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ABSTRACT. The concept of the (m,n)-fuzzy set is introduced and
compared with other types of fuzzy sets. Some operations for the (m,n)-
fuzzy set are introduced, and their properties are investigated. We define
(m,n)-fuzzy subalgebras in BC K-algebras and BCI-algebras and study
their properties. A given (m,n)-fuzzy subalgebra is used to create a new
(m, n)-fuzzy subalgebra. The intersection of two (m,n)-fuzzy subalgebras
to be a (m, n)-fuzzy subalgebra is proved, and an example is given to show
that the union of two (m,n)-fuzzy subalgebras may not be a (m, n)-fuzzy
subalgebra. The (m,n)-cutty set is used to obtain the characterization of
(m, n)-fuzzy subalgebra. The homomorphic image and preimage of (m, n)-
fuzzy subalgebra is discussed. It turns out that intuitionistic fuzzy subal-
gebra is a subclass of (m,n)-fuzzy subalgebra.

2020 AMS Classification: 03G25, 06F35, 08A72
Keywords: (m,n)-fuzzy set, (m,n)-fuzzy subalgebra, (m,n)-cutty set.

Corresponding Author: Y. B. Jun (skywine@gmail.com)

1. INTRODUCTION

In classical set theory, the membership of elements in a set is assessed in binary
terms according to a bivalent condition: an element either belongs or does not belong
to the set. As an extension, fuzzy set theory (See [1]) permits the gradual assessment
of the membership of elements in a set; this is described with the aid of a membership
function valued in the real unit interval [0,1]. As a generalization of fuzzy set,
Atanassov [2] created intuitionistic fuzzy set. Intuitionistic fuzzy set is widely used
in all fields (See [3, 4, 5, 6] for applications in algebraic structures). In 2013, Yager
[7, 8, 9] introduced Pythagorean fuzzy set and compared it with intuitionistic fuzzy
set. Pythagorean fuzzy set is a new extension of intuitionistic fuzzy set that conducts
to simulate the vagueness originated by the real case that might arise in the sum
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of membership and non-membership is bigger than 1. Pythagorean fuzzy set is
applied to groups (See [10]), U P-algebras (See [11]) and topological spaces (See [12]).
Senapati et al. [13] introduced Fermatean fuzzy set which is another extension of
intuitionistic fuzzy sets and it is applied to groups (See [14]). Ibrahim et al. [15]
introduced (3, 2)-fuzzy sets and applied it to topological spaces.

In this paper, we introduce the concept of the (m,n)-fuzzy set which is the sup-
class of intuitionistic fuzzy set, Pythagorean fuzzy set, (3,2)-fuzzy set, Fermatean
fuzzy set and n-Pythagorean fuzzy set, and compared with them. We introduce some
operations for the (m, n)-fuzzy set, and investigate their properties. The (m,n)-fuzzy
set is applied to BC K-algebras and BCI-algebras. We introduce the (m,n)-fuzzy
subalgebra in BCK-algebras and BC'I-algebras and investigate their properties.
Using the given (m,n)-fuzzy subalgebra, we make a new (m,n)-fuzzy subalgebra.
We prove that the intersection of two (m, n)-fuzzy subalgebras is also a (m,n)-fuzzy
subalgebra and provide an example to show that the union of two (m, n)-fuzzy subal-
gebras may not be a (m,n)-fuzzy subalgebra. The (m, n)-cutty set is used to obtain
the characterization of (m,n)-fuzzy subalgebra. We show that intuitionistic fuzzy
subalgebra is a subclass of (m,n)-fuzzy subalgebra. We consider the homomorphic
image and preimage of (m,n)-fuzzy subalgebra.

2. PRELIMINARIES

“ 7

If a set X has a special element “0” and a binary operation

conditions:
(I) (Vo,y,2 € X) ((zxy) *(xx2))* (zxy) =0),

(I (Vz,y € X) ((z* (zxy)) xy = 0),

(IlI) (Vz € X) (zxx =0),

V) Ve,ye X) (xxy=0,yxx=0 = z=y),
then we say that X is a BCT-algebra (See [16, 17]). If a BCI-algebra X satisfies
the following identity:

(V) (Vze X) (0xx=0),

then X is called a BCK-algebra (See [16, 17]). The order relation “ < ” in a
BCK/BCI-algebra X is defined as follows:

x 7 satisfying the

(2.1) Vz,ye X)(x <y & zxy=0).

Every BCK/BCI-algebra X satisfies the following conditions (See [16, 17]):

(2.2) (Vz e X)(x+x0=12x),
(2.3) (Ve,y,zeX)(z <y => z*x2<yx*xz,2xy<zxx),
(2.4) (Vo,y,z€ X) ((z*y)xz2=(x*2)*xy).

A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X (See
[16, 17]), if z xy € S for all z,y € S.
Every ideal A of a BCK/BCI-algebra X satisfies the next assertion (See [16, 17]).
(2.5) Ve,ye X)(z<y,yec A = z€A).
18
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Let X and Y be BCK/BCI-algebras. A mapping ¥ : X — Y is call a homomor-
phism (See [16, 17]), if it satisfies:

(2.6) (Vo,y € X)(¥(xxy) =¥ (z) *¥(y)).

Let po : X — [0,1] and v : X — [0, 1] be fuzzy sets in a set X. The structure
Q= {{z, pa(x),va(x)) | x € X} is called

e an intuitionistic fuzzy setin X (See [2]), if it satisfies:

(2.7) (Vo € X)(0 < pa(z) +ya(z) < 1),
e a Pythgorean fuzzy set in X (See [7]), if it satisfies:
(2.8) (V2 € X)(0 < (ua(2)* + (ya())* < 1),
e a (3,2)-fuzzy setin X (See [15]), if it satisfies:
(2.9) (V2 € X)(0 < (ua(2)* + (ya())* < 1),
e a Fermatean fuzzy setin X (See [13]), if it satisfies:
(2.10) (V2 € X)(0 < (3a@)® + (@) < 1),
e an n-Pythagorean fuzzy set, where n € N, in X (See [18]), if it satisfies:
(2.11) (V2 € X)(0 < (3o @) + ()" < 1),

3. (m,n)-FUzZzY SETS

Definition 3.1. Let f : X — [0,1] and g : X — [0, 1] be fuzzy sets in a set X. If
there exists (m,n) € N x N such that

(3.1) (Vz € X)((f(2)™ + (9(z))" < 1),
then the structure
(3.2) C:={(z, f(z),9(x)) |z € X}

is called the (m,n)-fuzzy set on X.

In what follows, we use the notations f™(z) and ¢g"(z) instead of (f(z))™ and
(g(x))™, respectively, and the (m,n)-fuzzy set on X in (3.2) is simply denoted by
C := (X, f,g). The collection of (m,n)-fuzzy sets on X is denoted by F(X).

Example 3.2. Let X = {0,a,b,¢,d} be a set and define fuzzy sets f : X — [0,1]
and g : X — [0, 1] as follows:

X 0 a b c d
flx) 0.93 0.74 0.92 0.55 0.67
g(z) 0.87 0.43 0.79 0.66 0.58

Then C := (X, f,g) is a (5,n)-fuzzy set on X for n > 9. But it is not a (5, n)-fuzzy
set on X for n < 8 because of 0.93° + 0.87% = 1.02390004084 > 1.

The (m,n)-fuzzy set varies according to (m,n) as shown in the table below.
19
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Intuitionistic fuzzy set [2]
Pythagorean fuzzy set [7]
(3,2)-fuzzy set [15]
Fermatean fuzzy set [13]
n-Pythagorean fuzzy set [18]
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Remark 3.3. The (m,n)-fuzzy set is not any of intuitionistic fuzzy set, Pythagorean
fuzzy set, (3,2)-fuzzy set, Fermatean fuzzy set, and n-Pythagorean fuzzy set.

Example 3.4. Consider the (5,n)-fuzzy set C := (X, f,g) on X for n > 9 in
Example 3.2. It is not an intuitionistic fuzzy set because of f(0) 4+ ¢g(0) = 0.93 +
0.87 = 1.8 > 1. Since f2(b) + g2(b) = 0.92% + 0.792 = 1.4705 > 1, we know
that C := (X, f,g) is not a Pythagorean fuzzy set on X. Since f3(b) + ¢2(b) =
0.923 + 0.79% = 1.402788 > 1, we know that C := (X, f, g) is not a (3,2)-fuzzy set
on X. Because of f3(0) + ¢3(0) = 0.93% + 0.87% = 1.46286 > 1, we know that
C := (X, f,9) is not a Fermatean fuzzy set on X. Finally, C := (X, f,g) is not a
5-Pythagorean fuzzy set on X since f5(0)+¢°(0) = 0.93% +0.87% = 1.19410929 > 1.

Proposition 3.5. Let C := (X, f,g) be an (m,n)-fuzzy set on a set X. For every
(m1,n1) € NXN, if m < my andn < nq, then C := (X, f,g) is an (my,n1)-fuzzy
set on X.
Proof. Tt is strightforward because if m < m; and n < nq, then

S (@) + g™ (@) < fM(2) + 9" (@) <1
for all x € X. O

For every (m1,n1) € Nx N with m < m and n < ny, the (mq,n1)-fuzzy set may
not be an (m, n)-fuzzy set as seen in the following example.

Example 3.6. In Example 3.2, C := (X, f, g) is a (5,9)-fuzzy set on X. But it is
not a (2,5)-fuzzy set on X since f2(b) + ¢g°(b) = 0.922 + 0.795 = 1.1541056399 > 1.

Definition 3.7. We define a binary relation “ 3”7 and the equality “ =" in F (X)
as follows:

(3.3) Ci13C & fi < fa, 1> 9o,

(3.4) Ci=C & fi=/f»01=9

for all Cl = (Xa fl7gl)7 C2 = (X7 f2792) € .FTT;’](X)
The notation C; 55 C2 means C; Z Cz and C1 # Co. It is clear that (F(X), %) is

m
a poset.

Definition 3.8. For all C; := (X, f1,q1), C2 := (X, f2,92) € F1(X), we define the
union (V) and the intersection (M) as follows:
(3.5) C1UCs = (X, fiU f2,91 N g2),
(3.6) CimCs = (X, f1 N f2,91U g2),
20
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where
fiufa: X = [0,1],  — max{fi(x), fa(x)},
fl ﬂf2 X = [07 1]’ T = min{fl(x),fQ(x)},
g1Ugs: X —[0,1],  — max{g1(x),g2(z)},
glﬂgQ:X—>[0,1]

, ¢ — min{g (), g2(2) }.
It is clear that the union (V) and the intersection (M) are associative binary
operations in F (X).

Example 3.9. Let X = {0,a,b,c} be a set and define (3,2)-fuzzy sets C; :=
(X, f1,91) and C := (X, f2,g2) on X by the tables below:

X 0 a b c
fi(z) 0.93 0.74 0.82 0.55
q1(x) 0.17 0.43 0.19 0.66

and

0 a b c
fa(z) 0.85 0.84 0.69 0.75
ga(x) 0.37 0.25 0.48 0.36

respectively. Then the union C; U Cy of C; and Cs is given by the table below.

X 0 a b c
(f1U f2)() 093 084 082  0.75
(91N g2)(x) 017 025 019  0.36

Also, the intersection C; M Cy of C; and Cs is given by the table below.

X 0 a b c
(f10 f2)(x) 0.85 0.74 0.69 0.55
(91 U g2)(x) 0.37 0.43 0.48 0.66

Proposition 3.10. Let C; := (X, f1,91), C2 := (X, f2,92) € FJL(X). Then

(37) CimCy=ComCy,

(3.8) CLUCy =Ca Uy,

(3.9) (C1 MCa) UCy = Co,

(3.10) (C1UCy) MCy = Co.

Proof. Staightforward. O

Proposition 3.11. Every element of F:(X) is idempotent under the binary oper-
ators “M” and “U”.

Proof. Staightforward. O
21
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Theorem 3.12. (F7,(X),U,Co1) and (F;,(X),M,Cio) are commulative monoids
where Co1 = (X,0,1) and Co = (X,1,0) with 0 : X — [0,1], = — 0 and
1: X —10,1], z— 1.

Proof. Staightforward. O

Definition 3.13. The complement of C := (X, f,g) € F(X) is denoted by C° :=
(X, f¢, ¢°) and is defined to be an (n, m)-fuzzy set C¢ = (X, g, f).

Example 3.14. Consider a (3,2)-fuzzy set C := (X, f,g) on X = {0, a,b, ¢} which
is defined by the table below.

X 0 a b c
f(z) 0.76 0.34 0.85 0.47
g(x) 0.57 0.53 0.39 0.67

Then its complement C¢ := (X, f¢, g¢) is given as follows:

X 0 a b c
fe(z) 0.57 0.53 0.39 0.67
9¢(x) 0.76 0.34 0.85 0.47

Proposition 3.15. IfC; := (X, f1,91), C2 := (X, f2,92) € FL(X), then (C1MCs)¢ =
CfWCS and (CLUCy)¢ =CSmCs.

Proof. For a given C1 := (X, f1,01), C2 := (X, fa,92) € F"(X), we have
(C1mCa)° = (X, (f1 N f2)", (91U g2))

= (X,91Ug2, f1N f2)

= (X7gl7f1) U (X792af2)

= (X7f1c7gf)@(X’f2cvg§)

—csucs.

The same way induces (C; U Cz)¢ = C$ m CS. O

4. (m,n)-FUzZY SUBALGEBRAS OF BCK/BCI-ALGEBRAS

In what follows, let X represent the BC K-algebra or BC'I-algebra, and m and n
are natural numbers unless otherwise specified.

Definition 4.1. An (m,n)-fuzzy set C := (X, f,g) is called an (m,n)-fuzzy subal-
gebra of X, if it satisfies:

(4.1) (Vg € X) < F(z xy) > min{f™(2), f(y)} ) |

g"(x xy) < max{g"(x),9"(y)}
Example 4.2. Let X = {0,a,b, ¢} be a set with a binary operation “x” in the table

below.
22
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Then X is a BCK-algebra (See [17]). Define an (m,n)-fuzzy set C := (X, f,g) by
the tables below:

X 0 a b c
f(z) 0.87 0.65 0.65 0.76
g(x) 0.17 0.43 0.43 0.56

It is routine to verify that C := (X, f,g) is an (m,n)-fuzzy subalgebra of X for all
(m,n) € Nx N with (m,n) ¢ {(1,1),(1,2),(2,1)}.

Lemma 4.3. Every (m,n)-fuzzy subalgebra C := (X, f,g) satisfies:
(4.2) (Vz € X)(f™(0) = f™(x), g"(0) < g"(2)).
Proof. The combination of (III) and (4.1) results in the following.
J7(0) = f™(x * x) > min{ f™(z), " ()} = f" (),
9"(0) = g"(z * z) < max{g"(z),9"(z)} = g" ()
for all x € X. O
Theorem 4.4. If C := (X, f,g) is an (m,n)-fuzzy subalgebra of X, then the set

Xe={ze X | [f"(x)=f"(0), g"(x) =g"(0)}
s a subalgebra of X.

Proof. If z,y € X¢, then f™(z) = f™(0), f™(y) = f™(0), ¢"(z) = ¢"(0) and
9" (y) = ¢™(0). It follows from (4.1) that

[ (@ y) =2 min{f™(z), " (y)} = f7(0)
and

9" (z *xy) < max{g"(z),9" (y)} = ¢"(0).
By combining this and Lemma 4.3, we derive f™(z*y) = f™(0) and g"(z*y) = ¢g"(0),
and so z xy € X¢c. Hence X¢ is a subalgebra of X. O

Given an (m,n)-fuzzy set C := (X, f,g), we define a new (m,n)-fuzzy set C* :=
(X, f*,g%) on X as follows:
* f(z)
f7X =01, 2= Grrayexy

(z)

9" X = [0.1], v = grptoiexy

where inf{g(x) | z € X} # 0.

Theorem 4.5. If C := (X, f,g) is an (m,n)-fuzzy subalgebra of X with g(0) # 0,
then C* := (X, f*,g*) is an (m,n)-fuzzy subalgebra of X.
23
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Proof. It C := (X, f,g) is an (m,n)-fuzzy subalgebra of X, then sup{f(z) | z €
X} = f(0) and inf{g(x) | z € X} = g(0) # 0. Thus we have

*m _ f(zxy) M (fax) T ()
[ (@ y) = (W) —( 0) ) =70
> gy min{ /™ (), [ (y)}
P T CONN AT ()N G F@\™ (o \™
_mm{f*"(o)’f’”(o)}_mm{(f(o)) ’(f(O)) }
= min{ f*"(x), f*" (y)}

and
o) = (eredsiten) = (%) = 5
< ooy max{g" (), 9" ()}
= max {558}, 4588} = moc {(63) (588) '}
= max{g"" (), 9" (y)}
for all z,y € X. So C* := (X, f*,g*) is an (m, n)-fuzzy subalgebra of X. O

Theorem 4.6. IfCy := (X, f1,91) and Cs := (X, fa2, g2) are (m,n)-fuzzy subalgebras
of X, then their intersection C1 M Cy = (X, f1 N fa,91 U g2) is also an (m,n)-fuzzy
subalgebra of X.

Proof. For every x,y € X, we have

(fin fo)™(zxy) = min{f" (z x y), f3" (x x y)}
> min{min{f{" (z), /" (y)}, min{ f3" (z), f3" (y) } }
= min{min{f{"(z), f3" ()}, min{ " (v), f3" (y) }}
= min{(f1 N f2)"(z), (fr N f2)" (y)}

and
(91U g2)"(z *y) = max{g{(z *y), g5 (x *y)}
< max{max{gy (z), 97 (v) }, max{g5 (z), g5 (y) } }
= max{max{g{ (), g3 (x)}, max{g{ (), 93 (y) } }
= max{(g1U g2)"(2), (91 U g2)" (v)}-
Then C; MCy = (X, f1 N f2,91 U g2) is an (m, n)-fuzzy subalgebra of X. O

The following example shows that the union of two (m, n)-fuzzy subalgebras may
not be an (m, n)-fuzzy subalgebra.

Example 4.7. Let X = {0,a,b, ¢} be a set with a binary operation “x” in the table
below.
24
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QO S O
o o9 oo
S0 O Qe
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[ IESEES Y Ks)

Then X is a BCI-algebra (See [17]). Let’s define C; := (X, f1,61), C2 := (X, fa2,92) €
F2(X) in the table below, respectively.

X 0 a b c
fi(z) 0.78 0.63 0.47 0.47
q1(x) 0.24 0.58 0.33 0.58

and

X 0 a b c
fa(z) 0.78 0.53 0.53 0.69
g2(x) 0.24 0.56 0.63 0.63

Then C; := (X, f1,91) and Cy := (X, fa,92) are (3,2)-fuzzy subalgebras of X. The
union C; U Cy = (X, fi U fa,g1 N g2) of C1 := (X, f1,01) and Co := (X, fa,02) is
calculated as follows:

X 0 a b c
(f1U f2) () 078  0.63 053  0.69
(91N g2)(x) 024 056 033 058

and it is not a (3, 2)-fuzzy subalgebra of X because of
(1 U f2)*(c @) = (f1 U f2)°(8) = masc{ F(b), f3(b)} = max[0.47%,0.55%)
= 0.53° # 0.63° = min{(f1 U f2)*(c), (f1 U f2)*(a)}
and/or
(91N g2)*(b*a) = (91 N g2)*(c) = min{gf(c), g3(c)} = min{0.58%,0.63%}
= 0.58% £ 0.33% = max{(g1 N g2)*(b), (g1 N g2)*(a)}.

Let C := (X, f,g) € F1(X). For every (s,t) € [0,1] x [0,1] with 0 < s™ 4+ ¢" <1,
we consider the set

(4.3) Cispy = Cs NGy

which is called the (m,n)-cutty set of C := (X, f, g) where
Csi={zeX|fm(z)>stand C;:={x € X | g"(x) < t}.

Proposition 4.8. Let C := (X, f,g), D:= (X,&,n) € F(X). Then

(4.4) CZID = Cisp S Dy,

(4.5) M(a, B) € [0,1] x [0,1]) (e < s, B>t = C(s,t) - C(%B))'
25
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Proof. Assume that C Z D and let 2 € C;4). Then f < § and g > 7, that is,
f(z) <&(z) and g(x) > n(z) for all x € X. It follows that s < f™(x) < ™ (z) and
t > g"(x) > n"(x). Thus z € D, ;. This proves (4.4).

Now let (o, 8) € [0,1] x [0,1] be such that o < s and § > t. If 2 € C(54), then
J™(x) > s> aand g"(x) <t < B. Thus x € Cia,py- S0 Cst) € Cra,p)- O

Theorem 4.9. IfC := (X, f, g) is an (m,n)-fuzzy subalgebra of X, then its (m,n)-
cutty set C(s,1y s a subalgebra of X.

Proof. Let z,y € C(54). Then f™(x) > s, f™(y) > s, g"(x) < tand g"(y) < t. It
follows from (4.1) that

[ (@ y) = min{f" (), f"(y)} = s
and
9" (z *y) < max{g"(z),g"(y)} <.
Thus z *y € Cs1). So C(sy) is a subalgebra of X. O

Theorem 4.10. For a given C := (X, f,g) € F(X), if its (m,n)-cutty set C(sy)
is a subalgebra of X for every (s,t) € [0,1] x [0,1] with 0 < s™ 4+t < 1, then
C:= (X, f,g) is an (m,n)-fuzzy subalgebra of X.

Proof. Assume that C(, ) is a subalgebra of X for every (s,t) € [0,1] x [0,1] with
0 < s™+1t" <1. For every x,y € X, we put s, := f™(z), sy := f"(y), tz :== g"(x)
and t, := g"(y). Then z,y € C( ) for s := min{s,, s, } and t := max{t,,t,}. Thus
x %y € Cspy. It follows that

[ (@ xy) = s = min{sy, s} = min{f™"(2), f"(y)}
and
9"z xy) <t =max{ty, t,} = max{g"(z),9" (y)}.
So C := (X, f,9) is an (m, n)-fuzzy subalgebra of X. O

Definition 4.11. Let C := (X, f,g) and D := (Y,&,n) be (m,n)-fuzzy sets on X
and Y respectively. Let ¥ : X — Y be a mapping from a set X to a set Y.

(i) The preimage of D := (Y,&,n) under ¥ is defined to be the (m,n)-fuzzy set
vHD) = (X,71(¢), ¥ *(n)) on X where

vTHE) : X = [0,1], 2z E(¥())
and
v X = [0,1], @ (¥ ().
(ii) The image of C := (X, f,g) under ¥ is defined to be the (m,n)-fuzzy set
U(C)=(Y,¥(f),¥(g9)) onY where

sup  fa) if UN(y) £ @,
U(f): Y = [0,1], y—> < =€ 1(y)
0 otherwise,

and
inf g(x) if v7(y) £ o,
U(g):Y = [0,1], y—= ¢ 2€¥ 1) (=) (®)
1 otherwise.
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Theorem 4.12. Let ¥ : X — Y be a homomorphism of BCK/BClI-algebras. If
D = (Y,&,n) is an (m,n)-fuzzy subalgebra of Y, then its preimage W~1(D) :=
(X, oY), ¥ (n)) under ¥ is an (m,n)-fuzzy subalgebra of X.

Proof. For every x,y € X, we have
THE) ™M (@ xy) = (THE (z xy))™
= (£ (z *y))™
= (W@ (z) x¥(y)))" =&

and

1
,n)-fuzzy subalgebra of X. O

.
S

Then ¥—1(D) := (X,

Theorem 4.13. Let ¥ : X — Y be an onto homomorphism of BCK/BCI-algebras.
IfC := (X, f, g) is an (m, n)-fuzzy subalgebra of X, then its image ¥(C) = (Y, ¥(f),¥(g))
under ¥ is an (m,n)-fuzzy subalgebra of Y.

Proof. For every y1,y2 € Y, we have
{r1x22€ X |z € T (), 20 € lI/_l(yg)} C{xeX|xe W‘l(yl *Ya) .

Then we get
‘I’(f)m(yl * yz) !p(f)(lh * yz))m m

sup{f(z) | x € U~ (y1 % y2)})

sup{f(z1 *x2) |21 € ¥ (y1), 22 € U (12)})"

up{f™(z1 * x2) | 21 € U (y1), 22 € ¥ (ya)}

up{min{ f™ (1) * f"(x2)} | 21 € U7 (y1), 22 € ¥ (y2)}

in{sup{f"(x1) | 21 € U (y1)},sup{f™ (x2) | 22 € ¥~ (y2)}}

in{® (f)™ (1), @ (f)™(y2)}

[ L AV [ AV I
0 N o~~~

==

and
(g9)" (y1 *y2) = (T(9)(y1 * y2))" n

= (inf{g(x) |z e (y * yz)})
< (inf{g(zy *22) [ 21 € P~ (y1), 22 € U1 (y2)})"
=inf{g"(x1 x x2) | 21 € ¥ (y1), 12 € U1 (y2)}
< inf{max{g"(x1) * g"(x2)} | 21 € " (y1), 22 € U (2)}
= max{inf{g"(z1) | z1 € T (y1)},inf{g"(22) | 22 € T 1 (12)}}
= max{¥(9)" (1), ¥(9)" (y2)}-

Thus ¥(C) = (Y,¥(f),¥(g)) is an (m, n)-fuzzy subalgebra of Y. O

27



Jun and Hur/Ann. Fuzzy Math. Inform. 24 (2022), No. 1, 17-29

Finally, we discuss the relationship between an intuitionistic fuzzy subalgebra and
an (m,n)-fuzzy subalgebra.

Theorem 4.14. FEvery intuitionistic fuzzy subalgebra is an (m,n)-fuzzy subalgebra.

Proof. Let C := (X, f, g) be an intuitionistic fuzzy subalgebra of X. Then f(z*y) >
min{ f(z), f(y)} and g(x * y) < max{g(x),g(y)} for all z,y € X. We consider the
following cases:

(1) f(z) = f(y) and g(x) = g(y),
(2) f(z) = f(y) and g(x) < g(y),
(3) f(x) < f(y) and g(z) > g(y),
(4) f(z) < f(y) and g(x) < g(y).
The first case implies f™(z) > f™(y) and g"(x) > ¢g"(y), and then
(@ xy) = (flexy)™ = (min{f(z), f(y) )™

= (f)™ = f"(y) = min{f"(z), [ (y)}

and

g"(x*y) = (g(z*y))" < (max{g(z),g(y)})"
= (g(x))" = ¢"(z) = max{g"(v), 9" (v)}

for all z,y € X. In the rest of the cases, the condition (4.1) can be derived in the
same way. Thus C := (X, f, g) is an (m,n)-fuzzy subalgebra of X. O

The converse of Theorem 4.14 may not be tue. In fact, the (m, n)-fuzzy subalgebra
C:=(X,f,g) of X for all (m,n) € Nx N with (m,n) ¢ {(1,1),(1,2),(2,1)} in
Example 4.2 is not an intuitionistic fuzzy subalgebra of X because of f(c)+ g(c) =
1.32 > 1.

5. CONCLUSION

As the the supclass of intuitionistic fuzzy set, Pythagorean fuzzy set, (3,2)-fuzzy
set, Fermatean fuzzy set and n-Pythagorean fuzzy set, we introduced the notion of
the (m,n)-fuzzy set and applied it to BCK/BCI-algebras. We gave some operations
for the (m, n)-fuzzy set, and investigated their properties. We introduced the (m,n)-
fuzzy subalgebra in BCK/BCI-algebras and investigated several properties. Using
the given (m, n)-fuzzy subalgebra, we established a new (m, n)-fuzzy subalgebra. We
proved that the intersection of two (m,n)-fuzzy subalgebras is also a (m,n)-fuzzy
subalgebra and provided an example to show that the union of two (m,n)-fuzzy
subalgebras may not be a (m,n)-fuzzy subalgebra. We used the (m,n)-cutty set
to obtain the characterization of (m, n)-fuzzy subalgebra. We shown that intuition-
istic fuzzy subalgebra is a subclass of (m,n)-fuzzy subalgebra, and considered the
homomorphic image and preimage of (m,n)-fuzzy subalgebra.

The idea of this paper and the results obtained will be used for the study of
various types of logical algebra in the future. And considering research on soft set
theory and rough set theory etc. based on (3,2)-fuzzy set is also a subject of future
research. It also attempts to explore the role of source in solving problems that
include uncertainty.
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