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1. INTRODUCTION

The theory of fuzzy sets is the most appropriate theory for dealing with un-
certainty and was introduced by Zadeh [1] in 1965. After the introduction of the
concept of fuzzy sets by Zadeh, several researchers researched the generalizations
of the notions of fuzzy sets with huge applications in computer science, artificial
intelligence, control engineering, robotics, automata theory, decision theory, finite
state machine, graph theory, logic, operations research and many branches of pure
and applied mathematics. For example, Xie et al. [2] applied fuzzy set theory to
the switching method.

Molodtsov [3] introduced the concept of the soft set as a new mathematical tool
for dealing with uncertainties that are free from the difficulties which have troubled
the usual theoretical approaches. The soft sets have many applications in several
branches of both pure and applied sciences (See [4, 5, (]).

As a parallel circuit of fuzzy sets and soft sets, Jun et al. [7] introduced the notion
of hybrid structures in a set of parameters over an initial universe set. The hybrid
structures can be applied in many areas including mathematics, statistics, computer
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science, electrical instruments, industrial operations, business, engineering, social
decisions, etc. (See [8, 9, 10]).

The algebraic hyperstructure theory was first introduced in 1934 by Marty [11].
Hyperstructures have many applications in several branches of both pure and ap-
plied sciences (See [12, 13, 14, 15, 16]). Recently, Heidari and Davvaz applied the
hyperstructure theory to ordered semigroups and introduced the concept of ordered
semihypergroups (or hypersemigroups)(See [17]), which is a generalization of the
concept of ordered semigroups. Furthermore, the ordered semihypergroup theory
was enriched by the work of many researchers, for example, [15, 16, 18, 19]. In
particular, the hyperideal theory on semihypergroups and ordered hypersemigroups
can be seen in [18, 19, 20, 21].

In 1989, Ahsan and Takahashi [22] introduced the notions of pure ideals and
purely prime ideals of semigroups. Later, Changphas and Sanborisoot [23] defined
the notions of left pure, right pure, left weakly pure, and right weakly pure ideals in
ordered semigroups and gave some of their characterizations. In 2020, Changphas
and Davvaz [24] studied purity of hyperideals in ordered hyperstructures. They
introduced the notions of pure hyperideals and weakly pure hyperideals in an ordered
semihypergroup. We now apply hybrid structures to ordered hyperstructures. In
this present paper, the concepts of hybrid quasi-pure hyperideals in an ordered
hypersemigroup are introduced. Finally, we characterize quasi-pure hyperideals in
ordered hypersemigroups in terms of hybrid quasi-pure hyperideals.

2. PRELIMINARIES

In this section, we will recall the basic terms and definitions from the ordered
hypersemigroup theory and the hybrid structure theory that we will use later in this
paper. Throughout this paper, we will use the concepts of ordered hypersemigroups
introduced by Kehayopulu [25] and hybrid structures introduced by Anis [8].

Definition 2.1 ([25]). A hypergroupoid is a nonempty set H with a hyperoperation
o: Hx H—P*(H)| (a,b)—~aobd
on H and an operation
x: P (H)x P*(H)—P*(H)| (A,B)— Ax B
on P*(H) (induced by the hyperoperation o) defined by
AxB= ] (aob)

acA,beB
(P*(H) is the set of all nonempty subsets of H.)

We have {z} x {y} = v oy. Furthermore A C B implies A+ C C B C and
C x A C C * B for any nonempty subsets A, B and C of H.

Definition 2.2 ([25]). A hypergroupoid (H;o) is called a hypersemigroup, if
{a} = (yoz) = (zoy)={z}

for every z, y, z € H.
162
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For convenience, the previous equation could be identified as
zx(yoz)=(zoy)*z

Let (H; <) be a partial order set. We define a relation < on P*(H) as follows:
For two nonempty subsets A and B of H,

A=XB:={(z,y) e AxB|xz<y,Vax € A Ty € B}.

Definition 2.3 ([25]). The structure (H;o, <) is called an ordered hypersemigroup,
if the following conditions are satisfied:
(i) (H;o) is a hypersemigroup,
(ii) (H;<) is a partial order set,
(iii) for a,b,c € H,if a < b, then aoc<bocand coa <X cob.

For simplicity, we denote an ordered hypersemigroup (H;o, <) by its carrier set
as a bold letter H.

Definition 2.4 ([25]). Let H be an ordered hypersemigroup. A nonempty subset
A of H is called a left (resp., right) hyperideal of H, if

(i) Hx AC A (resp., Ax H C A).

(ii) fora € H, b€ A, if a < b, then a € A.

A nonempty subset A of H is called a two-sided hyperideal, or simply a hyperideal
of H, if it is both a left and a right hyperideal of H.
Let A be a nonempty subset of H. Define

(Al:={z € H| z<a for some a € A}.

Note that condition (ii) in Definition 2.4 is equivalent to A = (A]. If A and B are
nonempty subsets of H, then we obtain
(1) Ac (4],
(2) (AUB] = (AU (B],
(3) ((A]+ (B]] = (A= B],
(1) (A« (B] (A B.

Definition 2.5 ([20]). Let H be an ordered hypersemigroup. A nonempty subset
Q of H is called a quasi-hyperideal of H, if it satisfies the following conditions:

(i) (H+Q)N(Q@+H) CQ,
(ii) For a € H,b € Q, if a < b, then a € Q.

Note that condition (ii) in Definition 2.5 is equivalent to @ = (Q].
For an element a of an ordered hypersemigroup H, we denote Q(a) to be the
quasi-hyperideal of H generated by a, and easy to verify that

Qa) = (aU(H xa)]N(aU (ax*H)|.

Definition 2.6. Let H be an ordered hypersemigroup. A hyperideal A of H is
called a quasi-pure hyperideal of H, if x € (A*x] N (x x A] for all z € A.

In what follows, let I = [0,1] be the unit interval, H a set of parameters and
P(U) the power set of an initial universe set U.
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Definition 2.7 ([3]). A hybrid structure in H over U is defined to be a mapping
f=0"fN:H—PU)x I,z (f(z), fT (),
where
f*:H—PWU)and f*: H -1

are mappings.

Let us denote by Hyby (H) the set of all hybrid structures in H over U. We define
an order < on Hyby (H) as follows: For all f,g € Hyby (H),

f<ge [y [T =g",
where f* C g* means that f*(z) C ¢*(x) and f* = g™ means that fT(x) > g*(2)
forallz € H and f=gif f < g and g < f.
Definition 2.8 ([8]). Let f and g be elements in Hyby(H). Then the hybrid
intersection of f and g, denoted by f m g, is defined to be a hybrid structure
fag:H—PU)x Lz (fNg")(x),(f7Vg)(2),
where
(f*Ng*)(z) = f*(x) Ng*(z) and (f* V ¢7)(z) := max{f*(2),¢" (2)}.

We denote H := (H*, H") the hybrid structure in H over U and is defined as
follows: N
H:H-—PU)xI:zw (H(z),H"(z)),
where
H*(x):=U and H'(z) := 0.
Let a be an element in H. Then we set
H, ={(z,y) € Hx H|a=<zoy}.

Definition 2.9. Let f and g be elements in Hyby (H). Then the hybrid products
of f and g, denoted by f ® g is defined to be a hybrid structure
feg:H—-PU)x Lz (ff©g) (), (ff@g")(2)),

where

U (f(@ng* ) ifH,#o
(ff©g")(z) =< (ab)eH,

%] otherwise,
and

(ff®g")(x) { ( b{\ {max{f*(a),g*(0)}} if Hy # &
g ) .= a,b)eH,

1 otherwise.

Let A be a nonempty subset of H. We denote by x4 := (x%, ng) the characteristic
hybrid structure of A in H over U and is defined to be a hybrid structure

xa:H—=PU)x Iz (xXh(x), xh (),

where

U ifzeA
@ otherwise,
164
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and

Xalt 1 otherwise.

£ ):{ 0 ifzeA

We set xp := H.

3. MAIN RESULTS

In this main section, we introduce the concepts of hybrid quasi-pure hyperideals in
ordered hypersemigroups. Finally, we characterize quasi-pure hyperideals in ordered
hypersemigroups in terms of hybrid quasi-pure hyperideals.

Definition 3.1. Let H be an ordered hypersemigroup. A hybrid structure f =
(f*,f%) in H over U is called a hybrid left (vesp. right) hyperideal in H over U, if
for every z,y € H,

i) N fa)2f(y) @esp. N f*(a) 2 f*(2)),
<

acxoy acxoy
(2)),

(i) V ff(a) < fr(y) (vesp. V fH(a) < f
(iii) = <y implies f*(z) 2 f*(y) and f*(x) < f*(y).

aczroy acxoy
A hybrid structure f is called a hybrid hyperideal in H over U, if it is both a

hybrid left and a hybrid right hyperideal in H over U.

Example 3.2. Let H = {a,b,c}. We define a binary operation o and a binary
relation < on H as follows:

a b c
{a} | {a} | {a}

{a} | {a} | {a}
H| H | H

Q|| O

and <:= {(a,¢), (b,c)} UAg, where Ay := {(x,2) : x € H}. Then H := (H;0,<) is
an ordered hypersemigroup. Let U = N. Define a hybrid structure f := (f*, fT) in
H over U as follows:

H a b c
f*(x) | U |2U | 4U
fT(xz) 0207108

Then f = (f*, f*) is a hybrid right hyperideal in H over U.

Example 3.3. Let H = {a,b,c}. We define a binary operation o and a binary
relation < on H as follows:

a b c

{a} | {a} |{a}
{a} | {a} |{a}
{a} | {a,b} | {c}

and <:= {(a,b)} UAp, where Ay := {(x,2) : x € H}. Then H := (H;0,<) is an
165
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ordered hypersemigroup. Let U = N. Define a hybrid structure f := (f*, f7) in H
over U as follows:

H a b c
f*(x) |2U | U | 4U
fT(x) 07102708

Then f = (f*, f*) is a hybrid left hyperideal in H over U.

Example 3.4. Let H = {a,b,c,d}. We define a binary operation o and a binary
relation < on H as follows:

a b c d

{a} | {a} | {a} | {a}
{a} [{a} | {a} | {a}
{a} [ {a} | {a,0} | {a}
{a} [ {a} [ {a,b} | {a,b}

and <:= {(a,b)} U Ay, where Ay = {(z,z) : * € H}. Then H := (H;o,<)
is an ordered hypersemigroup. Let U = {1,2,3,4,5}. Define a hybrid structure
f:=(f*f%) in H over U as follows:

Qoo

H a b c d
f*(x) | {1,2,4,5} | {1,2,5} | {1,5} | {5}
ft(=z) 0.1 0.2 0.5 0.8

Then f = (f*, f7) is a hybrid hyperideal in H over U.

Definition 3.5. Let H be an ordered hypersemigroup. A hybrid structure f =
(f*, fT) in H over U is called a hybrid quasi-hyperideal in H over U, if it satisfies
the following conditions:

) (feH)AHS® f) < [,

(ii) for z, y € H, if z <y, then f*(z) 2 f*(y) and f(z) < f+(y).

Example 3.6. Let H = {a,b,c,d,e}. We define a binary operation o and a binary
relation < on H as follows:

a b c d e
{a} | {a} | {a} |{a}|{e}
{a} [ {a,b} | {a,c} | {a} | {e}
{a} | {a,c} | {a} | {a} | {e}
{a} | {a} | {a} | {a} | {e}
{e} | {et | {e} [{e} | {e}

and <:= {(a,b),(a,c)} UAp, where Ay := {(z,z) : x € H}. Then H := (H;0,<)
is an ordered hypersemigroup. Let U = {1,2,3}. Define a hybrid structure f :=
(f*, f%) in H over U as follows:

O[O0

H a b c d e
f(x) 1{1,2,3} | {1,2,3} | {1,2,3} | @ | {1,2,3}
() 0 0 0 1 0
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Then f = (f*, fT) is a hybrid hyperideal in H over U and it is easy to verify that
f=(f*fT) also a hybrid quasi-pure hyperideal in H over U.

The following remarks are useful tools in calculating the purity of hybrid hyper-
ideals.

Remark 3.7. Let f = (f*, fT) be a hybrid quasi-hyperideal in H over U. Then we
have
(1) (ffoH")N(H O f)C fr
(2) (freHd")v(H @ )= f+.
Definition 3.8. Let H be an ordered hypersemigroup. A hybrid hyperideal f =

(f*, f%) in H over U is said to be quasi-pure, if f Mg = (f ® g) M (g ® f) for every
hybrid quasi-hyperideal g = (¢*, g*) in H over U.

The following lemmas are important in illustrating our first theorem.
Lemma 3.9. Let H be an ordered hypersemigroup and A, B nonempty subsets of
H. Then the following conditions hold:

(1) AC B if and only if xa < XB,
(2) xaMxB = XanB,
(3) XA ®XB = X(aB]-

Proof. We will give a proof of (3) only. Let © € (A * B]. Then there exists c € aob
for some a € A and b € B such that z < ¢, which means that + < a ob. Thus
H, # @ and we obtain

U 2 (Xa©xp)(z)
U kaw nxi)
(y,2)€EHx
Xoa(a) N xp(b)
- U

V)

This implies that (X% © X5)(#) = U = X{4,p () and

0 < (hexp (o)

N {max{x} ), x5(2)}}

(y,z)EHx
< max{x}(a), x5(b)}
0.
This implies that (XX &) X;)(az) =0= X?A*B] (7). So x4 ® XB = X(AxB]- O

Lemma 3.10. Let H be an ordered hypersemigroup and A a nonempty subset of H.
Then the following conditions are equivalent:
(1) A is a right (resp., left) hyperideal of H,
(2) xa = (X%, x}) is a hybrid right (resp. left) hyperideal in H over U.
167
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Proof. (1)=(2). Let A be a right hyperideal of an ordered hypersemigroup H.
Firstly, let «, y € H. If x € A, then x oy C A and we obtain

() Xal@)=U2xa(2) and \/ xi(a) =0< xi(2).

aczroy aczroy

If ¢ A, we obtain

) xal@) 22 =xi(z) and \/ xi(a) <1=xf(2).
acxoy acxoy

Secondly, let x, y € H be such that x < y. If y € A, then x € A and then
Xa(x) =U 2 x4(y) and xj(z) =0 < x4(y).
If y ¢ A, we obtain
Xa(®) 2@ =x4(y), and xj4(z) <1=x4(y).
Altogether, it is complete to prove that x4 is a hybrid right hyperideal in H over U.

(2)=(1). Let x4 be a hybrid right hyperideal in H over U. Firstly, let € A and
ye H Weobtain U D () x%(a) D x’%(z) =U, which implies that [\ x%(a) =

acxroy acxoy

U and since U = () x%(z) C x%(a) € U, we obtain x%(a) = U. Similarly,
aczroy
since 0 <\ x%(a) < x%i(z) = 0, which implies that \/ x7(a) =0, and since
aczroy acxoy
0=V x*(a) > x}(a) >0, we obtain that x}(a) = 0. Altogether, we have a € A
aczroy
true.

Secondly, let z,y € H be such that z < y and y € A. We obtain U D x%(x) 2
X’ (y) = U, which implies that x%(z) = U. It means that z € A. For y}; need not
to consider. Therefore A is a right hyperideal of H. Similarly, we can show that A
is a left hyperideal if and only if x 4 is a hybrid left hyperideal. O

As a consequence of the above lemma, we have that A is a hyperideal of H if and
only if x4 is a hybrid hyperideal in H over U.

Lemma 3.11. Let H be an ordered hypersemigroup and Q@ a nonempty subset of H.
Then the following conditions are equivalent:

(1) Q is a quasi-hyperideal of H,

(2) xg = (XZ},XZ;) is a hybrid quasi-hyperideal in H over U.
Proof. (1)=(2). Let @ be a quasi-hyperideal of an ordered hypersemigroup H. By
Lemma 3.9, we obtain

(xe@H)M(H®xq) = (xo®xm)M (v ®xq)

X(Q+H] M X (HxQ]

X(Q*H|N(H*Q)
< XQ-
Let z,y € H be such that x < vy. If y € @, then since @ is a quasi-hyperideal of
H we have z € ), and then

xo() =U =x5(y) and xg(x) =0=x5(y).
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If y ¢ @, then we have
Xo(@) 22 = f4(y) and xH(x) < 1= x5 (y).
Thus xq = (x5, XZS) is a hybrid quasi-hyperideal in H over U.
(2)=(1). Let xq = (X5» xé) is a hybrid quasi-hyperideal in H over U. By Lemma
3.9, we get
X(Q+HIN(H+Q] =  X(Q«H] M X (HxQ
(X@ ®xm) M (XH ® XQ)
(xo ® H) M (H ® xq)
XQ-

N

Then
U2 xg(@) 2 xgy) =U.
This implies that x¢,(z) = U. Thus z € Q and

0 < x4(x) < x4y) =0.

This implies that Xg(m) = 0. So x € @ is true. Hence @ is a quasi-hyperideal of
H. O

Lemma 3.12. Let H be an ordered hypersemigroup and A a hyperideal of H. Then
the following conditions are equivalent:

(1) A is a quasi-pure hyperideal of H,
(2) ANQ = (Q AN (AxQ)] for every quasi-hyperideal Q of H.

Proof. (1)=(2). Suppose A is a quasi-pure hyperideal of H and let @ be a quasi-
hyperideal of H. If x € ANQ, then z € (zx A]N (Axx] C (Q* Al N (A Q]. Thus
ANQ C(Q+AN(A*Q]. Tt isis clear that (Q*x AN (AxQ] C (A]N(Q]=ANQ.
So ANQ =(Q+AN(Ax*Q).

(2)=(1). Suppose (2) holds andlLet = € A. Then by the hypothesis, we have

reANQx) = (Qz)*AlN(Ax*Q(x)]
(zU(zxH)N(zU(Hx*x)])* AN
Ax((zU(z+ H)N(zU (H *z)]]
(xU(zx H)« AN (Ax(zU(H *2)]]]
(2% A) U (25 H) 5 A)] N (A% 2) U (A
(xx AU (zx (HxA)|N(Axz)U ((Ax H) *z))
z)]

NN
~ o~~~ —~ —~

C (zxA)U(zxA)|N((Axz)U(A=x
= (z*xAlN(Ax*z].
Thus A is a quasi-pure hyperideal of H. O

The following main theorem provides a characterization of quasi-pure hyperideals
in ordered hypersemigroups using hybrid quasi-pure hyperideals.

Theorem 3.13. Let A be a hyperideal of an ordered hypersemigroup H. Then the
following conditions are equivalent:
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(1) A is a quasi-pure hyperideal of H,
(2) xa = (X%, X}) is a hybrid quasi-pure hyperideal in H over U.

Proof. (1)=(2). Suppose A is a quasi-pure hyperideal of H. Since A is a hyperideal
of H, by Lemma 3.10, x4 = (X%, x};) is a hybrid hyperideal in H over U. Let f be
a hybrid quasi-hyperideal in H over U and a € H. Suppose that a ¢ A, we consider
two cases as follows: If H, = &, then we have

[(ffoxanho M) = (fFoxale)n " e f)(a)
= 9
= Xxala)
= [H(a)Nxial(a)
= (f"Nxa)(a)
and
(Froxi) vt ol = max{(FH o xi)@), (Ff o xh)@)
1
= Xi(a)
= max{f"(a),x}(a)}
= (fTvxi)(a).
If H, # @, then, by a quasi-purity of A, u, v ¢ A for all (u,v) € H,. Thus

(froxa@ = U [Ff@nxam)
(z,y)€Ha
= J
= fH(a)Nxi(a)
= (f"NxA)(a).
Similarly, we have (x% © f*)(a) = (f* N x%)(a). It follows that
[(FFoxa) NG e M) = (Ffoxi)ie)niio )
= ("Nx(e) N (T Nxi)(a)
= (/" Nxa)(a)
So we get
(frexie = A fmax{fT (@), b))
(z,y)€EH,
1
= max{f"(a),x}4(a)}
(f" v xh)(a).
Similarly, we get (x}; @ f*)(a) = (f* vV x}{)(a). It follows that
[(fTfex)Vviode ffa) = max{(f"exi)(a), (xh e f)(a)}

= max{(fTVx(a), (fF vxi)(a)}

(/" vxi)(a).
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Now, we assume that a € A. By the quasi-purity of A, we have H, # @. More
precisely, there exists (a,x) € H, such that © € A. Then, by the hybrid quasi-
hyperideality of f and x4, we have

(N xa)(a)

|
\k:*h
—~ o~ =
e & 2
S— N N

N
.y
*
£
)
>0
S
S

[ (u) N x4 (uv)]

N

N

U [F@nxala)]

(u,v)€Hq
= f*(a) N Xa(a)
= (f"nxi)(a).
This implies that
(fax@=J [F@nxae)] =" oxi).
(u,v)EH,
Similarly, we have
Canf@ = Ka@nfwl =i ).
(u,v)EH,
Thus we get
(Xanf)a)=0ao a0 (ffoxi)(e) =[x )N oxil)
and
(f*vxi)(a) max{f*(a),x}4(a)}
()
max{f*(a), x}(2)}

> A fmaxd GO
(u,v)EH,
> A maxts (w), i)}
(u,w)EH,
> A\ fmax( o), b))
(u,v)EH,

= max{f"(a),x}4(a)}
= (ffvxia).
This implies that
(Frvad@= N Amax{ (w0} = (" e xh)a).

(u,v)eH,
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Similarly, we get
OhvI@ =N A{max{x}(u), fF(©)}} = k@ f)(a).
(u,v)€EH,
So

Och vV fH)(a) = max{(xi & f)(a), (f " & x) (@)} = [ @ f1) V(T @ xh)l(a).

Altogether, we have xaM f = (x4 ® f) ™ (f @ xa). Hence x4 is a hybrid quasi-pure
hyperideal in H over U.

(2)=-(1). Suppose x4 = (X%, X}) is a hybrid quasi-pure hyperideal in H over U.
Let B be a quasi-hyperideal of H. By Lemma 3.11, x g is a hybrid quasi-hyperideal
in H over U. By the hypothesis, we obtain

XBnA = XBMxa

(xB ®x4a) M (xa ®XxB)
X(BxA] M X(AxB)

=  X(B*A]N(A%B]-

By Lemma 3.9, we have BN A = (B x A] N (A % B] and by Lemma 3.12, we obtain
A is a quasi-pure hyperideal in H over U. O

4. CONCLUSION

In this paper, the concepts of hybrid quasi-pure hyperideals in ordered hyper-
semigroups were introduced. We characterized quasi-pure hyperideals in an ordered
hypersemigroup in terms of hybrid quasi-pure hyperideals. In our future work, we
will apply the notions of hybrid quasi-pure hyperideals to the theory of hypersemir-
ings, hypergroups, etc.
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