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ABSTRACT. In this paper, we introduce the concepts of interval-valued
ideals, interval-valued positive implicative ideals, interval-valued positive
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respectively. In particular, we obtain some of their characterizations re-
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1. INTRODUCTION

In 2009, Yao [1] introduced the notion of interval-valued sets as a generalization
of classical sets and a special case of interval-valued sets proposed by Zadeh [2]. After
then, Kim et al. [3] studied topological structures via interval-valued sets. Lee et
al. [4] defined an interval-valued soft set combined with interval-valued sets and soft
sets introduced by Molodtsov [5], and discussed some of its topological structures.

Our research aim is to extend the concepts of (positive implicative, implicative
and commutative) ideals to interval-valued sets and to find some of their properties.
In order to do our research, our article is composed of six sections. In Section 2,
we recall some definitions of interval-valued sets, interval-valued points and BC' K-
algebras. In Section 3, we define an interval-valued subalgebra and interval-valued
ideal of a BC K-algebra, and investigate some of its properties respectively and give
some examples. In Section 4, we introduce the notion of interval-valued positive
implicative ideals of BC K-algebra, and obtain some of its properties and its char-
acterizations. Moreover, we define an interval-valued BC K-algebra and give its one
characterization. In Section 5, we propose the concept of interval-valued implicative
ideals of BC'K-algebra and study some properties including its characterizations.
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Also, we introduce notions of interval-valued implicative BC K-algebras and have
its one characterization. In Section 6, We define an interval-valued commutative
ideal of a BC' K-algebra and discuss some properties including its characterizations.

2. PRELIMINARIES
In this section, we list some basic concepts and one results needed next sections.
Definition 2.1 (See [1]). Let X be an non-empty set. Then the form
[A=,AT]={BCX:A" CBCA"}

is called an interval-valued set (briefly, IVS) or interval set in X, if A=, AT C X
and A~ C AT. In this case, A~ [resp. AT] represents the set of minimum [resp.
maximum| memberships of elements of X to A. In fact, A~ [resp. A™]is a minimum
[resp. maximum] subset of X agreeing or approving for a certain opinion, view,
suggestion or policy. [&, @] [resp. [X, X]] is called the interval-valued empty [resp.
whole] set in X and denoted by & [resp. X]. We will denote the set of all IVSs in
X as IVS(X).

It is obvious that [A, A] € IVS(X) for classical subset A of X. Then we can
consider an IVS in X as the generalization of a classical subset of X. Furthermore,
if A=[A",A%] € IVS(X), then

Xa =X, X, ]

is an interval-valued fuzzy set in X introduced by Zadeh [2]. Thus we can consider
an interval-valued fuzzy set as the generalization of an IVS.

Definition 2.2 (See [1]). Let X be a non-empty set and let A, B € IVS(X). Then
(i) we say that A contained in B, denoted by A C B, if A~ C B~ and AT C BT,
(ii) we say that A equal to B, denoted by A= B, if AC B and B C A,

(iii) the complement of A, denoted A€, is an interval-valued set in X defined by:

AT =[(AT), (A7),
(iv) the union of A and B, denoted by AUB, is an interval-valued set in X defined
by:
' AUB=[A"TUA AT UAT],
(v) the intersection of A and B, denoted by AN B, is an interval-valued set in X
defined by:
ANB=[A"NA,ATNnA"].

Definition 2.3 ([3]). Let X be a non-empty set, let a € X and let A € IVS(X).
Then the form [{a}, {a}] [resp. [@,{a}]] is called an interval-valued [resp. vanish-
ing] point in X and denoted by a,,, [resp. a,,,,]. We will denote the set of all
interval-valued points in X as IVP(X) = IVp(X)UIVyp(X), where IVp(X) [resp.
IV p(X)] denotes the set of all interval-valued [resp. vanishing] points in X.

(i) We say that a,, , belongs to A, denoted by a,,, € A, iffa € A™.

(ii) We say that a belongs to A, denoted by a,,, € A, if a € A*.

200

IVV P



Han et al./Ann. Fuzzy Math. Inform. 24 (2022), No. 2, 199-221

Result 2.4 (Proposition 3.11 [3]). Let X be a non-empty set and let A € IV.S(X).
Then
A=A, UA, .,

where AIVP = UaIVPeA Aryp and AIVVP = Uazvvp
In fact, A,,, =[A",A7] and A,,,, = [2, A7)

€A Aryvp:

Definition 2.5 ([6]). Let X be a set with a binary operation * and a constant 0.
Then (X;x,0) is called a BCK -algebra, if it satisfies the following conditions: for
any x, y, 2 € X,

(BCLy) ((x*xy) * (z*x2))*(zxy) =0,

(BCLy) (z* (zxy))*xy =0,

(BCI3) zxx =0,

(BCly) zxy =0 and y*x =0 imply = =y,

(BCKs5) 02 = 0.

We define a binary relation < on a BC K-algebra X as follows: for any z, y € X,
x <y if and only if x xy = 0.

3. INTERVAL-VALUED IDEALS

In this section, we define an interval-valued ideal of a BC' K-algebra X by modi-
fying the concept of ideals of X introduced by Iséki [6]. And we obtain some of its
properties.

Definition 3.1. Let (X;%,0) be a BCK-algebra. Then the binary operation o,,,
on X is defined as follows: for any a,, ., b,v0, @,vves Ovve € X,

aIVP OIV bIVP = (a* b)IVP’

bIVP = aIVVP OIV bIVVP = (a * b)IVP'

a © b :aIVVP OIV bIVP :aIVVP OIV

Ivpep IV YIVVP

The following is an immediate consequence of Definitions 2.5 and 3.1.

Lemma 3.2. Let (X;%,0) be a BCK-algebra. Then (X;o,,,0,,,) is a BCK-
algebra, i.e., it satisfies the following conditions: for any x, y, z € X,
(IVBCIl) ((xIVP OIV yIVP) OIV (':l:IVP OIV ZIVP)) OIV (ZIVP OIV yIVP) = OIVP’
((xIVVP OIV yIVVP) OIV (xIVVP OIV ZIVVP)) OIV (ZIVVP OIV yIVVP) = OIVVP’
(IVBCIQ) (xIVP OIV (xIVP OIV yIVP)) OIV yIVP = OIVP7
(‘/L.IVVP OIV (:L.IVVP OIV yIVVP)) OIV yIVVP = OIVVP7
(IVBCI3) xIVP oIV xIVP = OIVP’ xIVVP OIV '/EIVVP = OIVVI"'7
(IVBCLl) Zrvp v Yrve = 0rvps Yrvp Oy Trvp = 0yp imply Lrvp = Yrves
Trvve Orv Yrvvp = OIVP7 Yivve Crv Lrvvp = OIVP imply LTivve = Yrvves
(IVBCK5) OIVE OIV xIVP = OIVP’ OIVVP OIV :L.IVVP = OIVVP'
In this case, (X;o0,,,0,,,) is called an interval-valued BCK -algebra.

Y TIV)
We define the binary relation <,, on X as follows: for any z, y € X,

x <

IVP —IV yIVP lf and Only 1f xIVP oIV yIVP = OIVP'

Also, the following is an immediate consequence of Definitions 2.5 and 3.1.
201
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Lemma 3.3. Let (X;%,0) be a BCK -algebra. Then ([, X];0,1,,0,,5) 15 a BCK-
algebra, i.e., it satisfies the following conditions: for any x, y, z € X,

(1) ((xzvvp v yIVVP) Orv (xzvvp v IVVP)) ( Zrvve Crv yIVVP) =0;yvps
( ) (xzvvp v (IIVVP Orv yIVVP)) v Yrvvp = OIVVP’

(3) Zrvye O Trvve = Orpyps

(4) Trvve O Yivve = Orvves Yivvr Orv Trvve = Oppvp MDY T1yyp = Yppyps
(5) 0 T =0

IVVP IV IVVP IVVP"®

We define the binary relation <,,, on [@, X] as follows: for any any z, y € X,

Zrvve Siv Yrvve =0

if and only if x

IVVP OIV yIVVP IVVP"®

The proofs of the following propositions are easy by Lemmas 3.2 and 3.3.

Proposition 3.4. Let (X;%,0) be a BCK-algebra and let x, y, z € X. Then we
have

(1)

(2) :EIVVP SIV yIVVP Zmplles ZIVVP OIV‘yIVVP SIV ZIVVP OIV :'CIVVP7
(3) IIVP SIV yIVP a’nd yIVP SIV ZIVP Zmply ‘rIVP SIV ZIVP7
(4)

IVV P SIV yIVVP a’nd yIVVP SIV ZIVVP Zmply xIVVP SIV

z o xT

SIv Yrve zmplzes Z IvP “IV

IV P IV P OIV yIVP SIV IVP)

ZIVVP'

Proposition 3.5. Let (X;*,0) be a BCK-algebra and let x, y, z € X. Then

(1) (xIVP OIV yIVP) OIV ZIVP = ("I:IVP C)IV ZIVP) oIV yIVP’

(2) (xIVVP OIV yIVVP) OIV ZIVVP = (xIVVP OIV ZIVVP) OIV yIVVP'

Proposition 3.6. Let (X;*,0) be a BCK -algebra and let x, y, z € X. Then X
has the following properties:

]‘) xIVP OIV yIVP éIV ZIVP ZmplZeS xIVP OIV ZIVP) SIV yIVP’

:'CIVVP OIV yIVVP SIV ZIVVP lmphes xIVVP OIV ZIVVP SIV yIVVP’

('CL‘IVP OIV ZIVP OIV (yIVP OIV ZIVP) SIV 4

($IVVP OIV ZIVVP) OIV (yIVVP OIV z
IV P SIV yIVP

implies x,,, 0, 2
<

IVVP —IV yIVVP Zmplzes xIVVP o

IVP oIV yIVP éIV € T

IV P OIV yIVP7

IVVP) SIV 'rIVVP OIV yIVVP’

IV P SIV yIVP OIV ZIVP’

z < o, 2

IV 7IVVP —IV yIVVP IV “IVVP)

IVvV P OIV yIVVP SIV mIVVP’
0 ==x

T
x
z IVP)
ZT

IV P OIV OIVP _xIVP7 xIVVP OIV IVVP IVVP"®

Definition 3.7. Let (X;*,0) be a BCK-algebra and let @ # A € IV.S(X). Then
A is called an interval-valued subalgebra of X, if x,, . 0., Y,vps Trvvp Oy Yivvr €A

for any xIVP’ yIVP7 x]VVP? yIVVP E A'
We will denote the set of all interval-valued subalgebras of X as IVSA(X).

Remark 3.8. (1) From Definitions 3.1 and 3.7, it is obvious that A € IVSA(X) if
and only if A~ and A" are subalgebras of X.

(2) If X, is a subalgebra of a BC' K-algebra X, then clearly, [Xo, Xo] € IVSA(X).
Furthermore, if Xy and X are subalgebras of X such that Xy C X1, then [X(, X1] €
IVSA(X).

(3) It is well-known (Theorem I1.2.7 [7]) that for any BCK-algebra with order
n(=1),

I<N@G)<C7L i=1,2,--- n,

n—1»
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where N (i) denotes the number of subalgebras with order 7 in X.
Then from (2) and the above fact, we can easily see that

n(IVSA(X)) = C2 + 51, N(i),
where n(IVSA(X)) denotes the numbers of interval-valued subalgebras of X with
order n.

(4) If A € IVSA(X), then clearly, x, = [x,_,x,,] is an interval-valued fuzzy
subalgebra of X in the sense of Jun [3].

From (1) and (3), we can see that an interval-valued subalgebra is a generaliza-
tion of a classical subalgebra ans a special case of an interval-valued fuzzy subalgebra.

The following is an immediate consequence of Lemma 3.2, Definitions 3.1 and 3.7,
and Result 2.4.

Proposition 3.9. Let (X;*,0) be a BCK -algebra and let A € IVSA(X). Then
(1) OIVP E A7
(2) (4;0,,,0,,,) is an interval-valued BCK -algebra,
(3) X e IVSA(X),

(4)0,,, € IVSA(X),

Example 3.10 (See Example 1 in 12 page [7]). Consider the BC' K-algebra (X;*,0)
with the operation * given by Table 3.1:

*x|0 a b ¢
0j0 0 0 O
ala 0 0 a
blb a 0 D
clec ¢ ¢ 0
Table 3.1

Then from Remark 3.8 (2) and Proposition 3.9, 0, ,, [{0}, {0, a}] and X are interval-
valued subalgebras of X. Furthermore, we can easily calculate n(IVSA(X)):

n(IVSA(X)) = C2 + ¥}, N(i) = 36.

Definition 3.11. Let (X;*,0) be a BCK-algebra and let & # I € IV S(X). Then
I is called an interval-valued ideal (briefly, IVI) of X, if it satisfies the following
conditions: for any z, y € X,

(IVIl) OIVP €1,

(IVIQ) Zrvp Oy Yrvp € I and Yrvp € I imply ZTrvp € I,

(IVIB) ‘TIVVP OIV yIVVP E I and yIVVP e I lmply mIVVP E I'

We denote the set of all IVIs of X as IVI(X).

It is clear that 0,,,, X € IVI(X) and we will call X an interval-valued trivial
ideal. An interval-valued ideal I is said to be proper, if I # X.

Remark 3.12. (1) [ is an interval-valued ideal of a BCK-algebra X if and only if
I~ and I'" are ideals of X.
(2) If A is an ideal of a BCK-algebra X, then [A, A] € IVI(X).
203
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(3) If A € IVI(X), then we can easily see that x, is an interval-valued fuzzy
ideal of X in the sense of Jun [8].

From (2) and (3), we can see that an interval-valued ideal is a characterization of
a classical ideal and a special case of an interval-valued fuzzy ideal.

Example 3.13. (1) Consider the implicative BC K-algebra with * (See Example 1
in 64 page [7]) given by Table 3.2:

% ][0 1 2
0(0 0 O
1/1 0 1
212 2 0
Table 3.2

Then we can easily obtain IVI(X):
IVI(X) = {0,y, X, [{0}, {0, 1}, [{0}, {0, 2}], [{0, 1}, {0, 1}],
[{0,2}, {0,2}], [{0}, X], [{0,1}, XJ, [{0, 2}, X]}.
(2) Let X be the commutative BC K-algebra with * (See Example 2 in 65 page
[7]) given by Table 3.3:

*|10 1 2 3
0/0 0 0 O
1{1 0 0 0
212 1 0 0
313 2 1 0
Table 3.3

Then clearly, IVI(X) = {0,,,, X, [{0}, X]}.
(3) Let X be any BCK-algebra and let X be the Iséki’s extension of X (See
Theorem 3.6 in 16 page [7]). Then it is obvious that X € IVI(X).
Proposition 3.14. Let X be a BCK-algebra, let I € IVI(X) and let z, y € X.
(1) ]fyIVP SI\/ xIVP and mIVP e I) then yIVP E I’
(2) [fyIVVP SIV' xIVVP and xIVVP € I’ th'en yIVVP € I'

Proof. (1) Suppose y,,p <, T;p and x,,, € I. Then we have

—IV
yIVP OIV :EIVP = (y*x)IVP = OIVP E I'
Thus by the condition (IVIy), y,,, € I.
(2) The proof is similar to (1). O
Definition 3.15. Let X be a BC'K-algebra. Then for any a, b € X, we define the

interval-valued set A(a,b) in X as follows:

A(a7 b) = A(aIVP ’ bIVP) U A(aIVVP7 bIVVP)7 Where
A(aIVP’bIVP) = U{xIVP G X : xIVP OIV aIVP SIV bIVP}’

A(aIVVP’bIVVP) = U{xIVVP € X : xIVVP OIV aIVVP SIV bIVVP}'
204
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It is obvious that 0,, ., 0,,vps Qrvps Cuvps Oivps Oyvvp € Ala, D).

The following is an characterization of interval-valued ideals.

Theorem 3.16. Let X be a BCK-algebra and let @ # I € IVS(X). Then I €
IVI(X) if and only if A(z,y) C I, i.e., A(,p,Yyvp) CT and A(x, v py Yppvp) C 1

forany x,., o, Yrvps Trvvps Yrvve €1

Proof. Suppose I € IVI(X) and let z,,,, y,,, € I. Let z,,, € A(Z,vp,Y,vp)-
Then clearly, z,,, ©,, <, x Thus by Proposition 3.14 (1), z,,, o,

IV P v IVvP —IV IVP"®
xT

wp € 1. So by (IVLy), z € I. Hence A(x,,p5,Y,,p) C I. Similarly, we have

A(xIVVP7yIVVP) C I' .
Conversely, suppose the necessary conditions hold. Since I # &, there is x € X

such that x € I. Then by (IVBCK3), we get

IV P

IvVPpP) xIVVP

0 o, X

0 © T IVVP "IV

IV P v
Thus by the hypothesis, 0,,,, € A(x,yp,%,,,) CLand 0y € A(@1yyp, Tryyp) C
I. So the condition (IVI;) holds.
Suppose €I and y,,, € I. Then by (IVBCI,), we have

x €T

IV P §IV IVP) IVV P SIV IVVP"®

IV P OIV yIVP

mIVP OIV (:ElvP OIV yIVP) SIV yIVP'

O YrvpsYrvp) C I. So the condition (IVI;) holds.
€I and y,,,, € I. Then by (IVBCI,), we have

Thus z,,, € A(z,,»

Now suppose ;. p ©,y Yy p

<

IVVP OIV (xIVVP OIV yIVVP) — 1V yIVVP'

Thus .y, € A(T1vvr O Yivvrs Yrvvr) C 1. So the condition (IVI3) holds. Hence
IelVI(X). O

X

The following is an immediate consequence of Theorem 3.16.

Corollary 3.17. Let X be a BOK -algebra, let @ # 1 € IVS(X) and let z € X.
Then I € IVI(X) if and only if for any x,, 5, Yyvprs Tivves Yrvvp € 15

(ZIVP Orv zIVP) Orv Yrvp = OIVP zmplzes Zrve el

and

(ZIVVP OIV mIVVP) OIV yIVVP = OIVVP ZmplZeS ZIVVP € I'

Proposition 3.18. Every interval-valued ideal of a BCK -algebra X is an interval-
valued subalgebra of X.

Proof. Let I € IVI(X) and suppose Z,,,, Y,vps Trvvps Yivvp € 1. Then by
Proposltion 36 (7)’ :I:IVP OIV yIVP < :I;IVP and mIVVP OIV yIVVP SIV mIVVP' Thus

—I1V
by Proposition 3.14, x x €l. SolelVSA(X). O

IV P OIV yIVP’ IVvv P OIV yIVVP

4. INTERVAL-VALUED POSITIVE IMPLICATIVE IDEALS

In this section, we introduce the concept of interval-valued positive implicative
ideals of a BCK-algebra X by modifying the notion of positive implicative ideals
of X defined by Iséki [6]. We study some of its properties. In particular, we give
tow characterizations of interval-valued ideals. Moreover, by modifying the concept

205
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of positive implicative BC' K-algebras introduced by Iséki [9], we define an interval-
valued positive implicative BC K-algebra and obtain a characterization of interval-
valued positive implicative BC' K-algebras.

Definition 4.1. Let X be a BCK-algebra and let @ # I € IVS(X). Then I is
called an interval-valued positive implicative ideal (briefly, IVPII), if it satisfies the
following conditions: for any x, y, z € X
(IVIy) 0,,, €1,
(IVPII2) ('rIVP OIV yIVP) oIV ZIVP E I and yIVP OIV zIVP e I imply
xIVP OIV ZIVP E I’
(IVPII3) ('rIVVP OIV yIVVP) OIV ZIVVP 6 I and yIVVP OIV ZIVVP 6 I imply

xIVVP OIV ZIVVP € I'

We will denote the set of all IVPIIs of X as IVPII(X).

Remark 4.2. (1) If A is a positive implicative ideal of a BC'K-algebra X, then
clearly, [4, A] e IVPII(X).

(2) If I is an interval-valued positive implicative ideal of a BC K-algebra X, then
I~ and IT are positive implicative ideals of X.

Proposition 4.3. Fvery interval-valued positive implicative ideal a BC'K -algebra X
is an interval-valued ideal of X but the converse is not true in general (See Example
4.4).

Proof. Let I € IVPII(X) and suppose ,,p, Oy Yrvps Yrvp € I. Then by the
condition (IVPII;) and Proposition 3.6 (8), we have

(xIVP OIV yIVP)OIV OIVP7 yIVP OIVO EI

Thus by the condition (IVPIIy) and Proposition 3.6 (8), z,,, = Z,,» ©,, 0,,, € I
So the condition (IVIy) holds.

Now suppose Z,,vp v Yyvvps Yrvvp € I. Then by the condition (IVPII;) and
Proposition 3.6 (8), we get

IV P

(xIVVP OIV yIVVP) OIV OIVVP7 yIVVP OIV 0IVVP € I'

Thus by the condition (IVPII3) and Proposition 3.6 (8), Z,,vp = T,y vp v Ojpvp €
I. So the condition (IVI3) holds. Hence I € IVI(X).

Example 4.4. Let us consider the BC' K-algebra (X;«.0) having the binary oper-
ation * given by Table 4.1 (See Example 1 in 69 page [7]):

*10 1 2 3 4
0/0 0 0 0 O
111 0 1 0 1
212 2 0 2 0
313 1.3 0 3
414 4 4 4 0
Table 4.1

We can easily check that

IVPII(X) = {[{0,1,3},{0,1,3}],[{0,1,3},{0,1,2,3}],[{0,1,2,3}, {0, 1,2, 3}]}.
206
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Moreover, by Proposition 4.3, we have
IVI(X) = {0,,,, [{0},{0,2}], [{0, 2}, {0, 2}], [{0}, {0,2,4}], [{0, 2}, {0, 2, 4}],
[{0,2,4},{0,2,4}], [{0}, {0, 1, 3}], [{0}, {0, 1, 2,3},
{0,2},{0,1,2,3}]} U IVPII(X).
However, every member of IVI(X)NIVPII(X)® is not positive implicative. For
example, let us the interval-valued ideal [{0,2}, {0,2}] of X. It is obvious that

(31VP OIV 21VP) OIV OIVP’ 2]VP OIV OIVP E [{072}7{072}]'
OIVP - 31VP g [{Oa 2}3 {Oa 2}] So [{07 2}7 {07 2}] ¢ IVPII(X)
The following is an characterization of interval-valued positive implicative ideals.

Theorem 4.5. Let X be a BCK-algebra and let I € IVI(X). For each a € X, let
A, be the interval-valued set in X defined by:

Ao = AaIVP U Aarvvp’ where
AGIVP = U{xIVP €X: Lryp Orv Qrvp € I}v

AaIVVP = U{xIVVP E )fz : xIVVP OIV aIVVP e I}'
Then I € IVPII(X) if and only if A, € IVI(X) for each a € X.

Proof. Suppose I € IVPII(X) and z

But 3 o

IVP "IV

Oy Yrvps Yrvp € Aq. Then clearly,

IV P

(xIVP OIV yIVP) OIV aIVP’ yIVP OIV a’IVP € I

Thus by the condition (IVPIL), z,,,0,, a;,, € I. Soz,,, € A, . Similarly, by
the condition (IVPII;), we have z,,.,, € A, . Hence A, € IVI(X).
Conversely, suppose the necessary condition holds. Suppose

(¢] z

(xIVP OIV yIVP) OIV
Zivps Yrve O Zrvp € 1. Then clearly, ©,, 0y Yyyp, Ypvp € Az, - Since A, €

IVIX), 2z, €A;, . Thusz,, .0, 2,,, €I Similarly, we get ,,,,0,,2,,,, €
I. S0 I € IVPII(X). O

Corollary 4.6. Let X be a BCK-algebra. If I € IVPII(X), then for each a € X,
A, is the least interval-valued ideal of X such that I U{a,,,} C A,.

Proof. Suppose I € IVPII(X) and let J be any interval-valued ideal of X such
that TU {a,,,} € J. Let z,,, € A,. Then clearly, z,,, o,, a,,, € I. Since
ITuf{a,,,} € J, z,,p 0, a,,, € J and a,,, € J. Thus z,,, € J Now let
Z,yvp € Aq. Then similarly, we have z,,,, € J. So A, C J. Hence the result

holds. g
We give another characterization of interval-valued positive implicative ideals.

Theorem 4.7. Let X be a BCK-algebra and let @ # I € IVS(X). Then the
followings are equivalent:
(1) I € IVPII(X),
(2) I € IVI(X) and for any x, y € X,
(2a) Zf (:L‘IVP OIV yIVP) OIV yIVP7 then xIVP OIV yIVP G I’
(2b) Z-f (xIVVP OIV yIVVP) OIV yIVVP 6 I7 then :L.IVVP OIV yIVVP 6 I’
(3) I € IVI(X) and for any z, y, z € X,

(311) Zf (xzvp Orv ylvp)ozv Zivp € I, then (:CIVP Orv ZIVP)OIV (yzvp Orv ZIVP) €l
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(3b) /Lf (xIVVP OIV yIVVP) OIV ZIVVP E I7 then

(xIVVP c)IV ZIVVP OIV (yIVVP OIV ZIVVP) € ’[7

(4) I € IVI(X) and for any x, y, z € X,

E ) Zf(( IVP oIV yIVP)OIV yIVP)OIV ZIVP7 IV P GI then xIVP v yIVP 617

4b) Zf (( IVVP OIV yIVVP) OIV yIVVP) OIV ZIVVP’ IVV P E I then
mIVVP OIV yIVVP 6 I'
Proof. The proofs are almost similar to ones of Theorem I11.2.5 [7]. O

Proposition 4.8. Let X be a BCK-algebra and let I, A € IVI(X) such that
ICA IfTIelVPII(X), then A€ IVPII(X).

‘P,roof' Suppose I 6 IVPII(X)’ Let (xIVP OIV yIVP) OIV ZIVP7 ('I.IVVP OIV yIVVP) OIV

ZIVVP € A and let uIVP = (‘rIVP OIV yIVP) oIV ZIVP7 uIVVP = (:'CIVVP OIV yIVVP) oIV

Zvvp- Then we have
((mIVP OIV uIVP)OIV yIVP)OIV ZIVP .
= ((:EIVP OIV yIVP) OIV uIVP) OIV ZIVP [By PI‘OpOSlt}OH 3 5 ( )]
= ((mIVP OIV yIVP) OIV ZIVP) OIV P [By PropOSItlon 3 5 ( )]
=0,,,- [By (IVBCI3)]
Slmlla’rly7 we get ((xIVVP OIV uIVVP) OIV yIVVP) OIV ZIVVP = OIVVP' Slnce I e
IVPII(X), by the condition (IVI;), we get
(4'1) ((xIVP OIV uIVP)OIV yIVP)OIV ZIVP GI’
(4'2) ((xIVVP OIV uIVVP) OIV yIVVP) OIV IVvPpP e I
Thus by Theorem 4.7 (3,) and (3;), we have
(4‘3) ((xIVP OIV uIVP) OIV ZIVP) OIV (yIVP OIV ZIVP) 6 I’
(4'4) ((xIVVP OIV uIVVP) oIV ZIVVP) OIV (yIVVP OIV IVVP) € I

On the other hand, from Proposition 3.5, (4.3) and (4.4), we obtain

((xIVP OIV uIVP) OIV ZIVP) OIV (yIVP OIV ZIVP)

= ((:CIVP OIV ZIVP) OIV (yIVP OIV ZIVP)) OIV (("I"IVP OIV yIVP) OIV ZIVP) € I’

(('I:IVVP OIV uIVVP) OIV ZIVVP) OIV (yIVVP OIV ZIVVP)

= ((z z z

IVV P OIV IVVP) OIV (yIVVP OIV IVVP))

OIV((xIVVP OIV yIVVP) OIV IVV P 6 I
Since I C A, we have

(4'5) ((xIVP OIV ZIVP) OIV (yIVP OIV ZIVP)) ((xIVP v yIVP) OIV IVP) 6 A

(4.6) ((xIVVPOIVZIVVP)OIV (yIVVPOIVZIVVP)) ((xIVVP IVyIVVP)OIV IVVP) E A

Since (z € Aand A € IVI(X),
o,z

(IIVP OIV ZIVP)OIV (yIVP OIV ZIVP)’ (IIVVP v EA
So the conditions (3,) and (3;) hold. Hence by Theorem 4.7, A € IVPII(X). O

Definition 4.9 ([9]). Let X be a BCK-algebra. Then X is said to be positive
implicative, if it satisfies the following conditions: for any z, y, z € X,

(xxz)*(yxz)=(r*y)*
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The following is an immediate consequence of Definitions 3.1 and 4.9.

Lemma 4.10. Let X be an interval-valued positive implicative BCK -algebra. Then
the followings hold: for any x, vy, z € X,
(1) (xlvp OIV ZIVP) OIV (yIVP OIV ZIVP) = (:I;IVP oIV yIVP) OIV yIVP’

)O [¢] z

v (yIVVP OIV ZIVVP = (xIVVP OIV yIVVP IV “IVVP"®

(2) (xIVVP OIV ZIVVP

In this case, X is called an interval-valued positive implicative BCK -algebra.

We give a characterization of interval-valued positive implicative BC K-algebras.

Lemma 4.11. Let X be a BCK-algebra. Then the followings are equivalent: for
any x, y € X,

(1) X is interval-valued positive implicative,

(2) xIVP OIV yIVP = (mIVP OIV yIVP) OIV yIVP’

'TIVVP OIV yIVVP = (xIVVP OIV yIVVP) OIV yIVVP’

(3) (xIVP OIV (IIVP OIV yIVP)) OIV (yIVP OIV xIVP)

xIVP v (xIVP OIV (yIVP OIV (yIVP oIV x}VP)))?

(I’IVVP OIV (IIVVP OIV yIVVP)) OIV (yIVVP OIV €z

= 'TIVVP OIV (xIVVP oIV (yIVVP OIV (yIVVP OIV Z'IVVP)))
(4) xIVP v yIVP = (‘TIVP OIV yIVP) OIV (xIVP OIV (xIVP OIV yIVP))

xIVVP v yIVVP :(xIVVP v yIVVP)oIV ( IVVP IV)( Ivvp IV yIVVP))7
T

IVVP)

(5) IV P OIV (xIVP v yIVP _(xIVP v (xIVP v yIVP) IVP OIV yIVP )

Livyp Crv (xIVVP v yzvvp)

( IVVP IV (xIVVP OIV yIVVP)) OIV (xIVVP OIV yIVVP)’
(5) (xIVP ( IVP IV yIVP)) OIV (yIVP OIV xIVP)
yIVP v (yIVP OIV ‘rIVP)) oIV (I.IVP oIV yIVP)7

o mIVVP)

= (
(mIVVP v (xIVVP OIV yIVVP)) OIV (yIVVP v

(yIVVP OIV (yIVVP OIV xIVVP)) OIV (xIVVP oIV yIVVP)'

Proof. The proofs are similar to Theorem 1.4.2 in [7]. O
We give a characterization of interval-valued positive implicative BC' K-algebras.

Theorem 4.12. Let X be a BCK-algebra. Then the followings are equivalent:
(1) X is an interval-valued positive implicative BCK -algebra,
(2) 0y € IVPII(X),
(3) for each I € IVI(C), I € IVPII(X),
(4)

foreach a € X, A(a) = A(a,, ) UA(a;vp) € IVI(X), where
A(aIVP) = U{xIVP E X IIVP SIV aIVP}’
A(aIVVP) = U{IIVVP G X IIVVP SIV aIVVP}'

Proof. (1)=(2): Suppose X is an interval-valued positive implicative BC K-algebra.
It is clear that 0,,, € IVI(X) and 0,,,,, €0,,,,.. For for any z, y, z € X, let

(xIVP OIV yIVP) OIV yIVP’ (xIVVP OIV yIVVP) OIV yIVVP G OIVP'
Then by Lemma 4.11 (2), we have

(xIVP oIV yIVP) OIV yIVP) = xIVP OIV yIVP’
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(xIVVP OIV yIVVP) OIV yIVVP) = xIVVP OIV yIVVP'

Thus mIVP OIV yIVP’ OIV yIVVP G OIVP' SO by Theorem 47 (2)7 OIVP €
IVPII(X).
(2)=(3): The proof is clear from Proposition 4.8.

(3)=(4): Suppose the condition (2) holds. For any a, z, y € X, let z,,, o,,

yIVP’ yIVP € A(aIVP) Then ClearlY7 xIVP OIV yIVP SIV aIVP and yIVP SIV aIVP'
Thus (IL’IVP OIV yIVP) OIV aIVP = OIVP E OIVP and yIVP OIV aIVP = OIVP G OIVP'
By the hypothesis, ,,, 0,y @,vp = 0,vp € 0,05, 1€, T, <,y Qrpp. SO T, €
Ala,y,p). Now let ©,, 00 0 Yyvvrs Yivp € A(a,y ). Then by the similar way, we
can see that x € A(a,yyp)- Thus Z,yp € A(a). Hence A(a) € IVI(X).

xIVVP

O

IVV P IV P) IV P
(4)=(1): Suppose the condition (4) holds and (z,,, ©,4 Y,vr) v Yive = O;vp
and (:rIVVP OIV yIVVP) OIV yIVVP = OIVVP' Then Clearly’ 'Z'IVP OIV yIVP’ xIVVP OIV

Yrvvp € A(y). By the definition of A(y), ¥,vp, Yrvve € A(y). Since A(y) € IVI(X),

£L‘IVF" xIVVP 6 A(y)7 i'e'7 xIVP OIV yIVP = OIVP’ xIVVP OIV yIVVP = OIVVP' Thus by
the condition (IVBCK3), we get

(xIVP C)IV yIVP) OIV yIVP = 'rIVP OIV yIVP7

(mIVVP OIV yIVVP) OIV yIVVP = mIVVP OIV yIVVP'

So the condition (1) holds. O

We give another characterization of interval-valued positive implicative BC K-
algebras.

Theorem 4.13. Let X be a BCK-algebra. Then X s an interval-valued positive
implicative BCK -algebra if and only if for each I € IVI(X) and each a € X,
A, € IVI(X).

Proof. Suppose X is an interval-valued positive implicative BC K-algebra, let I €
IVI(X) and let a € X. Then by Theorem 4.12, I € IV PII(X). Thus Theorem 4.5,
AelVI(X).

Suppose the necessary condition holds. In order to show that X is an interval-
valued positive implicative BC'K-algebra, from Theorem 4.12, it is sufficient to prove
that I € IVPII(X) for each I € IVI(X). For any z, y, z € X, let

(xIVP OIV yIVP) OIV ZIVP’ yIVP oIV ZIVP € I’

z

("’UIVVP oIV yIVVP) OIV IVVP)? yIVVP OIV ZIVVP € I'

Let A = {uIVP 6 X : uIVP OIV ZIVP E I} U{UIVVP E X : UIVVP OIV ZIVVP 6 I}'
Then clearly, €, ;v Yyvps Yive €EAand T,,u. O Yrvvrs Yrvve € A. From the
hypothesis, it is obvious that A € IVI(X). Thus z,, ., z,,,, € A. So we get

T O,y 2 el

T © z IVvpP TIV T"IVVP

IvpP TIV TIVP?

Hence I € IVPII(X). Therefore by Theorem 4.12, X is an interval-valued positive
implicative BC' K-algebra. O
210



Han et al./Ann. Fuzzy Math. Inform. 24 (2022), No. 2, 199-221

5. INTERVAL-VALUED IMPLICATIVE IDEALS

In this section, we define an interval-valued implicative ideal of a BC K-algebra
X by modifying the notion of implicative ideals of X introduced by Meng [12]. We
discuss some of its properties. Moreover, we give tow characterizations of interval-
valued implicative ideals. In particular, we propose the notion of interval-valued
implicative BC K-algebras and obtain its one characterization.

Definition 5.1. Let X be a BCK-algebra and let @ # I € IV S(X). Then I is
called an interval-valued implicative ideal (briefly, IVII), if it satisfies the following
conditions: for any z, y, z € X,

(IVIy) 0,,, €1,

(IVIILy) (xIVP Orv (yIVP Orv xIVP)) o Zyp €1 and z,,, € I'imply z,,, €1,

(IVII3) (x o T €1 and z,,,, €I imply

vve Crv (yrvvp Orv

T el

IVV P

We will denote the set of all IVIIs of X as IVII(X).
Remark 5.2. (1) If A is a positive implicative ideal of a BC K-algebra X, then
clearly, [A, A] € IVII(X).

(2) If I is an interval-valued positive ideal of a BC'K-algebra X, then I~ and I
are positive implicative ideals of X.

o

IVVP)) v ZIVVP

Example 5.3. (1) Let X be a BCK-algebra. Then clearly, X € IVII(X). In this
case, X is called the interval-valued trivial implicative ideal of X.

(2) Let (X; %.0) be the BC' K-algebra with the binary operation * given by Table
5.1 (See Example 3 in 73 page [7]):

*|10 1 2 3 4
0/0 0 0 0O O
1{1 0 0 0 O
212 1 0 1 0
313 3 300
414 4 4 4 0
Table 5.1

Then clearly, X is neither positive implicative nor commutative. Furthermore, we
can easily check that [{0,1,2,3},{0,1,2,3}], [{0,1,2,3}, X] € IVII(X).

Proposition 5.4. Every interval-valued implicative ideal of a BCK-algebra X is
an interval-valued ideal of X but the converse is not true in general (See Example
5.5).

Proof. Let I € IVII(X) and suppose
and Proposition 3.6 (8), we have

z € I. Then by (IVBCI;)

IV P OIV IVP) ZIVP

(xIVP OIV (xIVP OIV xIVP) OIV ZIVP = :L.IVP OIV ZIVP'
Slnce xIVP OIV ZIVP 6 I’ (xIVP OIV (xIVP OIV ‘,I/.IVP) OIV ZIVP 6 I' Thus by the
condition (IVIIy), 2,,,, € I. So the condition (IVI,) holds. Similarly, we prove that
the condition (IVI3) holds. Hence I € TVI(X). O
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Example 5.5. Let (X;*.0) be the BCK-algebra given in Example 4.4. Then We
can easily check that {[{0,2},{0,2}] € IVI(X) but {[{0,2},{0,2}] ¢ IVII(X).
Moreover, {[{0,1,3},{0,1,3}] € IVPII(X) but {[{0,1,3},{0,1,3}] & IVII(X).

Proposition 5.6. Every interval-valued implicative ideal of a BCK -algebra X is an
interval-valued positive implicative ideal of X but the converse is not true in general
(See Example 5.5).

Proof. Let I € IVII(X) and suppose (Z,,p5 v Yvp) Orv Zrves Yive O
and (xIVVP OIV yIVVP) OIV ZIVVP’ yIVVP OIV ZIVVP E I' Then we th
((:I;IVP OIV ZIVP) OIV zIVP) OIV (yIVP OIV Z;IVP’)

v ('rIVP OIV zIVP) OIV yIVP [By Lemma’ 36 (3)]

(mIVP OIV yIVP) OIV ZIVP' [By Lemma’ 35 (1)]

Similarly, by Lemmas 3.6 (4) and 3.5 (2), we have

z el

IV P

I IA

((xIVP OIV zIVP) OIV ZIVP) OIV (yIVP OIV ZIVP) SIV (:ElvP OIV yIVP) OIV ZIVP'

Slnce (:Z:IVPOIVyIVP)OIVZIVP 6 I a’nd (xIVVPOIVyIVVP)

3.14 (1) and (2), we have
((:I:IVP OIV zIVP) OIV ZIVP) oIV (yIVP OIV ZIVP) E I’
Oy 2

((xIVVP oIV ZIVVP) v € I
Since ¥, p %0 Zrvps Yivep v Zivvp € L and I € IVI(X) by Proposition 5.4, by
the conditions (IVI;) and (IVI3), we get

o Zivyvp € 1, by Proposition

[¢] o

IVVP) v (yIVVP v zIVVP)

(‘fL‘IVP OIV ZIVP) OIV ZIVP € I7

z el.

ZIVVP) OIV IVV P

(JjIVVP OIV
On the other hand, we have
(xIVP OIV ZIVP) OIV (xIVP OIV (xIVP OIV ZIVP)) .
= (xIVP OIV (xIVP OIV (mIVP OIV ZIVP))) OIV ZIVP [By Pr0p081t10n 35 (1)]

= ('TIVP OIV ZIVP) OIV ZIVP 6
Similarly, we get
(xIVVPOIVZIVVP)OIV (xIVVPOIV (xIVVPOIVZIVVP)) = ($IVVPOIVZIVVP)OIV ZIVVP 6 I'

Thus by Proposition 3.6 (8),

((I’IVP OIV ZIVP) OIV (IIVP OIV (IIVP OIV ZIVP))) OIV OIVP € I?

(('TIVVP OIV ZIVVP) OIV ('TIVVP OIV (mIVVP oIV ZIVVP))) OIV OIVVP € I'

Since 0,,, € [ and I € IVI(X), by the conditions (IVIy) and (IVI3), we have
xIVVP OIV ZIVVP € I

So the conditions (IVPIIy) and (IVPII3) hold. Hence I € IVPII(X). O

T o z

IVvP 1V TIVP)?

We give a characterization of interval-valued implicative ideals.

Theorem 5.7. Let X be a BCK-algebra and let I € IVPII(X). Then I €
IVII(X) if and only if it satisfies the following conditions: for any x, y € X,

(5'1) yIVP OIV (yIVP OIV xIVP) e I implies mIVP OIV (:Z:IVP OIV yIVP) e I7

(52) yIVVP OIV (yIVVP oIV xIVVP) € I lmphes xIVVP OIV (I‘IVVP OIV yIVVP) € I
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Proof. Suppose I € IVII(X) and let y,,, o, (Y,;vp Oy T,vp) € L and y,,p 0,
Wrvvr Ov Tivyvp) € I. From Proposition 3.5 (1) and (2), Lemma 3.2,

T (:L.IVP oIV yIVP) SIV T

< ., x

IVV P OIV yIVVP) —IVv

IV P OIV IVP)

sBIVVP OIV (x

Then by Proposition 3.4 (1) and (2), we have

IVVP"®

yIVP OIV ‘TIVP SIV yIVP OIV ('rIVP OIV (xIVP oIV yIVP))’

:I:IVVP SIV yIVVP OIV (xIVVP OIV (mIVVP OIV yIVVP))’

yIVVP OIV
Thus we get

(vap Orv (xIVP Orv yIVP)) (yIVP Orvy (xIVP Orv (xIVP v yIVP)))
SIv (‘rIVP Orv (xzvp Orv yIVP)) (yIVP v IVP) [By PrOpOSlthH 3.4 (1)]

SI\/ yIVP OIV (yIVP)) OIV IVP) [By (IVBCIZ)]
Also, by Proposition 3.4 (2) and (IVBCI,), we have

(xIVVP oIV (xIVVP OIV yIVVP))OIV (yIVVP OIV (xIVVP OIV (xIVVP OIV yIVVP)))

SIV yIVVP OIV (yIVVP)) OIV xIVVP)'

Since I € IVPII(X), by Proposition 4.3, I € IVI(X). So by Proposition 3.6 (8),
Proposition 3.14 (1) and (2), we get
(xIVP OIV <:I;IVP oIV yIVP)) OIV (yIVP oIV (xIVP OIV (xIVP OIV yIVP))) OIV OIVP

= ('TIVP OIV (xIVP oIV yIVP)) OIV (yIVP oIV (xIVP OIV (xIVP OIV yIVP))) € I7

(xIVVP OIV (xIVVP oIV yIVVP)) OIV (yIVVP OIV (ZIVVP OIV (xIVVP OIV yIVVP)))

OIV 0IVVP

1.

= (‘TIVVPOIV (xIVVP OIV yIVVP))OIV (yIVVP OIV (‘TIVVPOIV (xIVVP OIV yIVVP))) €

Since I € IVII(X), by the conditions (IVIIy) and (IVII;),
1.

‘TIVVP OIV (mIVVP OIV yIVVP) €

IvP TIV (xIVP OIV yIVP)7

Hence (5.1) and (5.2) hold.
Conversely, suppose the necessary conditions (5.1) and (5.2) hold. Let

X [e]

(xIVP OIV (yIVP OIV xIVP)) OIV ZIVP’ IVP EI
and

(‘TIVVP OIV (yIVVP oIV xIVVP)) OIV ZIVVP’ ZIVVP € I'

Since I € IVI(X), by the conditions (IVI;) and (IVI3), we have

T T T

IV P oIV (yIVP OIV IVP)7 IVV P OIV (yIVVP OIV xIVVP) € I

On the other hand, by (IVBCIy), we get

(yIVP OIV (yIVP OIV ‘TIVP)) © (yIVP OIV mIVP)

SIV :I;IVP OIV (yIVP OIV IV P € I

T

(yIVVP OIV (yIVVP OIV ‘rIVVP)) o (yIVVP OIV IVVP)

SIV xIVVP OIV yIVVP c)IV IVVP) € I

Then yIVP OIV (yIVP OIV '/I:IVP)’ yIVVP OIV (yIVVP OIV IVVP) E I Thus by Theorem
4.7 (2,) and (2;), we get

1.

xIVVP) €

IVP)7 yIVVP OIV (yIVVP oIV
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By the conditions (5.1) and (5.2), we have

(5'3) xIVP OIV ('rIVP OIV yIVP)7 xIVVP OIV (xIVVP OIV yIVVP) € I'
Now we can easily see that the followings hold:
l‘IVP OIV yIVP SIV IIVP OIV (yIVP) oIV ZIVP) 6 I’

T xIVVPOIV(yIVVP)OIVZIVVP) € I'

SO (:I:IVP OIV yIVP) OIV ZIVP’ (:I:IVVP OIV yIVVP) oIV zIVVP e I Since zIVVP e I and
I € IVI(X), by the conditions (IVIy) and (IVI3), we get

xT

('IIVP OIV yIVP) OIV ZIVP SIV

z

(:L.IVVPOIVyIVVP)OIV IVVP SIV IVVPOIVyIVVP SIV

T

IV P OIV yIVP? IVV P OIV yIVVP GI'

T € I. Therefore [ € IVII(X

Hence from (5.3), Z,, 5, T,y p (X).
Also, we give another characterization of interval-valued implicative ideals.

Theorem 5.8. Let X be a BCK-algebra and let I € IVI(X). Then I € IVII(X)
if and only if it satisfies the following conditions: for any x, y € X,

(5'4) xIVP OIV (yIVP OIV xIVP) € I implies xIVP € 17

(5'5) xIVVP OIV (yIVVP OIV xIVVP) € I implies xIVVP € I

Proof. Suppose I € IVII(X) and let z,,, o, (Y, p v Z,vp) € L. Then clearly,
(mIVP OIV (yIVP OIV 'I:IVP)) OIV OIVP = 'I:IVP OIV (yIVP OIV xIVP) € I'

Since 0,,, € I and I € IVII(X), by the condition (IVIL,), z,,, € I. Thus (5.4)
holds. Similarly, we can easily prove that (5.5) holds.
Conversely, suppose the necessary conditions (5.4) and (5.5) hold. Let

(xIVP OIV (yIVP OIV xIVP)) OIV ZIVP’ ZIVP € I

and

(xIVVP OIV (yIVVP OIV :I:IVVP)) OIV ZIVVP’ ZIVVP 6 I
Slnce I 6 IVI(X)’ :L.IVP OIV (yIVP OIV xIVP)7 :L.IVVP OIV (yIVVP OIV xIVVP) 6 I' Then
by the hypothesis, z,, ., ©,,,p € [. Thus I € IVII(X). O

The following is a similar consequence of Proposition 4.8.

Proposition 5.9. Let X be a BCK-algebra. If I € IVII(X), then A € IVII(X)
for each A € IVI(X) such that I C A.

Proof. Suppose I € IVII(X) and let A € IVI(X) such that I C A. By Proposition
5.6, I € IVPII(X). By Proposition 4.8, A € IVPII(X). In order to show that
A € IVII(X), it is sufficient to prove that A satisfies the conditions (5.1) and (5.2).

Suppose yIVP OIV (yIVP OIV :Z:IVP)’ yIVVP OIV (yIVVP OIV xIVVP) e A and let
T Then

uIVP = yIVP OIV (yIVP OIV leP)? uIVVP = yIVVP OIV (yIVVP OIV IVVP)'

clearly, we have

yIVP OIV (yIVP OIV xIVP) OIV uIVP = OIVP € I7

[e] e} X

yIVVP v (yIVVP v IVVP) OIV uIVVP = OIVVP € I'

Since I € IVPII(X), by Theorem 4.7 (3,) and (3;), Proposition 3.5 (1) and (2),

(yIVP OIV uIVP) OIV ((yIVP OIV xIVP) OIV uIVP)
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U T el,

:(yIVP OIV uIVP)OIV ((yIVP OIV IVP)OIV IVP)

(yIVP OIV uIVP) OIV ((yIVP OIV xIVP) OIV uIVP)

(yIVVP OIV uIVVP) OIV ((yIVVP OIV uIVVP) OIV T

Since I € IVII(X), by Theorem 5.7 (5.1) and (5.2),

1.

IVVP) €

xIVP oIV (xIVP oIV (yIVP OIV uIVP))’ xIVVP OIV (xIVVP OIV (yIVVP OIV uIVVP)) € I

Since I C A, we have

€A

X [e]

IVP "IV (xIVP OIV (yIVP OIV uIVP))’ T

u

IVV P OIV (‘rIVVP OIV (yIVVP OIV IVVP))

On the other hand, we get

xIVP OIV ('TIVP OIV yIVP) OIV (mIVP oIV (‘rIVP OIV (yIVP oIV uIVP)))

SIV (xIVP OIV (yIVP OIV uIVP)) OIV (xIVP OIV yIVP)
SIV yIVP OIV yIVP OIV uIVP

= yIVP OIV (yIVP oIV (yIVP oIV (yIVP OIV xIVP)))

=Yivp Crv (yIVP Orv xzvp) € A
Similarly, we have

xIVVP OIV (xIVVP OIV yIVVP>OIV (‘rIVVP OIV (xIVVP oIV (yIVVP OIV uIVVP)))

o X

SIV yIVVP v yIVVP OIV IVV P €

Thus we get
',I:IVP oIV (xIVP OIV yIVP) OIV (:I;IVP OIV (‘TIVP OIV (yIVP OIV uIVP))) 6 A’

IVV P OIV (mIVVP OIV (yIVVP OIV uIVVP))) € A'

Since xIVPOIV (xIVPOIV (yIVPOIVuIVP))’ JjIVVPOIV (xIVVPOIV (yIVVPOIVuIVVP)) € A

and A € IVI(X), we have

x (z x

IVV P OIV IVV P OIV yIVVP)OIV (

xIVP OIV (xIVP OIV yIVP)’ xIVVP OIV (‘T"IVVP oIV yIVVP) € A

So by Theorem 5.7, A € IVII(X). O

Definition 5.10. Let X be a BC K-algebra. Then X is called an interval-valued
positive BCK -algebra, if it satisfies the following conditions: for any x, y € X,

xIVP = xIVP OIV (mIVP oIV yIVP)’ xIVVP = xIVVP OIV (I.IVVP OIV yIVVP)’

Now we give a characterization of interval-valued positive BC'K-algebra.

Theorem 5.11. Let X be a BCOK-algebra. Then the followings are equivalent:
(1) 0,y € IVII(X),
(2) for each I € IVI(X), I € IVPII(X),
(3) for each a € X, A(a) € IVPII(X),
(4) X is an interval-valued implicative BCK -algebra.

Proof. (1)<(2)<(3): The proofs are straightforward from Theorem 5.9.

(4)=(1): The proof is clear.

(1)=(4): Suppose0,,,, € IVII(X). Then by Proposition 5.6, 0,,,, € IVPII(X).
By Theorem 4.12, A(z * (y xx)) € IVI(X) for any z, y € X. By the condition (2),
A(z * (yxx)) € IVII(X). From the definition of A(x * (y * x)), we have

xIVP OIV (yIVP oIV leP)’ 'fL‘IVVP OIV (yIVVP OIV xIVVP) € A(.’I}* (y *.’L‘))
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Thus z ZTrvvp € Az * (yxx)). So we get

IVP)

xIVP SIV xIVP OIV (yIVP oIV xIVP)7

xIVVP SIV IIVVP oIV (yIVVP OIV IVVP)'

On the other hand, by Proposition 3.5 and (IVBCK3;), we have

xT

xIVP OIV (yIVP OIV xIVP) SIV xIVP7
IIVVP OIV (yIVVP OIV IIVVP) SIV IIVVP'
HeIlCG 'CL.IVI?V = xIVP OIV (yIVP OIV xIVP)? xIVVP = xIVVP OIV (yIVVP OIV :EIVVP)'
Therefore X is an interval-valued implicative BC K-algebra. g

6. INTERVAL-VALUED COMMUTATIVE IDEALS

In this section, by modifying the concept of commutative ideals proposed by
Meng [13], we define an interval-valued commutative ideal and investigate some of
its properties. Finally, by using the notion of commutative BC K-algebras defined
by Tanaka [10, 11], we define an interval-valued commutative BC K-algebra and give
its one characterization.

Definition 6.1. Let X be a BCK-algebra and let @ # I € IVS(X). Then I is
called an interval-valued commutative ideal (briefly, IVCI), if it satisfies the following
conditions: for any z, y, z € X,
(IVL1) 0,,, € 1,
(IVCI2) mIVP OIV yIVP E I imply :I;IVP OIV (yIVP OIV (yIVP OIV trIVP')) 6 I7
(IVCL) (v p Oy Yrvve) Oy Zrvve € L and 2, € I imply
xIVVP OIV (yIVVP OIV (yIVVP OIV :I:IVVP)) 6 I

We will denote the set of all IVCIs of X as IVCI(X).

It is obvious that X € IVCI (X) and it is called the interval-valued trivial com-
mutative ideal of X

Remark 6.2. (1) If A is a commutative ideal of a BC' K-algebra X, then clearly,
[A, Al € IVCI(X).

(2) If I is an interval-valued commutative ideal of a BC'K-algebra X, then I~
and IT are positive commutative ideals of X.

Example 6.3. Consider the BC' K-algebra (X;*.0) given in with the binary oper-
ation * given in Example 4.4. Then we can easily check that:

10,2}, {0,2}], [{0,2},{0,2,4}], [{0,2,4},{0,2,4}] € IVCI(X)
but

[{0,2},{0,2}], [{0,2},{0,2,4}], [{0,2,4},{0,2,4}] ¢ IVPII(X).
Moreover, [{0,1,3},{0,1,3}] € IVPII(X) but [{0,1,3},{0,1,3}] € IVCI(X). Also
[{0,1,2,3},{0,1,2,3}] € IVII(X).
Proposition 6.4. Every interval-valued commutative ideal of a BCK -algebra X is
an interval-valued ideal of X but the converse is not true in general (See Example

6.3).
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Proof. Let I € IVCI(X) and suppose Z,,, ©,y Y,vps Yvp € L and z,,,, 0,
Yrvves Yrvvp € I. Then by Proposition 3.6 (8), we have

(IIVP OIV OIVP) OIV yIVP7 yIVP E I and (:L'IVVP OIV OIVVP) OIV yIVVP7 yIVVP E I'
Thus by Proposition 3.6 (8), and the conditions (IVCI;) and (IVCI3), we get
xIVP = xIVP OIV (OIVP OIV (OIVP OIV Z.IVP)) 6 I7
o, T

‘rIVVP = xIVVP OIV <OIVVP OIV (OIVVP v IVVP)) € I'

So the conditions (IVIy) and (IVI3) hold. Hence I € IVI(X). O
We give a characterization of interval-valued commutative ideals.

Theorem 6.5. Let X be a BCK-algebra. Then I € IVCI(X) if and only if it
satisfies the following conditions: for any x, y € X,

(6~1) Trvp Oy Yryp €1 implies Lrvp Crv (yIVP Orv (yIVP) Orv xIVP)) €l

(62) Tryvp Oy Yrpvp €1 implies Livve Crv (yVIVP Orv (yIVVP) Orv xIVVP)) S

Proof. Suppose I € IVCI(X) and let x
Then clearly, we get

e O Yrvp ELand @,y 04y Yy p € 1

(xIVP OIV yIVP) oIV OIVP’ OIVP € I and (xIVVP OIV yIVVP) OIV 0IVVP’ OIVVP € I

Thus by the conditions (IVCIy) and (IVCIs), we have

‘/'EIVP OIV (yIVP OIV (yIVP OIV IIVP) € I’
‘rIVVP OIV (yIVVP OIV (yIVVP OIV xIVVP) € I'

So (6.1) and (6.2) hold.
Conversely, suppose the necessary conditions (6.1) and (6.2) hold. Let

(xIVP oIV yIVP) OIV ZIVP7 ZIVP € I and (xIVVP OIV yIVVP) OIV ZIVVP7 ZIVVP € I'

Since I € IVI(X), Z,,0 %,y Yyyps T € I. Thus by the conditions (6.1)
and (6.2), we have

xIVP OIV (yIVP OIV (yIVP) oIV xIVP))7 J"IVVP oIV (yIVVP OIV (yIVVP)OIV xIVVP)) € I

So I € IVCI(X). 0

vve v Yrvvp

Now we give a relationships of interval-valued commutative ideals, interval-valued
implicative ideals and interval-valued positive implicative ideals.

Theorem 6.6. Let X be a BOK-algebra and let @ # I € IVS(X). Then I €
IVII(X) if and only if I € IVCI(X) and I € IVPII(X).

Proof. Suppose I € IVII(X). From Proposition 5.6, it is obvious that I € IV PII(X).
It is sufficient to show that I € IVCI(X) by using Theorem 6.5. Let x,,, o,,
Yrvps Trvp Orv Urvp € 1. From Proposition 3.5 (1) and (2), and (IVBCK3), it is
clear that

<. x

xIVP OIV (yIVP OIV yIVP) oIV xIVP)) — 1V

IvVP)

‘rIVP OIV (yIVP OIV yIVP) OIV xIVP)) SIV T

By Proposition 3.4 (1) and (2), we have

IVP"®

o] X o]

yIVP v v (‘IIVP OIV (yIVP OIV (yIVP oIV leP)))’
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X o

yIVVP OIV IVV P SIV yIVVP v (xIVVP OIV (yIVVP OIV (yIVVP OIV ‘TIVVP)))’

Let U IVP OIV (yIVP OIV (yIVP OIV xIVP))' Then we th
IVVP OIV (yIVVP OIV uIVVP
(‘rIVP OIV (yIVP oIV (yIVP OIV ‘T"IVP)))

OIV (yIVVP oIV (xIVP OIV (yIVP OIV (yIVP OIV xIVP))))

SIV (IIVP OIV (yIVP OIV (yIVP OIV IIVP))) OIV (yIVP OIV :CIVP)

= xIVP oIV (yIVP oIV mIVP)) OIV (yIVP OIV (yIVP oIV xIVP))
<. x

—IVv IV P OIV yIVP €

= xIVVP C>IV (yIVVP

IVP T
u

o , similarly, we have

el.

IIVVP))

v (yIVVP OIV

<.z

IVVP) —1IVv

For u,, .,

u vve Crv Yrvvpe

Urvvp Orv (yrvvp Orv

Then u o

IVP "IV (yIVP OIV uIVP)’ u
5.8, Uyypy Uyyyvpe €1, 1€, we get

o, Wrvvp Oy Uppyp) € 1. Thus by Theorem

IVV P

'rIVP OIV (yIVP OIV (yIVP oIV ‘T"IVP)) € I?

el.

leVP))

IVVP OIV (yIVVP OIV (yIVVP OIV
So by Theorem 6.5, I € IVCI(X).

Conversely, suppose I € IVCI(X) and I € IVPII(X). In order to prove that
I €IVII(X), we use Theorem 5.8. Let

X

T T T x I.

IV P oIV (yIVP oIV IVP)’ IVV P OIV (yIVVP OIV IVVP) €

We can easily see that the followings hold:

xIVP)’

mIVP OIV (yIVP OIV

xIVP) SIV

(yIVP OIV (yIVP oIV xIVP)) OIV (yIVP OIV

A

o xIVVP)'

'/EIVVP OIV (yIVVP A%

o ‘T"IVVP) —IV

(yIVVP oIV (yIVVP OIV 'rIVVP))OIV (yIVVP v

Then we have
(yIVP OIV (yIVP OIV IIVP)) OIV (yIVP OIV IIVP) G I7

(yIVVP OIV (yIVVP OIV xIVVP)) OIV (yIVVP OIV xIVVP) € I

Since I € IVPII(X), by Theorem 4.7 (2,) and (2;), we get

(6‘3) yIVP OIV (yIVP oIV xIVP)’ yIVVP OIV (yIVVP OIV xIVVP) € I'

Furthermore, we have

<  x o

xIVP OIV yIVP —IV IVvP "IV (yIVP oIV 'rIVP)’

<  x o

xIVVP oIV yIVVP — 1V

IVVvP TIV (yIVVP OIV T

€ I. Since I € IVCI(X), by Theorem 6.5,

IVVP)'

Thus z T

IVvv P OIV yIVVP

xIVP OIV (yIVP OIV (yIVP OIV ‘IIVP)) € I7

'rIVVP OIV (yIVVP OIV (yIVVP OIV € I

So by (6.3), x,,p, T, vp € I. Hence by Theorem 5.8, I € IVII(X). O

IV P oIV y[VP’

xIVVP))

Proposition 6.7. Let X be a BCK-algebra and let I, A € IVI(X) such that
ICA IfIelVCI(X), then A€ IVCI(X).
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‘P,roof' Let xIVPOIVyIVP7 'TIVVPOIVyIVVP € Aand let U’IVP = xIVPOIVyIVP7 uIVVP =

T,vvp Orv Yrvvp- Then we have

(‘/EIVP OIV uIVP) OIV yIVP = (IIVP OIV yIVP) OIV uIVP = 0IVP € I’

u

(mIVVP oIV U’IVVP) OIV yIVVP = (‘rIVVP OIV yIVVP) OIV IVVP = 0IVVP € I'

Since I € IVCI(X), by Theorem 6.5, we get

(xIVP OIV uIVP) OIV (yIVP OIV (yIVP OIV (xIVP OIV uIVP))) € I’

1.

(Z.IVVP OIV uIVVP) OIV (yIVVP OIV (yIVVP OIV (:L.IVVP OIV uIVVP))) E
Thus by the hypothesis I C A and Proposition 3.5, we have

(IIVP OIV (yIVP OIV (yIVP OIV (IIVP OIV uIVP)))) OIV uIVP
= (xIVP OIV UIVP) oIV (yIVP OIV (yIVP OIV ('TIVP OIV uIVP))) € A?

(:'UIVVP OIV (yIVVP oIV (yIVVP OIV (xIVVP oIV u[VVP)))) OIV uIVVP

= (xIVVP OIV uIVVP) OIV (yIVVP OIV (yIVVP OIV (xIVVP OIV uIVVP))) € A

Since u,,,, € A and A € IVI(X), we have

IV P

(xIVP OIV (yIVP oIV (yIVP C)IV (xIVP OIV uIVP)))) € A’

(xIVVP OIV (yIVVP OIV (yIVVP OIV (xIVVP OIV uIVVP)))) € A
On the other hand, by (IVBCI;), Proposition 3.5 (1), (IVBCI3) and (IVBCK3), we
get
(:L.IVP OIV (yIVP OIV (yIVP OIV xIVP)))
OIV(:EIVP OIV (yIVP OIV (yIVP OIV ('TIVP OIV uIVP))))

SIV (yIVP OIV (yIVP OIV ('rIVP OIV uIVP )) oIV (yIVP oIV (yIVP OIV xIVP))
SIV (yIVP OIV ‘/'EIVP) OIV (yIVP OIV (‘TIVP OIV uIVP))

SIV (xIVP OIV UIVP) OIV sL’IVP

= ("I’.IVP oIV wIVP) OIV uIVP

= OIVP v uIVP'

=0 e A

Similarly, we have

(xIVVP OIV (yIVVP OIV (yIVVP oIV xIVVP)))

OIV (xIVVP OIV (yIVVP oIV (yIVVP OIV (I.IVVP oIV uIVVP))))

<, 0,,,p € A. Since A € IVI(X), we get
IIVP OIV (yIVP OIV (yIVP OIV x]VP))’ :Z:IVVP OIV (yIVVP OIV (yIVVP OIV IIVVP)) 6 A'
So by Theorem 6.5, A € IVCI(X). O

Definition 6.8. Let X be a BCK-algebra. Then X is called an interval-valued
commutative BC K -algebra, if it satisfies the following conditions: for any z, y € X,

xIVP OIV ("I:IVP OIV yIVP) = yIVP OIV (yIVP OIV xIVP)’

xIVVP)'

xIVVP oIV (xIVVP oIV yIVVP) = yIVVP OIV (yIVVP oIV

We obtain a characterization of interval-valued commutative BC' K-algebras.
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Theorem 6.9. Let X be a BCK-algebra. Then The followings are equivalent: for
any , y € X,

(1) X is an interval-valued commutative BC K -algebra,

(2) x o

IVP "IV (IIVP oIV yIVP) SIV yIVP OIV (yIVP OIV zIVP)’

xIVVP oIV (xIVVP OIV yIVVP) SIV yIVVP OIV (yIVVP OIV mIVVP)’

(3) (xIVP OIV (I.IVP OIV yIVP)) OIV (yIVP OIV (yIVP OIV xIVP)) = OIVP7

(‘TIVVP OIV (xIVVP OIV yIVVP)) OIV (yIVVP oIV (yIVVP OIV xIVVP)) = OIVVP'

Proof. The proof is straightforward from Definition 6.8 and (IVBCI3). O

We give another characterization of interval-valued commutative BC' K-algebras.

Theorem 6.10. Let X be a BCK -algebra. Then The followings are equivalent: for
any x, y € X,

(1)

8

IVP SIV ZIVP and zIVP OIV yIVP SIV ZIVP OIV xIVP Zmply mIVP SIV yIVP?
<

IVVP —IV ZIVVP and ZIVVP <:>IV yIVVP SIV ZIVVP OIV xIVVP Zmply

8

IVVP SIV yIVVP?

IV P) yIVP SIV ZIVP and ZIVP OIV yIVP SIV ZIVP OIV A’Z:IVP Zmply

8 5

—
[\)
~—

IV P SIV yIVP’

8] 8

IVVP) yIVVP SIV ZIVVP and ZIVVP OIV yIVVP gIV ZIVVP OIV xIVVP Zmply
IVV P SIV yIVVP’
IV P SIV yIVP Zmplzes mIVP = yIVP OIV (yIVP OIV xIVP)7
IVVP SIV yIVVP Zmplzes xIVVP = yIVVP OIV (yIVVP OIV xIVVP)’

is an interval-valued commutative BC'K -algebra,
IV P OIV yIVP = OIVP Zmpl/l/es :I:IVP OIV (yIVP OIV (yIVP OIV IIVP)) = OIVP’
IVVP OIV yIVVP = OIVVP ZmplZeS

IVVP OIV (yIVVP OIV (yIVVP OIV xIVVP)) = 0IVVP'

e W
S— N
8 br B8

8] 8

Proof. The proof is similar to Theorem 1.5.6 in [7]. O

Now we give a characterization of interval-valued commutative BC' K-algebras by
interval-valued commutative ideals.

Theorem 6.11. Let X be a BCK-algebra. Then The followings are equivalent:
(1) OIVP € IVCI(X)v
(2) I € IVCI(X) for each I € IVI(X),
(4) X is an interval-valued commutative BCK -algebra.

Proof. (1)<(2): The proof is straightforward from Proposition 6.7.
(2)<(3): The proof is easy from Theorem 6.10. O

7. CONCLUSIONS

Throughout this paper, we could see that classical (positive implicative, implica-
tive and commutative) ideals of a BC'K-algebra is naturally extended to interval-
valued sets. In the future, we expect that we or one can apply the concept of interval-
valued sets to semigroup, group and ring theory, category theory and decision-
making problem, etc.
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