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ABSTRACT. In this paper, we introduce the notion of a bi-interior ideal,
fuzzy bi-interior ideal of I'-semigroup and study the properties of bi-interior
ideals, minimal bi-interior ideal and fuzzy bi-interior ideal. We character-
ize the (fuzzy)bi-interior ideal of I'-semigroup and regular I'-semigroup in
terms of (fuzzy) bi-interior ideal of I'-semigroup.
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1. INTRODUCTION

Ro [1] introduced the concept of a bi-interior ideal for a semigroup as a gen-
eralization of bi-ideals, interior ideals, quasi ideals and a further generalization of
ideals in semigroups. Semigroup, as the basic algebraic structure was used in the
areas of theoretical computer science as well as in the solutions of graph theory, op-
timization theory and in particular for studying automata, coding theory and formal
languages. Ideals play an important role in advance studies and uses of algebraic
structures. Generalization of ideals in algebraic structures is necessary for further
study of algebraic structures. Many mathematicians proved important results and
characterization of algebraic structures by using the concept and the properties of
generalization of ideals in algebraic structures. The notion of ideals was introduced
by Dedekind for the theory of algebraic numbers, was generalized by Noether for
associative rings. The one and two sided ideals introduced by her, are still central
concepts in ring theory and the notion of one sided ideal of any algebraic structure
is a generalization of notion of an ideal. In 1952, the concept of bi-ideals was intro-
duced by Good and Hughes [2] for semigroups. The notion of bi-ideals in rings and
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semgroups were introduced by Lajos and Szasz [3, 4]. Quasi ideals are generalization
of right ideals and left ideals whereas bi-ideals are generalization of quasi ideals.
Steinfeld [5] first introduced the notion of quasi ideals for semigroups and then

for rings. Iseki [0, 7] introduced the concept of quasi ideal for a semigroup. Rao
introduced the concept of bi-interior ideal for a semigroup.
Henriksen [8], and Shabir and Batod [9] studied ideals in semgroups. Rao [10]

introduced the notion of left (right) bi-quasi ideal of semigroup, I'-semigroup and
studied the properties of left bi-quasi ideals. We characterize the left bi-quasi simple
I'-semigroup and regular I'-semigroup using left bi-quasi ideals of I'-semigroup.
The fuzzy set theory was developed by Zadeh in 1965 [11]. The fuzzification of
algebraic structure was introduced by Rosenfeld [12] and he introduced the notion
of fuzzy subgroups in 1971. Many papers on fuzzy sets appeared showing the im-
portance of the concept and its applications to logic, set theory, group theory, ring

theory, real analysis, topology, measure theory etc. Rao [15] studied fuzzy soft T'-
semiring, fuzzy soft k-ideal over I'-semiring, T-fuzzy ideals of ordered I'-semirings.
Kuroki [13] studied fuzzy interior ideals in semigroups.

In this paper, we introduce the notion of bi-interior ideal, fuzzy bi-interior ideal
of a I'-semigroup and we characterize the regular I'-semigroup in terms of fuzzy
bi-interior ideals of a I'-semigroup.

2. PRELIMINARIES

In this section we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1 ([1]). A semigroup is an algebraic system (.5, .) consisting of a non-
empty set S together with an associative binary operation “.”.

Definition 2.2 ([1]). A subsemigroup T of a semigroup S is a non-empty subset T
of S such that TT CT.

Definition 2.3 ([1]). A non-empty subset T of S is called a left (right) ideal of a
semigroup S, if ST CT(TS CT).

Definition 2.4 ([1]). A non-empty subset T' of a semigroup S is called an ideal of
S, if it is both a left ideal and a right ideal ofS.

Definition 2.5 ([1]). A non-empty @ of a semigroup S is called a quasi ideal of S,
ifQSNSQ CQ.

Definition 2.6 ([1]). A sub semigroup T of a semigroup S is called a bi-ideal of S,
ifTST CT.

Definition 2.7 ([1]). A sub semigroup 7" of a semigroup S is called an interior ideal
of S, it STS CT.

Definition 2.8 ([1]). An element a of a semigroup S is called a regular element, if
there exists an element b of S such that a = aba.

Definition 2.9 ([1]). A semigroup S is called a regular semigroup, if every element
of S is a regular element.
86
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Definition 2.10 ([14]). Let M and T' be non-empty sets. Then we call M a T-
semigroup, if there exists a mapping M x I' x M — M (the image of (z,a,y) will
be denoted by zay,z,y € M,« € T') such that it satisfies za(yBz) = (zay)Bz for
all x, y, z€ M and o, B €T.

Definition 2.11 ([14]). A non-empty subset A of I'-semigroup M is called

(i) a I'-subsemigroup of M if ATA C A,
(ii) a quasi ideal of M, if ATM N MTA C A,
(iii) a bi-ideal of M, if ATMTA C A,
(iv) an interior ideal of M, if MTATM C A,
(v) a left (right) ideal of M, if MT A C A(ATM C A).

(vi) an ideal, if ATM C A and MT'A C A.
Definition 2.12 ([14]). A I'-semigroup M is said to be left (right) singular, if for
each a € M, there exists o € I such that aab = a(aab =b) for all b € M.
Definition 2.13 ([14]). A T-semigroup M is said to be commutative, if aab =
baa, for all a, b € M for all o € T.
Definition 2.14 ([14]). Let M be a I'-semigroup. An element a € M is said to be
an idempotent of M, if there exists o € I' such that a = aca and a is also said to be
«a -idempotent.
Definition 2.15 ([14]). Let M be a I'-semigroup. If every element of M is an
idempotent of M, then M is said to be band.
Definition 2.16 ([14]). Let M be a I'-semigroup. An element a € M is said to be
a regular element of M, if there exist x € M, «, 8 € ' such that a = aaxfa.
Definition 2.17 ([14]). Let M be a I'-semigroup. If every element of M, is a regular
element of M, then M is said to be a regular I'-semigroup.
Definition 2.18 ([15]). Let M be a non-empty set. A mapping u: M — [0,1] is
called a fuzzy subset of M.
Definition 2.19 ([15]). If p is a fuzzy subset of M for ¢ € [0,1], then the set
pe ={x € M | u(x) >t} is called a level subset of M with respect to a fuzzy subset
L.
Definition 2.20 ([15]). A fuzzy subset p: M — [0,1] is a non-empty fuzzy subset
if p is not a constant function.

Definition 2.21 ([15]). For any two fuzzy subsets A and p of M, A C p means
Az) < p(z) for all z € M.

Definition 2.22 ([15]). Let A be a non-empty subset of M. The characteristic
1, ifxze A,

0, ifxé¢ A
Definition 2.23 ([15]). Let f and g be fuzzy subsets of S. Then fUg, fNg are fuzzy
subsets of S defined by f U g(x) = max{f(x),g(x)}, fNg(x)=min{f(x),g(x)} for
all z € S. And f o g is defined by: for all z € S,

sup {min{f(z),9(y)}}

fog(z) = z==y, z.yes
0 otherwise.
87
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Definition 2.24 ([10]). A fuzzy subset p of a I-semigroup M is called

(i) a fuzzy T-subsemigroup of M, if p(zay) > min {u(x),u(y)} for all z, y €
M,a el

(i) a fuzzy left (right) ideal of M, if p(xay) > p(y) (u(x)) forallz, y € M, o €
L,

(iil) a fuzzy ideal of M, if p(xay) > mazx {u(z), pu(y)} for all x, y € M, a €T,

(iv) a fuzzy bi-ideal of M, if o xprop C pfor all z, y € M,

(v) a fuzzy quasi-ideal, if poxpy Nxpmop Cpforalax, ye M.

3. BI-INTERIOR IDEALS OF I'-SEMGROUPS

In this section, we introduce the notion of a bi-interior ideal as a generalization
of bi-ideal and interior ideal of a I'-semigroup and study the properties of bi-interior
ideals of a I'-semigroup.

Definition 3.1. A non-empty subset B of a I'-semigroup M is said to be bi-interior
ideal of M, if B is a I'-subsemigroup of M and MT'BI'M N BTMTB C B.

Definition 3.2. A T'-semigroup M is said to be bi-interior simple I'-semgroup, if
M has no bi-interior ideals other than M itself.

In the following theorem, we mention some important properties and we omit the
proofs since proofs are straight forward.

Theorem 3.3. Let M be a I'-semigroup. Then the following hold.

(1) Every left ideal is a bi-interior ideal of M.

(2) Every right ideal is a bi-interior ideal of M.

(3) Every quasi ideal is a bi-interior ideal of M.

(4) If A and B are bi-interior ideals of M then ATB and BT A are bi-interior
ideals of M.

(5) Ewvery ideal is a bi-interior ideal of M.

(6) If B is a bi-interior ideal of M then BTM and MTB are bi-interior ideals
of M.

Theorem 3.4. Every bi-ideal of a T'-semigroup M is a bi-interior ideal of M.

Proof. Let B be a bi-ideal of M. Then BTMT'B C B. Thus BTMT'BN MT'BI'B C
BT'MTB C B. So every bi-ideal of M is a bi-interior ideal of M. U

Theorem 3.5. Every interior ideal of a I'-semigroup M is a bi-interior ideal of M.

Proof. Let I be an interior ideal of the M. Then ITMTINMTITM C MTITM C 1.
Thus I is a bi-interior ideal of M. O

Theorem 3.6. Let M be a simple I'-semigroup. FEvery bi-interior ideal is a bi-ideal
of M.

Proof. Let M be a simple I'-semigroup and B be a bi-interior ideal of M. Then

MT'BT'M N BTMT'B C B and MT'BI'M is an ideal of M. Since M is a simple

I'-semigroup, we have MT'BI'M = M. Thus MI'BT'M N BTMTB C B. So M N

BT'MTB C B. Hence BTMT'B C B. O
88
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Theorem 3.7. Let M be aT'-semigroup. Then M is a bi-interior simple I'-semigroup
if and only if MTal'M Nal'MT'a = M for all a € M.

Proof. Suppose M is a bi-interior simple I'-semigroup and let a € M. We know that
MTal'M Nal’MTa is a bi-interior ideal of M. Then MTal'M Nal’MT'a = M for all
a€e€ M.

Conversely, suppose that MT'al'M N al’'MT'a = M for all a € M. Let B be a
bi-interior ideal of I'-semigroup M and let a € B. we have

M = MTal'M Nal'MT'a C MT'BTM N BTMTI'B C B.
Thus M = B. So M is a bi-interior simple I'-semigroup. O

Theorem 3.8. If L is a minimal left ideal and R is a minimal right ideal of a
I'-semigroup M, then B = RUL is a minimal bi-interior ideal of M.

Proof. Obviously, B = RI'L is a bi-interior ideal of M. Suppose A is a bi-interior
ideal of M such that A C B. Since L is a left ideal of M, we get

MTAC MI'B=MTRI'LC L.
Similarly, we can prove AI'M C R. Then MT'A = L, ATM = R. Thus we have
B=ATMI'MT'A C ATMT'A, B=RI'L=RT'MTAC MT'AC MT'AT'M.

So B C ATMTANMTAT'M C A. Hence A = B. Therefore B is a minimal bi-interior
ideal of M. O

Theorem 3.9. The intersection of a bi-interior ideal B of a I'-semigroup M and a
T'-subsemigroup A of M is a bi-interior ideal of M.

Proof. Let B be a bi-interior ideal B of M and A be a I'-subsemigroup of M. Suppose
C = BN A. Since A is a I'-subsemigroup of M and C' C A, we get

(3.1) CTAT'C C ATAT'A C A.
It is clear that CTAI'C C BITAI'B C BI'MT'B. Then MI'CT'M C MTBT'M. Thus
CTATCNMI'CTM C BTMI'BN MI'BT'M C B.
So by (3.1), CTATC N MT'CTM C CTAT'C C A. Hence we have
CTATCNMICTM CBNnA=C.
Therefore the result holds. g

Theorem 3.10. Let A and C be I'-subsemigroups of M and B = AUC. If A is the
left ideal, then B is a bi-interior ideal of M.

Proof. Let A and C' be I'-subsemigroups of M and B = ATI'C. Suppose A is the left
ideal of M. Then BTMTB = ATCTMTATC = ATCTATC C AT'C = B. Thus we
have

BIMT'BNMI'BI'M C BTMTB C B.

So B is a bi-interior ideal of M. O
Corollary 3.11. Let A and C be I'-subsemigroups of I'-semigroup M and B = AT'C.

If C is a right ideal, then B is a bi-interior ideal of M.
89
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Theorem 3.12. Let M be a I'-semigroup and T be a non-empty subset of M. Then
every I'-semigroup of T containing TTMTT U MTTTM is a bi-interior ideal of M.

Proof. Let B be a I'-semigroup of T' containing TTMT'T'U MTTT M. Then clearly,
BIrMTBCTITMI'T CITMITUMITIM CB
. Thus BTMI'BN MI'TTM C B. So B is a bi-interior ideal of M. Il

Theorem 3.13. Let M be a regular I'-semigroup. Then every bi-interior ideal of
M is an ideal of M.

Proof. Let B be a bi-interior ideal of M. Then clearly,
BIMT' BN MI'BT'M C B.
Since M is regular, BTM C BI'MT'B. Thus B'M C MT'BT'M. So we have
BT'M C BTMTBN MTI'BI'M C B.
Similarly, we can show that MI'B C BTMI'BN MT'BIT'M C B. O

Theorem 3.14. Let M be a I'-semigroup. Then the following statements are equiv-
alent:
(1) M is a bi-interior simple I'-semgroup,
(2) MTa =M forallae M,
(3) < a>= M for all a € M, where < a > is the smallest bi-interior ideal
generated by a.

Proof. Let M be a I'-semigroup.

(1) = (2): Suppose M is a bi-interior simple I'-semgroup, a € M and B = MTa.
Then B is a left ideal of M. Thus by Theorem 3.3 , B is a bi-interior ideal of M. So
B = M. Hence MT'a = M for all a € M.

(2) = (3): Suppose MT'a = M for all @ € M. Then MT'a C< a >C M. Thus
MC<a>C M. SoM=<a>.

(3) = (1): Suppose < a > is the smallest bi-interior ideal of aI'-M generated by
a, < a >= M, A is the bi-interior ideal and a € A. Then < a >C A C M. Thus
M CACM. So A= M. Hence M is a bi-interior simple I'-semgroup. O

Theorem 3.15. If B is a bi-interior ideal of a I'-semigroup M, T is a I'-subsemigroup
of M and T C B, then BI'T is a bi-interior ideal of M.

Proof. Obviously, BI'T is a subsemigroup of the semigroup (M, +). Then we have
(BI'T)I'B C BTMT'B, (BI'T)I'B C MT'BT'M.

Thus BI'TTB C BITMI'BN MI'BI'B C B. So BI'I'TBI'T C BI'T. Hence BI'T is a
I'-semigroup of M.
On the other hand, we have

MTBTTT'M C MT'BT'M and BITTMT'BI'T C BTMTB.
Then MT'BTTTM N BTTTMI'BI'T C MTI'BT'M N BI'MT'B C B. Thus BI'T is a
bi-interior ideal of M. O

Theorem 3.16. Let B be a bi-ideal of a I'-semigroup M and I be an interior ideal
of M. Then BN 1 is a bi-interior ideal of M.
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Proof. Suppose B is a bi-ideal of M and [ is an interior ideal of M. Obviously, BN T
is a '—subsemigroup of M. Then we have

(BNI)TMT(BNI)C BTMTB C B and MT(BNI)I'M C MTITM C 1.

Thus (BNHTMT(BNI)NMT(BNI)I'M C BN1I.So BN I is a bi-interior ideal
of M. Il

Theorem 3.17. If B is a minimal bi-interior ideal of a I'-semigroup M, then any
two non-zero elements of B generate the same right ideal of M.

Proof. Let B be a minimal bi-interior ideal of M and x € B. Then (x)p N B is a
bi-interior ideal of M. Then (z)g N B C B. Since B is a minimal bi-interior ideal of
M, (x)gN B = B. Thus B C (z)g. Suppose y € B. Then (y)r C (z)g. Similarly, we
can prove (2)g C (y)g. Thus (2)r = (Y)&- O

Corollary 3.18. If B is a minimal bi-interior ideal of a I'-semigroup M, then any
two non-zero elements of B generate the same left ideal of M.

Theorem 3.19. Let M be a I'-semigroup and T be a subsemigroup of M. Then
every subsemigroup of T' containing MU' TTM NTTMTT is a bi-interior ideal of M.

Proof. Let C be a subsemigroup of T" containing MTTTM NTTMT'T. Then we get
MTCTM NCTMIC C MTTTM NTTMTT C C.

Thus C is a bi-interior ideal of I'-semigroup. O

Theorem 3.20. Let M be a I'-semigroup. If M = MTa for all a € M. Then every
bi-interior ideal of M is a quasi ideal of M.

Proof. Let B be a bi-interior ideal of M and let a € B. Then

MTBTM N BTMTB C B

=MTa C MTB,

M CMITBCM

—~MTB=M

=BTMTB = BI'M

=MTBNBI'M C MTBI'M N BI'MTB C B.

Thus B is a quasi ideal of M. O

Theorem 3.21. Let M be a I'-semigroup. Then M is a reqular I'-semigroup if and
only if MU BT'M N BTMT B = B for all bi-interior ideals B of M.

Proof. Let B be a bi-interior ideal of M and let x € M. Then MI'BTMNBI'MTB C
B and there exists y € M, «,8 € I such that x = zayfxr € BIMI'B. Thus
x € MI'BI'M N BTMTB. So MT'BT'M N BTMT'B = B.
Conversely, suppose that MT'BI'M N BT MT' B = B for all bi-interior ideals B of
M. Let B = RN L, where R is a right ideal and L is a left ideal of M. Then B is
91



Marapureddy Murali Krishna Rao /Ann. Fuzzy Math. Inform. 24 (2022), No. 1, 85-100

a bi-interior ideal of M. Thus MT'(RNL)YTM NRNLTMTRNL = RN L. On the
other hand, we get
RNLC RNLI'MTRNL
C RTMTL
CRI'L
C RN L (Since RI'L C L and RT'L C R).

So RN L = RT'L. Hence M is a regular I'-semigroup. 0

Theorem 3.22. Let M be a I'-semigroup. B is a bi-interior simple I'-subsemigroup
of M, then B is minimal bi-interior ideal.

Proof. Suppose that B is a bi-interior simple I'— subsemigroup of M. Let C be a
bi-interior ideal of M and C' C B. Then we have
CITBICnNnBI'CTBC CTMTCNnMI'CTM CC
= CITMTCNMICTM C BTMI'BN MI'BI'M C B
= CI'BICNBI'CTBCCnNnBCC
= B=C.
Thus B is a minimal bi-interior ideal of M. O

Theorem 3.23. Let {B) | A € A} be a family of bi-interior ideals of a T'-semigroup
M s a bi-interior ideal of M. Then (yc4 Bx is a bi-interior ideal of M.

Proof. Let B= [\ By. Then B is a I'— subsemigroup M. Since B) is a bi-interior
A€A
ideal of M for all A € A, we have

B,I'MT'B,NMI'ByNM C By, forall A€ A.
Thus we get
([} BITMT(() B) N MT(() BA)NM C () By).
AEA AeA €A €A
So BITMI'BN MI'BT'M C B. Hence B is a bi-interior ideal of M. Il

Theorem 3.24. Let B be a bi-interior ideal of a I'-semigroup M, let e be f3-
idempotent and let eI’' B C B. Then el'B is a bi-interior ideal of M.

Proof. Let B be a bi-interior ideal of M. and suppose x € BNel'M. Then x € B
and z = eay,a € I',y € M. On the other hand, we have

x = eay = efeay = ef(eay) = efx € eI'B.
Thus BNel'M C eI'B, eI'B C B and eI'B C eI'M. So eI'B C BN el'M. Hence
eI'B = BNel'M. Therefore eI' B is a bi-interior ideal of M. O

Corollary 3.25. Let M be a I'-semigroup and e be a-idempotent. Then eI'M and
MTe are bi-interior ideals of M.

Theorem 3.26. Let e and f be a-idempotent and B-idempotent of a I'-semigroup
M respectively. Then eL MT f is a bi-interior ideal of M.
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Proof. Suppose e and f be a-idempotent and S-idempotent of M respectively. Then
elMTf C eI'M and e’MT'f C MTf. Thus elTMI'f C eI'M N MTf. Let a €
elM N MTf. Then a = eac = dBf, ¢,d € M. On the other hand, we get

a = eac = eceac = eaa = eadff € e’ MT'f.

Thus eI'M N MTf C eI’'MT'f. So eI'M N MT'f = e’ MT' f. Hence eI’ MT'f is a bi-
interior ideal of M. 0

Theorem 3.27. Let B be I'-subsemigroup of a regular I'-semigroup M. Then B can
be represented as B = RI'L, where R is a right ideal and L is a left ideal of M if
and only if B is a bi-interior ideal of M.

Proof. Suppose B = RI'L, where R is right ideal of M and L is a left ideal of M.
Then we have
BI'MT'B=RI'LIMT'RT'L C RI'L.

Thus we get
MTBTM N BI'MI'BC BTMI'B C RT'L = B.

So B is a bi-interior ideal of M.

Conversely, suppose that B is a bi-interior ideal of M. By Theorem 3.21, MT' BI'MN
BI'MTB = B. Let R= BI'M and L = MT'B. Then R = BI'M is a right ideal of
M and L = MT'B is a left ideal of M. On the other hand, we have

BITMNMI'BC MI'BI'M N BI'MI'B = B.
Thus BITM N"MT'B C B. So RN L C B. Furthermore, we get
BCBI'M =Rand BC MI'B = L.

Hence B C RN L. Since M is a regular I'-semigroup, B = RN L = RI'L. Therefore
the sufficient condition holds. g

The following theorem is a necessary and sufficient condition for I'-semigroup M
to be regular using bi-interior ideal.

Theorem 3.28. M is a regular I'-semigroup if and only if BNINL C BUITL for
any bi-interior ideal B, ideal I and left ideal L of M.

Proof. Suppose M is a regular I'-semigroup, B, I and L are bi-interior ideal, ideal
and left ideal of M respectively. Let a € BN I N L. Then by the hypothesis,
a € al'MTa. Thus we get

a € al’'MTa Cal’'MT'al'MT'al'MT'a C BT'IT'B C BTMT'B,

a € al'MT'a CallMT'al' MT'al'MT'a C MT'BI'M.

Soa € BITMI'BNMI'BI'M = B. Hence BNINLC B.

Conversely, suppose that BN 1IN L C BTITL for any bi-interior ideal B, ideal I
and left ideal L of M. Let R be a right ideal and L be a left ideal of M. Then by the
assumption, RNL=RNMNLC RIU'MI'L C RI'L. Thus RI'L C R, RI'L C L. So
RI'L C RN L. Hence RN L = RI'L. Therefore M is a regular I'-semigroup. g

Theorem 3.29. If I'-semigroup M is a left (right) simple I'-semigroup, then every
bi-interior ideal of M is a right (left) ideal of M.
93
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Proof. Let M be a left simple I'-semigroup and let B be a bi-interior of M. Then
MTB is a left ideal of M and MT'B C M. Thus MT'B = M. So we get
MTUBI'M = MTM C M

=BI'MI'B = BI'M

=MI'BI'M NBT'MT'B=MnNBI'M =BT'M

=BI'M C MT'BI'M

=BI'M C BTMT'B

= BI'M C MT'BT'"M N BTMT'B

=MI'BI'M N BI'MTB = BT'M C B.

Hence every bi-interior ideal is a right ideal of M. Similarly, we can prove for right
simple I'-semigroup M. O

Theorem 3.30. Let M be a I'-semigroup. If B is a bi-interior ideal of M and T
is a non-empty subset of B such that BT'T is an additive subsemigroup of M, then
BT'T is a bi-interior ideal of M.

Proof. Suppose B is a bi-interior ideal of M and T is a non-empty subset of B such
that BI'T is an additive subsemigroup of M. The clearly, MI'BTMNBI'MT'B C B.
Thus (MI'BI'M N BTMT'B)I'T C BI'T. So MI'BTMI'T n BTMT'BI'T C BI'T.
Hence MTBI'TTM N BTTTMTBTT C MI'BT'M N BTMTB C BI'T. Therefore
BI'T is a bi-interior ideal of M. O

Theorem 3.31. Let B be a I'-subsemigroup of a T'-semigroup M. If B is a bi-interior
ideal of M, then B is a bi-quasi ideal of M.

Proof. Suppose B is a bi-interior ideal of M. Then MI'BT'M N BI'MT'B C B. Thus
we have

MT'BNBI'MT'BC MI'BTMNBIMI'BC B
and
BIrMnNBI'MTI'BC MI'BIT'M NnBTMTB C B.
So B is a bi-quasi ideal of M. O

Theorem 3.32. Let M be a I'-semigroup. If B is a bi-interior ideal of M and T
is a non-empty subset of B such that BI'T is a subsemigroup of M, then BT'T is a
bi-interior ideal of M.

Proof. Suppose B is a bi-interior ideal of M and T is a non-empty subset of B such
that BI'T is a subsemigroup of M. Then clearly, MI'BI'M N BTMTI'B C B. Thus
(MTBTMNBTMIB)I'T C BI'T. So M'BTMTTNBTMTBTT C BT'T. Hence we
have

MTBTTTM N BTTTMUBI'T C MT'BI'MT'T N BTMTUBI'T C BI'T.
Therefore BI'T is a bi-interior ideal of M. U
Theorem 3.33. Let M be a regular I'-semigroup. If B is a bi-interior ideal of M,

then B is a bi-ideal of M.
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Proof. Suppose B is a bi-interior ideal of M. Then BTMT' BN MI'BT'M = B. Thus
we get
BI'MTB C MT'BTMT'BI'M C MT'BT'M.

Thus BI'MT'BN MI'BI'B = B. So BTMI'B = B. Hence B is a bi-ideal of M. O

Theorem 3.34. Let M be a regular I'-semigroup. If B is a bi-interior ideal of M
and B 1is itself a reqular T'-subsemigroup of M, then any bi-interior ideal of B is a
bi-interior ideal of M.

Proof. Let B be a bi-interior ideal of M and A be any bi-interior ideal of B. Then
BTMTBNMI'BTM = B, ATBTAN BT AT'B = A. Thus we have

ATMTANMTAT'M C BTMT'BN MI'BI'M = B.
Now let a € A. Then there exist b € M, «, 8 € T such that
a = aabfa = aa(bfa) € AI'B.
Thus a € BT'A. Since B is a bi-interior ideal of M, we get
ATMTA C ATBTMT'BT'A C AT BT A.

So we have
ATMTANMTATM C ATBTAN MI'BT'M
CATBI'AnB
CANBCA.
Hence A = ATMT AN MT AT'M. Therefore A is a bi-interior ideal of M. O

4. Fuzzy BI-INTERIOR IDEALS OF I'-SEMIGROUPS

In this section, we introduce the notion of a fuzzy bi-interior ideal as a general-
ization of a fuzzy bi-ideal and a fuzzy interior ideal of I'-semigroup M. We study
the properties of fuzzy bi-interior ideal.

Definition 4.1. A fuzzy subset p of a I'-semigroup M is called a fuzzy bi-interior
ideal of M, if p is a fuzzy I'-subsemigroup and ypsopoxy Npuoxp op C p

Example 4.2. Let Q be the set of all rational numbers, M = 8 I; ) | a,b,c € Q}

and M = I'. Ternary operation is defined as the usual matrix multiplication and

A= {( 8 g ) |a,0#b¢e Q} . Then M is a I'-semigroup and A is a bi-interior

ideal but not a bi-ideal of semigroup M.

1 if A
Define p : M — [0, 1] such that p(z) = tre )
0 otherwise.
Then p is a fuzzy bi-interior ideal of M.

Theorem 4.3. FEvery fuzzy left ideal of a I'-semigroup M is a fuzzy bi-interior ideal
of M.
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Proof. Let pu be a fuzzy left ideal of and let x € M, «, 8 € T'. Then we get

X o p(x) = sup {min{xas(a), u(b)}}

z=aab

= supb{min{l, pu(b)}}

r=ax

= sup {u(b)}

z=aab

sup {y(ab)}

z=aab

= sup {u(z)}

r=aab

= p(z).

IN

Thus we have

poxa op(x)=sup {min{u(u),xrr o u(vBs)}}

r=uavfs

< sup {min{pu(u), p(vfs)}}

r=uavfs
= p(z).

So we get

X © o X Mo xa o p(x) = min{xas o o xar(2), o xar o p(x)}
< min{xar o poxm(2), u(x)}
< p(z).

Hence xar o o xa Npoxa o p(z) C p. Therefore p is a fuzzy bi-interior ideal of
M. O

Theorem 4.4. Every fuzzy right ideal of a T'-semigroup M is a fuzzy bi-interior
ideal of M.

Proof. Let u be a fuzzy right ideal of the I'-semigroup M and let x € M, o, € T.
Then we have

poxu(x) = sup {min{u(a),xn(b)}}

r=aab

= sup {u(a)}
b

r=ax

sup {pu(ab)}

r=ax

().

IN

Thus we get
po xar o p(w) = Sup {min{u o xar(uv), u(s)}}

< sup {min{u(uav), u(s)}}

rz=uavfBs

= p(z).
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So we have
X poxar Mo xa o p(x) = min{xas o o xar(x), o xar o p(z)}
< min{xas o o xar(x), ()}
< u(z).
Hence p is a fuzzy bi-interior ideal of I'-semigroup M. O

Corollary 4.5. Every fuzzy ideal of T'-semigroup M is a fuzzy bi-interior ideal of
M.

Theorem 4.6. Let M be a I'-semigroup and p be a non-empty fuzzy subset of M.
A fuzzy subset u is a fuzzy bi-interior ideal of M if and only if the level subset iy of
i is a bi-interior ideal of M for every t € [0, 1], where puy # .

Proof. Suppose p is a fuzzy bi-interior ideal of M and let u; # ¢ for t € [0, 1]. Let
x € MusM N puyMp,. Then x = bau = cde, where b,u,d € M,a,c,e € pu;. Then
Xamopoxn(x)>tand poxa op(x) >t Thus pu(x) >t. So x € ;. Hence iy is a
bi-interior ideal of M.

Conversely, suppose that p; is a bi-interior ideal of M for all ¢ € Im(u). Let
x, y € M, u(x) =t1,pu(y) = te and t; > to. Then z,y € uy,. Thus we have

MM Ny Mpy C pg for all e Im(p).
Now let t = min{Im(u)}. Then MpuM N pMpy C pp. Thus we get
X O poXn Mo X op S p.
So p is a fuzzy bi-interior ideal of the I'—semigroup M. g
Theorem 4.7. Let I be a non-empty subset of a I'-semigroup M and x; be the

characteristic function of I. Then I is a bi-interior ideal of M if and only if x1 is a
fuzzy bi-interior ideal of I'-semigroup M.

Proof. Suppose I is a bi-interior ideal of M. Obviously, x; is a fuzzy I'-subsemigroup
of M. Then MTITM NIT'MTI C I. Thus we have
XM OXI1OoXM M XIOXmMOXTr=XMmrirm () XITMTT
= XMTITMNITMTI
€ Xr-
So x7 is a fuzzy bi-interior ideal of M.
Conversely, suppose that x; is a fuzzy bi-interior ideal of M. Then I is a I'-
subsemigroup of M. Thus we have
XM OXIroxmMNXroxmoxrSXxr
=xmrirm N xirmrr € X1
=XMrirMnirmrr € X1
So MT'ITM NITMT'I C I. Hence I is a bi-interior ideal of M. Il
Theorem 4.8. If u and A are fuzzy bi-interior ideals of I'-semigroup M, then uNA

is a fuzzy bi-interior ideal of M.
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Proof. Suppose p and A are fuzzy bi-interior ideals of M and let z € M, a,5 € T.
Then we have

xar o pA(z) = sup {min{xa(a), pNAD)}}

rz=aab
= sup b{min{xM(a), min{z(b), A(b)}}
= sup b{min{min{XM(a), p(b)}, min{xas (a), A(b) }}
= min{zilili {min{xas(a), u(b)}, sup b{min{XM(a% A(b)}}

= min{xr o p(x).xar o A(z)}
ZXMOMHXMO)‘(-%')’

pNAXoxyopuNA(z) = sup {min{unN A(a),xnm opunNA(bse)}}

r=aabfBc

= sup {min{,u N /\(a), XM O M XM O )‘(bﬁc)}}

rx=aabfc

= sup {min{min{pu(a), A(a)}, min{xar o u(bBc), xar o A(bBc)}}

rz=aabfc

= sup {min{min{su(a), xas o p(bBc)}, min{A(a), xar o A(bBc)}}

r=aabfc
= min{p o xar o (), Ao xar 0 M)}
= proxam o pNAoxa o).

Thus xpropNA=xpmopuNxpmodand pNAoxpropuNA=poxyropuNAoxa oA
Similarly, xas ot N Ao xar = Xm0 1o Xa NXaoAo X So we get
XMopNAoxy NpuNAoxpropNA
= (xaropoxn) N (poxnop) N (xaroAoxau)N(Aoxa o)
Cuni
Hence p N A is a fuzzy bi-interior ideal of M. O

Theorem 4.9. Let M be a I'-semigroup. Then M is regular if and only if p =
XM O poxXm Npoxa op for any fuzzy bi-interior ideal v of M.

Proof. Suppose M is regular and let p be a fuzzy left bi-interior ideal of M and let
z, y€ M,a,B €T. Then xpropoxa Npoxa o C p. Thus
xaropoxn(z) = sup {min{xu(zay), u(x)}} = p(z),

r=zayfzr

poxmop(x)= sup {min{u(x),xam o pu(yBz)}}

r=zayfr

= sup {min{u(z), sup {min{xa(r),u(s)}}}}

r=zayfzr yBr=rds

= sup {min{u(), sup {min{1,u(s)}}}
r=zayfr yBr=rds

> sup {min{u(z), p(z)}}
r=zayfz

= p(x).

Similarly, xar 0 p1 o xam 2 g S0 Xar© o X M po Xm0 = p.
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Conversely, suppose that p = xar o o xa N o xar o p for any fuzzy bi-interior
ideal u of M. Let B be a bi-interior ideal of M. Then by Theorem 4.7, x g is a fuzzy
bi-interior ideal of M. Thus we have

XB=XMOXBOXMMNXBOXMOXB = XMrBrmM (N XBrMrB-

So B= MI'BI'M N BT MTI'B. Hence by Theorem 3.20, M is a regular I'-semigroup.
O

Theorem 4.10. Let M be a reqular I'-semigroup. Then p is a fuzzy bi-interior ideal
of M if and only if p is a fuzzy quasi ideal of M.

Proof. Suppose p is a fuzzy bi-interior ideal of M and let x € M. Then we get

X O o XM Mo xmop< p.
Assume that xas o u(x) > p(z). Since M is regular, there exist y € M, «, 8 € T such
that x = zaypBz. Then we have
poxmop(x) = sup {min{u(x),xn o pu(ypr)} )

r=zayfx

> sup {min{u(z), p(yfr)}t}

r=zxayfx
= p(z).
Which is a contradiction. Thus o xar N xar o p C p. So p is a fuzzy quasi ideal of

M.
The proof of the converse is obvious. O

Theorem 4.11. Let M be a semigroup. Then M is regular if and only if p N~y C
yopoyNuoyou for every fuzzy bi-interior ideal p and every fuzzy ideal of M.

Proof. Suppose M is regular and let z € M. Then there exists y € M such that
x = xyx. Thus we have

poyopu(z)= sup {min{uo~y(zy), u(z)}}

T=TYT

= min{myitgmy{min{u(z% Y(yzy)}, w(z)t}

min{min{p(z),v(x)}, p(z}
min{p(z),v(x)} = pN (),
you(x) = sup {min{y(zy), u(z)}}

T=xYT
> min{y(z), p(z)} = pNy(z).
SopunNyCpuovyoupunNyCyouory. Hence uNyCyopuoyNuoyopu.
Conversely, suppose that the necessary condition holds. Let p be a fuzzy bi-
interior ideal of semigroup M. Then we have

Y

POXM S X 0o Xn Mo X oy S X o pmoXn Mo X o .

Thus M is a regular semigroup. O
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5. CONCLUSION

As a further generalization of ideals, we introduced the notion of a bi-interior
ideal of a I'-semigroup as a generalization of ideal, left ideal, right ideal, bi-ideal,
quasi ideal and interior ideal of a I'-semigroup and studied some of their properties.
We introduced the notion of a bi-interior simple I'-semigroup and characterized the
bi-interior simple I'-semigroup, regular I'-semigroup using bi-interior ideals of a I'-
semigroup. In continuiation of this paper, we study prime bi-interior ideals, maximal
and minimal bi-interior ideals of a I'-semigroup. In this paper, we introduced the
notion of a fuzzy bi-interior ideal in a I'-semigroup and characterized the regular
I'-semigroup in terms of fuzzy bi-interior ideals. In continuation of this paper, we
propose to study the fuzzy tri ideal and fuzzy soft tri ideal of semirings.
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