and for all e
′ ∈ A,

F (e‵) =

{
H e

′
= e,

ϕ e
′ ̸= e.

Definition 2.14. The soft point He over U is called a soft singleton over U , if
H = {x} for some x ∈ U.

Definition 2.15. The soft point He over U is contained in a soft set (F,A) over U ,
if H ⊆ F (e) and we write He ∈̃ (F,A).

Notation 2.16. In our study, the set of all soft points over a common universe U
parameterized by the set E will be denoted by SP(U,E).

For more information about the properties of operations on the set S(U,E), see
[10].

Definition 2.17 ([10]). Let U and Y be two initial universal sets and let E and M
be two sets of parameters, f : U −→ Y, and g : E −→ M, then we denote the soft
mapping (f, g) : S(U,E)) −→ S(Y,M) for which
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(i) for each (F,E) ∈ S(U,E)) and for every m ∈ M, (f, g)→(F,E) = (G,M),
where

G(m) =

{ ⋃
{f(F (e)) : e ∈ g−1({m})} g−1({m})} ≠ ϕ,

ϕ g−1({m})} = ϕ,

(ii) for each (G,M) ∈ S(Y,M)) and for every e ∈ E, (f, g)←(G,E) = (F,E),
where F (e) = f−1(G(g(e))).

Remark 2.18. In the above definition of soft mapping, the function g : E −→ M
is called a parameters function.

Proposition 2.19. Let (f, g) : S(U,E)) −→ S(Y,M) be a soft mapping. Then

(1) for each He ∈ SP(U,E)),

(f, g)→(He) = f(H)g(e) ∈ SP(Y,M)),

(2) for each Lm ∈ SP(Y,M)),

(f, g)←(Lm) = {(f−1(L))e ∈ SP(U,E)) : g(e) = m} ⊂ SP(U,E)).

Remark 2.20. Proposition 2.19 shows that the inverse image of any soft point over
Y under the soft mapping (f, g) equal the family of soft points over U. This family
of soft points will be restricted to only one soft point if the function g is injective
function.

Proposition 2.21. Let (f1, g1) : S(X,E) −→ S(Y,M) and (f2, g2) : S(Y,M) −→
S(Z,K) be two soft mappings. Then the composition soft mapping

(f2, g2) ◦ (f1, g1) = (f2 ◦ f1, g2 ◦ g1) : S(X,E) −→ S(Z,K).

Proposition 2.22. Let (f1, g1) : S(X,E) −→ S(Y,M) and (f2, g2) : S(Y,M) −→
S(Z,K) be two soft mappings. Then for each (L,K) ∈ S(Z,K),

((f2, g2) ◦ (f1, g1))←(L,K) = (f1, g1)
←((f2, g2)

←(L,K))).

Proposition 2.23. Let (f, g) : S(U,E)) −→ S(Y,M) be a soft mapping, then for
all (G,M) ∈ S(Y,M), ((f, g)←(G,M))c = (f, g)←((G,M)c).

For more information about the properties of images and inverse images of soft
sets under soft mappings, see [10].

Definition 2.24 ([23]). Let U be a non-empty universal set, then we call τ ⊆ P (U)
a generalized topology on U , if it satisfies the following conditions:

(i) ϕ ∈ τ,
(ii) ∀ Ai ⊆ U, i ∈ ∆, if Ai ∈ τ, then

⋃
i∈∆ Ai ∈ τ, where ∆ is an index set.

For more information about the properties of generalized topological space, see
[23].

Definition 2.25 ([19]). τ̃ ⊆ S(U,E) is said to be a soft generalized topology on U ,
if it satisfies the following conditions:

(i) Φ̃ ∈ τ̃ ,
(ii) the union of any number of soft sets in τ̃ belongs to τ̃ .
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The triplet (U, τ̃ , E) is called a soft generalized topological space over U . The soft
generalized topology τ̃ on U is called a soft topology on U , if the intersection of any
two soft sets in τ̃ belongs to τ̃ .

Definition 2.26. The soft generalized topology τ̃ on U is called a uniform soft
generalized topology on U , if τ̃ ⊆ UNIS(U,E).

Definition 2.27 ([19]). Let (U, τ̃ , E) be a soft generalized topological space over U.
Then the members of τ̃ are said to be soft generalized open sets in U.

Definition 2.28 ([19]). Let (U, τ̃ , E) be a soft generalized topological space over U.
A soft set (F,A) over U is said to be a soft generalized closed set in U , if its relative
complement (F,E)c belongs to τ̃ .

The set of all soft generalized closed sets in (U, τ̃ , E) will be denoted by τ̃ c.

Proposition 2.29 ([19]). Let (U, τ̃ , E) be a soft generalized topological space over
U. Then

(1) Ũ ∈ τ̃ c,
(2) the intersection of any number of soft generalized closed sets is an element

in τ̃ c.

Proposition 2.30 ([19]). Let (U, τ̃ , E) be a soft generalized topological space over
U. Then the collection τ̃e = {F (e) ⊆ U : (F,E) ∈ τ̃} for each e ∈ E, defines a
generalized topology on U.

Proposition 2.31 ([19]). Let (U, τ̃i, E) for each i be an arbitrary family of soft
generalized topological spaces over the same universe U . Then (U,

⋂
i τ̃i, E) is a soft

generalized topological space over U.

Definition 2.32 ([19]). Let (U, τ̃ , E) be a soft generalized topological space and
let ∅ ̸= Y ⊂ U . Then (Y, τ̃Y , E) is called a soft generalized topological subspace of

(U, τ̃ , E), where τ̃Y = {(F,A) ∩̃ Ỹ : (F,A) ∈ τ̃}.

It is known that for every generalized topological space (U, τ) and Y ⊆ U, there
exists a generalized subspace (Y, τY ), where τY is defined by:

τY = {A ∩ Y : A ∈ τ}.

Now, one can show that there exists another generalized topological space (Y, τ↓Y ),
which is a restriction generalized topological space of (Y, τY ) and is defined by:

τ↓Y = {A ⊆ Y : A ∈ τ}.

Conversely, for every generalized topological space (Y, ω), Y ⊆ U , there exists an
extended generalized topological space (U, ω↑U ) of (Y, ω), where

ω↑U = {A ⊆ U : A ∩ Y ∈ ω}.

Similar, for every soft generalized topological space (U, τ̃ , E) over U , and for all
∅ ̸= Y ⊆ U, there exists a restricted soft generalized topological subspace (Y, τ̃↓Y , E)
of (Y, τ̃Y , E), where

τ̃↓Y = {(F,A) ∈ S(Y,E) : (F,A) ∈ τ̃}.
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Conversely, for every soft generalized topological space (Y, ω̃, E), Y ⊆ U , there exists
an extended soft generalized topological space (U, ω̃↑U , E) of (Y, ω̃, E), Y ⊆ U , where

ω̃↑U = {(F,A) ∈ S(U,E) : (F,A) ∩̃ Ỹ ∈ ω̃}.

Proposition 2.33. Let (Y, τ̃↓Y , E) be a restriction soft generalized topological space
over Y of a soft generalized topological space (U, τ̃ , E) over U. Then (Y, (τ̃e)↓Y ) is a
restriction generalized topological space of (U, τ̃e) for each e ∈ E.

Proof. Since (Y, τ̃↓Y , E) is a soft generalized topological space over Y, (Y, (τ̃e)↓Y ) is
a generalized topological space for each e ∈ E. Then for any e ∈ E, we have that

(τ̃e)↓Y = {C ⊆ Y : C ∈ τ̃e}

= {F (e) ⊆ Y : (F,E) ∈ τ̃}

= {F (e) ⊆ Y : F (e) ∈ τ̃e}.

Thus (Y, (τ̃e)↓Y ) is a restricted generalized topological space of (U, τ̃e). □

Proposition 2.34. Let (U, ω̃↑U , E) be an extended soft generalized topological space
over U of a soft generalized topological space (Y, ω̃, E) over Y. Then (U, (ω̃e)↑U ) is
an extended generalized topological space of (Y, ω̃e) for each e ∈ E.

Proof. Since (U, ω̃↑U , E) is a soft generalized topological space over U, (U, (ω̃e)↑U )
is a generalized topological space for each e ∈ E. Then for any e ∈ E, we have that

(ω̃e)↑U = {C ⊆ U : C ∩ Y ∈ ω̃e}

= {F (e) ⊆ U : (F,E) ∩̃ Ỹ ∈ ω̃}

= {F (e) ⊆ U : F (e) ∩ Y ∈ ω̃e}.

Thus (U, (ω̃e)↑U ) is an extended generalized topological space of (Y, ω̃e). □

3. Categories GTOP and ESGTOP

From now, in this section, we use the fixed parameter set E.

Definition 3.1 ([23]). Let (U, σ1) and (Y, σ2) be two generalized topological spaces
over U and Y respectively. The mapping f : (U, σ1) −→ (Y, σ2) is said to be
generalized continuous, if

f−1(A) ∈ σ1, for all A ∈ σ2.

It is clear that for any given generalized topological space (U, σ) over U, the
identity mapping

IdU : (U, σ) −→ (U, σ)

is generalized continuous mapping. Moreover, the composition of any two generalized
continuous mappings is a generalized continuous mapping. Hence the family of
all generalized topological spaces and all generalized continuous mappings form a
category that will be denoted by GTOP.
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Proposition 3.2. The category of all topological spaces and all continuous mappings
TOP is embedded in the category GTOP.

Proof. The proof is obvious since for any topological space (U, σ) and for any con-
tinuous mapping f on topological spaces, the inclusion functor

I : TOP −→ GTOP, where I(U, σ) = (U, σ), I(f) = f,

is embedded functor. □

Definition 3.3 ([19]). Let (U, τ̃1, E) and (Y, τ̃2, E) be two soft generalized topo-
logical spaces over U and Y respectively. The soft mapping (f, g) : (U, τ̃1, E) −→
(Y, τ̃2, E) is said to be soft generalized continuous, if

(f, g)←(G,E) ∈ τ̃1, for all (G,E) ∈ τ̃2.

It is clear that for any given soft generalized topological space (U, τ̃ , E) over U,
the soft identity mapping

(IdU , IdE) : (U, τ̃ , E) −→ (U, τ̃ , E)

is soft generalized continuous mapping.

Example 3.4. Let U = {x1, x2, x3}, Y = {y1, y2, y3}, E = {e1, e2}, and f : U −→ Y,
g : E −→ E be mappings defined as follows:

f(x1) = f(x2) = y1, f(x3) = y3, g(e1) = e2, g(e2) = e1.

Define the soft generalized topological spaces (U, τ̃1, E) and (Y, τ̃2, E) over U and Y
respectively as follows:

τ̃1 = {Φ̃, Ũ , (F1, E), (F2, E), (F3, E)}, τ̃2 = {Φ̃, Ỹ , (G1, E), (G2, E), (G3, E)}
and

F1(e1) = U, F1(e2) = {x3},
F2(e1) = U, F2(e2) = {x1, x2},
F3(e1) = {x1, x2}, F3(e2) = U,
G1(e1) = {y2, y3}, G1(e2) = {y1, y3},
G2(e1) = {y1, y2}, G2(e2) = Y,
G3(e1) = {y1, y3}, G3(e2) = {y1, y2}.

Then we have
(f, g)←(Ỹ ) = Ũ , (f, g)←(G1, E) = (F1, E),

(f, g)←(G2, E) = (F2, E), (f, g)←(G3, E) = (F3, E).

Thus the soft mapping (f, g) is a soft generalized continuous mapping from (U, τ̃1, E)
into (Y, τ̃2, E).

On the other hand, if g : E −→ E is the function defined by: g(e1) = e1, g(e2) =
e2. Then the mapping (f, g) is not a soft generalized continuous mapping from
(U, τ̃1, E) into (Y, τ̃2, E), since (f, g)←(G1, E) = (F,E), where F (e1) = {x3}, F (e2) =
U and (F,E) /∈ τ̃1.

Proposition 3.5 ([19]). Let (U, τ̃1, E) and (Y, τ̃2, E) be two soft generalized topolog-
ical spaces over U and Y respectively. Then the soft mapping (f, g) : (U, τ̃1, E) −→
(Y, τ̃2, E) is a soft generalized continuous if and only if

(f, g)←(G,E) ∈ τ̃ c1 for all (G,E) ∈ τ̃ c2 .
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Proposition 3.6 ([19]). Let (X, τ̃1, E), (Y, τ̃2, E) and (Z, τ̃3, E) be soft generalized
topological spaces over X,Y and Z respectively. And let

(f1, g1) : (X, τ̃1, E) −→ (Y, τ̃2, E)

and

(f2, g2) : (Y, τ̃2, E) −→ (Z, τ̃3, E)

be two soft generalized continuous mappings. Then the composition soft mapping

(f2, g2) ◦ (f1, g1) = (f2 ◦ f1, g2 ◦ g1) : (X, τ̃1, E) −→ (Z, τ̃3, E)

is a soft generalized continuous mapping.

Since for any given soft generalized topological space (U, τ̃ , E) over U, the soft
identity mapping

(IdU , IdE) : (U, τ̃ , E) −→ (U, τ̃ , E)

is soft generalized continuous mapping. Moreover, the composition of any two soft
generalized continuous mappings on soft generalized topological spaces is a soft gen-
eralized continuous mapping. Hence the family of all soft generalized topological
spaces and all soft generalized continuous mappings form a category that will be de-
noted by ESGTOP. Moreover, the family of all uniform soft generalized topological
spaces and all soft generalized continuous mappings is a subcategory of ESGTOP
and will be denoted by UNIESGTOP. In addition to that the subcategory of
UNIESGTOP with soft generalized continuous mapping, having all parameters
functions as the identity function IdE on the parameter set E will be denoted by
UNIIDESGTOP.

Theorem 3.7. (Main Theorem)
The category GTOP is embedded in the category ESGTOP.

Proof. Step 1: We proof that for any (U, σ) ∈ |GTOP|, there exists (U, (τ̃)σ, E) ∈
|ESGTOP|. Define (τ̃)σ ⊆ UNIS(U,E) as

(τ̃)σ = {H̃ ∈ UNIS(U,E) : H ∈ σ}.

It is obvious that Φ̃ ∈ (τ̃)σ, since ϕ ∈ σ. Moreover, if

{H̃i ∈ UNIS(U,E) : i ∈ ∆} ⊆ (τ̃)σ,

then

{Hi ⊆ U : i ∈ ∆} ⊆ σ.

Thus
⋃

i∈∆ Hi ∈ σ. So ⋃̃
i∈∆

Hi =
⋃̃

i∈∆
H̃i ∈ (τ̃)σ.

Hence (τ̃)σ is a soft generalized topology on U and (U, (τ̃)σ, E) is a soft generalized
topological space over U.

Step 2: We proof that for any (U, τ̃ , E) ∈ |ESGTOP|, there exists (U, (σ)τ̃ ) ∈
|GTOP|. It is known that for any soft generalized topology τ̃ on U and for any
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e ∈ E, there exists a generalized topology τ̃e = {G(e) ⊆ U : (G,E) ∈ τ̃} on U.
Define the generalized topological space (U, (σ)τ̃ ) over U, where

(σ)τ̃ =
⋂
e∈E

τ̃e.

Step 3: We proof that for any (U, τ̃ , E) ∈ |UNIESGTOP| and for any (U, σ) ∈
|GTOP|, (τ̃)(σ)τ̃ = τ̃ . Since

(σ)τ̃ =
⋂

e∈E{G(e) ⊆ U : (G,E) ∈ τ̃}

=
⋂

e∈E{H ⊆ U : H̃ ∈ τ̃}

= {H ⊆ U : H̃ ∈ τ̃},
we have

(τ̃)(σ)τ̃ = {H̃ ∈ UNIS(U,E) : H ∈ (σ)τ̃}

= {H̃ ∈ UNIS(U,E) : H̃ ∈ τ̃}

= τ̃ .

Step 4:We proof that for any (U, τ̃ , E) ∈ |ESGTOP| and for any (U, σ) ∈ |GTOP|,
(σ)(τ̃)σ = σ. Since we have that

(τ̃)σ = {H̃ ∈ UNIS(U,E) : H ∈ σ},

we get
(σ)(τ̃)σ =

⋂
e∈E{G(e) ⊆ U : (G,E) ∈ (τ̃)σ}

=
⋂

e∈E{H ⊆ U : H̃ ∈ (τ̃)σ}

= {H ⊆ U : H ∈ σ}

= σ.

Step 5: We proof that for any f ∈ Mor((U, σ1), (Y, σ2)) in the category GTOP,
(f, IdE) ∈ Mor((U, τ̃σ1 , E), (Y, τ̃σ2 , E)) in the category ESGTOP.

Let f ∈ Mor((U, σ1), (Y, σ2)) in the category GTOP and let H̃ ∈ τ̃σ2
. Then

H ∈ σ2 and f−1(H) ∈ σ1. Thus ˜f−1(H) ∈ τ̃σ2
. Now, let (f, IdE)

←(H̃) = (G,E).
Then for all e ∈ E, we have

G(e) = f−1(K(IdE(e))) = f−1(K(e)) = f−1(H), where K(e) = H.

Thus (G,E) = ˜f−1(H). So (f, IdE)
←(H̃) ∈ τ̃σ1

. Hence (f, IdE) is a soft generalized
continuous mapping and (f, IdE) ∈ Mor((U, τ̃σ1

, E), (Y, τ̃σ2
, E)).

Step 6: We proof that for any (f, IdE) ∈ Mor((U, τ̃1, E), (Y, τ̃2, E)) in the cat-
egory UNIIDESGTOP, f ∈ Mor((U, (σ)τ̃1), (Y, (σ)τ̃2)) in the category GTOP.
Let (f, IdE) ∈ Mor((U, τ̃1, E), (Y, τ̃2, E)) in the category UNIIDESGTOP and let
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H ∈ (σ)τ̃2 . Then H̃ ∈ τ̃2 and (f, IdE)
←(H̃) = ˜f−1(H) ∈ τ̃1. Thus f−1(H) ∈ (σ)τ̃1 .

So f is a soft generalized continuous mapping and f ∈ Mor((U, (σ)τ̃1), (Y, (σ)τ̃2)) in
the category GTOP.

Step 7: From Step 1 up to Step 6, the following two functors R and Q are well-
defined as follows:

R : GTOP −→ ESGTOP, where R(U, σ) = (U, (τ̃)σ, E), R(f) = (f, IdE),

Q : UNIIDESGTOP −→ GTOP, where Q(U, τ̃ , E) = (U, (σ)τ̃ ), R(f, IdE) = f.

Moreover, R is injective and Q is bijective, since

R(U, σ1) = R(U, σ2) ⇒ (U, (τ̃)σ1 , E) = (U, (τ̃)σ2 , E) ⇒ (τ̃)σ1 = (τ̃)σ2 .

Then H ∈ σ1 if and only if H̃ ∈ (τ̃)σ1
= (τ̃)σ2

if and only if H ∈ σ1. Thus
(U, σ1) = (U, σ2). On the other hand,

R(f1) = R(f2) ⇒ (f1, IdE) = (f1, IdE) ⇒ f1 = f2.

Also if R is defined as:

R : GTOP −→ UNIIDESGTOP,

then
Q(R((U, σ))) = (U, σ), R(Q((U, τ̃ , E))) = (U, τ̃ , E),

Q(R((f, IdE))) = (f, IdE), R(Q(f)) = f.

Thus GTOP isomorphic the subcategory UNIIDESGTOP of ESGTOP. So
GTOP is embedded in ESGTOP. □

4. Conclusion

From the above discussions, I can advocate that logically, the category GTOP is
the natural generalization of the category TOP. Moreover, the category ESGTOP
is the natural generalization of the category GTOP.
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