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ABSTRACT. In this paper, we define an interval-valued continuity and
study its several properties. Next, we define separation axioms Ty, T1,
T2, T3, T4 of some types in an interval-valued topological space, discuss
some relationships among them and give various examples. Finally, we
introduce the concept of interval-valued fuzzy subspaces and obtain some
of its properties.
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1. INTRODUCTION

I 1975, Zadeh [1] introduced the concept of interval-valued fuzzy sets as the
generalization of an fuzzy set proposed by himself [2] (Refer to [3]). After then,
Biswas [16] applied it first to group theory (For further researches, refer to [5, 6, 7]).
Jun [8] dealt with interval-valued subalgebras and ideals in BC'K-algebras. Also
Maet al. [9] discussed with some kinds of interval-valued ideals in BCI-algebras
and Barbhuiya [10] studied interval-valued ideals in BCK-algebras. Mondal and
Samanta [11] investigated topological structures based on interval-valued fuzzy sets
(For further researches, refer to [12, 13, 14]). Ju and Yuan [15] defined similarity
measures on interval-valued fuzzy sets and applied them to pattern recognitions.
Roy and Biswas [16] dealt with medical diagnoses by using interval-valued fuzzy
relations and Ju [17] applied interval-valued fuzzy relations to medical diagnoses.

As a tool for approximating undefinable or complex concepts, Yao [18] proposed
an interval set (which was called an interval-valued set by Kim et al. [19]) which
is the generalization of an ordinary set and the special case of an interval-valued
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fuzzy set. In particular, Kim et al. [19] studied interval-valued neighborhoods of
two types and some interval-valued closures and interiors. Recently, Cheong et al.
[20] introduced the concept of interval-valued relations and investigated it in the
sense of a category theory.

It is well-known [21] that there are six basic separation axioms which are used in
a classical topological space (X, T):

Axiom Ay. For x # y € X, there is U € T such that either x € U but y ¢ U or
x¢Ubutyel.

Axiom A;. For x #y € X, there are U, V € T'suchthat x e U, y ¢ U, z ¢ V
and y € V.

Axiom As. For z # y € X, there are U, V € T such that x € U, y € V and
unv =go.

Axiom Agj. For each z € X and each closed set C' in X such that = ¢ C, there
areU, Ve€Tsuchthat e U, CCVand UNV = 2.

Axiom A,. For each closed set C' in X and each x € C°¢, there is a continuous
mapping f : X — [0,1] such that f(z) =0 and f(y) =1 for all y € C.

Axiom Aj;. For any closed sets C; in X (i = 1, 2) with C; N Cy = &, there are
U, € T such that Uy NUs =@ and C; C Uy (i =1, 2).

Axiom Ag. For any subsets M; of X (i = 1, 2) such that (M;NMz)U(MiNMy) =
&, there are U; € T (i =1, 2) such that M; C Uy (i =1, 2).

The aim of our research is to deal with various interval valued continuities, and
define Ty, Ty, Ty, T3, T4 separation axioms in interval-valued topological spaces
from the point of view mentioned above and study various properties of them. In
order to accomplish our aim, this paper is composed of six sections. In Section 2, we
recall some definitions of interval-valued sets introduced by Yao [18] and three results
obtained by Kim et al. [19]. In Section 3, we define an interval-valued continuity and
find its several properties. In Section 4, we introduce T, Ty, Ty separation axioms
in interval-valued topological spaces and obtain some of their properties, and give
some examples. In Section 5, we propose the notions of T3 and T, separation
axioms in interval-valued topological spaces and find two characterizations of each
concept. In Section 6, we define an interval-valued subspace and deal with some of
its properties. In Section 7, Since there is a typo in the Definition 4.11 in [19], we
correct it.

2. PRELIMINARIES

In this section, we recall basic concepts and three results related to interval-valued
sets introduced by Yao [18] and Kim et al. [19].

Definition 2.1 ([18, 19]). Let X be an non-empty set. Then the form
[A=,AT]={BCX:A" CBCA"}

is called an interval-valued set (briefly, IVS) or interval set in X, if A=, At C X

and A~ C AT. In this case, A~ [resp. AT| represents the set of minimum [resp.

maximum| memberships of elements of X to A. In fact, A~ [resp. A"]is a minimum

[resp. maximum] subset of X agreeing or approving for a certain opinion, view,

suggestion or policy. [, 2] [resp. [X, X]] is called the interval-valued empty [resp.
56
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whole] set in X and denoted by & [resp. X]. We will denote the set of all IVSs in
X as IVS(X).

It is obvious that [A, A] € IVS(X) for classical subset A of X. Then we can
consider an IVS in X as the generalization of a classical subset of X. Furthermore,
if A=[A",A%] € IVS(X), then

Xa =X, X1 ]

is an interval-valued fuzzy set in X introduced by Zadeh [1]. Thus we can consider
an interval-valued fuzzy set as the generalization of an IVS.
Definition 2.2 ([18, 19]). Let X be a non-empty set and let A, B € IV S(X). Then

(i) we say that A contained in B, denoted by A C B,if A~ C B~ and AT C BT,
(ii) we say that A equal to B, denoted by A= B, if AC B and B C A,
(iii) the complement of A, denoted A°, is an interval-valued set in X defined by:

A =[(AT)5, (A7),
(iv) the union of A and B, denoted by AUB, is an interval-valued set in X defined
by:
AUB=[A"UB,ATuBT"]|,
(v) the intersection of A and B, denoted by AN B, is an interval-valued set in X

defined by:
ANB=[A"NB ,ATnB"].

The followings are (il), (i2), (i3), (k1), (k2) and (k3) in [18].

Result 2.3. Let X be a non-empty set and let A, B, C € IVS(X). Then
(1) ZcAcCX,

2)if AC B and BC C, then ACC,

JACAUB and BC AUB,

)ANB C A and AN B C B,

)ACB ifand only if ANB = A,

) A C B if and only if AUB = B.

The followings are (I1)—(I8) in [18].

Result 2.4. Let X be a non-empty set and let A, B, C € IVS(X). Then
(1) (Idempotent laws) AUA=A, ANA=A,
(2) (Commutative laws) AUB=BUA, ANB=BnNA,
(3) (Associative laws) AU(BUC)=(AUB)UC, AN(BNC)=(ANB)NC,
(4) (Distributive laws) AU(BNC)=(AUB)N(AUC),
AN(BUC)=(ANnB)U(ANCQC),

(

(3
(4
(5
(6

(5) (Absorption laws) AU(ANB)=A4, AN(AUB) = A,

(6) (DeMorgan’s laws) (AU B)® = A°N B¢, (AN B)¢= A°U B¢,
(7) (A°)° = A4, L

(8) 8a) AUZ =A, AND =02,

(8,) AUX =X, ANX = A,

(8.,) X¢ =2, 2°=X,

(84) AUA®# X, AN A° # & in general (See Example 3.7 in [19]).
57
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Definition 2.5 ([19]). Let (A;),cs be a family of members of IV.S(X). Then
(i) the intersection of (A;);jes, denoted by (¢ ; Aj, is an IVS in X defined by:

N4 =10 47N 471

jeJ jeJ jeJ

(ii) the union of (A;);e, denoted by ;¢ ; Aj, is an IVS in X defined by:

U4=1U47.UA4N
jeJ JjeJ jeJ
Result 2.6 (Proposition 3.9, [19]). Let A € [X] and let (A;)jes be a family of
members of IVS(X). Then
(1) (Njes 4)° =Ujes 45, Ujes 45)° = Njes 45,
(2) AN (Ujes 4i) =Uje ,(ANA;), AU(Njes 45) =Nje (AU A ).

Definition 2.7 ([19]). Let X be a non-empty set, let ¢ € X and let A € IVS(X).
Then the form [{a}, {a}] [resp. [@, {a}]] is called an interval-valued [resp. vanishing]
point in X and denoted by a, [resp. a,]. We will denote the set of all interval-valued
points in X as IVp(X).

(i) We say that a, belongs to A, denoted by a, € A,ifa € A™.

(ii) We say that a, belongs to A, denoted by a, € A, if a € AT.

Result 2.8 (Proposition 3.11, [19]). Let X be a non-empty set and let A € IV S(X).
Then
A=A UA,,

where A, = UaleA a, and A, = UaOEA a,.
In fact, A, = [A~,A7] and A, = [@, AT]

For a set X, let IVS*(X) ={A € IVS(X) : A~ = AT}. Then from the above
Result, A = A, for each A € IVS*(X).

Result 2.9 (Theorem 3.14, [19]). Let (A;)jes C IVS(X) and let a € X

(1) a, € NA, [resp. a, € (NA;] if and only if a, € A; [resp. a, € A;] for each
jed.

(2) a, € UA; [resp. a, € |JA;] if and only if there exists j € J such that a, € A;
[resp. a, € A;.

Result 2.10 (Theorem 3.15, [19]). Let A, B € IVS(X). Then

(1) AC B if and only if a, € A = a, € B [resp. a, € A = a, € B] for each
ac X.

(2) A= B if and only if a, € A< a, € B [resp. a, € A & a, € B] for each
ac X.

Definition 2.11 ([19]). Let X be a non-empty set and let 7 be a non-empty family
of IVSs on X. Then 7 is called an interval-valued topology (briefly, IVT) on X, if it
satisfies the following axioms:
(IVO,) @, X €T,
(IVO3) ANB e 7 for any A, B €T,
(IVO3) U, Aj € 7 for any family (A;);es of members of 7.
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In this case, the pair (X, 7) is called an interval-valued topological space (briefly,
IVTS) and each member of 7 is called an open interval-valued set (briefly, OIVS) in
X. ATVS A is called a closed interval-valued set (briefly, CIVS) in X, if A® € 7.

It is obvious that {&, X} is an IVT on X, and will be called the interval-valued
indiscrete topology on X and denoted by 7,,,,. Also IV .S(X) is an IVT on X, and
will be called the interval-valued discrete topology on X and denoted by 7,,,. The
pair (X, 7,,,) [resp. (X,7,,,)] will be called the interval-valued indiscrete [resp.
discrete] space.

We will denote the set of all IVTs on X as IVT(X). For an IVTS (X, 1), we will
denote the set of all CIVSs in X with respect to 7 as 7¢.

Definition 2.12 ([19]). Let X be a non-empty set and let 71, 7o € IVT(X). Then
we say that 7 is contained in 75 or 7y is coarser than 75 or 7y is finer than 7, if
T C To, i.e., A € 75 for each A € 11.

It is obvious that 7, ,

C T CTyy, foreach 7€ IVT(X).

3. INTERVAL-VALUED CONTINUITIES

In this section, we define an interval-valued continuity and find its various prop-
erties. First of all, we recall the image and the preimage of an IVS under a mapping,
and the interval-valued closure and interior.

Definition 3.1 ([19]). Let X, Y be two non-empty sets, let f : X — Y be a
mapping and let A € IVS(X), Be IVS(Y).
(i) The image of A under f, denoted by f(A), is an IVS in Y defined as:

F(A) = [f(A7), f(AT)].
(ii) The preimage of B under f, denoted by f~1(B), is an IVS in X defined as:
F7UB) = 1HB), BT
It is obvious that f(a,) = f(a), and f(a,) = f(a), for each a € X.

Result 3.2 (Proposition 3.17, [19]). Let X, Y be two non-empty sets, let f : X =Y
be a mapping, let A, Ay, Ay € IVS(X), (Aj)jes CIVS(X) and let B, By, By €
IVS(Y), (Aj)jes CIVS(Y). Then
(1) if Ay C Ag, then (A1) C f(Ag),
if B1 C By, then f~(B1) C f~(Ba),
A C f7YUf(A)) and if f is injective, then A = f~1(f(A)),
f(f~Y(B)) C B and if f is surjective, f(f~1(B)) = B,
f_l(UjeJ Bj) = UjeJ f_l(Bj);
f_l(ﬂjeJ Bj) = ﬂje] f_l(Bj);
FUjes 45) = Ujes F(45),
F(Pe A € Moy T(AS) andi f is injective, then [((c; A7) = Ny F(A)),
sz is sur]ectwe then f(A)° C f(A°).
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(12) f(2) = @ and if f is surjective, then f(X) = X,
(13) if g : Y — Z is a mapping, then (go f)~Y(C) = f~*(g~1(C)), for each
CelVS(2).

Definition 3.3 ([19]). Let (X, 7) be an IVTS and let A € IVS(X).

(i) The interval-valued closure of A w.r.t. 7, denoted by I'Vcl(A), is an IVS in X
defined as:

IVel(A)=({K:K°crand AC K}.
(ii) The interval-valued interior of A w.r.t. T, denoted by IVint(A), is an IVS in
X defined as:
IVint(A) = | {G:G € 7 and G C A}.

It is obvious that IV cl(A) [resp. IVint(A)] is the smallest IVCS in X containing
A [resp. the largest IVOS in X contained in A.

Result 3.4 (Proposition 6.4, [19]). Let (X,7) be an IVTS and let A € IV S(X).
Then

IVint(A®) = (IVel(A))¢ and IV cl(A°) = (IVint(A))°.
Result 3.5 (Theorem 6.8, [19]). Let X be an IVTS and let A € IVS(X). Then
(1) Ae CIVS(X) if and only if A= IVcl(A),
(2) A€ OIVS(X) if and only if A= IVint(A).

Definition 3.6. Let (X,7), (Y,0) be IVTSs and let f : X — Y be a mapping.
Then f is said to be interval-valued continuous, if f=1(V) € 7 for each V € 4.

Proposition 3.7. Let X, Y, Z be IVISs and let f : X - Y and g:Y — Z be
mappings.

(1) The identity mapping id : X — X is interval-valued continuous.

(2) If f, g are interval-valued continuous, then go f is interval-valued continuous.

Proof. From Definition 3.6 and Result 3.2 (13), the proofs are easy. O

Remark 3.8. Let IV, be the collection of all IVITSs and all interval-valued
mappings between them. Then we can easily see that IVy,p, forms a concrete
category from Proposition 3.7.

Definition 3.9 ([19]). Let (X,7) be an IVTS, a € X and let N € IV S(X). Then
(i) N is called an interval-valued neighborhood (briefly, IVN) of a, , if there exists
U € 7 such that

a, €cUCN, ie,acelU” CN7,
(ii) N is called an interval-valued vanishing neighborhood (briefly, IVVN) of a,, if
there exists U € 7 such that
a, €UCN, ie, acU"CNT.

We will denote the set of all IVNs [resp. IVVNs] of a, [resp. a,] by N(a,) [resp.
N(a,)]-
60
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Definition 3.10. Let X, Y be IVTSs, let a € X and let f: X — Y be a mapping.
Then f is said to be:

(i) interval-valued point-wise continuous (briefly, IVPC) at a,, if f~*(V) € N(a,)
for each V € N(f(a),),

(i) interval-valued vanishing point-wise continuous (briefly, IVVPC) at a,, if

f~1(V) € N(a,) for each V € N(f(a),).

Theorem 3.11. Let (X,7), (Y.,d) be two IVTSs. Then a mapping f: X =Y is
interval-valued continuous if and only if it is IVPC at each a, and IVVPC at each

a,.

Proof. Suppose f is interval-valued continuous and let V' € N(f(a),) for any a,.
Then there is U € § such that f(a), € U C V. Thus Result 3.2 (2), we have

a, € fHU)C (V) and f7HU) € 1.
So f is IVPC at a,. Similarly, the second part is proved.
Conversely, suppose the necessary condition hold and let V' € § such that f(a), €
V and f(a), € V for any a,, a,. Then by the hypotheses and Result 2.9, there
are U,, U, € 7 such that f(a), € U, C V,, f(a), € U, CV, and U = U, UU,,
V =V, UV,. Thus Result 3.2 (2), we get

a, € f7HU,) C f7H(V,) and a, € f7H(U,) C fH(V,).
So by Result 3.2 (5), we have
V) = V) U V)
= (Ualef—l(vl) f_l(Ul)) U (Uaoeffl(vo) f_l(Uo)) .

Hence f~1(V) € 7. Therefore f is interval-valued continuous. 0

Definition 3.12 ([19]). Let (X,7) be an IVTS.

(i) A subfamily § of 7 is called an interval-valued base (briefly, IVB) for 7, if for
each A € 7, A = & or there is B/ C (8 such that A = Uﬁ/.

(ii) A subfamily o of 7 is called an interval-valued subbase (briefly, IVSB) for 7,
if the family 8 = {(o : ¢ is a finite subset of o} is an IVB for 7.

There are other equivalent formulations of cubic crisp continuity that are useful
at various times, and its proof is almost similar to classical case.

Theorem 3.13. Let (X,7), (Y,0) be IVTSs, let f : X — Y be a mapping and let
B, o be a base and subbase for T, respectively. Then the followings are equivalent:
(1) f is interval-valued continuous,
(2) f7YC) € 7¢ for each C € ¢,
(3) f(IVd(A)) C IVcl(f( ) for each A € IVS(X),
(4) IVcl( YB) c f~t(IVel(B)) for each B € IVS(Y),
(5) f~Y1(B) € T for each B € B,
(6) f~1(S) € T for each S € 0.

Definition 3.14. Let (X, 7), (Y,d) be IVTSs. Then a mapping f : X — Y is said
to be interval-valued open [resp. closed), if f(A) € § for each A € 7 [resp. f(C) € 6¢
for each C' € 7¢).

From Result 3.2 (13) and Definition 3.14, we have the following.
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Proposition 3.15. Let X, Y, Z be IVTSs and let f : X =Y and g:Y — Z be
mappings. If f, g are interval-valued open [resp. closed], then so is go f.

We give a necessary and sufficient condition for a mapping to be cubic crisp open.

Theorem 3.16. Let (X, 1), (Y,d) be IVTSs and let f : X =Y. Then f is interval-
valued open if and only if f(IVint(A)) C IVint(f(A)) for each A € IVS(X).

Proof. Suppose f is interval-valued open and let A € IV.S(X). Since IVint(A) € 7,
f(IVint(A)) € 6 by the hypothesis. Since IVint(A) C A, f(IVint(A)) C f(A) by
Result 3.2 (1). On the other hand, IVint(f(A)) is the largest OIVS in X contained
in f(A). Then we have f(IVint(A)) C IVint(f(A)).

Conversely, suppose the necessary condition holds and let U € 7. Then by Re-
sult 3.5 (2), U = IVint(U). Thus by the hypothesis, f(U) = f(IVint(U)) C
IVint(f(U)). On the other hand, it is obvious that IVint(f(U)) C f(U). So f(U) =
IVint(f(U)). Hence f(U) € 6. Therefore f is interval-valued open. O

Proposition 3.17. Let (X, 1), (Y,8) be IVTSs and let f : X — Y be a mapping.
If f is interval-valued continuous, then IVint(f(A))) C f(IVint(A)) for each A €
IVS(X).
Proof. Suppose f is interval-valued continuous and let A € IV S(X). Since f(IVint(A)) €
5, f~Y(f(IVint(A))) € 7 by the hypothesis. Since f is injective, from Result 3.2
(3), we have

FHfUVint(A))) € f7H(f(A) = A
On the other hand, IVint(A) is the largest OIVS in X contained in A. Then
Y f(IVint(A))) C IVint(A). Thus IVintf(A)) C f(IVint(A)). O

The following is the immediate result of Theorem 3.16 and Proposition 3.17.

Corollary 3.18. Let X, Y be IVTSs and let f : X — Y be a mapping. If f is
interval-valued continuous, open and injective, then f(IVint(A)) = IVint(f(A)) for
each A € IVS(X).

The following gives a necessary and sufficient condition for a mapping to be
interval-valued closed.

Theorem 3.19. Let (X,7), (Y,0) be IVTSs and let f : X — Y be a mapping.
Then f is interval-valued closed if and only if IVcl(f(A)) C f(IVcl(A)) for each
Ae IVS(X).

Proof. Suppose f is interval-valued closed and let A € IVS(X). Then clearly,
A C IV(A). Since IVel(A) € 7¢, f(IVcl(A)) € 6¢ by the hypothesis. Thus
IV(f(A) C f(IVl(A)).

Conversely, suppose the necessary condition holds and let C' € 7¢. Since C =
IVel(C), we have

IVC(f(C)) C fIVcl(C)) = f(C) C IV(f(C)).
Then f(C) =1IVcl(f(C)). Thus f(C) € 6°. So f is interval-valued closed. O

Theorem 3.20. X, Y be IVTSs and let f : X — Y be a mapping. Then f is
interval-valued continuous and closed if and only if f(IVel(A)) = IVl(f(A)) for
each A € IVS(X).
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Proof. Let A € IVS(X). Then from Theorem 3.13 (3), we have
f is interval-valued continuous if and only f(IVcl(A)) C IVel(f(A)).
Also, by Theorem 3.19, IVcl(f(A)) C f(IVel(A)). Thus the result holds. O

Definition 3.21. Let X, Y be IVTSs and let f : X — Y be a mapping. Then f is
called an interval-valued homeomorphism, if it is bijective, interval-valued continuous
and open.

We would like very often to know if there is an IVT on a set X such that a mapping
or a family of mappings of X into an IVTS Y is interval-valued continuous. The
following Propositions answer this question.

Proposition 3.22. Let X be a set, let (Y,0) be an IVTS and let f : X — Y be
a mapping. Then there is a coarsest IVT T on X such that f is interval-valued
continuous.

Proof. Let 7 = {f~Y(V) € IVS(X) : V € 6}. Then we can easily check that 7
satisfies the conditions (IVO;), (IVO3) and (IVO3). Thus 7 is an IVT on X. By
the definition of 7, it is clear that f : (X,7) — (Y, 4) is interval-valued continuous.
It is easy to prove that 7 is the coarsest IVT on X such that f: (X,7) — (V,9) is
interval-valued continuous. O

Proposition 3.23. Let X be a set, let (Y,6) be an IVTS and let (f; : X = Y) e
be be a family of mappings, where J is an index set. Then there is a coarsest IVT T
on X such that f; is interval-valued continuous for each j € J.

Proof. Let o = {fj_l(V) € IVS(X):V €4, j€ J}. Then we can easily check that
7 is the IVT on X having o as its IVSB. Thus 7 is the coarsest IVT on X such that
fi (X, 7) = (Y,0) is interval-valued continuous for each j € J. O

The following gives the dual of Proposition 3.22.

Proposition 3.24. Let (X,7) be an IVTS, let Y be a set and let f : X — Y be
be a mapping. Then there is a finest IVT § on Y such that f is interval-valued
continuous.

Proof. Let § = {V € IVS(X): f~Y(V) € 7}. Then we can easily check that ¢ is the
is the finest IVT on Y such that f : (X, 7) — (Y, 0) is interval-valued continuous. O

Definition 3.25. Let (X,7) be an IVTS, let Y be a set and let f: X — Y be be
a sujective mapping. Then § = {V € IVS(X) : f~1(V) € 7} is called the interval-
valued quotient topology (briefly, IVQT) on Y induced by f. The pair (Y, ) is called
an interval-valued quotient space (briefly, IVQS) and f is called an interval-valued
quotient mapping (briefly, IVQM).

From Proposition 3.24, it is obvious that § € IVT(Y). Moreover, it is easy to see
that if (Y,9) is an IVQS of (X, 7) with IVQM f, then for an IVS C'in Y, C € §¢ if
and only if f~1(C) € 7°.

Let (X,7), (Y,n) be IVTSs and let f: X — Y be be a sujective mapping. Then
the following gives conditions on f such that n = §, where ¢ is the IVQT on Y
induced by f.

63



Lee et al./Ann. Fuzzy Math. Inform. 25 (2023), No. 1, 55-89

Proposition 3.26. Let (X,7), (Y,n) be IVTSs, let f : (X,7) = (Y,n) be be an
interval-valued continuous surjective mapping and let § is the IVQT on Y induced
by f. If f is interval-valued open or closed, then n =19.

Proof. Suppose f is interval-valued open and let let § is the IVQT on Y induced
by f. Then clearly by Proposition 3.24, ¢ is the finest IVT on Y for which f is
interval-valued continuous. Thus n C 6. Let U € . Then clearly f~*(U) € 6 by the
definition of §. Since f is interval-valued open and surjective, U = f(f~*(U)) € n.
Thus 6 C 1. Son =24.

The proof that if f is interval-valued closed, then 1 = § is similar. O

Proposition 3.27. The composition of two IVQMs is an IVQM.

Proof. Let f: (X,7) — (Y,6) and g : (Y,d) — (Z,7) be two IVQMs. Let 7 be
the IVQM on Z induced by g o f. We prove that n = v. Let V € ~. Since
g:(Y,8) = (Z,7) is an IVQM, g~ }(V) € 6. Since f : (X,7) — (Y,d) is an IVQM,
(gof)~X (V)= f~Y(g1(V)) € 7. Then V € n. Thus v C 1. Moreover, we can easily
show that n C . Thus n =+. So go f is an IVQM. O

The following is a basic result about IVQS.

Theorem 3.28. Let (X, 7), (Z,n) be two IVTSs, let Y be a set, let f: X =Y be
a surjective mapping and let § be the IVQT on'Y induced by f. Then g : (X, 1) —
(Z,n) is interval-valued continuous if and only if go f: (X, 7) — (Z,n) is interval-
valued continuous

Proof. Suppose ¢ is interval-valued continuous. Since f : (X, 7) — (Y, 0) is interval-
valued continuous, gof : (X, 7) — (Z,n) is interval-valued continuous by Proposition
3.7 (2).

Suppose g o f is interval-valued continuous and let V' € 7. Then clearly, (g o
7Y V) erand (gof) H(V) = f~(g~1(V)). Thus by the definition of §, g~ (V) €
0. So g is interval-valued continuous. O

In order to consider the product of IVTSs, we give the definition for the product
of two IVSs.

Definition 3.29. Let X, Y be sets and let A € IVS(X), B € IVS(Y). Then the
interval-valued product set (briefly, IVPS) of A and B, denoted by A x B, is an IVS
in X xY defined as:

AxB=[A" x B ,A" x B*].

Example 3.30. Let X = {a,b,c}, Y ={0,1,2}, A = [{a},{a,b}] € IVS(X) and
let B =[{0},{0,2}] € IVS(Y). Then we can easily check that

AxB= [{(aﬂo)}v {((1,0), (an)a (bv 0)7 (bv2)}]’

Result 3.31 (Theorem 4.12, [19]). Let X be a non-empty set and let § C IV.S(X).
Then B is an IVB for an IVT T on X if and only if it satisfies the followings:
(1) X = Us,
(2) if B1,By € B and a, € By N By [resp. a, € By N By, then there exists B € 3
such that a, € B C By N By [resp. a, € B C By N Bay).
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Result 3.32 (Proposition 4.14, [19]). Let X be a non-empty set and let o C IV .S(X)
such that X = Jo. Then there exists a unique IVT 7 on X such that o is an IVSB
for 7.

Proposition 3.33. Let (X,71), (Y,72) be two IVTSs and let B = {U xV : U €
71, V €12}, Then B is an IVB for an IVT 7 on X xX Y.

In this case, 7 is called the interval-valued product topology (briefly, IVPT) on
X x Y and the pair (X x Y, 7) is called an interval-valued product space (briefly,
IVPS) of X and Y.

}ﬁ“_g% It is obvious that X € Ty, Y € 7. Then X xY = X xY € B. Thus
X xY =J8B. So Result 3.31 (1) holds.

Now suppose By = Uy xVy, By = Uy x Vs € B, where Uy, Us € 7 and Vy, V5 € 75,
For any (a,b) € X x Y, let (a,b),, (a,b), € By N By. Then we have

(3.1) BN By = Uy x Vi) N (Uz x Vo) = (Up x Uz) N (V1 x V).
Since Uy, Us € 71 and Vi, Vo € 179, Uy xUs € 71 and Vi x V5 € 5. Thus B1N By € 5.
So Result 3.31 (2) holds. Hence 3 is an IVB for an IVT 7 on X x Y. O

Proposition 3.34. Let (X1,71), (X2,72) be two IVTSs and let (X1 x Xa,7) be the
IVPS. Then the projections m1 : X1 X Xo — X1 and mo : X1 X Xo — X5 are interval-
valued continuous. Furthermore, T is the coarsest IVT for which both projections
are interval-valued continuous.

Proof. Let U; € ;. Then we have
(3.2) N UY) = [Uf % Xo, U x X3] = Uy x X,

(3.3) 7 W (Uy) = [ X1 x Uy, Xy x Uf] = X1 x Us.

Thus 771 (Uy), 75 '(Uz2) € 7. So by Definition 3.6, m; and my are interval-valued
continuous.

Let 6 be an IVT on X; x X5 such that m; and 7y are interval-valued continuous.
Let 8 be the IVB given in Proposition 3.33 for 7 and let B € 8. Then there are
U; € 11 and Uy € 75 such that B = U; x Us. Since m; and 7 are interval-valued
continuous with respect to § , 7, 1(U1), w5 ' (Usz) € 5. On the other hand,

7 N U) Ny H(U2) = (Ur x X3)) N X, x Uy [By (3.2) and (3.3)]
=[U; x Xo, Ul x Xo] N [Xy x Uy, Xq x U]
=[U; x Uy, U x US]

= U1 X UQ.
Thus we have
(3.4) N UL) Ny H(Uy) = Uy x Us.
By (3.4), B € 4. So 8 C 4. Since 3 is the IVB for 7, 7 C 6. Hence 7 is coarser than
J. O

Proposition 3.35. Let (X1,71), (X2, 72) be two IVTSs, and let m : X1 x Xo — X3
and w9 : X1 X Xo — X5 be the projections. Then the family of IVSs
o={m ' (U)€IVS(X; x X3): U e} U{my (V) € IVS(X) x Xo): V € 1}
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is an IVSB for the IVPT 7 on X1 x Xs.

Proof. 1t is clear that X; x X5 = )71 X )72 = |Jo. Then by Result 3.32, there is a
unique IVT 7 on X; x X, such that ¢ is an IVSB for 7. Since o C T, arbitrary
unions of finite intersections of members of ¢ is also belong to 7. Thus 7 C 7. Let
B be the base for 7 given in Proposition 3.33 and let U x V' € 8. Then by (3.4),
U x V is the intersection of two members of 0. Thus U x V € 7. So 7 C 7. Hence
T =17 . This completes the proof. g

Proposition 3.35 is used to provide a characterization of interval-valued continuity
for mappings for which the range is an IVPS.

Theorem 3.36. Let (X, 7), (Y1,61), (Ya,02) be IVTSs andlet f : X — Y1 xYs be a
mapping. Then f is interval-valued continuous if and only if m; o f is interval-valued
continuous for each i =1, 2.

Proof. Suppose f is interval-valued continuous. Then by Proposition 3.34, m; is
interval-valued continuous for each ¢ = 1, 2. Thus by Proposition 3.7 (2), m; o f is
interval-valued continuous for each i = 1, 2.

Conversely, suppose 7; o f is interval-valued continuous for each i = 1, 2. Let o
be the TVSB for the IVPT on Y; x Y5 given in Proposition 3.35 and let 7; *(U;) €
o. Then clearly, f~'(m; ' (U;)) = (m; o f)~"(U;). Thus by the hypothesis, (m; o
£)~YU;) € 7, e, f~4m; (Us)) € 7. So by Theorem 3.13 (6), f is interval-valued
continuous. g

The following is an immediate result of Theorem 3.36.

Corollary 3.37. Let (X,7), (Y1,01), (Y2,d2) be IVTSs, let f1 : X — Y7 and
fo: X = Y5 be mappings. Let f: X — Y1 x Yy be the mapping defined by: for each
zeX,

f(x) = (fi(z), fa()).
Then f is interval-valued continuous if and only if fi and fo are interval-valued
continuous.

The following is a generalization of Proposition 3.35.

Proposition 3.38. Let ((X;,7;))es be an index family of IVTSs. For each j € J,
let o; = {m; ' (U;) € IVS(X) : Uj € 73} and let 0 = U, 05, where X = Tje; X
and 7j : X — X; is the projection associated by j. Then o is an IVSB for the IVT
T on X.

In this case, 7 is called an interval-valued product topology (briefly, IVPT) on
X. The pair (X,7) is called the interval-valued product space (briefly, IVPS) of
(X5, 75))je-

Proof. The proof is similar to Proposition 3.35. O

The following is a generalization of Proposition 3.34.

Proposition 3.39. Let ((X;,7;))cs be an index family of IVTSs and let T be the
IVPT on X =1lje X;. Let m; : X — X is the projection associated by j for each
j € J. Then m; is interval-valued continuous for each j € J. Moreover, T is the

coarsest IV'T for which 7; is interval-valued continuous.
66



Lee et al./Ann. Fuzzy Math. Inform. 25 (2023), No. 1, 55-89

Proof. The proof is similar to Proposition 3.34. O

From the above Proposition, we can easily see that the concrete category IVrop
has the initial structure.
The following is a generalization of Theorem 3.36.

Theorem 3.40. Let ((Y;,7;)) e be an index family of IVTSs and let § be the IVPT
onY =1lc;Y;. Let (X,7) be an IVTS and let f : X — Y be a mapping. Then f
is interval-valued continuous if and only if m; o f is interval-valued continuous for
each j € J.

Proof. The proof is similar to Proposition 3.36. O

4. Ty-, T1-, T2-SPACES IN INTERVAL-VALUED TOPOLOGICAL SPACES

In this section, we define T, T and T5 separation axioms in IVTSs, and discuss
with their properties and give some examples.

Definition 4.1. Let (X, 7) be an IVTS. Then (X, 7) is said to be:

(i) To(i), if Vo, y € X (x # y) 3U € 7 such that either z, € U, y, ¢ U or
y, €U, z, €U, ie,eitherz e U™, y¢gU oryelU—, ¢ U,

(ii) To(il), if Vo, y € X (x # y) 3U € 7 such that either z, € U, y, € U or
Y, €U, , ¢ U, ie,eitherz € U, y¢ Ut orye U, x ¢ U™,

(iii) To(iii), if Vo, y € X (¢ # y) 3U € 7 such that either z, € U C y¢ or
y, €U Caf e, eitherzc U™, Ut C{y}coryec U, UT C {z}°,

(iv) To(iv), if Vo, y € X (z # y) 3U € 7 such that either z, € U C yS or
y, €U C at,ie, eitherx € UT, U~ C{y}coryeUt, U™ C{z},

(v) To(v), if Vo, y € X (x # y) U € 7 such that either x, ¢ U or y, € U, i.e.,
eitherx ¢ U~ ory ¢ U™,

(vi) To(vi), if Vo, y € X (2 # y) U € 7 such that either z, ¢ U or y, € U, i.e.,
eitherx ¢ UT ory ¢ UT.

From Definition 4.1, we can easily see that the following result holds.

Proposition 4.2. Let (X, 1) be an IVTS. Then the following implications hold:

To(v) = To(vi)
T T
To(i) To(i)+To(ii) To(ii)
! l
To i) To(iv)

Proof. We prove only that Ty (i)+To(ii) «— To(iii). The remainder’s proof is easy.
Suppose X is To(i) and To(ii). Then we can easily show that X is To(iii).
Suppose X is Ty(iii) and let © # y € X. Then there is U € 7 such that

eitherz € U~ CcUT C{y}orye U CcU" C{z}"
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Thus either x, e U, y ¢ U” and z, e U,y ¢ Ut ory, e U, x ¢ U~ and y, € U,
x ¢ UT. So we get

eitherz, €U, y, ¢ Uory, €U, x, ¢ U
and

either x, € U, y, ¢ Uory, €U, z, ¢ U.
Hence X is Ty(i) and To(ii). O
Remark 4.3. (1) Let (X, 7) be an IVTS such that 7 C IV.S*(X). Then in Definition
4.1, To(i), To(il), To(iii) and Ty(iv) are coincide, and so are To(v) and To(vi).

(2) The converses of the above Proposition do not hold, in general (It is seen the
Example 4.4).

Example 4.4. (1) Let X = {a,b,c} and consider the IVT 7 on X given by:
7={2.A,B,C. X},

where A = [{a,b}, X], B = [{b,c}, X],C = [{b}, X].
Then (X, 7) is To(i) but not Ty(ii). Also (X, 7) is To(v) but not Tq(vi).
(2) Let X = {a,b,c} and consider the IVT 7 on X given by:

r={0,A4,B,C,X},

where A = [@,{a,c}], B = [2,{b,c}]|,C = [2,{c}].
Then (X, 7) is To(ii) but not To(i). Also (X, 7) is To(vi) but not To(v).
(3) Let X = {a,b,c} and consider the IVT 7 on X given by:

r={2,A,B,C,D,E, X},
where A = [{a}7 {a7 C}]’ B = [{b}7 {b7 C}]> C= [{a}v {a}]a
D = [{a,b},X], E =[2,{c}]
Then (X, 7) is To(iv) but not To(iii).
(4) Let X = {a,b,c} and consider the IVT 7 on X given by:
T={8,4,B,C,D,X},
where A = [{avb}vX}’B = [{Q,C},X],C = [{a}aX]vD = [{b}aX]
Then (X, 7) is To(iv) but not Ty(ii).
(5) Let X = {a,b,c} and consider the IVT 7 on X given by:
T={8,A4,B,C,D,E,F,G,H,1,X},
where A = [{CL}, {a7 b}]7 B = [{C}’ {a’ C}], C= [{b}’ X]’ D= [{aab}aX]v E= [{a'7 C}a X]’
F =[{bc},X]|,G=1[2,{a}],H=19,{a,c}], I =[2,{a,b}].
Then (X, 7) is To(i) but not To(iii).

Remark 4.5. Let (X, 7) be an ordinary space such that 7 is not indiscrete and let
71,72 be two IVTs on X (See Remark 4.2 (2) in [19]) given by:

™ ={[G,G]:G e}, T :{é,)?}U{[@,G]:GET}.

If (X, T) is To, then (X, Tl) is To (1), To(ii), To(lll), To (iV), TO(iV), To (V) and To(Vi),
and (X, 72) is Ty(ii), To(iv) and To(vi).
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From Remark 4.2 (1) in [19]), it is obvious that for each IVTS (X, 1), there are
two ordinary topologies 7~ and 7 defined as follows:

T ={U"e€2X:Uer}, 7t ={UTc2¥: U7}
From Definition 4.1 and the above comments, we have the following.

Theorem 4.6. Let (X, 1) be an IVTS.
(1) (X, 7) is To(i) if and only if (X,77) is To.
(2) (X,7) is To(il) iof and only if (X,7) is To.

Definition 4.7. An ITS X is said to be a:
(i) T1(i)-space, if Vo, y € X (z # y) U, V € 7 such that

x, €Uy, ¢ Uandz, ¢V, y, €V,
ie,xeU ,y¢U andax ¢V, yeV™,
(i) Ty (ii)-space, if Vo, y € X (z # y) U, V € 7 such that
z, €Uy, ¢ Uandz, ¢V, y, €V,
ie,rcU", y¢gUT anda ¢ V', ye VT,
(iii) T (iii)-space, if Vo, y € X (z #y) U, V € 7 such that
r, €U Cy;andy, €V Cua,
ie,ze U, U c{y}andyec V", VT C {2},
(iv) Ty (iv)-space, if Vo, y € X (z # y) U, V € 7 such that
r, €U Cylandy, €V Cuay,
ie,zeUT, U C{ylandycV*t V™ c{z}°
(v) T1(v)-space, if Vo, y € X (z #y) U, V € 7 such that
yy ¢Uandz, ¢V, ie, y¢gU andzx ¢ V™,
(vi) Ty (vi)-space, if Vo, y € X (x # y) 3U, V € 7 such that
y, ¢Uandx, ¢V, ie, y¢ U andx ¢ VT

(vii) Ty (vii)-space, if Vo € X, z, € 7°,
(viii) Ty (viii)-space, if Vo € X, z, € 7°.

From Definition 4.1, we can easily see that the following result holds.

Proposition 4.8. Let (X,7) be an ITS. Then the following implications are true:

Ty(v) = T1(vi)
T T
T (i) T (i) + T (i) T (i)

| |
(iv)

T (vii)= T (iii) Ty
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Remark 4.9. (1) Let (X, 7) be an IVTS such that 7 C IV.S*(X). Then in Definition
4.7, T1(i), Ty (ii), Ty (iii) and Ty (iv) are coincide, and so are T (v) and Ty (vi), Ty (vii)
and T (viii) respectively.

(2) The converses of the above Proposition do not hold, in general (This situation
is illustrated in the Example 4.10).

Example 4.10. (1) Let X = {a,b, ¢} and consider the IVT 7 on X given by:
7={2,A,B,C,D,E,F,G,X},

where A = [{a,c}, X], B =[{b},X], C =[{a},X], D= [{c}, X],
E = [{a,b},X], F=[{b,c},X], G=1[2,X].
Then (X, 7) is T1(i) but not Ty (ii).
(2) Let X = {a,b} and consider the IVT 7 on X given by:

T:{éVA’B"‘)?}’

where A = [@,{b,c}], B =[2,{a,c}].
Then (X, 7) is T1(v) but not Ty (i).
(3) Let X = {a,b,c} and consider the IVT 7 on X given by:

r={%,A,B,C,D,E,F, X},

where A = [Q’{c}]’ B = [{6}7 {C}L C= [Qv{a}L D= [{C}, {avc}L
E = [{a,c},{a,c}], F =1[2,{a,c}].
Then (X, 7) is T1(Vi) but not T (ii).
(4) Let X = {a,b, c} and consider the family o of IVSs in X given by:

c={A,B,C,D,E,F,G,H,1,X},

where A = [{a}v {a7 b}]a B = [{b}7 {b> C}]’ C= [{a}7 {a}]7 D = [Qv {a’ CH?
E=[{a,b},X], F=[2,{b}], G=[2,{a}], H = [{a}, X], I =[{a},{a,c}].
Let 7 be the IVT on X having the IVSB o. Then (X, 7) is T1(iV) but not Ty (iii).
(5) Let X = {a,b,c,d} and consider the IVT 7 on X given by:

r={2,A,B,C,D,E,F,G, X},

where A = [{a}, X], B =[{b},X], C=[{c}, X], D = [{a,b}, X],
E=[{bc}, X], F=[{abc}, X], G=[2, X]
Then (X, 7) is T1(V) but not Tq(vi).
(6) Let X = {a,b,c} and consider the IVT 7 on X given by:

r={0,A,B,C,D,E,F,G,H,I,X},

where A = [{a}a{avb}]a B = [{b},X]a C= [{C}aX]v D= [{aab}aX]a
E= [{(LC},X}, F = [{ZLC},X}, G = [@,{a,b}], H= [gvX]a I= [{a}vX]
Then (X, 7) is Ty (i) but not T (iii).
(7) Let X = {a,b,c} and consider the IVT 7 on X given by:
r={2,A,B,C,D,E,F,G, X},
where A = [{a,c}, X], B = [{b,c}, X], C = [{3},X], D = [{a,b}, X],
E=[{c},X], F=[{a},X], G=][o, X]
Then (X, 7) is Ty (iv) but not Ty (ii).
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(8) Let X be the set of all natural numbers and the IVSs A4,, in X given by:
Al - [{2a3747“'}aX}7
Az = [{3,4,5,--- ), X \ {1}],
Ar=[{n+1L,n+2,n+3,---},X\{1,2,3,--- ,n—1}].

Let 7 = {5,)?} U{A, :n=1,2,3,---}. Then we can easily check that 7 € IVT(X)
and (X, 7) is Ty(vi) but not Ty (ii).
(9) Let X = {a,b,c} and let 7 be the IVT on X given by:

T= {é7A17A2ﬂA37A47A57A67A7a)?}7

where A1 = [{a,b},{a,b}], A2 = [{b,c}, {b,c}], A3 = [{c},{a,c}], As = [{b},{D}],
As = [Q’ {a’}]v Ag = [{C}v {C}]a A7 = [{bv C}vX}'
Then we can easily see that (X, 7) is T4 (ii) but not Ty (i). On the other hand,

U{U eT:x, €U Cb} =A3UA5UAg = [{c},{a,c}] #b;.
Thus b¢ ¢ 7. So b, ¢ CIV S(X). Hence (X, 7) is not T (Viii).
The followings are immediate results of Definition 4.7.

Theorem 4.11. Let (X, 7) be an IVTS.
(1) (X, 7) 4s T1(i) if and only if (X,77) is Ty.
(2) (X,7) is T1(ii) if and only if (X, 7F) is Ty.

The followings are immediate results of Definitions 4.1 and 4.7.

Proposition 4.12. Let X be an IVTS.
(1) If X is T1(i), then it is To(i).
(2) If X is Tq(ii), then it is To(ii).
(3) If X is Ty(iii), then it is To(iii).

(4) If X is T1(iv), then it is To(iv).

(5)

(6

S~ o~~~

If X is T1(v), then it is To(v).
) If X is Ty(vi), then it is To(vi).

Each converse of the above Proposition is not true, in general (See Example 4.13).
Example 4.13. (1) Let X = {a,b, ¢} and consider the IVT 7 defined by:
7=1{2,4,B,C,D,E,F X},

where A = [{av b}’ {a’ bH? B = [{b’ C}’ {b’ C}], C= [{C}’ {a% C}], D= [{b}’ {b}]7
E =2 {a}], F =[{c},{c}].

Then (X, 7) is a Tp(i) but not T7(i).

(2) Let X = {a,b,c} and consider the IVT 7 defined by:
r={8,A,B,C,D,E,F,G, X},

where A = [{a,c}, X], B =[{b,c}, X], C=[{b}, X], D= [{a,b}, X],
E=[{c},X], F=[{a},X],G =9 X]

Then (X, 7) is a Tp(ii) but not 77 (ii).
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(3) Let X = {a,b,c} and consider the IVT 7 on X given by:
7={2.A,B,C. X},
where A = [{a,b}, X], B =[{b,c},X], C = [{b}, X].
Then (X, 7) is To(iil) but not T (iii).
(4) Let X = {a,b,c} and consider the IVT 7 on X given by:
r={2,A,B,C,X},
where A = [{a,b},X], B =[{c}, X], C =[2,X].
Then (X, 7) is To(iv) but not Ty (iv).
(5) Let X = {a,b,c} and consider the IVT 7 on X given by:
7={8,A,B,C,D,E,F,X},

where A = [{a}, {a,c}], B =[{b},{a,b}], C = [{a,c}, X],
D= [gv{a}]a E= [@,{a,b}], F= [{avb}vX]
Then (X, 7) is To(v) but not Tq(v).
(6) Let X = {a,b,c} and consider the IVT 7 on X given by:
r={8,A,B,C,D,E,F,X},

where A = [@,{a,b}], B =[2,{b}], C =1[9,{a,c}],
D =[2,{a}], E=12,{b}], F=[9,X].
Then (X, 7) is To(vi) but not Ty (vi).

Definition 4.14. Let X be a non-empty set. Then the interval-valued diagonal Ax
of X is an IVS in X x X defined as follows:

Ax = [{(z1,22) : 21 = 2}, {(x1,22) : 1 = 22}

Remark 4.15. For aset X, let [VS*(X) ={4A € IVS(X): A~ = A*}. Then from
Result 2.9, A = A, for each A € TV S*(X). From Remark 4.2 (1), we can easily see
that if 7 € IVT(X) such that 7 C IV.S*(X) and A € 7, then A~ € 77. Moreover,
it is obvious that Ay € IVS*(X).

Definition 4.16. An ITS (X, 7) is said to be a:
(i) Ta(i)-space, if Vo, y € X (z # y) U, V € 7 such that

r, €U,y €VandUNV =g,
ie,zcU ,yeV andUT NV =g,
(i) Ta(ii)-space, if Yz, y € X (z # y) U, V € 7 such that
z, €U, y, €VandUNV = 2,
e, zcU, yeViand Ut NV =g,
(ili) To(iii)-space, if Vo, y € X (x #y) U, V € 7 such that
z, €U,y €Vand U CV©,
ie,zeU ,yeV andU cV*, Ut cV~",
(iv) To(iv)-space, if Va, y € X (z # y) U, V € 7 such that

z, €U, z, € Vand U C V©,
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e, zeUT, yeVTand U™ c V", Ut cV~ ",

(v) Ta(v)-space, if Vo, y € X (z #£y) U, V € 7 such that

z, eUCY, yeVCalandUNV =0,
ie,zeU cU"Cc{y},yeV cVtc{z}°andUTNVT =g,

(vi) Ty(vi)-space, if Vo, y € X (x # y) 3U, V € 7 such that

r,eUCy;, y, €V Cx and UNV =02,
ie, rcUT, U c{y}s,yeVH, V- c{z}and U NVT =g,
(vii) To(vii)-space, if Ax is a CIVS in the IVTS (X x X, 7xxx).
Proposition 4.17. Let (X, 7) be an IVTS. Then the following implications are true:

T, (v) T, (vi)
T,(vii) —— T,(i) T, (ii)
T, (iii) T, (iv)

Proof. We prove only the case of Ty(i) = Tsy(vii). The proofs of remainder’s
implications are easy from Definition 4.16. Let 7, be the IVPT on X x X and let
(a,b), € A%. Then by the definition of Ax, a # b. Since (X, 7) is Ta(i), there are
Ua,» Vo, € 7 such that a, € U, b, € V and UNV =2. Thus a € U;l and b € Vb:,

Le., (a,b) € Uy, X V;, - So we get
(a,b), € [Ug, % Vb:,Ujl X Vbj] =Us, X Vi, .

In fact, from Remark 4.15, U, x V,~ = U} x V,']. It is clear that U, x Vi, € 7 .
1 1 1 1 1 1
Furthermore, we can easily check that

Ua, x Va, C A% <= U, x\/b:C{(x,y):x:y}.

This implies that A = U(a,b)IEA} (Ua, X Vi, ). Hence A € 7y, e, Ax €
7% - Therefore (X, 7) is To(Vii). O

Remark 4.18. (1) Let (X,7) be an IVTS such that 7 € IVS*(X). Then in
Definition 4.16, Ty (i), Ty (ii), Ty (iii), T1(iv), 1(v) and Ty (vi) are coincide.

(2) Let (X, 7) be an ordinary space such that 7 is not indiscrete. It is obvious
that if (X, T) is TQ7 then (X,Tl) is Tg(i)7 Tg(ii), Tg(lll)7 Tg(iV)7 TQ(V) and TQ(Vi),
and (X, 72) is Ty(ii), Ta(iv) and Ta(vi).
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(3) The converses of Proposition 4.17 does not hold in general (See Example 4.19).
Example 4.19. (1) Let X = {a,b} and consider the IVT 7 on X given by:
T={8,4,B,X},

where A = [@, {a}], B = [, {b}]. Then (X, 1) is Ta(ii) but neither T3(i) nor Ta(v).
(2) Let X = {a,b,c} and consider the family o of IVSs 7 on X given by:

oc={A4,B,C,D},

where A = [@,{a}], B = [{b},{b,c}], C = [{a},{a,b}], D =[2,{c}].
Let 7 be the IVT on X generated by the IVSB ¢. Then we can easily check that
(X, 7) is Ta(iv) but neither To(iii) nor Ta(i).

(3) Let X = {a,b,c} and consider the IVT 7 on X given by:

r={0,A,B,C,D,E,F,G,H,I,J,K,X},

where A = [@,{a,c}], B=[2,{b}], C = [{a},{a}], D=1[2,{b,c}],
E= [g’ {C}]v F= [®7{a,b}], G = [{a}v{avb}]’ H = [{a}7X]v
I= [{a}’{a7c}]’ J = [@, {CL}L K= [@,X].
Then (X, 7) is Ta(vi) but not Ta(v).
(4) Let X = {a,b,c,d} and consider the family o of IVSs 7 on X given by:

O-:{A,B,C,D,E,F7G7H7I7J,K,L}7

where A = [{a}v {a7 G, d}]v B = [{b}v {bv C}]a C= [{b}) {av b, d}]v
D = [{C}’ {Cv d}L E= [{(Z}, {CL, b, C}]v F= [{d}’ {b’ G d}]v
G = [{b},{a,b,c}], H=[{d},{a,c,d}],I = [{c},{a,b,c}],
J = [{d}u {a’ b, d}]7 K= [{a}v {av b, d}]v L= [{C}v {bv G, d}]u
Let 7 be the IVT on X generated by the IVSB ¢. Then we can easily check that
(X, 7) is Ta(iii) but not Ta(i).
(5) Let X = {a, b} and consider the IVT 7 on X given by:

T = {é7A’B’X—}’
where A = [{b}, X], B = [, {b}]. Then (X, 7) is T2(iv) but not Ta(ii).
The followings are immediate results of Definition 4.16.

Proposition 4.20. Let (X, 7) be an IVTS.
(1) If (X,7) is Ta(i), then (X,77) is Ts.
(2) If (X, 1) is Ta(ii), then (X,77) is Ta.

The converse of the above Proposition does not true in general (See Example
4.21).
Example 4.21. (1) Let X = {a,b, ¢} and consider the IVT 7 on X given by:

r={%,A,B,C,D,E,F,G,X},
where A = [{a}, X|, B =[{b},X], C =[{c}, X], D= [{a,b}, X],
E=[{a,c},X], F=[{b,c},X], G=1[2,X].
Then clearly, 7= = {@, {a}, {b},{c}, {a,b},{a,c}, {b,c}, X}. Thus we can easily see
that (X,77) is Ty but not (X, 7) Ta(i).
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(2) Let X ={a,b,c,d} and consider the IVT 7 on X given by:
r={8,A,B,C,D,E,E,F,G,H,1,J,K,L,M,N,0,X},

where A = [Q’{a}]’ B = [Q’{C}]a C= [Q’{d}]v D= [{b}v{bvd}]a
E= [Qa {a,c}], F= [Q’ {av d}]v G = [{b}7 {avba d}),
H =2 {cd}], I =[{b},{b,c,d}].

Then clearly,

" ={o,{a},{c}, {d},{a,c} {a,d},{b,d}, {c.d}, {a,b,d}, {b,c,d}, X}.

Thus we can easily see that (X, 72) is Tg but not (X, 7) Ta(ii).
The followings are immediate results of Definitions 4.7 and 4.16.

Proposition 4.22. Let (X, 1) be an IVTS.
(1 ) If (X 7) is Ta(i), then it is Ty(iii).
,7) is Ta(il), then it is Tq(ii).
) is To(iil), then it is Ty (iii).
) is To(iv), then it is T1(iv).
) is Ta(v), then it is Ty (iii).

If (X, 7) is Ta(vi), then it is T1(vi).

Proposition 4.23. Let (X, 7) be an IVTS.
(1) If (X, 1) is Ta(i), then it is T1(i).
(2) If (X, 7) is Ta(v), then it is T1(v).

The converses of the above two Propositions are not true in general (See Example
4.24).

Example 4.24. (1) Let X = {a,b, c} and consider the IVT 7 on X given by:
r={8,A,B,C,D,E,F,G,H,X},

where A = [{a}v {a7 CH) B = [{b}7 {a7 b}]v C= [{C}v {bv C}], D= [{av b}7X]7
=[2,{a}], F=[2,{b}], G =[2,{c}], H=[{a,c}, X].
Then clearly, (X, 7) is T1(i) but not Ta(i).
(2) Let X = {a,b,c} and consider the IVT 7 on X given by:

r=1{8,A,B,C,D,E,F,G, X},

where A = [{a}7 {avc}]’ B = [{b}v {avb}]’ C= [{C}’ {bv C}]’ D= [{a,b},X],
E= [@,{a}], F= [@,{b}], G = [@,{C}], H = [@,{C}],
I'=[2,{a}], J=[{a},{a}], K = [{b},{0}], L = [2,{b}],
M = [{C},{C}L N = [@,{a, b}]v 0= [{(L,b},X], pP= [{a,c},{am}],
= [{a}vX]v S = [{a7b}7X], T= [{C}7X}’ U= [{avb}v {a7b}]‘
Then clearly, (X, 7) is Ty (iii) but not Ta(i). Also it is neither Ty(iii) nor Ta(v).
(3) Let X = {a,b,c} and consider the IVT 7 on X given by:

r={0,A,B,C,D,E, X},

where A = [@,{b,c}], B=[2,{a,b}], C=[2,{c}], D=[2,{b}], £=[2,X]
Then (X, 7) is T1(ii) but not To(ii).
(4) Let (X, 7) be the IVTS given in Example 4.10 (7). Then we can easily check
that (X, 7) is T1(iv) but not Ta(iv).
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(5) Let (X, 7) be the IVTS given in Example 4.10 (5). Then clearly, (X,7) is
T1(v) but not Ta(v).

(6) Let (X,7) be the IVTS given in Example 4.10 (8). Then clearly, (X,7) is
Ty (vi) but not Ta(vi).

Proposition 4.25. Let (X, 7) be T2(i) and let x € X. Then
x, =({N e€CIVS(X): N € N(x,)} and thus x, = IVel(x,).

Proof. Suppose (X, 7) is T2(i) and for each z € X, let
(YN e€CIVS(X):N € N(z,)} =C=[C",C"].

Assume that there is a distinct IVP y, € C, ie.,y € C™.

Case 1: Suppose {x} G C~. Then there is y € C~ such that z # y. Since
(X, 7) is Ta(i), there are U, V € 7 such that x, € U, y, € Vand UNV = @.
Thus z, € U C V¢ So V¢ is a closed interval-valued neighborhood of z,. From our
assumption, y, € V¢ Since y, € Vandy, € VS, y € V- NV*" = @. This is a
contradiction. Hence C = {z, }.

Case 2: Suppose {z} & C* and C~ = {z}. Then we have the same result in
Case 1. This completes the proof. g

Definition 4.26. Let X, Y be two non-empty sets and let f : X — Y be a mapping.
Then the graph of f, denoted by G(f), is an IVS in X x X defined as follows:

G(f) = [z, f(2)) : 2 € X}, {(z, f(2)) : @ € X}].
Proposition 4.27. Let (X,7), (Y,6) be IVTSs such that (Y,06) is To(i). If f :
(X, 1) = Y,9) is interval-valued continuous, then G(f) is a CIVS in (X XY, T x §).

Proof. 1t is obvious that G(f) € IVS*(X x Y). Let (a,b), € [G(f)]. Then
clearly, (a,b) € {(z, f(z)) : * € X}, ie, b # f(a). Since (Y,d) is Ta(i), there

are U, , Vi, € 0 such that

b eU,, fla)€eV,, andlU, NV, =2

1) (ay)

Since f is interval-valued continuous, we get

-1 _ 11 — —1/y/+

f (Vﬂal)) =f (mel))’f (Vf<a1))] €T
It is clear that f’l(Vf(al)) x U, €7 x4, where 7 x § denote the IVPT on X x Y.
Since G(f) € IVS*(X x Y), we can easily see that

an= U (W) x0,).

(a,b), €EG(f)°
Thus G(f)¢ € 7 x . So G(f) € (1 x §)°. O
Proposition 4.28. Let (X,7), (Y,0) be IVTSs such that (Y,6) is Ta(i) and let C
be the IVS in X x X given by:
C=[{z1,m2) € X X X2 f(a1) = fw2)}, {(w1,22) € X X X2 f(a1) = f(w2)}]-

If f . (X,7) = (Y,9) is interval-valued continuous, then C' is a CIVS in the product
space (X x X, 7 x 7).
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Proof. Assume that (a,b), € C°. Then clearly, (a,b) ¢ C—, i.e., f(a) # f(b). Since
(Y, 9) is Ta(i), there are U, V € § such that f(a,) = f(a), € U, f(b,) = f(b), €V
and UNV = @. Since f is interval-valued continuous, f~*(U), f~%(V) € r,
a, € f~Y(U) and b, € f~1(V). Thus (a,b), € f~1(U) x f~1(V) c C°. Since
C € IVS*(X x X), from Remark 4.15, C° = C¢. So C° € 7 x 7. Hence C' is a CIVS
n (X xX,7x7). O

Proposition 4.29. Let (X, 1), (Y,6) be IVTSs, let C be the IVS in X x X given
in Proposition /.28 and let f : X — Y be interval-valued open and surjective. If
C e (rx71)°, then (Y,0) is Ta(i).

Proof. Suppose C € (7 x 7)¢ and let ¢, d € Y such that ¢ # d. Since f is surjective,
there are a, b € X such that f(a) = ¢ and f(b) = d. Then clearly, a # b, i.e.,
(a,b), ¢ C by the definition of C. By the hypothesis, C® € 7 x 7. Thus there are
U, V € rsuch that a, € U, b, € V and (U x V)N C = @. Since f is interval-
valued open, f(U), f(V) € 6. Furthermore, f(a,) € f(U), f(b,) € f(V) and
)N f(V)=2. So (Y,6) is Ta(i). O

From Propositions 4.28 and 4.29, we obtain the following Corollary.

Corollary 4.30. Let (X,7), (Y,0) be IVTSs, let C be the IVS in X x X given in
Proposition /.28 and let f : X — Y be interval-valued open and surjective. Then
(Y,8) s T2(i) if and only if C € (1 x 7).

Proposition 4.31. Let (X, 1), (Y,d) be IVTSs.
(1) If (X,7) and (Y,9) are T1(i), then so is (X x Y, 7 x J).
(2) If (X,7) and (Y,9) are T1(ii), then so is (X x Y, 7 x §).
(

Proof. (1) Suppose (X, 7) and (Y, ) are T1(i) and let (z1,91), (x2,942) € X xY
such that (x1,y1) # (22,¥2), say 1 # x2. Since (X, 7) is T1(i), there are U, V € 7
such that 1, € U, zo, € U and x2, €V, z1, € V. Then we have

UxY =[U xY,UTxY],VxY=[V xY,VtxY]erx§
satisfying the following properties:
(z1,31), €U XY, (x2,42), €U XY

and
(z1,91), €V XY, (22,52), €V x Y.
Similarly, we can prove the case y; # y2. Thus (X x Y, 7 x 4) is T1(i).
(2) The proof is similar to (1). O

Proposition 4.32. Le 7), (Y,8) be IVTSs.

t (X,
(1) If (X, 7) and (Y, ) are TQ() then so is (X X Y, 7 x §).
(2) If (X,7) and (Y,9) are To(ii), then so is (X x Y, x §).
(3) If (X, 7) and (Y,8) are Ta(iil), then so is (X X Y, T x 9).
(4) If (X,7) and (Y,8) are To(vii), then so is (X x Y, 7 X §).
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Proof. (1) Suppose (X, 7) and (Y, ) are T2(i) and let (z1,y1), (x2,942) € X xY
such that (x1,y1) # (22,y2), say x1 # 2. Since (X, 7) is Ta(i), there are U, V € 1
such that 1, €U, 2, € Vand UNV = &. Then we have

UxY =[U xY, Ut xY], VxY=[V" xY,Vt xY]erx§

such that (z1,71), € U x Y and (z2,12), € V x Y. On the other hand,

UxYNVxY=[U" xY)n (V- xY), (Ut xY)n(VtxY)
U NV)x (Y xY),(UtNVT) x (Y xY)]
=[@ xY,2 x Y] [Since UNV = I

= .
A similar argument holds in case y; # y1. Thus (X x Y, 7 x ) is Ta(i).
(2) The proof is similar to (1).
(3) Suppose (X, 7) and (Y, d) are Ty(iii) and let (z1,y1), (22,92) € X X Y such
that (21,y1) # (22,y2), say &1 # x2. Since (X, 7) is Ta(iii), there are U, V' € 7 such
that x1, € U, 2, € V and U C V°. Then we have

UxY=[U xY,U'xY], VxY=[V"xY,VFxY]erx§

such that (z1,1), € U x Y and (22,92), € V x Y. It is easy to prove that U x ¥ C
(V x Y)¢ holds. A similar argument holds in case y; # y;. Thus (X x Y,7 x §) is
Ty (iid).

(4) We will show that A%,y € ((7 x 0) x (7 x 0))° It is clear that Axxy €
TVS*((XxY)x (X xY)). Then it is sufficient to show that for each ((a1, b1), (az,b2)), €
A%y, there is U in (7 x ) X (7 x §) such that

((alabl)a (aQabQ))l eUcC AS(XY'

Let ((a1,b1), (az,b2)), € AS%«y- Then clearly, (a1,b1) # (az,bs), ie., a1 # ag or
b1 # by. Thus we can consider three possible cases:

(i) a1 7é as, b1 = bg; (ii) a; = ag, bl 7é bg; (iii) a1 7é as, bl 7’5 b2.
We prove only (iii). The remainder’s proof are similar. Suppose a; # as, by # bs.
Then clearly, (a1,a2), € A% € (7 X 7) and (by,ba), € A§ € (6 x §). Thus there are
Uy, Uy € 7 and Vi, V5 € § such that

(al,ag)l cU; x Uy C AFX and (bl,bg)l eVix VWV, C Ag/
Now we show that the following holds:
(4.1) ((al,bl), (ag,bg))l € (U1 X Vl) X (U2 X ‘/2) - ACXXY'

(4.1) can be proved in two steps.
Step 1: First, we show that ((a1,b1), (az,b2)), € (U1 x Vi) x (U2 x V). From
Definition 2.7, it is obvious that
((a1,b1), (a2,b2)),yp € (U x V1) x (Uz x Va)

< ((al,bl), (ag,bg)) S (Ul X Vl)_ X (U2 X Vg)_

< ((a1,b1), (az,b2)) € (U x Vi) x (Uy x Vy).
Then a1 € Uy, ag € Uy, b1 € Vi, by € V5. Thus (a1,01) € Uy x V| and
(ag,b2) € Uy X V5 . So the result holds.
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Step 2: Second, we prove that (U x V1) x (Us x Vo) C A%y In order to show
the inclusion, we must prove that one of the followings hold:

(4.2) (U x V1) x (Uy x Vo)~ C {((u1,v1, (ug,v2)) : (u1,v1 # (ug,va}
or
(4.3) (U x Vi) x (Uy x V) € {((ur, 01, (uz,v2)) : (u1,v1 # (ug, v2}.
Since Uy x Uy C A% and Vi x Vo C A§,, we have

U x Uy C{(ur,ug) € X x X 1 uy # ug}
and

Vim xVy C{(v1,v2) €Y XY :v1 # va}.
Then (4.2) holds. Similarly, (4.3) can be proved. Thus by (4.1), we get

Sxy € (T x8) x (17 x0)).

So Axxy € ((1 x6) x (7 x§))¢. Hence (X x Y, 7 x §) is To(vii). O
The following is the converse of Proposition 4.32.

Proposition 4.33. Let (X,7), (Y,d) be IVTSs.
(1) If (X x Y, 7 x6) is Ta(i), then so are (X,7) and (Y,9).
(2) If (X x Y, 7 x6) is Ta(ii), then so are (X,7) and (Y, 0).
(3) If (X x Y, 7 x 6) is Ta(iil), then so are (X, 7) and (Y,0).

Proof. The proofs of (1) and (2) are easy. we prove only (3). Suppose (X XY, 7 X d)
is To(iii) and let a, b € X such that a # b. Let us take a fixed y € Y. Then clearly,
(a,y) # (b,y) € XXY. Since (X XY, 7x4) is Ta(iii), there are Uy xV;, Us x V5 € 7X6
such that (a,y), € Ur x Vi, (b,y), € Uz x Vo and Uy x Vi C (Uz x Va)¢. Thus we
have (a,y) € U; x Vi, (b,y) € Uy xV; and

(4.4) U7 xVy C (U x Vo0 = U “x VU x Vit € (Uy xVy)e = Uy “xVy ©
SowegetacU; ,yeV;,belUy,, yeV, and

(45) (U7 xVO)NUF x Vi) =2, (Uf x V)N (Us xVy) =o.
Moreover, we have

(4.6) Uy x V) N(U x V3") = (Uy nUS) x (Vi N1,

(4.7) (U x V)N Uy x V)= (U nUy) x (V" NVy).
From (4.5), (4.6) and (4.7), we have
(4.8) U NUH) x (Vi NV =2, (U NU;) x (V" NVy) =2

Sincey € V; ,y €V, and V, C Vo', y € Vi NV, . Similarly, we get y € Vi' NV, .

From (4.4), Uy € Uy and U € Uy “, ice., Uy C Us. Since a € Uy and b € Uy,

a,,, € Uy and b,,,, € Us. Hence (X, 7) is To(iii). Similarly, the second part is

proved. O
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5. T3-, T4-SPACES IN INTERVAL-VALUED TOPOLOGICAL SPACES

The properties that are studied in the previous section describe the separation
of pairs of interval-valued points of two types by IVOSs. In this section, in order
to describe the separation of an Interval-valued point from a CIVS by OIVSs, we
define two types T3 and T4 separation axioms in interval-valued topological spaces,
and obtain some properties.

Definition 5.1. (i) A Ty(i)-space (X, 7) is called a Ts(i)-space, if it satisfies the
following axiom:
[The regular axiom (i)]: for any F' € 7¢ such that x, € F°, thereexist U, V € 7
such that FC U, z, € Vand UNV = 2.
(ii) A Ty(ii)-space (X, 1) is called a Tj5(ii)-space, if the following conditions:
[The regular axiom (ii)]: for any F' € 7¢ such that z, € F°, there exist
U Versuchthat FCU,z, € VandUNV = 2.

It is obvious that if Xis T5(i), then it is Ta(i).
Example 5.2. (1) Let X = {a,b,c} and consider the IVT 7 on X given by:
r={8,A,B,C,D,E,F, X},

where A = [{a},{a}], B = [{b}, {b}], C = [{c},{c}], D = [{a,b},{a,b}],
E=({a,c},{a,c}], F = ({b,c},{b,c}].
Then clearly, (X, 7) is T1(i). In fact, it is To(i) and 7¢ = 7. But, we can easily check
that (X, 7) is not T3(i).
(2) Let X = {a,b,c,d} and consider the IVT 7 on X given by:

T = {é7A17 AQ’ A3a A47A57A67 A7a AS; AQaAloa Alla A127A137A143 55}’

where A; = [{a}v {a>d}]7 As = [{b}’ {CI,, b}]7 As = [{C}’ {b’ CH? Ay = [{d}v {C’ d}]a
As = [@,{a}], Ag = [2,{b}], Az =[@,{c}], As =[2,{d}],
A9 = [{a,b},{a,b,d}], Ao =[{a,d},{a,c,d}], A1 = [{c,d}, {b,c,d}],
A1y = [{b,c}, {a,b,c}], A1 = [{a,c}, X], A14 = [{b,d}, X].

Then clearly, (X, 7) is T1(i) and

T = {Q’ A(lza AgvAgvsz Ag’ Ag’ A?,Ag,Ag, AimA{l:laAiQa AiBa A§47X}’

where A§ = [{b, ¢}, {b,c,d}], A5 = [{c,d},{a,c,d}], AS = [{a,d},{a,b,d}],
Aécl = [{av b}v {a7 b, CH? Ag = [{ba & d}ﬂ X]v Ag = [{av C, d}v X]7
7= [{av b, d}’ X]a Ag = [{av b, C}a X]v Ag) = [{C}a {C» d}]v
fo= [{b}7 {b7 CH? 1= [{a}, {avb}]v Ai? = [{d}7 {a7d}]7
AiB = [@7 {b7 d}]’ A%4 = [¢7 {aa C}]
Thus we can easily see that (X, 7) is T3(i).
(3) Let X = {a,b,c,d} and consider the IVT 7 on X given by:

7= {3, A1, Ay, A3, Ay, As, Ag, Az, Ag, Ag, Ao, A11, Ara, A1z, Ay, X},

where A; = [{a,b},{a,b,c}], As = [{c,d},{a,c,d}], As = [{a,d},{a,b,d}],
Ay = [{bv C}, {b7 & d}]= As = [®7 {CLC}], Ag = [{a}7 {a7 b}]v A7 = [{b}7 {b7 C}]v
Ag = [Q’ {a7 d}]v Ag = [{C}’ {C’ d}])86410 = [®7 {b7 d}]v A = [{avb’ d}7X]>
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A12 = [{a’7 ba C}» X]7 A13 = [{CL, c, d}7 X]a A14 = [{b; c, d}v X)
Then clearly, (X, 7) is Ty (ii) and

TC = {Qa Aia A57A§7A4617 Aga Aga A?7A§7A§a A§O7A517A11:23 ATSa A§47X}7

where Af = [{d}’ {C7 d}]’ A5 = [{b}7 {a7 b}]> A = [{C}v {b7 C}]’ Af = ({a}” {avd}]v
A = [{ba d}’ X]? A5 = [{Q d}v {bv G, d}]’ Af = [{av d}> {av = d}]a
Ag = [{bac}7X]’ AEC) = ({aab}v {a7b7 d}]’ AEO = [{CL,C},X], Ail = [@7 {C}]a
Afy = (@, {d}], Aty =[2,{b}], A1, = [, {a}].

Thus we can easily see that (X, 7) is Ts(ii).

Remark 5.3. (1) If 7 C IV.S*(X), then two concepts in Definition 5.1 are coinci-
dent.

(2) Let (X, 7,) be an ordinary topological space. Then clearly, 7 = {[4,A] : A €
Top € IVT(X) and 7 C IVS,(X). Thus we can easily check that if (X,7,) is Ts,
then (X, 7) is both T3(i) and T3(ii) by (1).

(3) Let (X, 7) be an ordinary space such that 7 is not indiscrete let 71,72 be two
IVTs on X given in Remark 4.5. Then we can easily see that if (X, 7) is T, then
(X,71) is T3(i) and (X,72) is Ts(ii).

Theorem 5.4. Let (X, 7) be an IVTS such that 7 C IV.S*(X). Then
(1) (X,7) is Ts(i) if and only if (X,77) is Ts.
(2) (X,7) is T3(i) if and only if (X,77) is Ts.

Proof. (1) By Theorem 4.11 (1), (X, 7) is T1(i) if and only if (X, ;) is T;. Then it
is sufficient to prove that (X, 7) satisfies the regular axiom (i) if and only if (X,77)
is regular.

Suppose (X, 7) satisfies the regular axiom (i) and let A be any closed set in
(X,77) such that « € A°. Then clearly, A° € 7. By the definition of 7, there is
W € 7 such that W = [A°, W*]. Let F = W¢. Then clearly, ' = [W*° A] € 7.
Since A is a CIVS in (X,77), W+ = A, Thus F = [4,A] € 7€ and W = F¢ =
[A°¢, A°] € 7. Since x € A°, x;, € F°. By the hypothesis, there are U, V € 7 such
that FC U, , € VandUNV =@. Sincer CIVS*(X), F-=ACU", x €V~
and U~ NV~ = @. By the definition of 77—, it is clear that U~, V~ € 7. So
(X,77) is regular. Hence (X,77) is Ts.

Conversely, suppose (X,77) is regular and let F' € 7¢ such that x;, € F°. Then
clearly, F¢ = [F*° F~°] € 7¢. By the definition of 7=, F~ is closed in (X,77)
and x € F*° € 7. Since 7 C IVS*(X), F& = F~. By the hypothesis, there
are U, V€1  suchthat F~- c U, x € Vand UNV = @. Thus F~° D U° and
UcuVe=X.Let A=[U,U], B=[V,V]. Then clearly, A, Ber, FCA, z, €B
and AN B = @. Thus (X, 7) is T3(i).

(2) The proof is similar to (1). O

Remark 5.5. If the condition “r C IV.S*(X)” is taken off, then Theorem 5.4 does
not hold in general (See Example 5.6).

Example 5.6. (1) Let (X, 7) be the T3(i)-space given in Example 5.2 (2). Then
clearly, 7 ¢ IVS*(X) and

7 = {2, {a}, {0}, {c}, {d}7{a,§1},{a’d}’{a,c}7 {b; ¢} {e,d}, X}
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Thus we can easily see that (X,77) is not Ts.
(2) Let (X, 7) be the Tj(ii)-space given in Example 5.2 (3). Then clearly, 7 ¢
IVS*(X) and

= {@.{a,b,c},{a,c,d},{a,b,d}, {b,c,d}, {a, b}, {b,c}, {c,d}, {a,d}, {a,c}, {b,d}, X}.
Thus we can easily see that (X, 77) is not Tj.

The following two Theorems characterize T3 (i)-space and Tj(ii)-space

Theorem 5.7. Let (X,7) be an IVTS.

(1) If X is T1(i), then it is Ts(i) if and only if for each x € X and each U €
N(z,), there is V € N(x,) such that IVcl(V) C U.

(2) If X is Ty(ii), then it is T3(ii) if and only if for each x € X and each
U € N(z,), there is V € N(x,) such that IVcl(V) CU.

Proof. (1) Suppose X is T3(i). Let € X and let U € N(z,). Then clearly, U¢ € 7°¢
and x, ¢ U°. By hypothesis, there are V, W € 7 such that x, € V, U® C W and
VAW =@. Thus V.C W¢and W¢ € 7¢. So IVcl(V) C W¢. Since U¢ C W,
We CU. Hence V € N(z,) such that IVcl(V) C U.

Suppose X is Ty (i) satisfying the necessary condition. Let F' € 7¢ such that x, €
Fe. Then clearly, F¢ € N(z,). Thus by the hypothesis, there exists V' € N(x,) such
that IVel(V) C F¢. Since V. .C IVel(V), V= C (Iel(V))™ and VT D (Icl(V))*. So
we get

Vo nIdWV) T cv vV =gand VI nId(V)) o VNV =2

Hence V N (Ic(V))¢ =@, 2, € V and F C (IVcl(V))¢. Therefore X is T3(i).
(2) The proof is similar to (1). O

Theorem 5.8. Let (X, 7) be an IVTS.

(1) If X is T1(i), then it is T3(i) if and only if for each x € X and each F € ¢
such that x, € F°, there exist U, V € 7 such that F C U, x, € V and IVcl(U) N
IVel(V) = 3.

(2) If X is Ty(ii), then it is T3(ii) if and only if for each x € X and each
F € CIVS(X) such that z, € F¢, there exist U, V € 7 such that F C U, z, € V
and IV(U)NIVe(V) = 2.

Proof. Suppose X is T3(i). Let z € X and let F' € 7¢ such that x, € F°. Then
F¢ € N(z,). Thus by Theorem 5.7 (1), there is W € N(z,) such that IVcl(W) C
Fe. Again by Theorem 5.7 (1), There is V € N(z,) such that IVcl(V) C W. Let
U= {IVcl(W))® e r. Since IVcl(W) C F°, F C (IVc(W))¢=U. So we have

Ve(V)NIVel(U) c WNIVel((IVel(W))S) = a.
Hence U and V are the desired OIVSs in X.

The converse can be easily proved.
(2) The proof is similar to (1). O

Now we deal with the separation of two OIVSs.

Definition 5.9. A T;(i)-space (X, 7) is called an interval-valued normal space or a
Ty-space, ~if for any A, B € 7¢ such that AN B = &, there exist U, V € 7 such that
UNnV=g,ACcUand BCV.
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It is obvious that if X is T4(i), then it is T5(i). But the converse is no true in
general (See Example 5.10 (2)).

Example 5.10. (1) Let X = {a,b, c} and consider the IVT 7 on X given by:
T ={0, A1, Ay, Az, Ay, As, Ag, A7, Ag, Ag, A1g, A1, Ara, A1z, Arg, Ars, Asg, X},

where A1 = [{a},{a,c}], A2 = [{b},{b}], A5 = [{a,c},{a,c}], As=[{a,b},{a,b}],
As = [{C}, {C}L Ag = [{b’ C}vXL A7 = [{avb}vX]’ As = [{a}7 {a}]7
Ay = [Q’ {CH’ Arp = [Q, {aac}]’ An = [{C}’ {a7 C}], Arp = [{a}7 {a’CH
Az = [{b}7 {avb}]a Ay = [{b}vX]v A5 = [{a’b}’X}v A = Hbv C}7 {bv CH
Then clearly, (X, 7) is T1(i) and

TC = {@714;, AS, Aga Ai,Ag,Ag, A;, Aga AEC)’AEO’ AE’A§27 AES’ A§47Ai5’A§67 X}’

where A7 = [{b},{b,c}], A5 =[{a,c},{a,c}], A5 =[{b},{b}], A% = [{c} {c}],

Ag = [{a’b}> {a7 b}]7 A5 = [Qv {CL}], A7 = [®7 {C}]> Ag = [{b’ 6}7 {b7 C}],

A5 = [{a)b})X]v Ay = [{b}vXL Aty = [{b}a {a)b}]’ Afy = [{b}7 {b7 CH?

Ai3 = [{C}v {av CH? Al = [67 {CL,C}], A§5 = [@’ {C}]7 Atljﬁ = [{a}a {CL}]
Thus we can easily see that (X, 7) is Ty.

(2) For each a € R, let U, = [(a, ), (a,0)] and 7 = {U, : a € R}. Then clearly,

7 is an IVT on R. In fact, we can easily check that (R,7) is T4(¢). On the other
hand, consider C' = [(—00, 0], (—00,0]] € IVS(R). Then clearly, C is a CIVS in R)
and 1, € C° Let U € 7 such that C C U. Then U = R. Thus 1, € U. So (R, 7) is
not Tg(l)

The followings characterize T4-space.

Theorem 5.11. Let (X, 7) be an IVTS such that (X,7) is T1(i). Then (X,T) is
Ty if and only if for each F € IVC(X) and each U € 7 such that F C U, there
exists V € T such that F CV and IVcl(V) C U.

Proof. Suppose (X, 7) is Ty. Let F' € 7¢ and let U € 7 such that F C U. Then
clearly, F~ Cc U~ and F* c UT. Thus F- NU* = @ and Ft NU~° = @, i.e,
FNU® = @. Since U¢ € 7°, by the hypothesis, there exist V, W € 7 such that
VAW =0, FCVand U C W. Since VAW =&, V C W¢and W¢ € 7°. So
IVel(V) c We. Since U¢ C W, W€ C U. Hence IVcl(V) CU.

Conversely, suppose the necessary condition holds. Let A, B € 7°¢ such that
ANB = @. Then clearly, A C B¢ and B¢ € 7. Thus by the hypothesis, there exists
V € 7 such that A C V and IVcl(V) C B®. Let U = (IVcl(V))°. Then clearly,
Uct,BCUand UNV = @. Thus (X,7) is Ty. O

Theorem 5.12. Let (X, 7) be an IVTS such that (X, 7) is T1(i). Then (X,7) is
Ty if and only if for any A, B € 7¢ such that A NB = 2, there exists U, V € T
such that ACU, BCV and IVA(U)NIV(V) = 2.

Proof. Suppose (X, 1) is T4. Let A, B € 7¢ such that AN B = . Then by the
hypothesis, there exist G, H € 7 such that GNH = &, A C G and B C H.
Thus by Theorem 5.11, there exist U, V € 7 such that A C U, IVcl(U) C A and
BCV, IVd(V) C B. So IVd(U)NIVel(V) C AN B = @. Hence IVcl(U) N
IvVel(V) = 2.
The proof of the converse is easy. O
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Proposition 5.13. Let (X,7) be T4, let (Y,d) be an IVTS and let f : X — 'Y be
interval-valued continuous, closed and surjective. Then (Y,0) is Ty.

Proof. Let C, D € §¢ such that C N D = &. Then clearly, f~1(C), f~(D) € 7¢
such that f~*(C) N f~Y(D) = @. Since X is Ty, there are U, V € 7 such that
f~YC) c U and f~1(D) c V. Since f is closed, f(U¢), f(V¢) € 6. Let M =
[f(U®)]e, N =[f(V°)]°. Then clearly7 M, N € 4. Thus we have

1

FUM) = PO = 1 ((U)° [By Result 3.2 (10)]

= (U°)° [By Result 3.2 (4), since f is surjective]

=U. [By Result 2.4 (7)]
Similarly, we get f~ 1(N )=V. SoC C M and D C N. Moreover, we can easily
check that M NN = &. Hence (Y,6) is Ty. O

6. INTERVAL-VALUED SUBSPACES

In this section, we define an interval-valued subspace of an IVTS and dealt with
some of its properties.

Proposition 6.1. (X, 7) be an IVTS and let A € IVS(X). Then the family T, of
1VSs in X given by:
T, ={UNA:Ue€er}
is an IVT on A.
In this case, 7, is called the interval-valued relative topology on A and the pair
(A, 7,) is called an interval-valued subspace of (X, 7). The members of 7, are called
relatively open sets or simply open sets in A.

Proof. Since @, X e 7, >N A =2, XNA=A¢cr,. Then 7, holds the axiom
(IVO;). Let UNA, VNA € 1,. Then clearly, (UNA)N(VNA)=UNV)NAand
UNnVer. Thus (UNA)N(VNA) er,. So 7, holds the axiom (IVO3). Finally,

let (Uj N A)jes be any family of members of 7,. Then clearly, ;¢ ,(U; N A) =
(UjeJ ) NAand ;e ; Uj € 7. Thus U;c;(Uj N A) € 7,. So 7, holds the axiom
(IVO3). Hence 7, is an IVT on A. O

Example 6.2. Let 7 = {U € IVS(R) : 0 € U~ or U = &}. Then we can easily
check that 7 is an IVT on R. Let A = [1,2];v 1 (See Definition 7.1) and let z, € A.
Then clearly, 0, Uz, = [{0,z},{0,z}] € 7 and (0, Uz,)NA=x,. Thus z, € 7,. So
7, is the interval-valued discrete topology.

Remark 6.3. (1) Let (X,7) be an interval-valued discrete space and let A €
IVS(X). Then 7, is the discrete topology on A.

(2) Let (X, 7) be an interval-valued indiscrete space and let A € IV.S(X). Then
7, is the indiscrete topology on A.
(3) Let (X,7) be an IVTS and let A, B € IVS(X) such that A C B. Then
=Ty,
(4) Let (X,7) be an IVTS and let A € IVS(X). Then (A=, 7,7 ) and (A", 7, )
are classical subspaces of (X,77) and (X, 71), respectively.

Ta

The following is an immediate result of Definition 3.12 and Proposition 6.1.
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Proposition 6.4. Let (X, 1) be an IVTS, let A € IVS(X) and let 8 be a base for
7. Then B, ={BNA: B € 3} is a base for t,.

The following gives a special situation in which every member of the interval-
valued relative topology is also a number of the IVT on X.

Proposition 6.5. Let (X,7) be an IVTS and let Ae 7. IfV erT,, thenV €.

Proof. Suppose V € 7,. Then by Proposition 6.1, there is U € 7 such that V =
UNA. SinceAer,UNAer. ThusV er. O

Theorem 6.6. Let (A,7,) be an interval-valued subspace of an IVTS (X, 7) and
let C € 7¢. Then C is closed in (A,7,) if and only if there is D € 7¢ such that
C=DnA.

Proof. Suppose C is closed in (A,7,). Then by Proposition 6.1, there is U € 7 such
that A— C =UnNA, where A—C =[A~NCT°, AT NC~°]. Thus we have

C=A—(A-C)=A-(UNA)=AN(A-U)=ANU".

Since U° € 7¢, the necessary condition holds.

Suppose C' C A and there is D € 7¢ such that C = DN A. Then clearly, D¢ € 7.
Moreover, A—C=A—(DNA)=AN(A-D)=AnND*. Thus A-Cer,. SoC
is closed in (A, 7,). O

The following provides a criterion for an interval-valued closed subset of an
interval-valued subspace to be closed in the IVTS.

Proposition 6.7. Let (X,7) be an IVTS an let A € 7¢. If C is closed in (A, 1,),
then C € T°.

When dealing with subspaces of an IVTS, we need to exercise care in taking
closures of an IVS because the closure in the interval-valued subspace may be quite
different from the closure in the IVTS. The following gives a criterion for dealing
with this situation.

Proposition 6.8. Let (A,7,) be an interval-valued subspace of an IVTS (X, T) and
let B C A. Then IVCZ(A,A)(B) = ANIVcl(B), where IVcl(A.’TA (B) denotes the

interval-valued closure in (A,7,).

)

Proof. The proof is similar to one of classical case. O

Theorem 6.9. Let (A, 7,) be an interval-valued subspace of an IVTS (X, 7) and let
UcCA.

(1) Suppose a, € A. Then U € N, (a,) if and only if there is V € N(a,) such
that U = VNA, where N, (a,) denotes the set of all neighborhoods of a, with respect
toT,.

(3) Suppose a, € A. Then U € N_ (a,) if and only if there is V € N(a,) such
that U = VNA, where N, (a,) denotes the set of all neighborhoods of a, with respect
toT,.

Proof. The proof is similar to one of classical case. O
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Proposition 6.10. (1) Every interval-valued subspace of a To(j)-space (X, 7)is a
To(j)-space for each j=i, ii, iii, iv, v, vi.

(2) Every interval-valued subspace of a T1(j)-space (X,7) is a T1(j)-space for
each j=i, ii, iii, iv, v, vi, vii, viii.

(3) Every interval-valued subspace of a Ta(j)-space (X,7) is a Ta(j)-space for
each j=i, i, ii, iv, v, Vi.

Proof. (1) We prove only the cases Ty(i), To(iv) and To(vi). The remainder’s proofs
are similar.

Suppose A is an interval-valued subspace of a T (i)-space (X, 7) and let a,, b, € A
such that a # b. Then clearly, a, b € A~ and there is U € 7 such that either
a €U ,b¢gU orbeU, a¢ U . Thus UNA € 7, such that either a €
UNA ,b¢U NA orbe U NA™,a¢ U NA". Soeithera, € UNA, b, ¢ UNA
orb, € UNA, a, ¢ UN A. Hence A is Ty(i).

Suppose A is an interval-valued subspace of a Tq(iv)-space (X, 7) and let a,, b, €
A such that a # b. Then clearly, a, b € AT and there is U € 7 such that either
a€eUr, U Cc{b}¢orbeUT, U  C{a}°. Thus UN A € 7, such that either
a e UTNAY, U NA- Cc{b}jcorbe UtNAT, U - NA" C {a}° So either
a, cUNACbH orb, c UNACal. Hence A is Ty(iv).

Suppose A is an interval-valued subspace of a To(V)-space (X, 7) and let a,, b, €
A such that a # b. Then clearly, a, b € A~ and there is U € 7 such that either
a¢U orbgU~. ThusUNA € 7, such that eithera ¢ U"NA~ orbg¢ U " NA".
So either a, ¢ UN A or b, ¢ UN A. Hence A is Ty(v).

(2) We prove only the cases T (ii) and Ty (vii). The remainder’s proofs are similar.

Suppose A is an interval-valued subspace of a T (ii)-space (X, 7) and let a,, b, €
A such that @ # b. Then a, b € AT and there are U, V € 7 such that

acUT, b¢g U anda¢ VT, be VT,
Thus UN A, VNA e 7,. Furthermore, we have
acUTNAY, b¢UTNAY anda ¢ VINAT, beVTNnAT,

So we get
a, eUNA b, ¢ UNAand b, ¢ VNA, a, € VNA.

Hence A is T (ii).

Suppose A is an interval-valued subspace of a T (Vii)-space (X, 7) and let a, € A.
Then clearly, a, € 7. Since a, € A, a, N A = a,. Thus by Theorem 6.6, a, is closed
n (A,7,). So Ais Ty (Vii).

(3) The proofs are similar to (2). O

Proposition 6.11. Every interval-valued subspace of a Ts(j)-space (X,7) is a
T5(j)-space for each j=i, ii.

Proof. Suppose A is an interval-valued subspace of a Tj3(i)-space (X, 7). Then by

Proposition 6.10 (2), (A,7,) is T1(i). Let C be closed in (A,7,) such that a, €

(A — C). Then by Theorem 6.6, there is D € 7¢ such that C = D N A. Since

a, € (A—C), a, € D°. Since X is T5(i), there are U, V € OIVS(X) such that
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DcCU a €VadUNV =@. Thus UNA and V N A are open in (4,7,).
Moreover, we can easily see that

CCUNA, a, eVnAand (UNnA)N(VNA) =2.

So A is T3(i). The remainder’s proof is similar. O
Proposition 6.12. Let (X,7) be a Ty4-space and let C € CIVS(X). Then (C,7,)
8 T4.

Proof. Let Fy and F, be closed in (C,7.) such that Fy N Fy = &. Since C € 7,
Fy, Fy € 7¢ by Proposition 6.7. Since (X, 7) is T4, there are U, V € 7 such that
Fy,cU, F, cV and UNV = &. Then we have

FLcUNC, FibcVNnCand (UNC)N(VNCO)=2.
It is clear that U N C and V N C are open in (C, 7). Thus (C,7,) is Ty. O
Definition 6.13. A T (i)-space (X, 7) is said to be interval-valued completely nor-

mal, if for any A, B € IV.S(X) such that AN IVcl(B) = IVcl(A) N B = @, there
are U, V € 7 such that AC U and B C V.

It is obvious that every interval-valued completely normal space is T4. The fol-
lowing gives a characterization of an interval-valued completely normality.

Theorem 6.14. Let (X, 7) be a Ty-space and let C € 7¢. Then (C,71.) is T4.

Proof. The proof is similar to one of classical case. 0

7. APPENDIX

In this section, There is a typo in the Definition 4.11 in [19], so we correct it.

Definition 7.1. Let a, b € R such that a < b. Then

(i) (the closed interval) [a,b]rv = [[a,b], [a, b]],

(ii) (the open interval) (a,b)rvr = [(a,b), (a,b)],

(iii) (the half open interval or the half closed interval)

(a,b]rvi = [(a,b], (a,0]], [a,b)1vi = [[a,]),]a,b)],
(iv) (the half interval-valued real line)
(—OO, a]IVI - [(_007 CL], (_007 CLH, (_007 a)IVI - [(_007 CL), (_007 a)}v
[CL, OO)IVI = HCL, 00)7 [CL, OO)]’ (CL7 OO>IVI = [(CL, 0), <a7 OO)]v

(v) (the interval-valued real line) (—o0, 00) v = [(—00, 20), (=00, )] = R.
Definition 7.2. An interval-valued bipolar valued fuzzy set A in a nonempty set X
is an object having the form

A= ([AN7 AN (AR AP,

where [AN:~ AN+ . X — D[-1,0] and [AP—, AP*+] . X — DI0, 1] are mappings.
For each z € X, [AP"—, APH](2) = [AP~(2), APF(2)] (called the positive interval-
valued membership degree) and [AN—, ANH](z) = [AN~(x), AN (z)] (called the
negative interval-valued membership degree) denotes the satisfaction degree of an
element x to the property corresponding to and to some implicit counter property

of interval-valued bipolar valued fuzzy set A.
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8. CONCLUSIONS

In this paper, the topics of interval-valued continuous functions and separation
axioms in interval-valued topological spaces have been extensively investigated, a
detailed study has been done on these subjects and the obtained theorems are sup-
ported with appropriate examples. By accepting the interval-valued continuity re-
sults, we were able to continue our research on the IVTop concrete category later.
As a result, we initially found that the concrete category IVTop has the initial
structure from Proposition 3.39. One of the most important issues in this article is
that there are two new characterizations for each T3 and T, separation axiom in
interval-valued topological spaces that are given in Theorems 5.7, 5.8 and Theorems
5.11, 5.12. The relationships and transitions between these newly defined separation
axioms are shown with the help of tables, and the non-transition sections are sup-
ported with counter examples. As a possible advancement of the research proposed
here, it can be extended to solve separation axioms in more comprehensive spaces,
such as the hyperspace of interval-valued topological spaces, thereby completing and
enriching the research. The results of this article have specific findings that warrant
further and deeper exploration.

In the future, we expect that one can investigate hyperspace of interval-valued
topological spaces, and topological structures based on interval-valued bipolar valued
fuzzy sets (See Definition 7.2).
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