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ABSTRACT. The paper presents the study of linear extensions on an
ordered multiset structure. Results on linear extensions of a partially or-
dered set are generalized to multisets. A heuristic algorithm for generating
these linear extensions is also presented.
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1. INTRODUCTION

The theory of partially ordered sets (or posets for short) has come to an age [1,
, 3]. A linear extension of a finite poset , P = (S, X), S being a set (usually referred
to as the ground set) and a < reflexive, antisymmetric, and transitive relation on S,
is an order preserving bijection a : P — {1,2,...|p|} such that < y in P implies
a(z) % a(y). Following Szpilrajn’s fundamental result on order extension principle
[4], numerous works have appeared on linear extensions (also known as topological
sorts) of posets [5, 6, 7]. The concept of linear extensions is useful for solving
problems like the scheduling problem, also known as the jump number problem [8].
The quest for optimization has prompted the study of different classes of linear
extensions. This is usually achieved by placing certain restrictions on the methods
by which the linear extensions are constructed (See [9, 10] for greedy linear extensions
and [11] for super greedy linear extensions). A number of algorithms [12, 13, 14, 15]
have been proposed for generating linear extensions of a poset.

This paper generalizes the notion of linear extensions using a partially ordered
multiset structure (or pomset, for short). A multiset is an unordered collection hav-
ing elements that are not necessarily distinct. The theory of multisets addresses
the limitation of distinctness of membership poised by the Cantorian set (See for
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instance [16, 17]). The multiset theory in [16] assumes separate axioms for multi-
plicity arithmetic (i.e., the number of times an object occurs) since multiplicities are
considered as different types of objects from the multisets they support; the author
presented a first-order two-sorted theory. In [18], a different approach is proposed
via a single-sorted multiset theory. In the single-sorted theory, objects and their mul-
tiplicities come from the same domain and satisfy the same axioms. To extend the
theory proposed in [18] and deal with multiplicities separately, new axioms would be
required. The theory MST developed in [16] will be a basis for this study. Multisets
are studied as an extension of set theory, and have applications in different spheres of
mathematics, computer science, economics, formal language, biosystems and philos-
ophy ([19] gave an overview of these applications). Various notions in order theory
are being generalized using multisets [20, 21, 22, 23, 24]. Here, analogous results on
linear extensions are presented in the multiset setting via an ordering that is induced
by the underlying generic set. In section 2, we recall basic definitions on multisets
and outline a structure of the ordered multiset to be used in this work. In the next
section, we present an analogous notion of linear extensions for ordered multisets
and prove related results. Lastly, a heuristic algorithm for generating multiset linear
extensions is proposed in section 4.

2. MULTISETS AND PARTIALLY ORDERED MULTISETS

Basic definitions and terminologies on multisets (See [19] for details), and an out-
line of the proposed pomset structure are discussed in this section.

2.1 Multisets

A multiset M over a set S is a cardinal-valued function, i.e.,M:S — X, such that
x € Dom(M) implies M(x) is a cardinal number and M(z) = mys(x) > 0, where
mps(x) is the multiplicity of x in M. A multiset is finite if it contains a finite number
of objects having finite multiplicities, it is infinite if the number of objects or/and
their multiplicities are infinite. In theoretical development infinite multiplicities of
elements are studied, however we will restrict our attention to finite multisets since
this is the case in most applications of multisets. For convenience we will denote an
arbitrary multiset M by [myz1, maxa,...mpx,], where m; denotes the multiplicity
of an object x; in M for ¢ € {1,2,...,n}. The notation m;x; reads x; is an element
of M with multiplicity m;. All occurrences of an object in a multiset are usually
assumed to be indistinguishable. The root set of M, denoted by M™*, will be the set
{z € S|M(z) > 0} (See separation schema in [16] for details). For any two multisets
M and N in M(S) the multiset M is a submultiset of N, denoted by M C N, if
M(z) < N(z) forall z € S, and M C N if and only if M(z) < N(z) for at least one
x. This work also assumes multiplicies to be non-negative integer valued. In different
theories of multisets, multiplicities are assumed to take values from different sets in

the number system. For instance, the multiset theory presented in [25] assumes that
the multiplicity of an object is a positive real number. While [26] studies objects
with multiplicities from the set of integers. In [27], a generalized theory is proposed

by assuming multiplicities to be real number valued. These existing multiset theories
are generalizations of the Zermelo-Fraenkel set theory (ZF) and hence, contain ZF.
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2.2 Pomsets

For a multiset M € M(S), we shall refer to an object in M together with its
multiplicity, i.e., m;z; as a point. We need the following definitions (See [20] for
details).

Definition 2.1. For any pair of points m;z; and mjz; in M with 7,5 € {1,2,..n},
m;z; << myx; if and only if z; < x; in S. The two points coincide if and only
if x; = x; (See principle of exact multiplicity in [16]). The points m;z; and m;x;
are comparable, if (m;xz; << myx;) V (mjz; << m;z;), and otherwise, they are
incomparable and denoted by (m;x;||m;z;).

Remark 2.2. By definition 2.1, it follows that ' <<’ is a partial order if and only
if / %’ is a partial order. The generic set (S, <) is assumed to be partially ordered,
by implication M = (M, <<) will be a pomset. The strict ordering on M will be
denoted by ' <<'.

Definition 2.3. The ordering << is a linear multiset order, if it is a partial multiset
order and any two points m;x; and m;x; in M are comparable under <.

Definition 2.4. A point m;z; in M is said to be minimal (resp. mazimal), if there
is no point mjx; in M for which mjz; << m;x; (resp. m;z; << mjx; ) holds. If a
pomset has a unique minimal (resp. maximal) point, then it is called the minimum
(resp. mazimum) point of M.

Definition 2.5. For a submultiset N of M, the upset (TN) and downset (| N) of N
with respect to << are defined as follows:

TN= {mjxj S M‘ dn;z; € N, with n;z; < mjxj}

and
T N={mjz; € M| 3In;z; € N, with njz; < m;z;}.

3. MULTISET LINEAR EXTENSIONS

In this section, an analogous definition of linear extensions is presented with some
results.

Definition 3.1. Let M = (M, <<) and N = (M, <) be two pomsets defined
over partially ordered sets P and @ respectively. Then <, is called a multiset
order extension of K<y, if miz; K<y myz; implies that muz; <<Sn myzy, ie.,
the relation <, is contained in <. A multiset extension of <<, that is a
linear multiset order is called a multiset linear extension.

We have the following result.

Theorem 3.2. Let M = (M, << ) be a pomset and m;x;, m;jx; be any two points
in M with m;x;||m;x; in M. Then there exists a pomset N extending M such that
m;T; SSN MGT;.

To prove theorem 3.2, we will first outline the proofs of the following two com-

plementary results.

Lemma 3.3. Let P be a poset and let x,y be incomparable elements in P. Then
there exists a poset Q extending P such that x <q y
131
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Proof. This proof is a direct consequence of Szpilrajn’s extension theorem [4]:
Every partial order is contained into a total order.

We include this proof for the sake of convenience for the reader.

Let Q=PU(] xx 1), i.e.,Q is obtained from P by adjoining P with all pairs of
points (u,v) for which u xp z and y <p v. Since x <q y, we need to show that the
ordering on @ is a partial order. Now | xN 1 y = @, since if z is in this intersection,
then y <p z and z <p x would yield y <p x, a contradiction. The ordering on @ is
reflexive since P C Q. To show that the order on @ is antisymmetric, suppose that
u=<qg vand v <qg uwith u# v. By the definition of Q, either u xp vor, ugp =
and y <p v. Similarly, either v Xp uor, v<p x and y <p u. Suppose u <p v. Then
v <p u cannot hold. Otherwise, we will have u = v, which is a contradiction. Thus
v=<px and y <p u. However, y <p u<p v <p x gives a contradiction, i.e., y <p z.
Similarly, the case v <p u gives a contradiction. Suppose, u <p « and y <p v also,
v <p x and y <p u, which contradicts the fact that | N 1y = @. So u <p v and
v <p u must imply that u=v.

To show transitivity, assume that u <q v and v g w. Now, either u <p v or,
u=<pxand y <p v. Also, either v <p wor, vp x and y <p w. Again we have
to consider the following cases. First assume that u xp v, if also v <p w, then the
claim follows from transitivity of P. Now suppose that v <p x and y <p w. Also
u <p x, and this implies that u €| z and w €1 y hence u <o w as required. Next,
suppose that u <, x and y <p v. Now, if v <p w, then also y <p w and this implies
that u €/ = and w €t y, hence u g w. The case v <p x and y <p W gives a
contradiction since | xN Ty = @. O

Lemma 3.4 (Necessary and sufficient condition for a pomset N to be a multiset
extension of M). Suppose M and N are two pomsets defined over posets P and
Q, respectively, where P and Q have a common ground set, then N is a multiset
extension of M if and only if Q is an extension of P

Proof. Let M = (M, <), and N = (M, x<,r) be pomsets over P and @, respec-
tively. Suppose A is a multiset extension of M. Then by definition, we have

(3.1) ML SSM MGT; = M, SSN ML,
Also,
(3.2) miz; IS m mjz; <= x; <p x;(Since M is defined over the poset P).
Similarly,
(3.3) mix; SSN MTj <= 2; SQ &j-
From (3.1) to (3.3), we have
Ti P Tj <= ML ISM MyT; — Mix; SN MGTj < T KQ Ty

Thus z; < x; whenever z; <p z; So Q is an extension of P.
Next, suppose @ is an extension of P. Then

(3.4) z; <@ «; whenever z; Sp ;.
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Since x;, x; are also elements of M, we must have m;, m; € N with M (z;) = m; and
Thus by definition,

(3.5) Ty SpT; = myx; IS pm myx; for any pair of points m;x;, mjx; € M.
Similarly,
(3.6) T K@ r; = muz; <N mjz;, for some pomsetN induced by <q .
From (3.4) to (3.6), we have

m;T; SN myx; whenever m;x; << myx;.
So N is a multiset extension of M. O

We now give the proof of Theorem 3.2.

Proof. Let M = (M,<x<am) be a pomset defined over a partially ordered set P.
Suppose there exist points m;x; and m;x; in M with m;z;||m;z; in M. Thus by
definition, neither ; <p x; nor x; <qg =; holds in P. By Lemma 3.3, there exists
a poset, say (), extending P such that z; <q x;. Let z; and x; be objects in
M, with multiplicities m; and m;, respectively. By definition z; <q z; implies
m;z; <<x mjz,; for some pomset N induced by <q. Suppose N is the pomset
(M, <<pnr). It follows from Lemma 3.4 that N is a multiset extension of M. O

Theorem 3.5 (A generalization of Theorem 3.2). Every finite pomset has a multiset
linear extension.

Proof. For a pomset M = (M, <), let U denote the multiset containing all pairs
m;z;, mjx; in M with m,x;||m;z; in M. By applying the construction in Theorem
3.2 inductively on all pairs m;z;, mjz; € U, a pomset N with a multiset linear order
<< is obtained. The ordering <<,s contains all extensions of the original multiset
order << . O

4. THE M-LIN ALGORITHM

Let M = (M,<<) be a pomset defined over a poset P. Since << is induced by
<, the subposet (M*,<) of P will be a generator for (M,<<). A multiset linear
extension of << will be <<y, with m;z; <<, mjx; whenever m;z; << mjz; in
M, and (m;z; <<p mjz;) V (m;z; <<r m;z;) holds for all m;x;, m;x; in M. The
multiset linear extension can be obtained via the following steps:

Given a multiset M

(1) Choose a minimal element x; in M*

(2) Let my = M(SEl)

(3) Choose mizy to be minimal in M

(4) Given that mjxzq, moxa, ..., m;x; have been chosen, choose a minimal element
Ti+1 in M* \ {1‘1,{)32, ,,TZ}

(5) Let mi4+1 = M($i+1)
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The multiset linear order mix; x<p moxs < ... <, mnx, obtained through
this process is a multiset linear extension of <.

The proposed algorithm M-LIN is a heuristic algorithm that constructs multiset
linear extensions [myx1, maxa,...mpxy] of a pomset M. The algorithm is split into
two parts, viz., M-LIN 1 and M-LIN 2.

4.1 M-LIN Algorithm

M-LIN 1 (M, ...zy])
Create Array M*, M(x)
For i < 0 to len(M)-1
temp<— [i]
if temp is not in M*
M*[i] + temp
freq+ 0
for j«— 0 to len(M)-1
if temp=M{j]
freq=freq + 1
end if
end for
multiplicity(] + freq
end if
end for

M-LIN 2
Create Array CM
T=M*
g=multiplicity
While (len(T)> 0)
x=Min(T)
i=T.index of (x)
Y=q[i]

If(y>1)
CM[]+ Y.X
Else
CM[] + x
T.Remove(x)
end while
Return CM
The first part of the algorithm i.e., M-LIN 1 creates the root set and multiplicity

arrays. Algorithm M-LIN 2 sorts the root set using a defined ordering and obtains
the multiplicity of the minimal element at each stage. It returns a point m;xz;. The
final output is a multiset linear extension of the original multiset order.
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5. CONCLUSIONS

The proposed heuristic algorithm for generating multiset linear extensions is
decidable. It can be adopted for modeling and solving problems on ordered structures
for which repetition is significant. Ordered multisets are useful for representing
concurrent behaviours (e.g. [28]). For instance, events with a number of repeated
tasks can be modeled using this algorithm, and implemented in order to obtain a
linearization. An algorithm for generating the class of multiset linear extensions
that realizes the pomset M(i.e., the minimum number of multiset linear extensions
whose intersection is M) could also be investigated.

REFERENCES

[1] B. Schroeder, Ordered sets, Boston: Birkhaeuser 2003.
[2] W. T. Trotter, Combinatorics and partially ordered sets: Dimension Theory, The Johns Hop-
kins University Press, Baltimore 1992.
[3] W. T. Trotter, Partially ordered sets, in: R. L. Graham, M. Grotschel, L. Lovasz (Eds.),
Handbook of combinatorics, Elsevier 1995 433-480.
[4] E. Szpilrajn, Sur I’extension de 'ordre partiel, Fund. Math. 16 (1930) 386-389.
[5] G. Jenca and P. Sarkoci, Linear extensions and order-preserving poset partitions, Journal of
Combinatorial Theory Series A 122 (2014) 28-38.
[6] R. C. Correa and J. L. Szwarcfiter, On extensions, linear extensions, upsets and downsets of
ordered sets, Discrete Mathematics 295 (2005) 13-30.
[7] G. Brightwell and P. Winkler, Counting linear extensions, Order 8 (3) (1991) 225-242.
[8] U. Faigle and R. Schrader, Minimizing completion time for a class of scheduling problems,
Information Processing Letters 19 (1) (1984) 27-29.
[9] M. M. Syslo, On some new types of greedy chains and greedy linear extensions of partially
ordered sets, Discrete Applied Mathematics 60 (1995) 349-358.
[10] I. Rival and N. Zaguia, Greedy linear extensions with constraints, Discrete Mathematics 63
(2) (1987) 249-260.
[11] H. A. Kierstead and W. T. Trotter, Super-greedy linear extensions of ordered sets, Annals of
the New York Academy of Sciences 555 (2006) 262-271.
[12] P. Garcia-Segador and P. Miranda, Bottom-Up: a new algorithm to generate random linear
extensions of a poset, Order 36 (2019) 437-462.
[13] L. Bianco, P. Dell’Olmo and S. Giordani, An optimal algorithm to find the jump number of
partially ordered sets, Computational Optimization and Applications 8 (2) (1997) 197-210.
[14] Y. L. Varol and D. Rotem, An algorithm to generate all topological sorting arrangements, The
Computer Journal 24 (1) (1981) 83-84.
[15] D. E. Knuth and J. L. Szwarcfiter, A structured program to generate all topological sorting
arrangements, Information Processing Letters 2 (1974) 153-157.
[16] W. Blizard, Multiset theory, Notre Dame Journal of Formal Logic 30 (1) (1988) 36—66.
[17] R. R. Yager, On the theory of bags, International Journal of General Systems 13 (1) (1986)
23-37.
[18] H. Dang, A single-sorted theory of multisets, Notre Dame Journal of Formal Logic 55 (3)
(2014) 299-332.
[19] D. Singh, A. M. Ibrahim, T. Yohanna and J. N. Singh, An overview of the applications of
multisets, Novi Sad Journal of Mathematics 37 (2) (2007) 73-92.
[20] F. Balogun, D. Singh and Y. Tella, Maximal and maximum antichains of ordered multisets,
Ann. Fuzzy Math. Inform. 21 (1) (2021) 105-112.
[21] F. Balogun and Y. Tella, A study on some substructures of ordered multisets, Fudma Journal
of Sciences 2 (1) (2018) 201-205.
[22] K. P. Girish and J. J. Sunil, General relations between partially ordered multisets and their
chains and antichains, Mathematical Communications 14 (2) (2009) 193-205.

135



Balogun et al./Ann. Fuzzy Math. Inform. 24 (2022), No. 2, 129-136

[23] M. Conder, S. Marshall and A. Slinko, Orders on multisets and discrete cones, Order 24 (2007)
277-296.

[24] N. Dershowitz and Z. Manna, Proving termination with multiset orderings, Communications
of the Journal of Association for Computing Machinery 22 (1979) 465-476.

[25] W. Blizard, Real-valued multisets and fuzzy sets, Fuzzy Sets and Systems 33 (1989) 77-97.

[26] W. Blizard, Negative membership, Notre Dame Journal of Formal Logic 31 (3) (1990) 346-368.

[27] P. A. Felisiak, K. Qin and G. Li, Generalized multiset theory, Fuzzy Sets and Systems 380
(2020) 104-130.

[28] V. R. Pratt, Modelling concurrency with partial orders, International Journal of Parallel Pro-
gramming 15 (1986) 33-71.

F. BALOGUN (fbalogun@fudutsinma.edu.ng)
Department of Mathematical Sciences, Federal University Dutsima, Nigeria

D. SINGH (mathdss@yahoo. com)
Department of Mathematics, Ahmadu Bello University, Zaria, Nigeria

S. ALIYU (p20410@abu.edu.ng)
Department of Computer Science, Ahmadu Bello University, Zaria, Nigeria

136



	Multiset linear extensions with a heuristic algorithm . By 
	Multiset linear extensions with a heuristic algorithm . By 

