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1. Introduction

In 1966, Iami and Iséki [1] introduced the notion of BCK-algebras. Huang [2]
introduced the notion of a BCI-algebra which is a generalization of BCK-algebra.
Since then numerous mathematical papers have been written investigating the alge-
braic properties of the BCK/BCI-algebras and their relationship with other struc-
tures including lattices and Boolean algebras. There is a great deal of literature
which has been produced on the theory of BCK/BCI-algebras. There is a great
deal of literature which has been produced on the theory of BCK/BCI-algebras, in
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particular, the emphasis seems to have been put on the ideals theory of BCK/BCI-
algebras. Fuzzy set theory is the concept and technique which lay a form of math-
ematical precision for the human thought process that in many ways is imprecise
and ambiguous by the standards of classical mathematics. Fuzzy sets, intuitionistic
fuzzy set, interval-valued fuzzy set, bipolar fuzzy set and other mathematical tools
are often useful approaches to dealing with uncertainties. In 1965, Zadeh [3] intro-
duced the notion of fuzzy sets. At present this concept has been applied to many
mathematical branches. There are several kinds of fuzzy sets extensions in the fuzzy
set theory, for example, intuitionistic fuzzy sets, interval valued fuzzy sets, vague
sets etc. The idea of the “intuitionistic fuzzy set” was first published by Atanassov
[4, 5] as a generalization of the notion of fuzzy sets. In 1991, Ougen [6] applied the
concept of fuzzy sets to BCI, BCK, MV -algebras. Zhang [7] and Lee [8] intro-
duced an extension of fuzzy sets named bipolar-valued fuzzy sets. Bipolar-valued
fuzzy sets are an extension of fuzzy sets whose membership degree range is enlarged
from the interval [0, 1] to [-1, 1]. On the other hand, triangular norm is a powerful
tool in the theory research and application development of fuzzy sets (See [1, 9]). Li
and Zheng [10] generalized the operators “∧” and “∨” to T -norm and S-norm and
defined the intuitionistic fuzzy groups of (T−S)-norms as a generalization of the no-
tion of fuzzy sets. In [11]], Meng and Jun studied medial BCI-algebras. Mostafa et
al. [9, 12, 13, 14, 15, 16, 17] introduced and generalized the fuzzification the notion
of medial ideals in BCI-algebras. Mostafa et al. [17] used the notion of (T, S)-
bipolar fuzzy sets to establish the concept of (T, S)-bipolar fuzzy medial ideals of
BCI-algebras and then they obtained some related properties. Pythagorean fuzzy
sets (PFSs), originally proposed by Yager [18], are a new tool to deal with vague-
ness with the square sum of the membership degree and the nonmembership degree
equal to or less than 1, which have much stronger ability than Atanassov’s intu-
itionistic fuzzy sets to model such uncertainty. The elements in PFS are called the
Pythagorean fuzzy numbers (PFNs). Since the PFS was published so far, there
have been many kinds of research on the application of PFS in various mathemat-
ical problems such as decision problem, classifier problem, and pattern recognition.
Yager [19] developed various Pythagorean fuzzy aggregation operators. Zhang and
Xu [20] studied extension of TOPSIS to multiple criteria decision making (MCDM)
with Pythagorean fuzzy sets. Peng and Yang [21] introduced some aggregation op-
erators on PFSs and applied them in the group decision-making problem. Zhang
[22] introduce the interval-valued Pythagorean fuzzy set (IVPFS) and studied it in
the MCDM. Li and Zeng [23] proposed the distance measures of PFS and applied
them in MCDM.

In this paper, we introduce the concept of (T, S)-bipolar Pythagorean fuzzy me-
dial ideals and studied its several properties. Also, we give the relations between
(T, S)-bipolar Pythagorean fuzzy medial ideals and (T, S)-bipolar Pythagorean fuzzy
BCI-ideals. we define the image and the pre-image of (T, S)-bipolar Pythagorean
fuzzy medial ideals under homomorphism of BCI-algebras and how the preimage
of (T, S)-bipolar Pythagorean fuzzy medial ideals under homomorphism of BCI-
algebras become (T, S)-bipolar Pythagorean fuzzy medial ideals are studied. More-
over, the Cartesian product of (T, S)-bipolar Pythagorean fuzzy medial ideals in
Cartesian product BCI-algebras is established.
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2. Preliminaries

Now we review some definitions and properties that will be useful in our results

Definition 2.1 (See [2, 1]). An algebraic system of type (2, 0) is called a BCI-
algebra, if it satisfying the following conditions: for all x, y, z ∈ X,

(BCI-1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,
(BCI-2) (x ∗ (x ∗ y)) ∗ y = x,
(BCI-3) x ∗ x = 0,
(BCI-4) x ∗ y = 0 and y ∗ x = 0 imply x = y.

In a BCI-algebra X, we can define a partial ordering “≤” by x ≤ y if and only if
x ∗ y = 0.

If a BCI-algebra satisfies the identity 0∗x = 0 for each x ∈ X, then X is called a
BCK- algebra. It is well-known that the class of BCK-algebras is a proper subclass
of the class of BCI-algebras.

In what follows, X will denote a BCI-algebra of type (2, 0) unless otherwise
specified.

Definition 2.2 (See [11]). X is called a medial BCI-algebra, if it satisfying the
following condition: x, y, z, u ∈ X,

(x ∗ y) ∗ (z ∗ u) = (x ∗ z) ∗ (y ∗ u).
Lemma 2.3 (See Corollary 4 [11]). X is a medial BCI-algebra if and only if it
satisfies the following conditions: for all x, y, z ∈ X,

(1) x ∗ (y ∗ z) = z ∗ (y ∗ x),
(2) x ∗ 0 = x,
(3) x ∗ x = 0.

Lemma 2.4 (See Definition 1 (4)[11]). Let X be a medial BCI-algebra. Then
x ∗ (x ∗ y) = y for all x, y ∈ X.

Lemma 2.5. Let X be a medial BCI-algebra. Then 0 ∗ (y ∗ x) = x ∗ y for all
x, y ∈ X.

Proof. Straightforward. □

Definition 2.6. Let X be a medial BCI-algebra and let S be a non-empty subset
of X. Then S is said to be medial subalgebra of X, if x ∗ y ∈ S for all x, y ∈ S.

Definition 2.7 (See [2, 1]). A non-empty subset I of X is called a BCI-ideal of X,
if it satisfies the following conditions: for all x, y ∈ X.

(I1) 0 ∈ I,
(I2) x ∗ y ∈ I and y ∈ I imply x ∈ I.

Definition 2.8 (See [9]). A non-empty subset M of a medial BCI-algebra X is
called a medial ideal of X, if it satisfies the following conditions: for all x, y, z ∈ X,

(M1) 0 ∈ I,
(M2) z ∗ (y ∗ x) ∈ M and y ∗ z ∈ M imply x ∈ M .

For a set set X, a mapping µ : X → [0, 1] is called a fuzzy set in X (See [3]Zadeh).
For any a, b ∈ [0, 1], we denotemin{a, b} andmax{a, b} as a∧b and a∨b respectively.
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Definition 2.9 (See [9]). Let Aµ be a fuzzy set on X. Then A is called a fuzzy
BCI-subalgebra of X, if it satisfies the following condition: for all x, y ∈ X,

(FS) µ(x ∗ y) ≥ µ(x) ∧ µ(y).

Definition 2.10 (See [9]). Let µ be a fuzzy set in X. Then A is called a fuzzy
BCI-ideal of X, if it satisfies the following conditions: for all x, y ∈ X,

(FI1) µ(0) ≥ µ(x),
(FI2) µ(x) ≥ µ(x ∗ y) ∧ µ(y).

Definition 2.11 (See [9]). Let µ be a fuzzy set on a medial BCI-algebra X. Then
A is called a fuzzy medial ideal of X, if it satisfies the following conditions: for all
x, y, z ∈ X,

(FI1) µ(0) ≥ µ(x),
(FMI2) µ(x) ≥ µ(z ∗ (y ∗ x)) ∧ µ(y ∗ z).

Definition 2.12 (See [10]). A triangular norm (briefly, t-norm) is a mapping T :
[0, 1]× [0, 1] → [0, 1] satisfies the following conditions: for all x, y, z ∈ [0, 1],

(T1) (Boundary condition) T (x, 1) = x,
(T2) (Commutative condition) T (x, y) = T (y, x),
(T3) (Associative condition) T (x, T (y, z)) = T (T (x, y), z),
(T4) (Monotonicity) T (x, y) ≤ T (x, z) whenever y ≤ z.

A simple example of such defined t-norm is a mapping T (a, b) = a ∧ b for all
a, b ∈ [0, 1]. In general, T (a, b) ≤ a ∧ b and T (a, 0) = 0 for all a, b ∈ [0, 1].

Definition 2.13 (See [10]). A triangular conorm (briefly, s-norm) is a mapping
S : [0, 1]× [0, 1] → [0, 1] satisfies the following conditions: for all x, y, z ∈ [0, 1],

(S1) S(x, 0) = x,
(S2) S(x, y) = S(y, x),
(S3)) S(x, S(y, z)) = S(S(x, y), z),
(S4) S(x, y) ≤ S(x, z) whenever y ≤ z.

A simple example of such defined s-norm is a mapping S(a, b) = a ∨ b for all
a, b ∈ [0, 1]. Every s-norm S has a useful property: a∨b ≤ S(a, b) for all a, b ∈ [0, 1].

Definition 2.14 (See [4, 5]). Let X be a non-empty set. Then A = (A∈, A̸∈) is
called an intuitinistic fuzzy set (briefly, IFS) in X, if A : X → [0, 1] × [0, 1] is a
mapping satisfying the following condition: for each x ∈ X,

0 ≤ A∈(x) +A ̸∈(x) ≤ 1,

where the mappings A∈ : X → [0, 1] and A ̸∈ : X → [0, 1] denote the degree of
membership and degree of non membership respectively.

Definition 2.15 ([18]). Let X be a non-empty set. Then Ā = (A∈2
, A̸∈2

) is called
a Pythagorean fuzzy set (briefly, PFS) in X, if Ā : X → [0, 1] × [0, 1] is a mapping
satisfying the following condition: for each x ∈ X,

0 ≤ (A∈(x))2 + (A ̸∈(x))2 ≤ 1,

where the mappings A∈2
: X → [0, 1] and A ̸∈2

: X → [0, 1] denote the degree of
membership and degree of non membership respectively.
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Definition 2.16 ([8, 3]). Let X be a non-empty set. Then A = (AN , AP ) is called a
bipolar valued fuzzy set in X, if AN : X → [−1, 0] and AP : X → [0, 1] are mappings.
For each x ∈ X, AN (x) and AP (x) denote the positive membership degree and the
negative membership degree respectively.

3. (T, S)-bipolar Pythagorean fuzzy medial ideal

In this section, we introduce a new notions called (T, S)-bipolar fuzzy ideals and
(T, S)-bipolar fuzzy medial idealsof aBCI-algebra and study some of their properties.

Definition 3.1 ([25]). Let X be a non-empty set. Then the form

A = ((−AN,∈2
, AP,∈2

), (−AN,̸∈2
, AP,̸∈2

))

is called a bipolar Pythagorean fuzzy set (briefly, BPFS) in X, if it satisfies the
following conditions: for each x ∈ X,

− ≤ (−AN,∈2
)(x) + (−AN,̸∈2

)(x) = −(AN,∈2
(x) + (AN,̸∈2

(x)) ≤ 0,

0 ≤ (AP,∈2
)(x) + (AP,̸∈2

)(x) = AP,∈2
(x) +AP,̸∈2

(x) ≤ 1,

where AN,∈, AN,̸∈ : X → [−1, 0] and AP,∈, AP,̸∈ : X → [0, 1] are mappings.

We use the positive membership degree to denote the satisfaction degree of an
element x to the property corresponding to a bipolar Pythagorean fuzzy set A and
the negative membership degree to denote the satisfaction degree of an element x
to some implicit counter property corresponding to a bipolar Pythagorean fuzzy set
A. Similarly, we use the positive nonmembership degree to denote the satisfaction
degree of an element x to the property corresponding to a bipolar Pythagorean fuzzy
set A and the negative nonmembership degree to denote the satisfaction degree of an
element x to some implicit counter property corresponding to a bipolar Pythagorean
fuzzy set A.

If AP,∈2
(x) ̸= 0, −AN,∈2

(x) = 0 and AP,̸∈2
(x) = 0, −AN,̸∈2

(x) = 0, then it is
the situation that x regarded as having only the positive membership property of a
bipolar Pythagorean fuzzy set A.

If AP,∈2
(x) = 0, −AN,∈2

(x) ̸= 0 and AP,̸∈2
(x) = 0, −AN,̸∈2

(x) = 0, then it is
the situation that x regarded as having only the negative membership property of a
bipolar Pythagorean fuzzy set A.

If AP,∈2
(x) = 0, −AN,∈2

(x) = 0 and AP,̸∈2
(x) ̸= 0, −AN,̸∈2

(x) = 0, then it is
the situation that x regarded as having only the positive nonmembership property
of a bipolar Pythagorean fuzzy set A.

If AP,∈2
(x) = 0, −AN,∈2

(x) = 0 and AP,̸∈2
(x) = 0, −AN,̸∈2

(x) ̸= 0, then it is
the situation that x regarded as having only the negative nonmembership property
of a bipolar Pythagorean fuzzy set A.

It is possible for an element x to be such that AP,∈2
(x) ̸= 0, −AN,∈2

(x) ̸= 0 and

AP,̸∈2
(x) ̸= 0, −AN,̸∈2

(x) ̸= 0 when the membership and nonmembership function
of the property overlaps with its counter properties over some portion of X.

Definition 3.2. LetA = ((−AN,∈2
, AP,∈2

),−AN,̸∈2
, AP,̸∈2

)) be a bipolar Pythagorean
fuzzy set in X. Then A is called a (T, S)-bipolar Pythagorean fuzzy ideal (briefly,
(T, S)-BPFI) of X, if it satisfies the following conditions: for all x, y ∈ X,
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(BPFI1) A
P,∈2

(0) ≥ AP,∈2
(x), −AN,∈2

(0) ≤ −AN,∈2
(x),

(BPFI2) A
P,∈2

(x) ≥ T (AP,∈2
(x ∗ y), AP,∈2

(x)),

−AN,∈2
(x) ≤ S(−AN,∈2

(x ∗ y),−AN,∈2
(y)),

(BPFI3) A
P,̸∈2

(0) ≥ AP,̸∈2
(x), −AN,̸∈2

(0) ≤ −AN,̸∈2
(x),

(BPFI4) A
P,̸∈2

(x) ≥ T (AP,̸∈2
(x ∗ y), AP,̸∈2

(x)),

−AN,̸∈2
(x) ≤ S(−AN,̸∈2

(x ∗ y),−AN,̸∈2
(y)).

Definition 3.3. LetA = ((−AN,∈2
, AP,∈2

),−AN,̸∈2
, AP,̸∈2

)) be a bipolar Pythagorean
fuzzy set in X. Then A is called a (T, S)-bipolar Pythagorean fuzzy medial ideal
(briefly, (T, S)-BPFMI) of X, if it satisfies the following conditions: for all x, y, z ∈
X,

(BPFI1) A
P,∈2

(0) ≥ AP,∈2
(x), −AN,∈2

(0) ≤ −AN,∈2
(x),

(BPFMI2) A
P,∈2

(x) ≥ T (AP,∈2
(z ∗ (y ∗ x)), AP,∈2

(y ∗ z)),
−AN,∈2

(x) ≤ S(−AN,∈2
(z ∗ (y ∗ x)),−AN,∈2

(y ∗ z)),
(BPFI3) A

P,̸∈2
(0) ≥ AP,̸∈2

(x), −AN,̸∈2
(0) ≤ −AN,̸∈2

(x),

(BPFMI4) A
P,̸∈2

(x) ≥ T (AP,̸∈2
(z ∗ (y ∗ x)), AP,̸∈2

(y ∗ z)),
−AN,̸∈2

(x) ≤ S(−AN,̸∈2
(z ∗ (y ∗ x)),−AN,̸∈2

(y ∗ z)).

Example 3.4. Let X = {0, 1, 2, 3} be a BCI-algebra with a binary operation ∗
defined by the following Table 3.1:

∗ 0 1 2 3
0 0 0 0 0
1 1 0 2 0
2 2 0 0 0
2 3 2 1 0

Table 3.1

Consider the bipolar Pythagorean fuzzy setA = ((−AN,∈2
, AP,∈2

), (−AN,̸∈2
, AP,̸∈2

))
in X given by Table 3.2:

∗ 0 1 2 3
AN,∈ −0.7 −0.7 −0.4 −0.3
AP,∈ 0.6 0.5 0.3 0.3
AN,̸∈ −0.2 −0.3 −0.5 −0.7
AP,̸∈ 0.1 0.2 0.3 .40

Table 3.2

Let T, S : [0, 1]×[0, 1] → [0, 1] be the mappings defined as follows: for all a, b ∈ [0, 1],

T (a, b) = (a+ b− 1) ∨ 0, S(a, b) = [1− (a+ b)] ∧ 1.

Then we can easily calculate that A is a (T, S)-bipolar Pythagorean fuzzy medial
ideal of X.

Proposition 3.5. Every (T, S)-BPFMI of X is a (T, S)-BPFI of X.
258
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Proof. The proof is straightforward from Definitions 3.2 and 3.3. □

Proposition 3.6. Let A be a (T, S)-BPFMI of X and let x, y ∈ X. If x ≤ y, then
the following conditions hold:

(1) −AN,∈2
(x) ≤ −AN,∈2

(y),

(2) AP,∈2
(x) ≥ AP,∈2

(y),

(3) −AN,̸∈2
(x) ≤ −AN,̸∈2

(y),

(4) AP,̸∈2
(x) ≥ AP,̸∈2

(y).

Proof. Suppose x ≤ y. Then clearly, x ∗ y = 0. Thus we have

−AN,∈2
(x) ≤ S(−AN,∈2

(0 ∗ (y ∗ x)),−AN,∈2
(y ∗ 0)) [By ((BPFMI2)]

= S(−AN,∈2
(x ∗ y),−AN,∈2

(y)) [By Lemmas 2.5 and 2.3 ((3)]

= S(−AN,∈2
(0),−AN,∈2

(y)) [Since x ∗ y = 0]

= −AN,∈2
(y), [By ((BPFI1) and the definition of S]

−AP,∈2
(x) ≥ T (AP,∈2

(0 ∗ (y ∗ x)), AP,∈2
(y ∗ 0)) [By ((BPFMI2)]

= T (AP,∈2
(x ∗ y), AP,∈2

(y)) [By Lemmas 2.5 and 2.3 ((3)]

= T (AP,∈2
(0), AP,∈2

(y)) [Since x ∗ y = 0]

= −AP,∈2
(y). [By ((BPFI3) and the definition of T ]

So the conditions ((1) and ((2) hold. Similarly, we can prove that the conditions
((3) and ((4) hold. □

Definition 3.7. Let A be a bipolar Pythagorean fuzzy set in X. Then A is called a
(T, S)-bipolar Pythagorean fuzzy subalebra (briefly, (T, S)-BPFSA) ofX, if it satisfies
the following conditions: for all x, y ∈ X,

(BPFSA1) −AN,∈2
(x ∗ y) ≤ S(−AN,∈2

(x),−AN,∈2
(y)),

(BPFSA2) A
P,∈2

(x ∗ y) ≥ T (AP,∈2
(x), AP,∈2

(y)),

(BPFSA3) −AN,̸∈2
(x ∗ y) ≤ S(−AN,̸∈2

(x),−AN,̸∈2
(y)),

(BPFSA4) A
P,̸∈2

(x ∗ y) ≥ T (AP,̸∈2
(x), AP,̸∈2

(y)).

Example 3.8. Let A be the bipolar Pythagorean fuzzy set in X given in Example
3.4. Then we can easily check that a (T, S)-bipolar Pythagorean fuzzy sub algebra
of X.

Proposition 3.9. Every (T, S)-BPFMI of a BCK-algebra X is a (T, S)-bipolar
Pythagorean fuzzy BCI-subalgebra of X.

Proof. Let A be a (T, S)-BPFMI of a BCK-algebra X and let x, y ∈ X. Then we
have

(x ∗ y) ∗ x = (x ∗ x) ∗ y [Since X is a BCK-algebra]
= 0 ∗ y [By (BCI-1))]
= 0. [Since X is a BCK-algebra]

Thus x ∗ y ≤ x. By Proposition 3.6, we get

(3.1) −AN,∈2
(x ∗ y) ≤ −AN,∈2

(x), AP,∈2
(x ∗ y) ≥ AP,∈2

(x),

(3.2) −AN,̸∈2
(x ∗ y) ≤ −AN,̸∈2

(x), AP,̸∈2
(x ∗ y) ≥ AP,̸∈2

(x).
259
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On the other hand, we have

−AN,∈2
(x) ≤ S(−AN,∈2

(0 ∗ (y ∗ x)),−AN,∈2
(y ∗ 0)) [By (BPFMI2)]

= S(−AN,∈2
(x ∗ y),−AN,∈2

(y ∗ 0)) [By Lemma 2.5]

= S(−AN,∈2
(x ∗ y),−AN,∈2

(y)) [Since X is a BCK-algebra]

≤ S(−AN,∈2
(x),−AN,∈2

(y)), [By (3.1) and (S4)]

−AP,∈2
(x) ≥ T (AP,∈2

(0 ∗ (y ∗ x)), AP,∈2
(y ∗ 0)) [By (BPFMI2)]

= T (AP,∈2
(x ∗ y), AP,∈2

(y ∗ 0)) [By Lemma 2.5]

= T (AP,∈2
(x ∗ y), AP,∈2

(y)) [Since X is a BCK-algebra]

≥ T (AP,∈2
(x), AP,∈2

(y)). [By (3.1) and (T4)]
So A satisfies the conditions (BPFSA2) and (BPFSA2). Similarly, from (3.2), we
can prove that A satisfies the conditions (BPFSA3) and (BPFSA4). Hence A is a
(T, S)-BPFSA of X. □

Proposition 3.10. Let A be a (T, S)-BPFMI of X and let x, y, z ∈ X. If x∗y ≤ z,
then the following conditions hold:

(1) −AN,∈2
(x) ≤ S(−AN,∈2

(y),−AN,∈2
(z)),

(2) AP,∈2
(x) ≥ T (AP,∈2

(y), AP,∈2
(z)),

(3) −AN,̸∈2
(x) ≤ S(−AN,̸∈2

(y),−AN,̸∈2
(z)),

(4) AP,̸∈2
(x) ≥ T (AP,̸∈2

(y), AP,̸∈2
(z)).

Proof. Let x, y, z ∈ X such that x ∗ y ≤ z. Then

−AN,∈2
(x) ≤ S(−AN,∈2

(0 ∗ (y ∗ x)),−AN,∈2
(y ∗ 0)) [By (BPFMI2)]

= S(−AN,∈2
(x ∗ y),−AN,∈2

(y)) [By Lemmas 2.5 and 2.3]

≤ S(−AN,∈2
(z),−AN,∈2

(y)), [By Proposition 3.6 and (S4)]

AP,∈2
(x) ≥ T (AP,∈2

(0 ∗ (y ∗ x)), AP,∈2
(y ∗ 0)) [By (BPFMI2)]

= T (AP,∈2
(x ∗ y), AP,∈2

(y)) [By Lemmas 2.5 and 2.3]

≥ T (AP,∈2
(z), AP,∈2

(y)). [By Proposition 3.6 and (T4)]
Thus (1) and (2) hold. Similarly, we can prove that (3) and (4) hold. □

We give the converse of Proposition 3.10.

Proposition 3.11. Let A be a (T, S)-BPFSA of X. Suppose the following condi-
tions hold: for all x, y, z ∈ X such that x ∗ y ≤ z,

(1) −AN,∈2
(x) ≤ S(−AN,∈2

(y),−AN,∈2
(z)),

(2) AP,∈2
(x) ≥ T (AP,∈2

(y), AP,∈2
(z)),

(3) −AN,̸∈2
(x) ≤ S(−AN,̸∈2

(y),−AN,̸∈2
(z)),

(4) AP,̸∈2
(x) ≥ T (AP,̸∈2

(y), AP,̸∈2
(z)).

Then A be a (T, S)-BPFMI of X.

Proof. Let A be a (T, S)-BPFSA of X. Recall that: for all x ∈ X,

−AN,∈2
(0) ≤ −AN,∈2

(x), AP,∈2
(0) ≥ AP,∈2

(x)

and
−AN,̸∈2

(0) ≤ −AN,̸∈2
(x), AP,̸∈2

(0) ≥ AP,̸∈2
(x).
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Then the conditions (BPFI1) and (BPFI3) hold.
Now let x, y, z ∈ X. Then by Lemma 2.3 (1) and Proposition 3.10,

x ∗ (z ∗ (y ∗ x)) = (y ∗ x) ∗ (z ∗ x) ≤ y ∗ z.
From the hypothesis and the above inequality, it is necessary to prove that (BPFMI2)
and (BPFMI4) hold. It follows that

−AN,∈2
(x) ≤ S(−AN,∈2

(z ∗ (y ∗ x)),−AN,∈2
(y ∗ z)),

AP,∈2
(x) ≥ T (AP,∈2

(z ∗ (y ∗ x)), AP,∈2
(y ∗ z))

and

−AN,̸∈2
(x) ≤ S(−AN,̸∈2

(z ∗ (y ∗ x)),−AN,̸∈2
(y ∗ z)),

AP,̸∈2
(x) ≥ T (AP,̸∈2

(z ∗ (y ∗ x)), APnot∈2
(y ∗ z)).

Thus A be a (T, S)-BPFMI of X. □

The form a = ((aN,∈, aP,∈), (aN,̸∈, aP,̸∈)) is called a bipolar Pythagorean fuzzy
number (briefly, BPFN), if it satisfies the following conditions

(i) aN,∈, aP,∈), (aN,̸∈, aP,̸∈)) ∈ [−1, 0]× [0, 1],

(ii) −1 ≤ −(aN,∈2
+ aN,̸∈2

) ≤ 0 and 0 ≤ aP,∈2
+ aP,̸∈2

) ≤ 1.
For any two BOFNs a, b, a ≤

BP
b if and only aN,∈ ≥ bN,∈, aN,̸∈ ≥ bN,̸∈ and

aP,∈ ≤ bP,∈, aP,̸∈ ≥ bP,̸∈.

Definition 3.12. Let X be a non-empty set, let A be a BPFS in X and let a be a
BPFN. Then the a-cut or a-level set of A, denoted by [A]a, is a subset of X defined
as follows:

[A]a = {x ∈ X : −AN,∈2
(x) ≤ aN,∈, AP,∈2

(x) ≥ aP,∈,

−AN,̸∈2
(x) ≤ aN,̸∈, AP,̸∈2

(x) ≥ aP,̸∈}.

We obtain a relationship between (T, S)-BPFMIs of X and medial ideals of X.

Theorem 3.13. A is a (T, S)-BPFMI of X if and only if for each BPFN a, either
[A]a = ∅ or [A]a is a medial ideal of X.

Proof. Suppose A is a (T, S)-BPFMI of X and assume that [A]a ̸= ∅ for each BPFN
a. Then there is x ∈ [A]a. By the definition of [A]a, we get

−AN,∈2
(x) ≤ aN,∈, AP,∈2

(x) ≥ aP,∈, −AN,̸∈2
(x) ≤ aN,̸∈, AP,̸∈2

(x) ≥ aP,̸∈.

By (BPFI1) and (BPFI3), we have

−AN,∈2
(0) ≤ aN,∈, AP,∈2

(0) ≥ aP,∈, −AN,̸∈2
(0) ≤ aN,̸∈, AP,̸∈2

(0) ≥ aP,̸∈.

Thus 0 ∈ [A]a. So [A]a satisfies the condition (M3).
Now let x, y, z ∈ X such that z ∗ (y ∗ x) ∈ [A]a and y ∗ z ∈ [A]a. Then clearly,

−AN,∈2
(x ∗ (y ∗ z)) ≤ aN,∈, −AN,∈2

(y ∗ z) ≤ aN,∈,

AP,∈2
(x ∗ (y ∗ z)) ≥ aP,∈, AP,∈2

(y ∗ z) ≥ aP,∈,

−AN,̸∈2
(x ∗ (y ∗ z)) ≤ aN,̸∈, −AN,̸∈2

(y ∗ z) ≤ aN,̸∈,

AP,̸∈2
(x ∗ (y ∗ z)) ≥ aP,̸∈, AP,̸∈2

(y ∗ z) ≥ aP,̸∈.
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Thus by the hypothesis and the conditions (S4), (T4), we have

−AN,∈2
(x) ≤ S(−AN,∈2

(x ∗ (y ∗ z)),−AN,∈2
(y ∗ z)) ≤ aN,∈,

AP,∈2
(x) ≥ T (AP,∈2

(x ∗ (y ∗ z)), AP,∈2
(y ∗ z)) ≥ aP,∈,

−AN,̸∈2
(x) ≤ S(−AN,̸∈2

(x ∗ (y ∗ z)),−AN,̸∈2
(y ∗ z)) ≤ aN,̸∈,

AN,̸∈2
(y ∗ z)), AP,̸∈2

(x) ≥ T (AP,̸∈2
(x ∗ (y ∗ z)), AP,̸∈2

(y ∗ z)) ≥ aP,̸∈.

So x ∈ [A]a. Hence [A]a is a medial ideal of X.
Conversely, suppose the necessary condition holds and for each BPFN a, let

−AN,∈2
(x) = aN,∈, AP,∈2

(x) = aP,∈, −AN,̸∈2
(x) = aN,̸∈, AP,̸∈2

(x) = aP,̸∈.

Then clearly, [A]a ̸= ∅. Since [A]a is a medial ideal of X, 0 ∈ [A]a. Thus we get: for
each x ∈ X,

−AN,∈2
(0) ≤ aN,∈ = −AN,∈2

(x), AP,∈2
(0) ≥ aP,∈ = AP,∈2

(x),

−AN,̸∈2
(0) ≤ aN,̸∈ = −AN,̸∈2

(x), AP,̸∈2
(0) ≥ aP,̸∈ = −AP,̸∈2

(x).

So A satisfies the conditions (BPFI1) and (BPFI3).
Assume that there are x, y, z ∈ X such that

AP,∈2
(x) < T (AP,∈2

(z ∗ (y ∗ x)), AP,∈2
(y ∗ z)).

Let a0 be the BPFN such that

aP,∈
0 =

1

2
[AP,∈2

(x) + T (AP,∈2
(z ∗ (y ∗ x)), AP,∈2

(y ∗ z))].

Then clearly, AP,∈2
(x) < aP,∈

0 < T (AP,∈2
(z ∗ (y ∗ x)), AP,∈2

(y ∗ z)). Thus x ̸∈ [A]a0

but z ∗ (y ∗ x), y ∗ z ∈ [A]a0 . So [A]a0 is not a medial ideal of X. This contradicts
the hypothesis.

Assume that there are a, b, c ∈ X such that

−AN,∈2
(a) > S(−AN,∈2

(c ∗ (b ∗ a)),−AN,∈2
(b ∗ c)).

Let α0 be the BPFN such that

αN,∈
0 =

1

2
[−AN,∈2

(a) + S(−AN,∈2
(c ∗ (b ∗ a)),−AN,∈2

(b ∗ c))].

Then clearly, S(−AN,∈2
(c ∗ (b ∗ a)),−AN,∈2

(b ∗ c))] < αN,∈
0 < −AN,∈2

(a). Thus
a ̸∈ [A]α0

but c ∗ (b ∗ a), b ∗ c ∈ [A]α0
. So [A]α0

is not a medial ideal of X. This
contradicts the hypothesis.

Assume that there are x
′
, y

′
, z

′ ∈ X such that

AP,̸∈2
(x

′
) < T (AP,̸∈2

(z
′
∗ (y

′
∗ x

′
)), AP,̸∈2

(y
′
∗ z

′
)).

Let b0 be the BPFN such that

bP,̸∈
0 =

1

2
[AP,̸∈2

(x
′
) + T (AP,̸∈2

(z
′
∗ (y

′
∗ x

′
)), AP,̸∈2

(y
′
∗ z

′
))].

Then clearly, AP,̸∈2
(x

′
) < bP,̸∈

0 < T (AP,̸∈2
(z

′ ∗ (y′ ∗ x′
)), AP,̸∈2

(y
′ ∗ z′

)). Thus x
′ ̸∈

[A]b0 but z
′ ∗ (y

′ ∗ x
′
), y

′ ∗ z
′ ∈ [A]b0 . So [A]b0 is not a medial ideal of X. This

contradicts the hypothesis.
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Assume that there are a
′
, b

′
, c

′ ∈ X such that

−AN,̸∈2
(a

′
) > S(−AN,̸∈2

(c
′
∗ (b

′
∗ a

′
)),−AN,̸∈2

(b
′
∗ c

′
)).

Let β0 be the BPFN such that

βN,̸∈
0 =

1

2
[−AN,̸∈2

(a
′
) + S(−AN,̸∈2

(c
′
∗ (b

′
∗ a

′
)),−AN,̸∈2

(b
′
∗ c

′
))].

Then clearly, S(−AN,̸∈2
(c

′ ∗ (b′ ∗ a′
)),−AN,̸∈2

(b
′ ∗ c′))] < βN,̸∈

0 < −AN,̸∈2
(a

′
). Thus

a
′ ̸∈ [A]β0

but c
′ ∗ (b′ ∗ a′

), b
′ ∗ c′ ∈ [A]β0

. So [A]β0
is not a medial ideal of X. This

contradicts the hypothesis. This completes the proof. □

4. The preimage of a (T, S)-bipolar Pythagorean fuzzy medial ideal

Definition 4.1. Let (X, ∗, 0) and (Y, ∗′
, 0

′
) be BCI-algebras. Then a mapping

f : X → Y is called a homomorphism, if f(x ∗ y) = f(x) ∗′
f(y) for any x, y ∈ X.

Note that if f : X → Y is a homomorphism of BCI-algebras, then f(0) = 0
′
.

Definition 4.2. Let X, Y be two sets, let f : X → Y be a mapping and let B be
a BPFS in Y . Then the preimage of B under f , denoted by

f−1(B) = ((f−1(−BN,∈2
), f−1(BP,∈2

)), (f−1(−BN,̸∈2
), f−1(BP,̸∈2

))),

is a BPFS in X defined as follows: for each x ∈ X,

f−1(−BN,∈2
)(x) = −BN,∈2

(f(x)), f−1(BP,∈2
)(x) = BP,∈2

(f(x)),

f−1(−BN,̸∈2
)(x) = −BN,̸∈2

(f(x)), f−1(BP,∈2
)(x) = BP,̸∈2

(f(x)).

Proposition 4.3. Let f : X → Y is a homomorphism of BCI-algebras. if B is a
BPFMI of Y , then f−1(B) is a BPFMI of X.

Proof. Let x ∈ X. Then we get

f−1(−BN,∈2
)(x) = −BN,∈2

(f(x))

≥ −BN,∈2
(0) [By (BPFI1)]

= −BN,∈2
(f(0)) [Since f is a homomorphism]

= f−1(−BN,∈2
)(0),

f−1(BP,∈2
)(x) = BP,∈2

(f(x))

≤ BP,∈2
(0)

= BP,∈2
(f(0))

= f−1(BP,∈2
)(0).

Thus f−1(B) satisfies the condition (BPFI1). Similarly, we can see that f−1(B)
satisfies the condition (BPFI3).

Now let x, y, z ∈ X. Then we get

f−1(BP,∈2
)(x) = BP,∈2

(f(x))

≥ T (BP,∈2
(f(z) ∗ (f(y) ∗ f(x))), BP,∈2

(f(y) ∗ f(z))))
[By (BPFMI2)]

= T (BP,∈2
(f(z ∗ (y ∗ x))), BP,∈2

(f(y ∗ z)))
[Since f is a homomorphism]
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= T (f−1(BP,∈2
)(z ∗ (y ∗ x)), f−1(BP,∈2

)(y ∗ z)),

f−1(−BN,∈2
)(x) = −BN,∈2

(f(x))

≤ S(−BN,∈2
(f(z) ∗ (f(y) ∗ f(x))),−BN,∈2

(f(y) ∗ f(z))))
= S(−BN,∈2

(f(z ∗ (y ∗ x))),−BN,∈2
(f(y ∗ z)))

= S(f−1(−BN,∈2
)(z ∗ (y ∗ x)), f−1(−BN,∈2

)(y ∗ z)).
Thus f−1(B) satisfies the condition (BPFMI2). Similarly, we can show that f−1(B)
satisfies the condition (BPFMI4). So f−1(B) is a (T, S)-BPFMI of X. □

Proposition 4.4. Let f : X → Y is an epimorphism of BCI-algebras and let B be
a BPFS in Y . if f−1(B) is a BPFMI of X, then B is a BPFMI of Y .

Proof. Let a ∈ Y . Since f is surjective, there is x ∈ X such that f(x) = a. Then we
get

−BN,∈2
(a) = −BN,∈2

(f(x))

= f−1(−BN,∈2
)(x)

≥ f−1(−BN,∈2
)(0) [By (BPFI1)]

= −BN,∈2
(f(0))

= −BN,∈2
(0), [Since f is a homomorphism]

BP,∈2
(a) = BP,∈2

(f(x))

= f−1(BP,∈2
)(x)

≤ f−1(−BP,∈2
)(0)

= −BP,∈2
(f(0))

= −BP,∈2
(0).

Thus B satisfies the condition (BPFI1). Similarly, we can easily see that B satisfies
the condition (BPFI3).

Now let a, b, c ∈ Y . Then clearly, there are x, y, z ∈ X such that f(x) = a,
f(y) = b, f(z) = c. Thus we have

−BN,∈2
(a) = −BN,∈2

(f(x))

= f−1(−BN,∈2
)(x)

≤ S(f−1(−BN,∈2
)(z ∗ (y ∗ x)), f−1(−BN,∈2

)(y ∗ z))
[By (BPFI2)]

= S(−BN,∈2
(f(z ∗ (y ∗ x))),−BN,∈2

(f(y ∗ z)))
= S(−BN,∈2

(f(z) ∗ (f(y) ∗ f(x))),−BN,∈2
(f(y) ∗ f(z)))

[Since f is a homomorphism]

= S(−BN,∈2
(c ∗ (b ∗ a)),−BN,∈2

(b ∗ c)),

BP,∈2
(a) = BP,∈2

(f(x))

= f−1(BP,∈2
)(x)

≥ T (f−1(BP,∈2
)(z ∗ (y ∗ x)), f−1(BP,∈2

)(y ∗ z))
= T (BP,∈2

(f(z ∗ (y ∗ x))), BP,∈2
(f(y ∗ z)))

= T (BN,∈2
(f(z) ∗ (f(y) ∗ f(x))), BP,∈2

(f(y) ∗ f(z)))
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= T (BP,∈2
(c ∗ (b ∗ a)), BP,∈2

(b ∗ c)).
So B satisfies the condition (BPFMI2). Similarly, we can prove that B satisfies the
condition (BPFMI4). Hence B is a (T, S)-BPFMI of X. □

5. The Cartesian product of (T, S)-bipolar Pythagorean medial ideals

Definition 5.1. Let X be a nonempty set and let λ, µ be fuzzy sets in X. Then
the Cartesian product of λ and µ, denoted by λ× µ, is a fuzzy in X ×X defined as
follows: for each (x, y) ∈ X ×X,

(λ× µ)(x, y) = λ(x) ∧ µ(y).

Definition 5.2. Let A, B be two BPFSs in X. Then the (T, S)-Cartesian product
of A and B, denoted by

A×B = ((−AN,∈2×−BN,∈2
, AP,∈2×BP,∈2

), (−AN,̸∈2×−BN,̸∈2
, AP,̸∈2×BP,̸∈2

)),

is a BPFS in X ×X defined as follows: for all x, y ∈ X,

−AN,∈2 ×−BN,∈2
(x, y) = S(−AN,∈2

(x),−BN,∈2
(y)),

AP,∈2 ×BP,∈2
(x, y) = T (AP,∈2

(x), BP,∈2
(y)),

−AN,̸∈2 ×−BN,̸∈2
(x, y) = S(−AN,̸∈2

(x),−BN,̸∈2
(y)),

AP,̸∈2 ×BP,̸∈2
(x, y) = T (AP,̸∈2

(x), BP,̸∈2
(y)),

where −AN,∈ ×−BN,∈, −AN,̸∈ ×−BN,̸∈ : X ×X → [−1, 0],
AP,∈ ×BP,∈, AP,̸∈ ×BP,̸∈ : X ×X → [0, 1].

Proposition 5.3. If A, B be a (T, S)-BPFMI of X, then A×B is a (T, S)-BPFMI
of X ×X.

Proof. Let (x, y) ∈ X ×X. Then we have

(−AN,∈2 ×−BN,∈2
)(x, y) = S(−AN,∈2

(x),−BN,∈2
(y))

≥ S(−AN,∈2
(0),−BN,∈2

(0)) [By the hypothesis and (BPFI1)]

= (−AN,∈2 ×−BN,∈2
)(0, 0),

(AP,∈2 ×BP,∈2
)(x, y) = T (AP,∈2

(x), BP,∈2
(y))

≤ T (AP,∈2
(0), BP,∈2

(0))

= (AP,∈2 ×BP,∈2
)(0, 0)

Thus A×B satisfies the condition BPFI1). Similarly, A×B satisfies the condition
BPFI3).

Now let (x1, x2), (y1, y2), (z1, z2) ∈ X ×X. Then we get

S((−AN,∈2 ×−BN,∈2
)((z1, z2) ∗ ((y1, y2) ∗ (x1, x2))),

(−AN,∈2 ×−BN,∈2
)((y1, y2) ∗ (z1, z2)))

= S((−AN,∈2 ×−BN,∈2
)((z1, z2) ∗ ((y1 ∗ x1, y2 ∗ x2)),

(−AN,∈2 ×−BN,∈2
)(y1 ∗ z1, y2 ∗ z2))

= S((−AN,∈2 ×−BN,∈2
)((z1 ∗ (y1 ∗ x1)), z2 ∗ (y2 ∗ x2)),

(−AN,∈2 ×−BN,∈2
)(y1 ∗ z1, y2 ∗ z2))

= S(S(−AN,∈2
(z1 ∗ (y1 ∗ x1)),−BN,∈2

(z2 ∗ (y2 ∗ x2)),
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S(−AN,∈2
(y1 ∗ z1),−BN,∈2

(y2 ∗ z2)))
= S(S(−AN,∈2

(z1 ∗ (y1 ∗ x1)),−AN,∈2
(y1 ∗ z1)),

S(−BN,∈2
(z2 ∗ (y2 ∗ x2)),−BN,∈2

(y2 ∗ z2)))
≥ S(−AN,∈2

(x1),−BN,∈2
(x2)) [By the hypothesis and (BPFMI2)]

= (−AN,∈2 ×−BN,∈2
)(x1, x2),

T ((AP,∈2 ×BP,∈2
)((z1, z2) ∗ ((y1, y2) ∗ (x1, x2))),

(AP,∈2 ×BP,∈2
)((y1, y2) ∗ (z1, z2)))

= T ((AP,∈2 ×BP,∈2
)((z1, z2) ∗ ((y1 ∗ x1, y2 ∗ x2)),

(AP,∈2 ×BP,∈2
)(y1 ∗ z1, y2 ∗ z2))

= T ((AP,∈2 ×BP,∈2
)((z1 ∗ (y1 ∗ x1)), z2 ∗ (y2 ∗ x2)),

(AP,∈2 ×BP,∈2
)(y1 ∗ z1, y2 ∗ z2))

= T (T (AP,∈2
(z1 ∗ (y1 ∗ x1)), B

P,∈2
(z2 ∗ (y2 ∗ x2)),

T (AP,∈2
(y1 ∗ z1), BP,∈2

(y2 ∗ z2)))
= T (T (AP,∈2

(z1 ∗ (y1 ∗ x1)), A
P,∈2

(y1 ∗ z1)),
T (BP,∈2

(z2 ∗ (y2 ∗ x2)), B
P,∈2

(y2 ∗ z2)))
≤ T (AP,∈2

(x1), B
P,∈2

(x2))

= (AP,∈2 ×BP,∈2
)(x1, x2).

Thus A×B satisfies the condition BPFI2). Similarly, A×B satisfies the condition
BPFI4). So A×B is (T, S)-BPFMI of X ×X. □

6. Conclusions and future works

we have studied the (T, S)-bipolar Pythagorean fuzzy of medial-ideal in BCI-
algebras. Also we discussed few results of bipolar fuzzy of medial ideal in BCI-
algebras under homomorphism and the preimage of (T, S)-bipolar Pythagorean fuzzy
of medial ideal under homomorphism of BCI-algebras are defined. How the pre-
image of (T, S)-bipolar Pythagorean fuzzy of medial ideal under homomorphism of
BCI-algebras become (T, S)-bipolar Pythagorean fuzzy of medial ideal are stud-
ied. Moreover, the (T, S)-Cartesian product of (T, S)-bipolar Pythagorean fuzzy of
medial ideals was established.

In the future, The main purpose of our future work is to investigate the foldedness
of other types of Pythagorean fuzzy ideals with special properties such as a bipolar
Pythagorean (interval valued) Pythagorean fuzzy n-fold of ideals in some algebras.

7. Some algorithms

Algorithm for BCI-algebras
Input (X: set with 0 element, ∗ : Binary operation)
Output (“X is a BCI-algebra or not”)
Begin If X = ∅, then go to (1)
End if
If 0 ̸∈ X, then go to (1);
End if
Stop: = false
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i = 1;
While i ≤| X | and not (Stop) do
If xi ∗ xi ̸= 0, then
Stop: = true
End if
j = 1;
While j ≤| X | and not (Stop) do
If (xi ∗ (xi ∗ yj) ∗ yj ̸= 0, then
Stop: = true
End if
End if
k = 1;
While k ≤| X | and not (stop) do
If ((xi ∗ yj) ∗ (xi ∗ zk)) ∗ (zk ∗ yj) ̸= 0, then
Stop: = true
End if
End while
End while
End while
If stop then

(1) Output “(X is not a BCI-algebra”)
Else
Output (“X is not a QS-algebra”)
End if
End.

Algorithm for fuzzy sets
Input (X: BCI-algebra, Jµ : X → [0, 1])
Output (“µ is a fuzzy set in X or not”)
Begin
Stop: = false
i = 1;
While i ≤| X | and not (stop) do
If µ(x) < 0 or µ(x) > 1, then
Stop: = true
End if
End if while
If stop then
Output (“µ is a fuzzy set in X”)
Else
Output (“µ is not a fuzzy set in X”)
Else
Output (“J is a QS-ideal of X”)
End if
End.
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Algorithm for medial ideals
Input ( X : BCI-algebra, I: subset of X);
Output (“ I is a medial ideal of X or not”)
Begin
If I = ∅, then go to (1);
End if
If 0 ̸∈ I, then go to (1);
End if
Stop: false;
i = 1;
While i ≤| X | and not (Stop) do
j = 1;
While j ≤| X | and not (Stop) do
k = 1;
While k ≤| X | and not (Stop) do
If xk ∗ (yj ∗ xi) ∈ I and yj ∗ zk ∈ I, then If xi ̸∈ I, then Stop: = true
End If
End If
End while
End while
End while
If stop, then
Output (“I is a medial ideal of X”)
Else

(1) Output (“I is not a medial ideal of X”)
End If
End

Algorithm for Bipolar Pythagorean medial ideal

Input ( X : BCI-algebra, −AN,∈2
, −AN,̸∈2 ∈ [−1, 0] and AP,∈2

, AP,̸∈2 ∈ [0, 1]
fuzzy sets in X);

Output (“ A = ((−AN,∈2
, AP,∈2

), (−AN,̸∈2
, AP,̸∈2

)) is a BPFMI of X or not”)
Begin
Stop: false;
i = 1;

If−AN,∈2
(0) > −AN,∈2

(x), AP,∈2
(0) < AP,∈2

(x), −AN,̸∈2
(0) > −AN,̸∈2

(x), AP,̸∈2
(0) <

AP,̸∈2
(x), then

Stop: true
End if
j = 1;
While j ≤| X | and not (Stop) do
k = 1;
While k ≤| X | and not (Stop) do

If −AN,∈2
(x) > S(−AN,∈2

(z ∗ (y ∗ x)),−AN,∈2
(y ∗ z)), AP,∈2

(x) < T (AP,∈2
(z ∗

(y ∗ x)), AP,∈2
(y ∗ z)) or −AN,̸∈2

(x) > S(−AN,̸∈2
(z ∗ (y ∗ x)),−AN,̸∈2

(y ∗ z)),
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AP,̸∈2
(x) < T (AP,̸∈2

(z ∗ (y ∗ x)), AP,̸∈2
(y ∗ z)), then

Stop: = true
End If
End while
End while
End while
If stop, then

Output (“A = ((−AN,∈2
, AP,∈2

),−AN,̸∈2
, AP,̸∈2

)) is not a BPFM of X”)
Else
Output (“A = ((−AN,∈2

, AP,∈2
),−AN,̸∈2

, AP,̸∈2
)) is a BPFM of X”)

End If
End
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