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ABSTRACT. In this paper, we study embedding maps by using distance
functions based on complete co-residuated lattices. We construct two em-
bedding maps from the distance space to the two Alexandrov topologies
induced by the distance space. We study the various maps induced by two
maps and give their examples. Moreover, as the topological representation,
we investigate the embedding map. We give an example for an informa-
tion.
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1. INTRODUCTION

W ard and Dilworth [1][1] introduced a complete residuated lattice which is
an important mathematical tool as algebraic structures for many valued logics (See
[2, 3,4, 5, 6]. Belohldvek [2, 3] investigated information systems and decision rules on
complete residuated lattices. Hohle and Rodabaugh [5] introduced L-fuzzy topolo-
gies with algebraic structure L (cqm, quantales, MV -algebra). Zheng and Wang [7]
introduced a complete co-residuated lattice as a generalization of t-conorm. Jun-
sheng and Qing [8] investigated a (®, &)-generalized fuzzy rough set on (L, ®, &)
where (L, &) is a complete residuated lattice and (L, ®) is a complete co-residuated
lattice. Kim and Ko [9] introduced the concepts of fuzzy join and meet complete
lattices by using distance spaces instead of fuzzy partially ordered spaces on com-
plete co-residuated lattices. Moreover, Oh and Kim [10, 11, 12, 13, 14, 15] obtained
some properties of Alexandrov fuzzy topologies, distance functions, various fuzzy
connection and fuzzy concept lattices by using distance functions instead of fuzzy
partially orders on complete co-residuated lattices.
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If f:(X,Sx) — (Y,Sy) is an embedding map, then f is an injective map
and is a structure-preserving map. The precise meaning of structure-preserving
depends on the kind of mathematical structures Sx and Sy. In this paper, we
study embedding maps by using distance functions based on complete co-residuated
lattices. In Theorem 3.3, for a distance space (X, dx), we construct two embedding
maps f: (X,dx) = (Tay,dr,, ) and g : (X, dy') — (Td;l,de;(l) by f(x) = (dx)s
and g(z) = (dx)* where (dx).(y) = dx(z,y) and (dx)*(y) = dx(y,z) for all
z,y € X. In Theorems 3.4 and 3.5, we study the various maps induced by two maps.
In Theorem 3.6, as the topological representation, we investigate the embedding
map h: (X,dx) — (TdT_1 ) ’d"crl ). In Example 3.8, we give an example for an

4 =

X axt
information.
2. PRELIMINARIES
Definition 2.1 ([7, 8, 9, 10]). An algebra (L,A,V,®, L, T) is called a complete

co-residuated lattice, if it satisfies the following conditions:
(Cl) L = (L,V,A, L, T) is a complete lattice where L is the bottom element and
T is the top element,
(C2la=adLl,adb=bPaand a® (bdc)=(a®b)®cforall a,b,c € L,
(C3) (Aser-ai) @b = Asp(a; ).
Let (L, <,®) be a complete co-residuated lattice. For all z,y € L, define

x@y:/\{zEL\y@sz}.
Then (z ®y) > z if and only if x > (2 ©y).

For a € L and A € LX, we define (a © A), (a« ® A) and ax € LX by: for each
r €L,

(a0 A)(z)=a0 A(z), (a® A)(z) =a® A(z) and ax(z) = a respectively.

Let n(x) = T © x. The condition n(n(z)) = x for all x € L is called a double
negative law.

Lemma 2.2 ([7, 8, 9, 10]). Let (L,A,V,®,8,L1,T) be a complete co-residuated
lattice. Then for all x,y,z,x;,y; € L, the following properties hold.
) Ify<z,zdy<zdz,yor<zozxadzoz<zoy.

)
) (Nicr i) ©y < Njer(@:i ©9).

)xe(\/ieryi) S/\ier(xeyi)-

Yerorx=1lL,z6L=xand LOx=_1. Moreover, t©y =L iff v <y.
Jyd@@oy) >r,y>z6(oy) ad (z0y)®(Yyoz2) 210 2.
JrO(ydz)=(oy)or=(r02)0y.
Jroy=(2®2)e(ydz),z0y=(202)0Yyo2),yor = (202)8(20Y)

Nzdy=Liffr=_1Landy= L.

10) (z@y)oz<z@®(yoz) and (z0y)®z>26 (y S 2).
1) (Vier i) © (Vier %) < Vier(#i © vi)-

12) (Nier i) © (Nier vi) < Vier (@ ?0?;2)
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(13) If L satisfies a double negative law and n(x) = T © x, then n(x ® y) =
nz) Oy=n(y) ©x and x Sy = n(y) ©n(x).

Definition 2.3 ([0, 10]). A subset 7 C L¥ is called an Alezandrov topology on X,
if it satisfies the following conditions:

(A1) if A; € 7 foralli € I, then \/,.; Ai, \;cp As € 7,

(A2)if Ae T and o € L, then ax,AS a, A®a € T.

The pair (X, 7) is called an Alexandrov topological space on X.

Definition 2.4 ([9, 10]). Let (L,A,V,®,0, L, T) be a complete co-residuated lat-
tice. Let X be a set. A function dx : X x X — L is called a distance function, if it
satisfies the following conditions: for any z, y, z € X,

(M1) dx(x,2) = L,

(M2) dx (z,y) ®dx(y,z) > dx(x,z),

(M3) If dx(x,y) = dx(y,x) = L, then x = y.

The pair (X,dx) is called a distance space.

Theorem 2.5 ([9, 10]). Let (X,dx) be a distance space. Define

ray = {A € L¥ | A2) @ dx(e.y) > A(y)},
ra = {A € L¥X | Ax) & dx(y,2) > Aly)).

Then 14, and Tyt are Alezandrov topologies such that

Tax = { /\ A(z)®dx(z,—) | A€ L¥} and Tagt = { /\ Alz)®dx(—,z) | Ae LX}.
zeX zeX

Remark 2.6 ([9, 10]). (1) Let dx : X x X — [0, 0] be a distance function. Then
(X,dx) is called a pseudo-quasi-metric space.
(2) Let (L, A, V,®,6, L, T) be a complete co-residuated lattice. Define a function

dr, : Lx L — Lbydp(z,y)=2Svy.
Then by Lemma 2.3 (5) and (6), (L,dr) is a distance space.
Also for 7x C L, define a function
dry :Tx X Tx = L by dr (A, B) = \/ (A(z) © B(x)).
reX

Then (7x,d,, ) is a distance space.

In this paper, we assume that (L,A,V,®,6,L,T) is a complete co-residuated
lattice.

3. SOME PROPERTIES OF EMBEDDING MAPS IN COMPLETE CO-RESIDUATED
LATTICES

Definition 3.1. Let (X, dx) and (Y, dy ) be distance spaces. Thenamap f : X - Y
is called embedding, if dx(z,y) = dx(f(x), f(y)) for all z,y € X.

Remark 3.2. Let f : X — Y be an embedding map. For f(z) = f(y), we have

dX(f(x)a f(y)) =1l= dx(l',y). By (1\13)7 r=y.
303
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Theorem 3.3. Let (X,dx) be a distance space. Define f : (X,dx) — (Tay,dr, )

and g : (X,dy") = (140,dr ) by f(2) = (dx)x and g(z) = (dx)" where (dx)2(y) =
X

dx(z,y) and (dx)*(y) = dx(y,z) for all z,y € X. Then the following properties

hold.
(1) Two maps [ and g are well-defined and are embedding.

(2) A € 7ax if and only if dr, (A, f(=)) = A(=) = N\.ex(A(2) & f(2)(-)).
(3) B € 741 if and only if dr (B, 9(=)) = B(=) = N.ex(B(2) ® g(2)(=))-

Proof. (1) Let z, y, z € X. Since

f@)(y) @ dx(y,2) = dx(z,y) ® dx(y,2) = dx (2, 2) = f(2)(2),
9(@)(y) ® dy' (y,2) = dx (y,2) © dx(z,y) > dx (2, ) = g()(2),
we have f(z) € 74, and g € gt Then f and g are well-defined.
Let z, y € X. Since

ey (f(2), F () = V.ex(f(2)(2) © f(y)(2))
:\/zeX(dX(x z)@dx(y,z)) (Cﬂ,y),
dr, 1 (9(2),9(%)) = V.ex(9(2)(2) ©9(y)(2))
= \/ZeX(dX(Z,SC) © dX(Z7y)) - dX(yv‘T) - dX (xay)a

f and g are embedding.
(2) Suppose A € 74,. Then A(z)®dx (z,z) > A(z) implies A(z) > A(z)odx(x, z)
and V¢ x(A(z) © dx(z,2)) > A(x) © dx(z,x) = A(z). Thus

dry (A, f(@)) = V.ex(A(2) ©dx(2,2)) = V.ex(A(2) © 9(2)(2)) = A(x)
= Niex(A(z) ©dx(z,7)) = N.cx (A(2) @ f(2)(2))-
Conversely, suppose A = A (A(z) @ f(2)(—)). Then by (1), f(2) € 74y and
(A(z) ® f(2)(—)) € Tay. Thus A € 74,.
(3) Suppose B € Tyt Then
dr . (B,9(x)) =V.ex(B(2) & f(2)(x)) = B(x)
= Neex(B(2) @ dx(z,2)) = \.ex (B(2) © 9(2)(x))-
Conversely, suppose B = A . x(B(2) ® g(2)(—)). Then by (1), we have
g(z) € 74 and (B(z)® g(2)(—)) € Tyt
Thus B € Tat O
Theorem 3.4. Let (X,dx) be a distance space. Define f : (X,dx) — (Tay,dr, )

by f(z) = (dx)z. Then the following properties hold.
(1) Define f*@ : Tay — 74, and f§ :7a,, — Tax by
X X

P(A)B) = Vyex(Alz) ©dr, (B, f(2))),
f&(@)(x) = A.ex(al(f(z) ®dx(z 7))
Then f5© and f§ are well-defined and

FOA(f(=) = A, f& (f2(A)) = A
304
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(2) Define f® : 74, — Td,, and f& 1 7a,, = Tax by
X

FEA)B) = Apex(dry ((f(2), B) & A(z)),
57(0)(=) = Vaex(al/() © dx(=,2)).

Then f® and f& are well-defined and
FEANf(=) = A, fE7(f9(4)) =
Moreover, if A € 4y, then f57(f®(A)) = (f ®(A))

(3) Define (dr, ) p(y) : Tax — L by (dx, )f@( ) = dry (f(9),C). Then (dr, ) €

Tdry and fé;((d‘rdx)f(y)) fly) =157 (( de)f(y)) Moreover,

ey, (F*O(A), (dry ) p) = Aly) = dry (A, FE ((dry ) £y));
de,TdX (dmx)f(y)» f®(A)) = deX (f(y),A) = deX (fg_((d‘fdx)f(y)’ A).

Proof. (1) Let A, B, C € 74,,. Then we have
[2(A)(B) & dr, (B,C) & dx, (C, f(x))

> [*9(A)(B) ® dr,, (B, f(x))

= Vaiex(Al@) © dry (B, f(2))) @ dry (B, f())

> A(z).
Thus f*?(A)(B) @ d,, (B,C) > A(x) © dr, (C, f(x)). So f*9(A) € Ta,, - Hence
59 is well-defined.

Let a € Tdr, - Then we get

Thus f§ () € 745. So f§ is well-defined.
Now let A € 74,,. Then we have

FPAF (=) = Vaex(A@) S dr, (f(=), f(2)))
= Vaex(A@) ©dry  (f(-), f(2)))
= Vaex(Al@) © dx (=, 2)) = A(-).
Thus f& (f*?(A)(=) = N.ex (F*2(A)(f(2) ® dx(2,-)) = A(-).

(2) Let A, B, C € 74,. Then we get
f@(A)(B) & deX (B,C) = /\meX(deX ((f(z), B
2 Noex(dry (f(2),C) & A(x))

Thus f®(A) € 74, . So f@ is well-defined.
X
Let a € 7q,, . Then we have
X

f& (@) (@) @ dx(z,y) @ dx(y,2) > (a(f(2)) © dx(z,2) ® dx(z,2) > a(f(2))
and
fo (@) (z) ® dx(z,y) > a(f(2)) © dx(z, 2).

Thus 57 (a)(z) © dx(z,y) > 57 (a)(y). So f& (a) € Tay. Hence f5 is well-
defined.
305
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Now let A € 74,,. Then we have

FEA)F (=) = Apex (dry, ((dx)
FE7 (A=) = Voex (F2(A)(

(3) Let y € X. Then we have
(deX )f(y)(C) D deX (C,D) = de (f(y),C) & de (C,D)
> dy, (f(4).D)
D

 f(=)) @ A(z) = A(-),
f(z) ©dx(=2)) = A(-).

= (dru, ) 1) (D)-
Thus (dry, )f(y) € Ta.,
Let z, y € X. Then we get

£5 ey ) 1) (@) = Nsex ((dry ) 1) (F(2)) @ dx (2, 2))
= /\zEX(deX (f(y), f(2)) ®dx(z,x))
= Noex(dx(y,2) ® dx(z,2))
=dx(y,z) = f(y)(z) [By Theorem 3.3]

F5 (e ) p) (@) = V,ex ((dry )y (F(2)) © dx (2, 2))
= V.ex(dr, (f(y), [(2)) © dx (2, 2))
= V.ex(dx(y,2) © dx(z,2))
=dx(y,z) = f(y)().

Moreover, for all A € 74,., we have
de"dx (fs®(A)7 (deX )f(y))
Ve, (FPANC) & (dryy ) (€)
=Veer, (Voex(Al@) ©dr, (C, f(2)))) © dry  (f(y), C))
= Vaex(A@) © Aper, , (dr, (C, f(2)) © dry (f(y), C)))
[By Lemma 2.2 (2) and (7]
Vaex(A(z) ©dr,  (f(y), f(2)))
Viex (Az) ©dx (y, 7)) = A(y),
d

ray (A5 & (e ) )
= Vaex(A(z) © f(y)(z))
= Veex (Alz) © dx (v, )):A( )
Thus dr, (f 5®( ),( rax V1) = AW) = dry (A f5 ((dry ) p())-
For all A € 14, and y € X, we get
deTdX ((deX )f(y)7 f@ (A))
=Veer, ()5 (©) & FE(A)(C))
= Veer, (dryy (F1).0)© Ayex (Al@) ® dry, (F(2), 0))
[By Lemma 2.2 (2) and (7)]
= VaexVeer,, (dr (f(y),C) ©dr, (f(2),C)) © A(z))
= Vaex(dry (f(9), f(2)) © A(2)) = V,ex(dx (v, 7) © A())
= dmx (f(y)a A)7

dry (f&5 (dry ) p0))s A)
= Vaex(dx(y,z) © A(z))
306
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=dr, (f(y), A).
So deTdX (d"'dx )f(y)thB(A)) = deX (f(y)vA) = deX (fée((dﬂix )f(y)aA) g

Theorem 3.5. Let (X,dx) be a distance space. Define g : (X,dy") — (Td71,d7d71)
X X

by g(x) = (dx)* where (dx)*(y) = dx(y,x) for all z, y € X.
(1) Define g@ : Ty = Ta,  ond g8 i Ta = Ty by
dx Tdx

92(A)(B) = V,ex (Al2) © dr , (B, g(2))),
65 ()(@) = Auex (Bl9(2)) © dx!(2,2).

Then g© and g3~ are well-defined, and
9°(B)(9(-)) = B, g5~ (9°(B))(-) = B.

(2) Define g% Ty = Td. and g5 - TdT;1 = Ty by
X X

g*®(A)(B) = Nyex(d-, 1((9() B) ® A(x)),
a5 (@) = V.cx (B9(2)) © dx! (x. ).

Then ¢*® and 95 are well-defined, and

9*C(A)(9(=)) = A4, 95 (°%(A))(-) = A(-).
Moreover, if A € Tyt then g5~ (g2 (A4)) = g5 (9°9(A)).
(3) Define (drd)_(l)g(y) DT L by (d T)_(l)g(y ) (C) = d; _1(g(y) C). Then

dx

(de)—(1 )g(y) € Tdfd_l and 955_((057 2! )g(y)) = g(y) ) ((dT )g y)) Moreover,

d

d (9°(A), (dr, o) = Aly) = d- _, (4, 95 ((dr, 1 )gw))

TdT
d_l
X

and

dra. (e, Dot ™ (A)) = dr, 1 (9(0), 4)

d

= de)—(l (ggBe((de}—(l )g(y))7 A)
Proof. (1) Let A, B, C € Tyt Then we have

92(A)(B) & dr _,(B,C) &dr _,(C,9(x)) 2 ¢°(4)(B) ® dr_, (B, g(x))
_\/zeX( ( )@d 1(B,g($)))@d7d}l(g($),3)
> A(x).
Thus g9 (A)(B) & dr (B,C) > A(z)© dr _, (B,g(z)). So g9(A) € Td, - Hence

X
g9 is well-defined.
Forall g € 7q, , we get
-

X

Tdr
=1
bd

X

95 B)x) ®dx(y,2) = N,ex(B(9(2) ® dx(z,2)) ® dx(y,x)
N.ex(B(9(2)) ® dx(y,2)) = 95~ (B)(v)-
Then g5~ (8) € T - Thus g%~ is well-defined.

307
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Now let A, B € T4+ Then we get

9°(A)g(=) =

(2) Let A, B e Tat Then we have
PEAB) & d; L (B,O) = Nexlds . (9(0). B) ® AG) @
Z /\I€X(d7d;(1 ((g(.ﬁl)), C) 2] A(.’IJ -
Thus g*®(A) € 74, . So g°? is well-defined.

N—
N—
|

5 &
&
N
=
8 n

X
Forall g € 7q, , we get
-

95 (B)(@) & dx (y,x) ® dx (2,y) > (B(9(2)) © dx(2,2)) ® dx(2,2) > B(g(2))
and

95 (B)(x) ® dx (y,x) = B(g(2)) © dx (2,y).
Then g5 (8)(x) ® dx (y,x) > g5 (B)(y). Thus g5 (B) € Tgzt- S0 g& is well-defined.
For all A € Taots

g*®(A)9(=) =

(3) Let y € X. Then we get
(de ) (y )(C) D de—l (Cv D) = d7d71 (g(y)a C) SP) d"'d—l (C,D)
X X
>d, =1 (99), D) = (dr_1)g) (D).
Thus (de;(l) (y) € T4,
For all z, y € X,

a-1

gg_((dfd;(l)g(y))(m) :/\zeX((de 1)g(y)( ( ))@dX(x Z))
= Aoex (@5 (5, 2) @ dx (2. 2)) = dx (2.y) = g(y) (@)
gg((drd;(l)g(y))(x) = VzeX((d‘rdxl)g(y)( ( )) @dX( ))
=V.ex(dx(2,y) ©dx (2, 7)) = dx(z,y) = g(y)(2)

d

For all A € 7;-1,
des. (2(A).(dr, ) y)
=Veer, , (6°(4)(0) © (dr, )y0(©)
=Veer,  (Vaex(Alz) £ ;1 ((dx)7,0)) s, ((dx)",C)

- VCET <! VIGX(A(x) © (de;(l (07 (dX)x) 2] de)—(l ((dX)y’ C))
308
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= Vaoex(A@) & Ace,, (@, (C.(dx)) @ s, ((d),0))
= Vaex (A() © dr,, ({dx)", (dx)7))
— V. ex(A(x) © dx (o) = A(y),

e, (4,95 (dr, o)
= Voex (4@) & dx(z,9) = AW)

Forall A€ 7;-1 and y € X,
dry. (Aot 7 ()
*VCeT 1(( Txl)g(y)(c) ©g°*(4)(0))
=Veer, 1( r, (9),C) 8 /\mex( (z )@d{il;(l (C,9(2))))
= Vxex(x\/ceT 1( m W), O)dr L (Cg(@) © A))

= Vaex(dr, 1 (g (). 9(x)) © A(x))
) = d,

a

QQ

= VmeX(dX(Iay) A(Z‘) - ( (y)vA)7
dr, 1 (95 (dr, 1 )at)s A)
= Vaex(dx(z,9) © A(2)) = dr _, (9(), ). O

Theorem 3.6. Let 7,-1 = {a € L' | a(A) & d;dl_l(A,B) > «a(B)}. De-
ay! X
fine @ map h : X — 7,0 by h(z)(A) = £(A) = A(z). Then h : (X,dx) —

X
(1,1 7de71 ) is an embedding map.
-

T —1
X dy

Proof. Let A, B, C € Tyt Then we get
Z(A) & d;dl_l (A, B) =2(A) & d- i (B, A)
=a(4) @ \/yex( (y) © Ay))
A(z) © (B(z) © A(x))
B(z) = &(B).
Thus h(z) =2 € Ta: . So h is well-defined.
Let A € Tat Smce A( )@ dy (y,2) = Ay) @ dx (z,y) > A(x), we have
dx(z,y) > Ve, 1(A( z) © Aly))
= Vaer, 1( 2(4) ©9(A))
=dr 1 (@,9).

dx

309
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Let g(z)(x) = dx(z,2). Since g(z)(z) ®dx (y,z) > g(z)(y) for all z € X, we have
g(z) € T4+~ For g(z) € gt with z € X,

dr o (,9) =Vae, ,(Al2) © A(y))

d > Vytoer, 0(2)(@) € 9()0))
= \/zeX(dX (:L'v Z) Odx (ya Z)) = dX(x, y)
Hence de;l 1 (Z,9) = dx(z,y). O

X
s

X
Example 3.7. Let ([0,1], <,V,A,®,6,0,1) be a complete co-residuated lattice de-
fined by n(z) =1—-2z,z@y=(r+y)Al,z0y=(z—y) V0. Let X = {z,y, 2z} be
a set. Define dy € LX*X by

0 05 08
dx =1 07 0 06 |.
04 06 O

One can show that dx is a distance function.

(1) Define f : (X,dx) — (Tax.dr, ) by f(z) = (dx)s. For f(z) = (dx). =
(0,0.5,0.8) € 14 and f(y) = (dx), = (0.7,0,0.6) € 74, , we have
)

Ay (), £3)) = \/ (dx (2, 2) & dx (3, 2)) = dx(,y) = 0.5
zeX
Since 0.4 = [(2)(2) ® dx!(z,2) # f(x)(2) = 0.8 and 0.5 = f(5)(y) & dx(y,2) #
fly)(x) = 0.7, we have f(x) & Td;(l,f(y) ¢ gt
For g(x) = (dx)* = (0,0.7,0.4) € gt and ¢(y) = (dx)?¥ = (0.5,0,0.6) € Tasts
we have

d-_,(9(x),9(v) = \/ (dx(2,2) © dx(z,y)) = dy' (z,y) = dx(y, ) = 0.T.

x zeX
Since 0.5 = g(z)(x)®dx (z,y) 2 g(x)(y) = 0.7and A\, x (9(y)(2)&dx (2, —)) = f(y),
we have g(z) & Tay,9(y) € Tdy -
Let A, B, C € [0,1]X with
A(z) =0.3,A(y) = 0.2, A(2) = 0.5, B(z) = 0.6, B(y) = 0.3, B(z) = 0.5,
C(z)=0.7,C(y) = 0.8,C(z) = 0.1

Then
A = Nex(Al@) ®@dx(z,-)) = N\ex(Al2) © dx (-, z))
= Neex(A(2) & f(2)) = N\ex (A(z) & g(2))
= V.ex(A(z) © (7)) = Nex (A(x) © 9(2)),
B = Nex(B(z) @ dx(z,—)) = Npex(B(@) ® dx(—, )
= Noex(B(@) ® f(z)) = Npex(B(z) ® g(2))
= V,ex(B(@) © f(2)) = \,ex (B(z) © g(2)),
C# Noex(Clz) ®dx(z,—)) = (0.5,0.7,0.1),
C# Nyex(C(x) ®dx(—,2)) = (0.7,0.7,0.1),
C #V,ex(Clz) ©dx(z,—)) = (0.7,0.8,0.2),
C#V,ex(Clz)©dx(—,2)) = (0.7,0.8,0.3).
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By Theorem 3.3, we have A,B € 74, C & Tay, A, B € gt and C & Tat By
Theorem 3.4, we have f*? : 74, — 74, and f§ :74,, — T4y such that
X X

£2B)A)  =V,ex(B(@) ©dr, (A (dx)z))
= (0.600.3)V(0.350.2) V(0.500.4) = 0.3
FPB)f(=) = Veex(B(@) ©dr, (f(-), (dx)z))
= Vaex(B ( ) ©dx(—,)) =B =(0.6,0.3,0.5)
fEUBNE=) =N, x( ( )(f(2)) @ dx (2, )
= Moex (B(2) @ dx(z,—)) = B = (0.6,0.3,0.5).

Also by Theorem 3.4, we have f® : 74, — Ta,, and fZ7 174, — T4y such that
X X

FEANB) = Npex(dri ((dx)ay B) @ A(2))
(0.3®0.3) A (0.100.2) A (0.3®0.5) =0.3,
fEA) (=) Naex(d rax ((dx)z, f(—)) & A(z) = A= (0.3,0.2,0.5),
- V.ex(fP(A)(f(2)) ©dx(—,2)) = A= (0.3,0.2,0.5).

> (A=)
Forall y € X,
dr,,, (J2(A), (dryy ) (0) Cery, ([OACO) 6 (dry ) ) (C))
ex(Alz) ©dx (y,2)) = Aly) = 0.2,
f& (dry ) ) () ) @ dx (x,2))

( ) = (0700)
x(A@) ©dx(y,z)) = A(y) = 0.2.

g(x) = (dx)®. By Theorem 3.5, we have

=V S
= Ay ((d rax ) £ ) (F(2)
=dx 6

dry (A [§ (dry ) pw)) = Vae

(2) Define g : (X,dx) — (Td—l dr, 1) by

9% Ty T, and g5~ 174, — Ty such that
d Tdx

O dr, (A ga)
O dr, (A, (dx)7)
(0.350.2) vV (0.56 0.5) = 0.3,
& d. _, (9(=),9(x)))
& dy'(~,2)) = V,ex (B(2) © dx (2, -))
.3,0.5),

—_ =L =

&
:
—~
k)
S
3
I
S~—
TR

cex(B(z) ®@dx(—,2)) = B =(0.6,0.3,0.5).

Also by Theorem 3.5, we have g°% : 7, T, and g& : P Td_ ., = Tyt such that
X

g*®(A)(B) = Npex(ds Td L (B, (dx)") @ A(x))

:/\meX(d'rd ((dx)*, B) ® A(z))
= (0.4 0.3) A (0.100.2) A (0.3 0.5) = 0.3,
A=) = Naex (dr,i (9(=), (dx)") © Alw))
= Nuex (dx(z,—) @ Az)) = A= (0.3,0.2,0.5),
95 (°®(A) (=) = V.ex(9°(A)(9(2)) © dx(z,7)) = A= (0.3,0.2,0.5)
= V.ex(A(z) ©dx(z,-)) = A(-).
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For all y € X,
e (99(4):(dr 1)) = Vaex(A(@) © dx () = Aly) = 02,
& (dr, 1 )g()) (=) = dx(=,y) = (0.5,0,0.6),

d

L )
dr, s (A g5 (A, o)) = Vaex (A@) € dx (@)
drs, (@r, ) 8°°(A) = Viex(dx(2,9) & Ala)

* = d‘rd;l (QEB%(( T —1)9(9 )’A)

Example 3.8. Let X = {h; | i = {1,2,3}} and Y = {e,b,w,c,i} be sets with
h;=house, e=expensive, b= beautiful, w=wooden, c= creative, i=in the green sur-
roundings. Let ([0,1],®,©,n,0,1) be a complete co-residuated lattice defined in
Example 3.7. Let R € [0,1]%*Y be the fuzzy information as follows:

R e b w c i

hy 09 03 0.7 09 0.2
ho 05 08 04 03 0.5
hs 04 09 08 0.7 0.6

Define dx : X x X — [0,1] by
dx(fﬂyy) = \/ (R('T7a) S] R(yaa’))

a€cY

Ay) =02,
0.2

) =
)

Then

dx | hi he hs
hy | 0 06 05
ha |05 0 0
hs | 0.6 04 0

Define f : (Xv dX) — (dead‘rdx) by f(x) = (dX)az and g: (deX) - (Td;(ladﬂ'dfl)
X

by g(z) = (dx)*. Then f and g are two embedding maps. By a similar method
used in Example 3.7, one can investigate various maps.

4. CONCLUSION

Let (X,dx) be a distance space. We have constructed two embedding maps
f : (deX) - (dead'rdx) and g : (de;(l) - (Td;(lad'rd;(l) by f(fE) = (dX)m

and g(z) = (dx) where (dx).(y) = dx(z,y) and (dx)*(y) = dx(y,x) for all
xz,y € X. We have studied their properties and have given their examples. As a
topological representation, we have investigated the embedding map h : (X,dx) —
(r,=1 ,dr _, ). Moreover, we have suggested Example 3.8 for an information sys-
Td;(l dfd;(1
tem.
In the future, by using the concepts of embedding maps, information systems and

decision rules can be investigated on co-residuated lattices.
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