Annals of Fuzzy Mathematics and Informatics
Volume 24, No. 3, (December 2022) pp. 281-299

ISSN: 2093-9310 (print version)
ISSN: 2287-6235 (electronic version)
http://www.afmi.or.kr

https://doi.org/10.30948/afmi.2022.24.3.281

@IFMI

(©) Research Institute for Basic
Science, Wonkwang University
http://ribs.wonkwang.ac.kr

Interval-valued relations and their application to
category theory

M. CHEONG, S. H. Han, J. I. BAek, K. Hur

Q I
L@ 1]
L@ M I |
@ M 1|
@F MI
@QF M1 @QF MI

@F MI
@F MI
@QF MI

©
=
=
@)
=
=

@QF MI
@QF MI
@QF M I

@F M T

@QFMI

@ I

M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 24, No. 3, December 2022



Annals of Fuzzy Mathematics and Informatics
Volume 24, No. 3, (December 2022) pp. 281-299 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2022.24.3.281 http://ribs.wonkwang.ac.kr

Interval-valued relations and their application to
category theory

M. CHEONG, S. H. Han, J. I. BAek, K. HUr

Received 1 September 2022; Revised 19 October 2022; Accepted 1 November 2022

ABSTRACT. In this paper, we define an interval-valued relation and
an interval-valued partition, and study some of their properties. Also we
define interval-valued relational spaces and obtain some properties of the
category (denoted by IVRel), which is class of interval-valued relational
spaces and the morphisms between them. Furthermore, we prove that the
full subcategory IVRel of the category IVRel is a topological universe
over Set.
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1. INTRODUCTION

In 2020, Kim et al. [1] studied various topological structures via interval-valued
sets proposed by Yao [2]. Recently, Han et al. [3] introduced the notions of interval-
valued ideals, interval-valued positive implicative ideals, interval-valued implicative
ideals and interval-valued commutative ideals in BC'K-algebras, and discussed some
of their properties.

A (binary) relation play an important role in congruence, graph theory, and com-
puter science, etc. The category is applied to many fields of mathematics including
abstract algebra. Moreover, it has an important relevance in the study of theoretical
computer science, mathematical fundamentals, and mathematical physics. In par-
ticular, it has already been known ([4, 5, 6, 7]) that the concept of the topological
universe proposed by Nell [8] can be effectively used in various fields of mathematics.
Recently, Lee et al. [9] constructed the category CRelp(H) [resp. CRelr(H)] of
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cubic H-relational spaces and P-preserving [resp. R-preserving] mappings between
them, and discussed their categorical structures in the sense of a topological universe
(See [10, 11, 12, 13] for the further researches).

It is our aim to study the category of relations based on interval-valued sets in a
viewpoint of a topological universe. To do this, we study in two directions. First,
we define an interval-valued relation and obtain its various properties. Second, we
form the category (denoted by IVRel), which is class of interval-valued relational
spaces and the morphisms between them, and find some of its properties. Moreover,
we prove that the full subcategory IVRel, of the category IVRel is the topological
universe over Set.

2. PRELIMINARIES

We list basic definitions and two results interval-valued sets needed in next sec-
tions.

Definition 2.1 (See [2]). Let X be an nonempty set. Then the form
[A=,AT]={BCX:A" CBCA"}

is called an interval-valued set (briefly, IVS) or interval set in X, if A=, At C X

and A~ C AT. In this case, A~ [resp. AT] represents the set of minimum [resp.

maximum| memberships of elements of X to A. In fact, A~ [resp. AT]is a minimum

[resp. maximum] subset of X agreeing or approving for a certain opinion, view,

suggestion or policy. [&, 2] [resp. [X, X]] is called the interval-valued empty [resp.

whole] set in X and denoted by & [resp. X]. We will denote the set of all IVSs in
X as IVS(X).

It is obvious that [A, A] € IVS(X) for classical subset A of X. Then we can
consider an IVS in X as the generalization of a classical subset of X. Furthermore,
if A=[A",AT] € IVS(X), then

Xa = [XA—7XA+]

is an interval-valued fuzzy set in X introduced by Zadeh [14]. Thus we can consider
an interval-valued fuzzy set as the generalization of an IVS.

Definition 2.2 (See [2]). Let X be a nonempty set and let A, B € IV.S(X). Then
(i) we say that A is contained in B, denoted by A C B, if A~ C B~ and
At c BT,
(ii) we say that A is equal to B, denoted by A= B, if AC Band B C A,
(iii) the complement of A, denoted A€, is an interval-valued set in X defined by:

A = [(AT)e, (A7),
(iv) the union of A and B, denoted by A U B, is an interval-valued set in X
defined by:
AUB=[A"UB ,AtuUB"],
(v) the intersection of A and B, denoted by AN B, is an interval-valued set in
X defined by:
ANB=[A"NnB ,A"nB"].
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Definition 2.3 ([1]). Let X be a nonempty set, let a € X and let A € IVS(X).
Then the form [{a}, {a}] [resp. [&, {a}]] is called an interval-valued [resp. vanishing]
point in X and denoted by a, [resp. a,]. We will denote the set of all interval-valued
points in X as IVP(X) = IVp(X) U IVyp(X), where IVp(X) [resp. IVyp(X)]
denotes the set of all interval-valued [resp. vanishing] points in X.

(i) We say that a, belongs to A, denoted by a, € A, ifa € A™.

(i) We say that a, belongs to A, denoted by a, € A, ifa € A™.

Result 2.4 (Theorem 3.14 [1]). Let (A;)jes CIVS(X) and let a € X.
(1) a, €A, [resp. a, € (A;] if and only if a, € Aj [resp. a, € A;], for each
jel.
(2) a, € UA; [resp. a, € UA,] if and only if there exists j € J such that
a, € Aj [resp. a, € A;].

Result 2.5 (Theorem 3.15 [1]). Let A,B € IVS(X). Then

(1) Ac Bifand only ifa, € A= a, € B [resp. a, € A = a, € B] for each
acX.

(2) A=Bifand only if a, € A & a, € B [resp. a, € A < a, € B] for each
acX.

3. INTERVAL-VALUED RELATIONS

We define an interval-valued relation from X to Y, and study some of its proper-
ties, where Xand Y are nonempty sets. Also we define an interval-valued equivalence
relation on X and an interval-valued partition of X and study some of its properties.

Definition 3.1. Let X, Y be two nonempty sets and let A € IVS(X), B € IVS(Y).
Then the Cartesian product of A and B, denoted by A x B, is an interval-valued set
in X x Y defined as follows:

AxB=[A" x B~,A" x B™].
Example 3.2. Let X = {a,b,¢,d}, Y = {1,2,3} be sets. Let A € IVS(X),
B e IVS(Y) given by:
A=[{a,b},{a,b,d}], B=[{1},{1,2}].
Then clearly, A x B = [{(a, 1), (b,1)},{(a, 1), (a,2), (b,1),(b,2),(d, 1), (d,2)}].
Proposition 3.3. Let X, Y be two nonempty sets. Then the followings hold:

a, x b, = [{(a,b)},{(a,0)}] and a, x b, = [, {(a,b)}]
foranya,, a, € X and b, b, € Y.

In Proposition 3.3, we write a, X b, [resp. a, x b,] as (a,b), [resp. (a,b),]
and it will be called an interval-valued [resp. wvanishing] ordered point in X x Y.
Then by Definition 2.3, IVP(X xY) =IVp(X xY)UIVyp(X xY). In this case,
IVP(X xY) will be called the interval-valued Cartesian product of X and Y, and
denoted by X xY.
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Example 3.4. Let X = {a,b,c}, Y ={1,2}. Then clearly,
X X Y = {(a’ 1)17 (a’ 2)17 (b’ 1)17 (b’ 2)17 (C7 1)1’ (C7 2)17
(a,1),,(a,2)y, (b, 1)y, (0,2),, (¢, 1), (¢,2), }-

Remark 3.5. (1) Let Xy, Xo, ---, X,, be nonempty set. Then we can define
the interval-valued Cartesian product of X1, Xo, -+, X, as follows:
[1x:i=1ve(]x) =1ve(J] X)) uiver(J] X0).
i=1 i=1 i=1 i=1
Each member of IVp([]\_; X;) [resp. IVyp(I], X;)] is called an interval-
valued [resp. vanishing] n-ordered point in ]}, X;.
(2) Let (X;) e be a collection of arbitrary sets. Then we can define the interval-
valued Cartesian product of (X;) ey as follows:

[1X =1vP(] x) =1ve(J[ X)uIves([] X5).

jeJd jeJ jeJd jeJ
Each member of IVp([];c; X;) [resp. IVv p([[;c; X;)] is called an interval-
valued [resp. vanishing] arbitrary-ordered point in [[; ; X;.

Proposition 3.6. Let X be a nonempty set. Then Ax @ = @ = @ x A for each
AelIVS(X).

Proposition 3.7. Let X be a nonempty set and let A, B, C € IVS(X). Then the
followings hold:

(1) Ax(BNC)=(AxB)N(Ax (),

(2) Ax (BUC)=(AxB)U(AxC).

Definition 3.8. Let X, Y be two nonempty sets. Then p = [p~, pT] is called an
interval-valued relation from X to Y, if pe IVS(X xY), ie., p™, pt CX xY. If
p € IVS(X x X), then p is called an interval-valued relation on X. We will denote
the interval-valued empty [resp. whole] relation on X as & [resp. X] and the set of
all interval-valued relations on X as IV R(X).

Example 3.9. Let X = {a,b,c,d,e}. Consider the interval-valued set p in X x X
given by:

p = [{(a,a),(a,b), (b, ), (d,e), (e, )}, {(a; a), (a,]), (n, a), (b, ¢), (¢, d), (d; e), (¢, €) }].
Then clearly, p € IVR(X).

Remark 3.10. (1) If p is a classical relation on a set X, then [&, p], [p,p] €
IVR(X).
(2) If p = [p~, p*] is an interval-valued relation on a set X, then x, = X,- X,
is an interval-valued fuzzy relation on X in the sense of Roy and Biswas [15].
Moreover, p~ and pT are classical relations on X.
(3) If p € IVR(X), then p~, pT € B(X), where B(X) denotes the set of all
classical relations on X (See [10]).

From (1) and (2), we can consider an interval-valued relation as a generalization
of a classical relation and a special case of an interval-valued fuzzy relation.
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Theorem 3.11. Let X, Y be two nonempty sets. Then p is an interval-valued
relation from X to'Y if and only if there is R C X XY such that p=JR.

Proof. The proof is obvious from Proposition 3.3 and Definition 3.8. O

Example 3.12. Let X = {a,b,c}. Then we have
XxX= {(a,a),,(a,b),,(a,c),, (b,a),, (b,b),, (b,c),,
(¢;a),, (¢,),, (¢, 0),, (a,a)y, (a, )y, (a,€),,
(b,a),, (b,b)y, (b, €)y, (€;a)y, (€, D), (¢, )y}
Consider R C X x X given by:

R = {(av a)l? (b7 a)la (C, a)o’ (Cv C)o}'

Then we easily check that

Ur= »(b;a)},{(a,a), (b, a), (¢, a), (¢,c)}].
Thus [JR € IVR(X). Furthermore, X = | J(X x X) = [X x X, X x X].

Since an interval-valued relation from a set X to a set Y is an interval-valued set
in X x Y, we can define the inclusion p C o, the intersection p N o, the union pU o
and the complement p¢ for any interval-valued relations p and o same as Definition
2.2. Then we obtain the following results.

Proposition 3.13 (See (i1)—(i3) and (k1)—(k3), [2]). Let X be a nonempty set and
let p, o, T € IVR(X). Then

(1) o CpcCX,

(2) ifpCoando CT, thenp CT,

(3) pCpUoando CpUo,

(4) pnoCpandpno Co,

(5) pCoifand only if pNo = p,

(6) pCoifand only if pUoc =o0.

Proposition 3.14 (See (11)—(18), [2]). Let X be a non-empty set and let p, o, T €

IVR(X). Then
(1) (Idempotent laws) pUp=p, pNp=p,
(2) (Commutative laws) pUo =0Up, pNo =0oNp,
(3) (Associative laws) pU(cUT) = (pUo)UT, pN(cNT)=(pNo)NT
(4) (Distributive laws) pU (cN7) = (pUo)N(pUT),
pN(cUT)=(pNo)U(pNT),
(5) (Absorption laws) pU (pNo) =p, pN(pUo) = p,
(6) (DeMorgan’s laws) (pU o) = p°No®, (pNo)®=p°Uo®,
(7) (p°)° =p,
(8) (82) pUD =p, pNT =0,

(
(8) pUX =X, pNX =p,
(8.) Xc=0, &°=X,

(84) pUp®# X, pNp° # & in general (See Example 3.7, [1]).

Example 3.15. Let X = {a, b, c}. Consider the interval-valued relation on X given
by:

p = [{(a,a),(b,)},{(a,a),(a,b), (b,c)}] € IVR(X).
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Then clearly, we have

p° = [{(a,c), (b,a), (b)), (¢,a),(c,b), (¢, c)},{(a,b), (a,c), (b,a), (b,b), (¢,a), (c, ), (¢, c) }].
Thus we get
pNpt= [®7{(a7b)}] # ®7
pUp° = [{(a,a), (a,¢), (b,a), (b,b), (b,¢), (¢, a), (¢,b), (¢, )}, X] # X.

Definition 3.16. Let X, Y be two nonempty sets, let (a,b),, (a,b), € X x Y and
let p be an interval-valued relation from X to Y.

(i) We say that (a,b), belongs to p, denoted by (a,b), € p, if (a,b) € p~.

(i) We say that (a,b), belongs to p, denoted by (a,b), € p, if (a,b) € p™T.

Proposition 3.17 (See Proposition 3.11 [1]). Let X, Y be two nonempty sets, let
p be an interval-valued relation from X toY and let

Prvp = U (a,b), Pryve = U (a,b),-

(a,b), €p (a,b),€p
Then P=Prvp YPrvvp- In faCt: Prvp = [pivpi] and Prvve = [gijr]'

Theorem 3.18 (See Proposition 3.14 [1]). Let X be a nonempty set, let (p;)jcs C
IVR(X) and let (z,y) € X x X.
(1) (m7y)1 € ﬂje]pj [resp. (x>y)0 € mjejpj] Zf and Only Zf (x7y)1 € Pj [resp.
(x,v), € pj] for each j € J.
(2) (z,9), € Ujesps [resp. (2,9), € Uy ps] if and only if (x,y), € p; [resp.
(z,vy), € pj] for some j € J.

Theorem 3.19 (See Proposition 3.16 [1]). Let X be a nonempty set and let p, o €
IVR(X). Then p C o if and only if (z,y), € p = (x,y), € o [resp. (x,y), € p =
(x,y), € o] for each (z,y) € X x X.

Let p be an interval-valued relation from a set X to a set Y. Then we write
(a,b),, (a,b), € p as a,pb, and a,pb,, and may be read: “a, is p-related to a,” and
“a, is p-related to a,”.

Definition 3.20. Let p be an interval-valued relation from a set X to a set Y. Then
the domain and the image of p, denoted by Dom(p) and I'm(p), are an interval-valued
set in X and Y defined as follows: _

Dom(p) = U{a, € X : (a,b), € p for some b, € Y}

UU{a, € X : (a,b), € p for some b, € Y},

Im(p) = U{b, €Y : (a,b), € p for some a, € X}

UU{b, €Y : (a,b), € p for some a, € X}.
Remark 3.21. Let p be the interval-valued relation from a set X to a set Y. Then
from Definition 3.20, we can easily see that
Dom(p) = Dom(p™) U Dom(p*), Im(p) = Im(p~) U Im(p*),
where

Dom(p~)={a€ X :(Ib€Y)(a,b) €p~}, Dom(p")={aec X :(3beY)(a,b) € pT},
286
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Im(p )={beY :Fac X)(a,b)cp }, Imp)={bcY:(FacY)(ab) cpt}.
Example 3.22. Let p be the interval-valued relation from X = {a,b,c} to Y =
{1,2,3} given by:

p = [{(a7 1)7 (b’ 2)}7 {(a7 1)’ (b7 1)7 (b7 2)7 (C’ 1)}'
Then clearly, Dom(p) = [{a,b},{a,b,c}] and Im(p) = [{1,2}, {1,2}].

Proposition 3.23. Let p, 0 € IVR(X). If p C o, then Dom(p) C Dom(o) and
Im(p) C Im(o)

Proof. The proof is obvious from Theorem 3.19 and Definition 3.20. O

Definition 3.24. Let p, 0 € IVR(X). Then the product of p and o, denoted by
00,y p, is an interval-valued relation on X defined as follows:
oo, p=U{(z,y), € X x X :(3z € X) (2,2), €p, (2,9), €0}
VU{(2,y), € X x X = (32, € X) (2,2), €p, (2,9), €}

In fact, we can easily see that

topt],

where 0~ 0 p~ and ot o pT denote the product of classical relations.

e [Uiopiag

Proposition 3.25. Let p, 0, 7 € IVR(X). If p C 0, then po,, T Coo,, T and
TO,, pCTOL, O.

Proposition 3.26 (See Proposition 4.4, [16]). (IVR(X),0,,) is a semigroup.

Definition 3.27. Let p = [p—,pT| be an interval-valued relation from a set X to
a set Y. Then the inverse of p, denoted by p=! = [(p~)~L, (pT)~], is an interval-
valued relation from Y to X such that b, p~1a,, b,p~a, if and only if a, pb, , a,pb,,
ie.,

pt= LJ{(b,a)1 €Y x X :(a,b), € ptU U{(b, a), €Y x X : (a,b), € p}.

In fact, we can easily have

-1 _ -1 —1
P =Prvp U‘OIVVP'

Proposition 3.28. Let p be an interval-valued relation from a set X to a set Y.
Then Dom(p) = Im(p~') and Im(p) = Dom(p~1).
Proposition 3.29. Let p, o, p1, -+, pn € IVR(X).

(1) p7t € IVR(X) and (p~1)" L = p.

(2) If pC o, then p~t C o™ L.

(3) P1 Oy P2Ory " Oy pn)_l = pr:l Orv """ Crv p;l Orv pfl'
Definition 3.30. Let X be a nonempty set, let p € IVR(X) and let z € X,
AelIVS(X).

(i) pz,, px, and pz are interval-valued sets in X defined respectively as follows:

pr,= |J wipro= U v pz=pw, Upz,,

(z.y), €p (z,y),€p
287
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where y,, y, € X. In fact, we can easily see that
pr=p zUptz,

where p"z ={y e X : (z,y) € p™}, pro={ye X :(z,y) €p™}.
(ii) pA is the interval-valued set in X defined by:

pA = U pa, U U pa, .

a, €A a, €A

In fact, (pA)™ =U,ca-(p)"a, ()TA=U,ca+(p)"a

It is obvious that pr # @ if and only if px, # @ or pz, # I, i.e., x, € Dom(p)
or z, € Dom(p).
Remark 3.31. Let X be a nonempty set, let p € IVR(X) and let € X. Then

p~tx is the interval-valued set in X similarly defined as Definition 3.30 (i) and
p~tz # @ if and only if z, € Im(p) or z, € Im(p).

Definition 3.32. Let X be a nonempty set. Then ¢ is called an interval-valued
partial mapping of X, if it satisfies the following conditions: for any x, y, z € X,
(i) if (z,y), € ¢ and (z,2), € ¢, theny, =2,
(ii) if (z,y), € ¢ and (z,2), € ¢, then y, = z,.
We will denote the set of all interval-valued partial mappings of X as IVPM(X).
If o€ IVPM(X) and (z,y), € ¢ [resp. (z,y), € ¢], then we will write

(p($1) =Y [resp.gp(xo) = yo]'

Remark 3.33. (1) If ¢ € PT(X), then [p,p] € IVPM(X), where PT(X)
denotes the set of all partial mappings of X (See [10]).
(2) If p € IVPM(X), then ¢—, ¢ € PT(X).
(3) Let ¢ € IVPM(X). Then ¢! need not be an interval-valued partial map-
ping of X (See Example 3.34).

Example 3.34. Let X = {a,b,c}. Consider three interval-valued relations p, o and
@ on X given by:

p = [{(a,b),(a,c), (b,c)},{(a,a),(a,b),(a,c),(bb), (b c)}],
0= [{(a7 a)7 (b7 a)}, {(ava)7 (b7 a’)7 (Cv a), (C, b)}]v

¢ = [{(a,a),(b;a)},{(a,a), (b,a), (¢, ) }].
Then we can easily check that p ¢ IVPM(X), o ¢ IVPM(X) but ¢ € IVPM(X).
By Remark 3.33 (2), we can see that

S {(a7a)’ (b7 a)}v 90+ - {(a’ a)? (bv a)v (C’ b)} € PT(X)
Furthermore, p=1 ¢ IVPM (X) since (¢~)~! = {(a,a), (a,b)} € PT(X).

Proposition 3.35 (See Proposition 4.16, [16]). IVPM(X) is a subsemigroup of
(IVR(X),0, ).
288
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Proof. Tt is sufficient to prove that o, ¢ € IVPM(X) for any ¢, ¢ € IVPM(X).
Let ¢, ¢ € IVPM(X) and suppose (x,y),, (z,2), € ¥ o,, p. Then there are
u,, v, € X such that

(x,u), €, (u,y), €@, (z,v), €, (v,2), € .

Thus by Definition 3.32 (i), u, = v, and y, = z,. So ¥ o,,, ¢ satisfies the condition
Definition 3.32 (i). Similarly, we can show that 1 o,, ¢ satisfies the condition
Definition 3.32 (ii). Hence ¢ o,, ¢ € IVPM(X). O

Proposition 3.36 (See Proposition 4.17, [16]). Suppose @, ¥ € IVPM(X). Then

(1) Dom(p o, @) = o~ [Im(p) N Dom(h)],

(2) Im( o, @) = ¥[Im(p) N Dom(v)],

(3) (1}[} Orv @)(xl) - So(qzb(xl)) and (7/} Orv @)(xo) = @(w(xo)) for any x, z, €
Dom(vo,, ).

Proof. (1) Let #, € Dom(v o,, ¢). Then there are y,, z, € X such that (z,y), €
¢, (y,2), € ¥. Thus y, € [Im(p) N Dom(v))] and (y,z), € ¢~ 1. So by Definition
3.30, we have

z, € 'y, C o ' [Im(p) N Dom(y)].

Similarly, we get z, € ¢~ [Im(p) N Dom(v)] for each z, € Dom(3 o,,, ). Hence
Dom(y o, ¢) C ¢~ [Im(p) N Dom(y))].

Conversely, let z, € o~ [Im(p) N Dom(3)]. Then there is z, € Im(p) N Dom(1))
such that =, € ¢~ 'z, ie., (z,2), € ¢. Since z, € Dom(v), there is y, € X such
that (z,y), € . Thus (z,y), € ¥o,, ¢, i.e., x, € Dom(yo,, ). Similarly, we have
x, € Dom( o, ¢). So ¢~ {Im(p) N Dom(¢))] C Dom(3 o, ¢). Hence the result
holds.

(2) The proof is similar to (1).

(3) (2,2), € ¥ o,, ¢ if and only if there is y, € X such that (z,y), € ¢ and
(y,z), €. Since ¢, ¥, Y o,, p € IVPM(X), Definition 3.32, we have y, = o(z,)
and 2, = Y(y,). Thus (4 oy, 9)(z,) = $((z,)). Similarly, we have (10, ¢)(z,) =
o($(,)). 0

Definition 3.37. Let f € IVPM(X). Then f is called an interval-valued mapping
from X into X (in briefly, of X), if D(f) = X. We will denote the set of all
interval-valued mappings of X as IVM(X). It is clear that felvMm (X), then
f=, ft € T(X), where T(X) denotes the set of all classical mappings of X (See

[16]).
It is obvious that f € IVM(X) % f~1 € IVM(X) in general.
Proposition 3.38. If f, g€ IVM(X), then §o,, f € IVM(X).
The following is an immediate consequence of Propositions 3.35 and 3.38.

Corollary 3.39 (See Proposition 4.18, [16]). (IVM(X),o0,,) is a subsemigroup of

(IVPM,o,,) and then a subsemigroup of (IVR(X),o0,,).
289



Cheong et al./Ann. Fuzzy Math. Inform. 24 (2022), No. 3, 281-299

]Beﬁnition 3.40. The interval-valued diagonal relation on X, denoted by &X or
A\, is defined by:
AX = [ U (x,x)l, U (I’x)l]'
zeX reX
From Proposition 3.17, we can easily see that
A=A, . ={@z):zeX}{(zz):zeX}]

Moreover, AelIVM (X), and it will be called an interval-valued identity mapping
and denoted by idx. In fact, idx = [idx,idx], where idx denotes the classical iden-
tity mapping.

Equivalence relations are very important in modern mathematics, for example,
factor groups in algebra, quotient spaces in topology and modular number systems
in number theory, etc. Now we give the definition for an equivalence relation in
terms of interval-valued sets.

Definition 3.41. Let X be a nonempty set and let p € IVR(X). Then R is said
to be interval-valued
(i) reflexive, if z, px,, x,px, for each x € X, i.e., ACop,
(ii) symmetric, if z,py,, ,py, imply y,pzx,, y,pr, for any z, y € X, ie.,
p=p"
(iii) tramsitive, if x, py,, y,pz, and x,py,, Y,pz, imply z, pz, and z,pz, for any
z, Yy, 2z € X,ie,po,, pCp,
(iv) an equivalence relation on X, if it is reflexive, symmetric and transitive.
We will denote the set of all interval-valued equivalence relations on X as IVRg(X).

From Definitions 3.40 and 3.41, it is obvious that A € IVRE(X).

Remark 3.42. (1) If p € IVRp(X), then Dom(p) = Im(p) = X.
(2) If p € IVRE(X), then p~, pt € Rg(X), where Rg(X) denotes the set of
all classical equivalence relations on X.

Example 3.43. Let X = {a,b,c,d,e} and let p = [p—, pT| be the interval-valued
relation on X given by:

p~ ={(a,a),(b,b),(c,c),(d,d), (e,e), (a,b), (b,a)},
pt = (a,a), (b,b),(c, ), (d,d), (e, e), (a,b), (b,a), (c,a), (a,c), (b c), (c,b)}.
Then clearly, p € IVRg(X).
Definition 3.44. Let ¥ = (A;);cs be a family of interval-valued sets in a set

X. Then ¥ is called an interval-valued partition of X, if it satisfies the following
conditions:

(i) 27 = (4])jes and T = (A7 )jes
(ii) ¥~ is a classical partition of X.

Example 3.45. Let X = {a,b,¢,d, e} and consider two families X1 = {A;, Ay, A3}
and 3y = {By, B, Bs}of interval-valued sets given by:

A= [{aa b}a {aa b, C}]a Ay = [{Cv d}v {Cv d, 6}], Az = [{6}7 {b7 6}],
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B, = [{a” b}’ {CL, b}]v By = [{Cv d}7 {Cv d}]a B; = [{6}5 {6}]

Then we can easily check that 31 is not an interval-valued partition but s is an
interval-valued partition of X.

Remark 3.46. Let ¥ = (A4;);jcs be a family of interval-valued sets in a set X. If
there is jo € J such that A; & A;-;, then X1 = (A;r)jej cannot a partition of X.
Thus ¥ is not an interval-valued partition of X. So for ¥ to be an interval-valued
partition of X, the sufficient condition “Aj_ = Aj for each j € J” must be added.
Hence in this case, to prove that ¥ is an interval-valued partition of X, it is sufficient
to show that ¥~ is an partition of X.

In Definition 3.30 (i), if p € IVRg(X), then for each x € X, px is called an
interval-valued equivalence class determined by x and p. The set of all interval-
valued classes in X is denoted by X/p, i.e., X/p = {pxr € IVS(X) : z € X} and
X/p is called the interval-valued quotient set of X by p.

Proposition 3.47. Let X be a nonempty set and let p € IVRg(X). Suppose
p~x = ptx for each v € X. Then X/p is an interval-valued partition of X .

Proof. The proof is similar to the classical case. O

In Proposition 3.47, if the condition “p~x = pTz for each x € X” is omitted,
then X/p can be not an interval-valued partition of X (See Example 3.48).

Example 3.48. Let p be the interval-valued equivalence relation on X given in
Example 3.43. Then we can easily calculate that

pa = [{a,b},{a,b,c}], pc=[{c},{a,b,¢}], pd = [{d},{d}], pe = [{e}, {e}].

Since (X/p)t = {p*ta,pTc,ptd, pTe} is not a partition of X, X/p is not an interval-
valued partition of X, where X/p = {pa, pc, pd, pe}.

Proposition 3.49. Let X be a nonempty set and let p € IVRg(X). Suppose
p~x = ptx for each v € X. Then X/p is an interval-valued partition of X .

Proof. The proof is similar to the classical case. a
The following is the converse corresponding to Proposition 3.49.

Proposition 3.50. Let X be a nonempty set and let ¥ = (A;);es be an interval-
valued partition of X. We define an interval-valued relation X/¥ on X as follows:
for each (z,y) € X x X,

z(X/¥)"y if and only if (3j € J) z, y € 4.
Then X/% € IVRg(X). Moreover, X/(X/%) = X.
Proof. The proof is similar to the classical case. O

Example 3.51. Let us consider the interval-valued equivalence relation X /¥ on X
given in Example 3.45. Then clearly by Proposition 3.49, X /Y5 € IVRg(X). In fact,
(X/%2)” = (‘XF/EQ)+ ={(a,a),(a,b), (b,a), (b,b), (c,c), (c,d), (d,c),(d,d), (e,e)}. Fur-
thermore, we can confirm that X/(X/¥3) = 3s.
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4. THE CATEGORY OF INTERVAL-VALUED RELATIONS

We construct the category of interval-valued relational spaces and the morphisms
between them, and study it in the sense of a topological universe. From Definitions
3.32 and 3.37, we have the following definition.

Definition 4.1. Let X, Y be nonempty sets and let f = [f~,f"] e IVR(X xY).
Then f is called an interval-valued mapping from X into Y, denoted by f X-=>Y,
if f=, fT:X — Y are classical mappings. If f~, f* are injective [resp. surjective,
bijective], then fis said to be interval-valued injective [resp. surjective, bijective].

Example 4.2. Consider two mappings f~, f* : R — R defined by: for each z € R,
fr@)=x+1, ff(z) =2z +1.
Then clearly, fv: [f~, f*] is an interval-valued mapping. Moreover, fis bijecrive.

Definition 4.3. Let X, Y be two non-empty sets, let f: X — Y be an interval-
valued mapping and let A € IVS(X), B € IVS(Y).

(i) The image of A under f, denoted by f(A), is an IVS in Y defined as:
FA) = [f(A7), FH(AN).
(ii) The preimage of B under f, denoted by f~1(B), is an IVS in X defined as:
FUBY =) B, () (B

It is obvious that f(a,) = f(a), and f(a,) = f(a), for each a € X.

Proposition 4.4. Let X, Y be two non-empty sets, let f: X =Y be an interval-
valued mapping, let A, Ay, Ay € IVS(X), (4j)jes CIVS(X) andlet B, By, By €
IVS(Y), (A))jes CIVS(Y). Then

(1) if A1 C Ay, then f(An C f<42>,
(2) if B1 C By, then f- Y(B1) C f71(B2),
(3) Ac FYf(A)) and sz is injective, then A = f~1(f(A)),
(4) f( YB)) c B and fo is surjective, f(f~1(B)) = B,
(5) F ' (Ujes Bi) = UJEJJi H(Bj),
(6) Ji 1(ﬂjeJ Bj) = ﬂje;] f4(By),
() FUjes A) = Uyes FA), i
®) f(Njes 4) € MNjes F(A;) and if [ is injective, then [((;c; A7) = Njes J(4y),
9) sz is surjective, then F(A)E C f(A°).
10) fABY) =By,
(1) (@) =2, f1(X) =X, N
(12) f(@) =& and if f is surjective, then f(X) = X, N
(13) if§: Y — Z is an interval-valued mapping, then (go,, f)~1(C) = f~1 (5~ 1(C))
for each C € IVS(Z).
Proof. The proof is straightforward. O
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Definition 4.5. Leth: X =Y and g: Z — W be any interval-valued mappings.
Then the product of f and g, denoted by f x g = [f~ x g, ft x g*], is an interval-
valued mapping from X x Z into Y x W defined as follows:

T xg, [Txgt:XxZ—=Y xW are classical product mappings.
In particular, we write the product mapping fx f: XXX —>Y XY as fz.

Definition 4.6. Let X be a nonempty set and let p € IVR(X). Then (X, p) is
called an interval-valued relational space (in briefly, IVRS).

It is clear that if (X, p) is an IVRS, then (X,p~), (X, p") are relational spaces
in the sense of Chung [17].

Definition 4.7. Let (X, p), (Y,0) be two IVRSs and let f : X — Y be an interval-
valued mapping. Then f : (X,p) — (Y,0) is called an interval-valued relation
preserving mapping (briefly, IVRPreM), if f2(p) C o.

Remark 4.8. From Result 2.4, Definition 4.7 and Proposition 4.4 (3), we can easily
see that:

f:(X,p) = (Y,0) is an IVRPreM
if and only if (f(z), f(y)), € o and (f(2), f(y)), € o
for any (z,9),, (z,y), € p
if and only if p C (f~1)2(0), Le., p~ C (f~ H2(c7), p* C (f*)%(o").
In fact, f~ : (X,p7) = (Y,o ) and f*: (X,p") = (Y,0") are relation preserving
mappings (See [17]).

The followings are immediate consequences of Definitions 3.40 and 4.7, and Propo-
sition 4.4 (13).

Proposition 4.9. Let (X, p), (Y,0), (Z,5) be IVRSs.
(1) The interval-valued identity mapping idx : (X, p) — (X, p) is an IVPreM.

(2) If f: (X,p) = (Y,0) and g : (Y,0) = (Z,0) are IVPreMs, then go,, [ is
an IVPreM.

From Proposition 4.9, we can see that IVRel forms a concrete category, where
IVRel denotes the the class of all IVRSs and IVRPreMs between them. FEvery
IVRel-morphism will be called an IVRel-mapping.

Remark 4.10. (1) From Definition 3.32, Proposition 4.5 and Theorem 1.4 in
[17], we can think that the category IVRel composes of two categories
consisting of all relational spaces and relation preserving mappings between
them, say IVRel™ and IVRel". Then we will write

IVRel = IVRel ,IVRel].

(2) It is clear that every singleton set has two different interval-valued relations.
Then the category IVRel is not properly fibred. However IVRel is well-
powered and cowell-powered.

Proposition 4.11. The category IVRel is topological over Set, where Set is the
category consisting of all sets and mappings between them. That is, for each set
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X, each family ((X;,p;))jes of IVRSs and for each family (fj X = Xj)jes of
interval-valued mapping (called a source of interval-valued mappings), there is a
p € IVR(X) which initial with respect to (X, (f;)jes, ((Xj,p;5))jer) (See [18, 19] for
the definition of a topological category).

Proof. Let X be a set and let ((Xj, pj));jcs be a family of IVRSs.

(i) Suppose (fj : X — Xj)jes is a source of interval-valued mappings. We
define an interval-valued relation p on X defined as follows:
p= G0 = 1N U7 oy U0
= jeJ jeJ
Then it is well-known (Theorem 1.6 (1) [17]) that f;” : (X,p7) — (Xj,pj)
and f;r (X, ph) — (Xj,pj') are relation preserving mappings. Thus f; :
(X, p) = (Xj,p;) is an IVRel-mapping.
(ii) Suppose (Y,0) is any IVRS and g : ¥ — X is an interval-valued mapping
such that g o f : (Y,o) = (Xj,p;) is an IVRel-mapping for each j €
J. Then from (Theorem 1.6 (1) [17]), g~ : (Y,07) — (X,p”) and g% :
(Y,or) — (X, p") are relation preserving mappings. Thus g : (Y,0) —
(X, p) is an IVRel-mapping. So p is the initial interval-valued relation on
X with respect to (fj)jej. This completes the proof.
U

The following is the dual of Proposition 4.12.

Corollary 4.12. The category IVRel is cotopological over Set. In fact, the final
interval-valued relation p on X with respect to a sink (f; : X; = X)jey is
= _2 _ 2
p=UFe)=WIU#F"r; 0l
JjeJ jeJ jeJ
Proof. From (Theorem 1.5 [19]), it is clear that IVRel is cotopological over Set.
However, by (Theorem 1.6 (1) [17]), we can prove directly that p is the final interval-
valued relation on X with respect to (fj);e. O

Remark 4.13. (1) IVRel is complete and cocomplete (See Proposition [18]
and Theorem 1.6 [19]).
(2) IVRel is well-powered and co-well-powered (See Proposition [18]).
(3) IVRel is Cartesian closed over Set (See Examples 1.9 (a) [20]).

Proposition 4.14. Final episinks in IVRel are preserved by pullbacks.

Proof. From Remark 4.6 (1), it is sufficient to prove that final episinks in IVRel™

and IVRel" are preserved by pullbacks. Let (9; « (X,p;) = (Y,p;))jes be any

final episink in IVRel™ and let f~ : (W,p. ) — (Y, p. ) be any IVRel -mapping.

For each j € J, let Uy = {(w,z;) € W x X; : f~(w) = g; (z;)}, let P =
J

P X Pj ly-xp- and let e; and p; denote the usual projections of U; . Then
ej (U;,p;.ﬁ) — (W, p,,) and p; : (Uj*,p;f) — (Xj,p; ) are IVRel -mappings,

and the following diagram is a pullback square in IVRel :
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p;
(Ujs py,) (X, 05)
€j 95
(W, o) (Y, pg,)
=

FiGURE 1. A pullback square in IVRel™

Now we prove that (e; : (U;, p;) — (W, p;,))jes is a final episink in IVRel .
Let w € W. Since (g; )jes is an é]pisink, there are j € J and z; € X, such that
g; (zj) = f~(w). Thus (w,z;) € U; and w = e;(w, x;). So (e;);es is an episink.

Suppose p*~is the final relation on W with respect to (e;)jcs and let (w,w’) €
Py - Since f~ (W, p ) — (Y, p; ) is an IVRel -mapping, we have

(f~(w), [~ (w)) € py.
Since (g; : (Xj,p;) — (Y, py) is an episink, by Corollary 4.12, we get

(f~(w), f~ (@) e |Jlg; x g;)(p;)-

jeJ
By Result 2.4 (2), there are j € J and (;Cj,m;-) € p; such that

’

(f~(w), F~(w) = (g (x;),95 (7)) = (g7 % g7 )5, ).
Then (a:j,x;-) = ((gj_)_1 X (gj_)_l)(f_(w),f_(w,)). Thus we have

((’LU,.I‘J'), (w 7xj)) = (ej_l X ej_l)(wvw ) and ((UJ,Z‘]’), (w 7xj)) € p;_ .
J
Since (w,w’) € Py (w,w') € p*~. So p,, C p~7. On the other hand, since
(ej : (Ujﬂp;) — (W,p*7) is final, id : (W,p>7") — (W,p, ) is a relational
preserving mapping. Hence p™~ C p_, i.e., p,, = p=~. Therefore final episinks in
IVRel  are preserved by pullbacks. Similarly, we can show that final episinks in
IVRel" are preserved by pullbacks. This completes the proof. O

Now we consider a subcategory of IVRel which is a topological universe over
Set.

Definition 4.15. Let X be a nonempty set and let p € IVR(X). Then (X, p) is

called a reflexive relational space, if p is reflexive, i.e., A C p.
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It is obvious that the class of all interval-valued reflexive relational spaces and
IVRel-mappings between them forms a full subcategory of IVRel and denoted by
IVRelgr.

Definition 4.16 ([3, 18, 19, 21]). Let A be a concrete category.

(i) The A-fibre of a set X is the class of all A-structures on X.
(ii) A is said to be properly fibred over Set, if it satisfies the following conditions:
(iiz) (Fibre-smallness) for each set X, the A-fibre is a set,
(iip) (Terminal separator property) for each singleton set X, the A-fibre of
X has precisely one element,
(ii.) if £ and n are A-structures on a set X such that idx : (X,&) — (X,n)
and idy : (X,n) = (X, &) are A-morphisms, then £ = 7.

The following is an immediate consequence of Definitions 4.15 and 4.16.
Lemma 4.17. IVRelg is properly fired over Set.
Lemma 4.18. IVRelgr is closed under the formation of initial sources in IVRel.

Proof. Let (fJ : (X,p) — (Xj,pj)jes be an initial source in IVRel such that
(X;,pj) € IVRelg for each j € J. Then by Proposition 4.11,

~ _—1.9 _ —1
p= (VG20 =1 ey (20
jeJ jed jeg
Since p; is reflexive for each j € J, (z,7) € p; and (z,z) € p; for each j € J and
each x € X. Thus (z,z) € ﬂjEJ(fj__l)ij_ and (z,z) € ﬂjEJ(f;'_l)%j for each
x € X. So (z,z) € p~ and (z,2) € p*. Hence p is reflexive. This completes the
proof. O
From Remark 4.13 (2), Theorems 2.5 and 2.6 in [19], we have the following.

Corollary 4.19. (1) IVRelg is a bireflective subcategory of IVRel.
(2) IVRelgr is topological over Set.

The following is an immediate consequence of Corollary 4.19 and Theorem 1.5 in
[19].
Corollary 4.20. IVRelg is cotopological over Set.
Proposition 4.21. IVRelg is Cartesian closed over Set.

Proof. From Remark 4.10, we write IVRelg = [IVRelg ,IVRelg"]. Then by
Theorem 1.12 in [17], IVRelgr ~ and IVRelg ™ are Cartesian closed over Set. Thus
IVRelg is Cartesian closed over Set. O

Proposition 4.22. Final covering families in IVRelr are preserved by pullbacks.

Proof. In order to prove this, it is sufficient to show that final covering families in

IVRelg ™ [resp. TVRelg™] are preserved by pullbacks. Let (9; + (Xj,p5) —
(Y,p;))jes be any final covering in IVRelg ™ and let f~ : (W,p.) — (Y,p]) be
any IVRel -mapping, where (W, p._ ) is a reflexive relational space. For each j € J,

let us take Uj, p~_, e; and p; as in the proof of Proposition 4.14. Since IVRelr ™~
U,
J
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is closed under the formation of pullbacks in IVRel™ by Theorem 2.4 in [19], it is
enough to prove that (e;) e is final.

Suppose p*~ is the final relation on W with respect to (e;)jcs and let (w,w’) €
(WxW— ﬁw) Then by similar argument in the proof of Proposition 4.14, we get

w,w, € p. = w,w/ epo,le,p_ =p~ on X A .
w * w * WxW-—-A,
If (w,w) € AW, then clearly we have
w,w) € p-. = (w,w) € p, Le., po =p~ on A
(w,w) € py, (w,w) € p™7, ie., p, =p"~ on A

W
Thus in all, p = p™~ on W x W. Similarly, we can see that p, = pton W x W.
This completes the proof. O

Proposition 4.23. IVRelR is a topological universe over Set.

Proof. From Lemma 4.17, Corollary 4.20 and Proposition 4.22, we can easily see
that IVRelR satisfies all the conditions of a topological universe. O

Remark 4.24. (1) (The redefinition of Definition 4.3) Let X, Y be two non-empty
sets, let f: X — Y be a mapping and let A € IVS(X), Be€ IVS(Y).
(i) The image of A under f, denoted by f(A), is an IVS in Y defined as:

F(A) = [f(A7), F(AT)].
(ii) The preimage of B under f, denoted by f~1(B), is an IVS in X defined as:
FAB) = [f1(B7), fH(BY)]

It is obvious that f(a,) = f(a), and f(a,) = f(a), for each a € X.

Then we can see that the image and preimage under mappings have almost similar
properties in Proposition 4.4.

(2) (The redefinition of Definition 4.7) Let (X, p), (Y,0) be two IVRSs and let
f: X — Y be amapping. Then f : (X,p) — (Y,0) is called an interval-valued
relation preserving mapping (briefly, IVRPreM), if f2(p) C o, where f2 = f x f.
Then we can easily see that IVRel” forms a concrete category, where IVRel”
denotes the the class of all IVRSs and IVRPreMs between them. Every IVRel*-
morphism will be called an IVRel*-mapping. Furthermore, we can prove that the
full subcategory IVRel, ™ of IVRel" is a topological universe over Set.

5. CONCLUSIONS

By defining an (equivalence) relation and a partition via interval-valued sets,
we could discussed their various properties. Furthermore, we formed the concrete
category IVRel of interval-valued relational spaces and the morphisms between
them, and investigated it in the view-point of a topological universe. In particular,
we proved that the full subcategory IVRel, of the category IVRel is the topological
universe over Set. In the future, we will apply the concept of interval-valued sets to
group theory, graph theory and various logic algebras.
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