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ABSTRACT. In this paper, theory of temporal intuitionistic fuzzy sets
(TIFSs) is developed. Geometric interpretation of TIFSs is given. A few
basic operations and normalization on TIFSs are defined and a few of
their properties are analysed. Also, the five types of cartesian products of
TIFSs are defined and the properties of TIFS based on these definitions
are discussed.

2020 AMS Classification: 03E72

Keywords: Temporal intuitionistic fuzzy sets, Operations an temporal intuition-
istic fuzzy sets.

Corresponding Author: C. Yuvapriya (yuvapriya.c@gmail.com)

1. INTRODUCTION

Fuzzy sets (F'Ss) introduced by Zadeh in 1965 [1] are generalization of crisp sets.
Atanassov introduced the concept of intuitionistic fuzzy sets (IFSs) in 1983 [2] as
an extension of FSs. These sets include not only the membership of the element in
the set but also the non-membership of the element along with degree of hesitancy.
Atanassov also extended the concept of IFSs into temporal intuitionistic fuzzy sets
(TIFSs) [3]. To handle the uncertainties in real life, fuzzy set theory helps a lot in
different aspects. Intuitionistic fuzzy set theory gives better result than fuzzy set
theory in handling the uncertainties and vagueness.

Soft set theory was introduced by Molodtsov [4] as a general mathematical tool for
dealing with problems that contain uncertainty. New soft topologies using restricted
and extended intersections on L-soft sets are introduced and the differences of these
soft topologies are studied in [5]. The concept of soft bitopological Hausdorff space
(SBT Hausdorff space) is presented in [6]. The properties of soft topology and
soft subtopology are discussed in [7]. In [8], soft closed sets, soft a-closed, soft semi-
closed, soft pre-closed, regular soft closed, soft g-closed and soft sg-closed are defined
on soft bitopological space and related properties of these soft sets are given and
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compared their properties with each other. In [9], in order to apply the concept of
octahedron sets to multi-criteria group decision-making problems, several similarity
and distance measures for octahedron sets are defined and a multi-criteria group
decision-making method with linguistic variables in octahedron set environment is
presented.

Time is an important parameter in real life. Many mathematical solutions will
get modification based on the parameter ‘time’. So, the mathematical model of the
real life applications need one more parameter that is ‘time’. In intuitionistic fuzzy
set theory, the parameter ‘time’ is included and the new theory called, temporal
intuitionistic fuzzy set theory is developed. In fixed time moment, the temporal
intuitionistic fuzzy set (TIFS) is a standard IFS. But TIFS is used to represent the
moving objects in different time moments.

The objective of this paper is to introduce a few interesting operations on TIFSs
and study their basic properties. Also, it is very important to note that these
operations are useful in defining contrast intensification operator and morphological
operators. Hence, the ultimate aim of the authors is to apply these operators in
video processing, that is, to contribute TIFSs tools in video processing. Further, it
is planned to design and develop a video processing algorithm using TTF'Ss.

This paper is organised as follows: In Section 2, the basic definitions of FSs, IFSs
and TTF'Ss and the related concepts are given. In Section 3, Geometric interpretation
of TIFSs is given. In Section 4, some relations and operations on TIFSs are defined
and discussed. Section 5 concludes the paper.

2. PRELIMINARIES

In this section, the basic definitions related to fuzzy sets, intuitionistic fuzzy sets
and temporal intuitionistic fuzzy sets are presented.

Definition 2.1 ([1]). Let X be a non-empty set. A fuzzy set (FS) A drawn
from X is defined as A = {(z,pa(x)) : z € X} where py : X — [0,1] denotes the
membership of the element z in the fuzzy set A.

Definition 2.2 ([2]). LetX be a non-empty set. An intuitionistic fuzzy set (IFS)
A in X is an object having the form A = {{(z,pa(x),va(z)): x € X} where py :
X —[0,1] and v4 : X — [0,1] with 0 < pa(x) +va(z) <1 for all z € X represents
the degrees of membership and non-membership of the element x to the IFS A. For
each IFS, the intuitionistic index or hesitancy degree of x in X to the IFS A is
wa(x) =1—pa(x) —va(z).

Definition 2.3 ([3, 10]). Let E be the universe and T be a non-empty set of time
moments. Then, a temporal intuitionistic fuzzy set (TIFS) is an object having the
form

A(T) = {{z, palx,t),va(z,t)) : (x,t) € ExT},
where

(i) AC FE is a fixed set.

(ii) pa(z,t) and va(x,t) denote the degrees of membership and non-membership
respectively of the element (x,t) such that 0 < pa(z,t) +va(z,t) <1 for all
(x,t) e ExXT
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Definition 2.4 ([3, 10]). For every two TIFSs,
A(T/) = {<-T,MA(1',t),VA(.Z‘7t)> : <-T,t> e F x T/}

B(T") = {{z, pp(x,t),ve(z,t)) : (v, t) € ExT"},

where T and T” have finite number of distinct time-elements or they are time-
intervals. The union operator is defined as:

A(T’)UB(T”) = {<I, ‘LLA(T/)UB(TN)(Q;,t)7 I/A(T/)UB(TN)(I,t)> | <£177t> € FE x (T/ U T”)} 5

where <$ /,LA (T")UB( T//)(x,t) Z/A T UB(T”)('/E t)>

(z, pa(z, ), va(z, 1)), ift=t'eT —-T"

(x, up(x,t"),vp(z,t")), ift=t"er" -1
(x,mazx(palz,t'), pp(z, ")), min(va(z, '), ve(z,t")),ift=¢ =t" e T'NT"
(x,0,1), otherwise

The following two operators C* and I* over a TIFS A are defined as
C*(A(T)) = {{&, suprerpiacr)(@,t),infiervar(z,t)) |x € E},
I'(A(T)) = {(x,infrcrpacr)(x,t), suprervacr)(z,t)) |z € E} .
Definition 2.5 ([3, 10]). For every two TIFSs,
AT = {{z, pa(z,t),valz, b)) : {x,t) € ExT'}

B(T") = {{z,up(z,t),vp(z,t)) : (x,t) € ExT"},

where 7" and T have finite number of distinct time-elements or they are time-
intervals. The intersection operator is defined as:

A(T/) n B(T”) {<CE, NA(T’)OB(T’/)(‘r? t), VA(T’)OB(T”)((E7t)> | <£IJ, t> € F x (T/ @] T”)}

where <ZE, MA(T/)OB(T//)(x, t), VA(T’)OB(T”)(xa t)> =

(, pa(z, ), va(z,t')), ift=t'er -1"

(x, pp(x,t"),vp(z,t")), ift=t"eT"-T

(x, mm(uA(x ), pp(z,t"),max(va(z,t'),ve(z,t"),if t =t =t" e T'NT"
(x,0,1), otherwise.

3. GEOMETRIC INTERPRETATION OF TEMPORAL INTUITIONISTIC FUZZY SETS

In this section, the geometric interpretation of TIFS is given. Let E be the uni-
verse, T be a non-empty set of time moments and F x T is the cartesian product of
the sets F and T'. Then, a geometric interpretation of TIFS is given in the following
figure. This figure is the combination of the geometric interpretation of intuitionistic
fuzzy sets and the temporal scale in [10].
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(0,1)

FicURE 1. Geometric interpretation of temporal intuitionistic
fuzzy sets [10]

4. SOME RELATIONS AND OPERATIONS ON TEMPORAL INTUITIONISTIC FUZZY SETS

In this section, relations and operations over IFSs in [3, 10] are extended to TIFSs.
Though these relations and operations are similar to intuitionistic fuzzy sets, it is
necessary to extend them to TIFSs for designing and developing video processing
algorithm, which involves ‘time’ parameter.

Definition 4.1 (Extended from [3, 10]). For every two TIFSs,

A(T') = {(z, palz,t),va(z,t)) : (,t) € EXT'}
and
B(T") = {{z, pp(x,t),ve(z,t)) : (v, t) € ExT"},

the following relations and operations are defined:
(i) A(T") € B(T") if and only if for every (x,t) € E x (T"UT") and ¢ <",

palx,t') < up(z,t”) and va(x,t') > vz, t’),

(ii) A(T") 2 B(T") if and only if for every (z,t) € E x (T"UT") and t' > t",
pa(z,t") > up(x,t”) and va(z,t') < vp(x,t”),

(i) A(T") = B(T") if and only if for every (z,t) € E x (T"UT") and t' = t”,
pa(z,t' = pp(z,t") and va(z,t') = vg(z,t”),

(iv) A(T") = {{(z,va(x,t), pa(z,t)) : (x,t) € ExT'},
140
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(v) A +B(T") = { (2, pacry s (0,8), vany s s (@ 0) | @, t) € Ex (T'UT") |,

where <J}, UA(T’)+B(T”)(J:, t), VA(T’)+B(T”)(I7 t)> =

(x, palz,t'),valz,t')y, ift=t'eT —-T"

(x, pup(x, t"),vp(z,t")), ift=t"e1" -1

(xypalz,t) + pp(x, t") — pa(z, ) .up (@, "), va(z,t)vp(z, t"),if t=t'=t" € T'NT"
(x,0,1), otherwise,

(vi) A(T). B(T") = {(w piagzy sy (@,6), vaeeny s (@.0) | (2,8) € Ex (T UT") |

where (2, piacry. sy (2,1), vacr).sae) (@, 1)) =
(x,0,1), ift=teT —T"
(2,0,1) ift=1"eT" - T
(x, pa(z,t).up(z, "), valx,t') + vp(x,t”") —va(z, t')vp(x,t”) ,if t =t =t" € T'NT"
(z,0,1), otherwise,
(vil) A(T")QB(T") = {<$, pacryanrny(@,t), varnasr (@) | (z,t) € Ex (T'U T”)} ;

where <.Z‘, '[LA(T/)@B(TH)(.Z‘, t), VA(T’)@B(T”)(:Ev t)> =

x, balet) val@t)Fly ift=t'eT —T"

z, be(et’) Livp(et) ift=t"eT" T’

z, ba@t)tup @) ”A(‘”“’*t')g”B(“"*t")> . ift=t=t"eT' NnT"
(,0,1), otherwise,

(viii) A(T")$B(T") = {<xaNA(T’)‘SB(T”)(xat)vVA(T’)$B(T”)(xvt)> | (z,t) € E x (T’ UT”)}v
where (x, pacrs ) (€, 1), varsprn (€, 1)) =

x,O,\/VA(m7t’)>, ift=teT —T"

x,0,v/va(x, t”)> ift=t"erT" -1
2o\ pa (@, ) pp (@, ), \/va (@, O) wp(@ ,t”)>, ift=t =t cT' NI
<93, Oa 1> 3 Otherwise,

(Xl) A(T')*B(T”) — {<S€, /U'A(T’)*B(T“)(x7t)ﬂ VA(T/)*B(T’/)(x;t)> | <£L’,t> € FE x (T/ @] T”)} ,
where (@, pacr i) (@,t), vacrysprn (2, 1)) =

x%% ift=t'eT —T"
x%@ ift=t"eT' -1
pra(z,t' ) +pp(z,t”) va(z,t)+vp(z,t") ift=¢ =t"eT'NT"
.T, 2~(MA(I,t/)~MB(Iat”)+1)’ 2.(VA(ZE,t').l/B(Z,t”)+1)> lft — t — t E T ﬁ T
(,0,1), otherwise,
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(X) A(T/) X B(Tl/) — {<$7NA(T’)I><]B(T“)(=T7t)a VA(T/)NB(T”)(I;t)> | <I’,t> € F x (T/ UT”)},

where (@, pacrymp ) (T, 1), varms e (2, 1)) =

x02%> ift=teT —T"

x,0, 2.7V;?§ﬁzf+l> ; ift=t"eT" -1
(pa(z,t’).pp(z,t")) (va(z,t).vp(z,t")) AP R ’ 1"

72 Uy 2 Ay ) b = =1 € TN T

(x,0,1), otherwise.

Definition 4.2 (Extended from [3]). Let E be a non-empty set and let A(T') be a
temporal intuitionistic fuzzy set. Then

(A" = {{@, pa(m, )", (1= valw, )" : (2,8) € E x T},

nA(T) = {{z, (1 = (1 - pale, )", vala,)") : (x,1) € B x T}.

Definition 4.3 (Extended from [3]). Let A(T) be TIFS. Then, the necessity oper-
ator is defined as

DA(T) = {{z, paa, 1), 1 — pale, 1)) : (w,8) € (B x T)}.
Also, the possibility operator is defined as
OA(T) = {<l‘, 1- VA(.r,t),l/A(l‘,t» : <l‘,t> € (E X T)} .

Proposition 4.4 (Extended from [3]). Let A(T) be TIFS. Then the following equal-
ities are hold:

OA(T) = CA(T),

QA(T) = OA(T),

OA(T) C A(T) c QA(T),
DO0A(T) = DA(T),
OCA(T) = CA(T),
OOA(T) = DA(T),
OOA(T) = CA(T)

Proof. OA(T) =0{(x,va(z,t), pa(z,t)) : (x,t) € EXT}
= {{z,va(x,t),1 —va(z,t)) : (x,t) € EX T}
{z,1 —va(z,t),va(z,t)) : (x,t) € E X T}
= CA(T). O

142



Parvathi and Yuvapriya /Ann. Fuzzy Math. Inform. 24 (2022), No. 2, 137-146

Theorem 4.5. Let A(T') and B(T") be two TIFSs. Then the following results hold:
O(A(T) N B(T")) = OA(T")nOB(T"),
O(A(T)uU B(T")) = OA(T") uOB(T"),

O((A(T") + B(T")) = CA(T") - ©B(T"),
O((A(T") - B(T")) = QA(T') + ©B(T"),
O(A(T)@B(T")) = DA(T"@OB(T"),
O(A(T)$B(T")) > BA(T')$0B(T"),
O(A(T) X B(T")) > BA(T") x aB(T"),
O(A(T)NB(T")) = CA(T") N OB(T"),
O(A(T) U B(T")) = CA(T) U SB(T"),
O((A(T") + B(T")) = BA(T") - OB(T"),
O((A(T") - B(T")) = DA(T") + OB(T"),
O(A(T)QB(T")) = CA(T")@OB(T"),
) € CA(T)$OB(T"),

O(A(T)SB(T'
O(A(T) X B(T")) € CA(T') X OB(T").

= D{(x mm(,uA(:v t), iz, b)), max(Ta(x,t),vp(x,t))) : {(x,t) € ExT' UT"}

= {{z,min(fis(z,1), ip(x, 1), 1 = min(fa(x,t), Bp(x,1))) : (,1) € EXT'UT"}

= {{@, min(fy(z,1), mp(z, 1)), max(l —Ha(z,1),1 = Ep(z,1))) : (x,t) € EXT UT"}

— {{wuale, ), 1 — pale,0) : (a8) € (B x DIN{ (@, pla, 0.1 — (b)) : {a,8) € (B x 7))
=0A(T")NOB(T"),

where

:uA(xat)v e T/
0, teT' =T
ps(y,t), teT”
0

MB(ZJ,t):{ ’ ’ tETlfT”

va(x,t), teT
1, teT' =T

VB(y7t)a te T”
1, teT —T".
O

Definition 4.6. The normalization of a TIFS A(T') of the universe E, denoted by
NORM (A(T)), is defined as
NORM(A(T)) = {{(z,unvorm(x,t),vnorm (2,1)) : (x,t) € E x T},

where (2.1)
palz,t
7 T,t) = o=~

~orMm(7,1) Sup(pa(@,1)
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and

va(z,t) —inf (va(z,t))

vNorMm(Z,t) =

1 —inf (va(z,t))

Definition 4.7 (Extended from [3]). Let F; and F3 be two different universes and

let

A(T") = {{z,pa(z, t),va(z, b)) : (z,t) € By x T'}
B(T") = {(z,pp(y, 1), vB(y, 1) : (y,1) € B2 x T"}
be two TIFSs. Then the Cartesian product of two TIFSs A(T') and B(T") are

defined as follows:

e the Cartesian product “ x;”

Axy B={((z,y),Ba(z,1) - Fp(y,1), vale,t) - vy, 1)) :

e the Cartesian product “ x5 ”

(x,t) € By x T" and (y,t) € By x T"},

AxyB = {((x,y) 7ﬂA(xvt) +ﬁB(y7t) _EA(x’t) 'EB(yJ)va(xat) 'pB(yvt» :

e the Cartesian product “ x3”

(x,t) € By x T" and (y,t) € Fy x T"},

Ax3B = {((m,y) 7EA(I7t) 'ﬁB(yat)7vA(xat) +ﬁB(yat) - ﬁA(zvt) 'vB(yat» :

b2

e the Cartesian product “ x4

(x,t) € By x T" and (y,t) € By x T"},

AxyB= {<<$,y> 7min(ﬁA(x’t)vﬁB(yat))7maw(vA(xat)’PB(yJ)» :

e the Cartesian product “ x5 ”

(z,t) € By x T" and (y,t) € Fy x T"},

A x5 B= {<<1‘,y> ’max(ﬁA(xvt)vﬁB(yvt))’min(ﬁA(zvt)vﬁB(y’t)» :

where
fia(x,t) = {g’A(z’t)’
fip(y,t) = {g:g(y’t)’
Ua(x,t) = {f‘(%t)’

(x,t) € By x T" and (y,t) € Ey x T"},

teT
teT —T
teT’
teT —T"
teT
teT —T
teT”
teT —T".

Proposition 4.8. Let E1, E, E3 be three universes and T be time moments. Con-
sider four TIFSs A(T"), B(T') (over Ey x T"), C(T") (over Ey x T") and D(T"")
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(over E5 x T" ). Then the following relations are hold:
(A(T) x C(T")) x D(T™) = A(T) x (C(T") x D(T"
(A(T") U B(T") x C(T") = (A(T") x C(T") U (B(T") x C(T")
(A(T") N B(T")) x C(T™) = (A(T") x C(T")) N (B(T") x C(T")
U )
N

)
T )
)
C(T") x (A(T") UB(T")) = (C(T") x A(T") U (C(T") x B(T"))
C(T") x (A(T") N B(T")) = (C(T") x A(T")) N (C(T") x B(T")),

where X € {X1, Xa, X3, X4, X5}.

Proof. (A(T") x1 C(T")) x1 D(T"")
= {<<J),y> ’ﬁA(x’t) 'ﬁC(yvt)apA(xvt) 'vC(y?t» : <$7t> € Eq x T’
and (y,t) € Ea x T"} x1 D(T")
= {({@.9) @, 0) e, D) - Tip(2:8), 7ale,0) - 7oy, D) - Up(2,1) )
(z,t) € By x T, (y,t) € Ba x T"&(2,t) € E3 x T"'}
= {(z,pa(z,t),va(z,t) : (z,t) € By x T'}
X1{<<y’z> 7ﬂC<yat) 'ﬁD(Z,t),chj,t) 'PD(Z7t>> :
(y,t) € BEa x T"&(z,t) € E3 x T"'}
= A(T") x1 (C(T") x1 D(T"").
The validity of (A(T") x C(T")) x D(T"") = A(T") x (C(T") x D(T"")) is proved
with respect to the Cartesian product “ x; ”. Other results can also be proved in a
similar way. O

)

Proposition 4.9. Let Fy, Es, E3 be three universes and T be time moments. Con-
sider four TIFSs A(T"), B(T') (over Ey x T"), C(T") (over Ey x T") and D(T"")
(over E5 x T"' ). Then the following relations are hold:

(A(T") + B(T")) x C(T") C (A(T") x C(T")) + (B(T") x C(T")),
(A(T").B(T")) x C(T") > (A(T") x C(T")).(B(T") x C(T")),
(A(T@B(T")) x C(T") = (A(T") x C(T"))@(B(T") x C(T")),
C(T") x (A(T") + B(T")) C (C(T") x A(T")) + (C(T") x B(T")),
C(T") x (A(T").B(T")) 5 (C(T") x A(T")).(C(T") x B(T")),
C(T") x (A(T")aB(T")) = (C(T") x A(T"))Q(C(T") x B(T"))

where X € {X1, Xa, X3} .

Proof. (A(T") 4+ B(T")) x1 C(T")
={{x,ma(z,t) + g(a,t) —Ta(z, t).mg(x,t), valz, t)Up(x, b)) : (x,t) € By x (T'"UT")}

<1 {(y, ne(y, 1), ve(y, 1)) « (y,t) € Ea x T}
= {( (@) a0+ Tip (e d) — a(e, 07ip(,0) - Tio(y.). Palw. ) - 75, 8) - Toly.t))

(2,t) € By x (T' UT")&(y, t) € By x T}

- {<<I7y> ’ﬁA(Ivt) 'ﬁC(va +ﬁB(I7t) 'ﬁC(yat) - ﬁA(Ivt)'ﬁB(xvt) 'ﬁC(y7t)’ﬁA(z7t) 'vB(xvt)

va(y,t)) : (x,t) € By x (T"UT")&(y,t) € By x T}
145
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= {<<xvy> Halz,t) - He(y,t),va(z,t) - ve(y, 1) : (x,t) € ElXT/&<yvt> € E2><TH}+
{{z,y),mg(x,t) - Tc(y,t),Up(x,t) - Te(y, b)) : (x,t) € By x T'&{y,t) € Ex x T"'}
= (A(T") x1 C(T")) + (B(T") x1 C(T")).

The validity of (A(T") + B(T")) x C(T") C (A(T") x C(T")) + (B(T") x C(T"))
is proved with respect to the Cartesian product “ x; ”. Other results can also be
proved in a similar way. O

5. CONCLUSION

In this work, theory of temporal intuitionistic fuzzy sets (TIFSs) has been devel-
oped. Operations like normalization and five types of cartesian products on TIFSs
have been defined and a few of their properties are also analysed. Also, the authors
proposed to work on morphological operators of TIFS and their applications in video
processing in their future work.
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