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Abstract. The concept of the (m,n)-fuzzy set is introduced and
compared with other types of fuzzy sets. Some operations for the (m,n)-
fuzzy set are introduced, and their properties are investigated. We define
(m,n)-fuzzy subalgebras in BCK-algebras and BCI-algebras and study
their properties. A given (m,n)-fuzzy subalgebra is used to create a new
(m,n)-fuzzy subalgebra. The intersection of two (m,n)-fuzzy subalgebras
to be a (m,n)-fuzzy subalgebra is proved, and an example is given to show
that the union of two (m,n)-fuzzy subalgebras may not be a (m,n)-fuzzy
subalgebra. The (m,n)-cutty set is used to obtain the characterization of
(m,n)-fuzzy subalgebra. The homomorphic image and preimage of (m,n)-
fuzzy subalgebra is discussed. It turns out that intuitionistic fuzzy subal-
gebra is a subclass of (m,n)-fuzzy subalgebra.
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1. Introduction

In classical set theory, the membership of elements in a set is assessed in binary
terms according to a bivalent condition: an element either belongs or does not belong
to the set. As an extension, fuzzy set theory (See [1]) permits the gradual assessment
of the membership of elements in a set; this is described with the aid of a membership
function valued in the real unit interval [0, 1]. As a generalization of fuzzy set,
Atanassov [2] created intuitionistic fuzzy set. Intuitionistic fuzzy set is widely used
in all fields (See [3, 4, 5, 6] for applications in algebraic structures). In 2013, Yager
[7, 8, 9] introduced Pythagorean fuzzy set and compared it with intuitionistic fuzzy
set. Pythagorean fuzzy set is a new extension of intuitionistic fuzzy set that conducts
to simulate the vagueness originated by the real case that might arise in the sum
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of membership and non-membership is bigger than 1. Pythagorean fuzzy set is
applied to groups (See [10]), UP -algebras (See [11]) and topological spaces (See [12]).
Senapati et al. [13] introduced Fermatean fuzzy set which is another extension of
intuitionistic fuzzy sets and it is applied to groups (See [14]). Ibrahim et al. [15]
introduced (3, 2)-fuzzy sets and applied it to topological spaces.

In this paper, we introduce the concept of the (m,n)-fuzzy set which is the sup-
class of intuitionistic fuzzy set, Pythagorean fuzzy set, (3, 2)-fuzzy set, Fermatean
fuzzy set and n-Pythagorean fuzzy set, and compared with them. We introduce some
operations for the (m,n)-fuzzy set, and investigate their properties. The (m,n)-fuzzy
set is applied to BCK-algebras and BCI-algebras. We introduce the (m,n)-fuzzy
subalgebra in BCK-algebras and BCI-algebras and investigate their properties.
Using the given (m,n)-fuzzy subalgebra, we make a new (m,n)-fuzzy subalgebra.
We prove that the intersection of two (m,n)-fuzzy subalgebras is also a (m,n)-fuzzy
subalgebra and provide an example to show that the union of two (m,n)-fuzzy subal-
gebras may not be a (m,n)-fuzzy subalgebra. The (m,n)-cutty set is used to obtain
the characterization of (m,n)-fuzzy subalgebra. We show that intuitionistic fuzzy
subalgebra is a subclass of (m,n)-fuzzy subalgebra. We consider the homomorphic
image and preimage of (m,n)-fuzzy subalgebra.

2. Preliminaries

If a set X has a special element “0” and a binary operation “ ∗ ” satisfying the
conditions:

(I) (∀x, y, z ∈ X) (((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0),
(II) (∀x, y ∈ X) ((x ∗ (x ∗ y)) ∗ y = 0),

(III) (∀x ∈ X) (x ∗ x = 0),
(IV) (∀x, y ∈ X) (x ∗ y = 0, y ∗ x = 0 ⇒ x = y),

then we say that X is a BCI-algebra (See [16, 17]). If a BCI-algebra X satisfies
the following identity:

(V) (∀x ∈ X) (0 ∗ x = 0),

then X is called a BCK-algebra (See [16, 17]). The order relation “ ≤ ” in a
BCK/BCI-algebra X is defined as follows:

(∀x, y ∈ X)(x ≤ y ⇔ x ∗ y = 0).(2.1)

Every BCK/BCI-algebra X satisfies the following conditions (See [16, 17]):

(∀x ∈ X) (x ∗ 0 = x) ,(2.2)

(∀x, y, z ∈ X) (x ≤ y ⇒ x ∗ z ≤ y ∗ z, z ∗ y ≤ z ∗ x) ,(2.3)

(∀x, y, z ∈ X) ((x ∗ y) ∗ z = (x ∗ z) ∗ y) .(2.4)

A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X (See
[16, 17]), if x ∗ y ∈ S for all x, y ∈ S.

Every ideal A of a BCK/BCI-algebra X satisfies the next assertion (See [16, 17]).

(∀x, y ∈ X) (x ≤ y, y ∈ A ⇒ x ∈ A) .(2.5)

18
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Let X and Y be BCK/BCI-algebras. A mapping Ψ : X → Y is call a homomor-
phism (See [16, 17]), if it satisfies:

(∀x, y ∈ X)(Ψ(x ∗ y) = Ψ(x) ∗ Ψ(y)).(2.6)

Let µΩ : X → [0, 1] and γΩ : X → [0, 1] be fuzzy sets in a set X. The structure
Ω := {〈x, µΩ(x), γΩ(x)〉 | x ∈ X} is called

• an intuitionistic fuzzy set in X (See [2]), if it satisfies:

(∀x ∈ X)(0 ≤ µΩ(x) + γΩ(x) ≤ 1),(2.7)

• a Pythgorean fuzzy set in X (See [7]), if it satisfies:

(∀x ∈ X)(0 ≤ (µΩ(x))2 + (γΩ(x))2 ≤ 1),(2.8)

• a (3, 2)-fuzzy set in X (See [15]), if it satisfies:

(∀x ∈ X)(0 ≤ (µΩ(x))3 + (γΩ(x))2 ≤ 1),(2.9)

• a Fermatean fuzzy set in X (See [13]), if it satisfies:

(∀x ∈ X)(0 ≤ (µΩ(x))3 + (γΩ(x))3 ≤ 1),(2.10)

• an n-Pythagorean fuzzy set, where n ∈ N, in X (See [18]), if it satisfies:

(∀x ∈ X)(0 ≤ (µΩ(x))n + (γΩ(x))n ≤ 1).(2.11)

3. (m,n)-fuzzy sets

Definition 3.1. Let f : X → [0, 1] and g : X → [0, 1] be fuzzy sets in a set X. If
there exists (m,n) ∈ N× N such that

(∀x ∈ X)((f(x))m + (g(x))n ≤ 1),(3.1)

then the structure

C := {〈x, f(x), g(x)〉 | x ∈ X}(3.2)

is called the (m,n)-fuzzy set on X.

In what follows, we use the notations fm(x) and gn(x) instead of (f(x))m and
(g(x))n, respectively, and the (m,n)-fuzzy set on X in (3.2) is simply denoted by
C := (X, f, g). The collection of (m,n)-fuzzy sets on X is denoted by Fnm(X).

Example 3.2. Let X = {0, a, b, c, d} be a set and define fuzzy sets f : X → [0, 1]
and g : X → [0, 1] as follows:

X 0 a b c d
f(x) 0.93 0.74 0.92 0.55 0.67
g(x) 0.87 0.43 0.79 0.66 0.58

Then C := (X, f, g) is a (5, n)-fuzzy set on X for n ≥ 9. But it is not a (5, n)-fuzzy
set on X for n ≤ 8 because of 0.935 + 0.878 = 1.02390004084 > 1.

The (m,n)-fuzzy set varies according to (m,n) as shown in the table below.
19
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(m,n) (m,n)-fuzzy set References

(1, 1) Intuitionistic fuzzy set [2]
(2, 2) Pythagorean fuzzy set [7]
(3, 2) (3, 2)-fuzzy set [15]
(3, 3) Fermatean fuzzy set [13]
(n, n) n-Pythagorean fuzzy set [18]

Remark 3.3. The (m,n)-fuzzy set is not any of intuitionistic fuzzy set, Pythagorean
fuzzy set, (3, 2)-fuzzy set, Fermatean fuzzy set, and n-Pythagorean fuzzy set.

Example 3.4. Consider the (5, n)-fuzzy set C := (X, f, g) on X for n ≥ 9 in
Example 3.2. It is not an intuitionistic fuzzy set because of f(0) + g(0) = 0.93 +
0.87 = 1.8 > 1. Since f2(b) + g2(b) = 0.922 + 0.792 = 1.4705 > 1, we know
that C := (X, f, g) is not a Pythagorean fuzzy set on X. Since f3(b) + g2(b) =
0.923 + 0.792 = 1.402788 > 1, we know that C := (X, f, g) is not a (3, 2)-fuzzy set
on X. Because of f3(0) + g3(0) = 0.933 + 0.873 = 1.46286 > 1, we know that
C := (X, f, g) is not a Fermatean fuzzy set on X. Finally, C := (X, f, g) is not a
5-Pythagorean fuzzy set on X since f5(0) +g5(0) = 0.935 + 0.875 = 1.19410929 > 1.

Proposition 3.5. Let C := (X, f, g) be an (m,n)-fuzzy set on a set X. For every
(m1, n1) ∈ N × N, if m ≤ m1 and n ≤ n1, then C := (X, f, g) is an (m1, n1)-fuzzy
set on X.

Proof. It is strightforward because if m ≤ m1 and n ≤ n1, then

fm1(x) + gn1(x) ≤ fm(x) + gn(x) ≤ 1

for all x ∈ X. �

For every (m1, n1) ∈ N×N with m ≤ m1 and n ≤ n1, the (m1, n1)-fuzzy set may
not be an (m,n)-fuzzy set as seen in the following example.

Example 3.6. In Example 3.2, C := (X, f, g) is a (5, 9)-fuzzy set on X. But it is
not a (2, 5)-fuzzy set on X since f2(b) + g5(b) = 0.922 + 0.795 = 1.1541056399 > 1.

Definition 3.7. We define a binary relation “ w ” and the equality “ = ” in Fnm(X)
as follows:

C1 w C2 ⇔ f1 ≤ f2, g1 ≥ g2,(3.3)

C1 = C2 ⇔ f1 = f2, g1 = g2(3.4)

for all C1 := (X, f1, g1), C2 := (X, f2, g2) ∈ Fnm(X).

The notation C1 � C2 means C1 w C2 and C1 6= C2. It is clear that (Fnm(X),w) is
a poset.

Definition 3.8. For all C1 := (X, f1, g1), C2 := (X, f2, g2) ∈ Fnm(X), we define the
union (d) and the intersection (e) as follows:

C1 d C2 = (X, f1 ∪ f2, g1 ∩ g2),(3.5)

C1 e C2 = (X, f1 ∩ f2, g1 ∪ g2),(3.6)
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where

f1 ∪ f2 : X → [0, 1], x 7→ max{f1(x), f2(x)},
f1 ∩ f2 : X → [0, 1], x 7→ min{f1(x), f2(x)},
g1 ∪ g2 : X → [0, 1], x 7→ max{g1(x), g2(x)},
g1 ∩ g2 : X → [0, 1], x 7→ min{g1(x), g2(x)}.

It is clear that the union (d) and the intersection (e) are associative binary
operations in Fnm(X).

Example 3.9. Let X = {0, a, b, c} be a set and define (3, 2)-fuzzy sets C1 :=
(X, f1, g1) and C2 := (X, f2, g2) on X by the tables below:

X 0 a b c
f1(x) 0.93 0.74 0.82 0.55
g1(x) 0.17 0.43 0.19 0.66

and

X 0 a b c
f2(x) 0.85 0.84 0.69 0.75
g2(x) 0.37 0.25 0.48 0.36

respectively. Then the union C1 d C2 of C1 and C2 is given by the table below.

X 0 a b c
(f1 ∪ f2)(x) 0.93 0.84 0.82 0.75
(g1 ∩ g2)(x) 0.17 0.25 0.19 0.36

Also, the intersection C1 e C2 of C1 and C2 is given by the table below.

X 0 a b c
(f1 ∩ f2)(x) 0.85 0.74 0.69 0.55
(g1 ∪ g2)(x) 0.37 0.43 0.48 0.66

Proposition 3.10. Let C1 := (X, f1, g1), C2 := (X, f2, g2) ∈ Fnm(X). Then

C1 e C2 = C2 e C1,(3.7)

C1 d C2 = C2 d C1,(3.8)

(C1 e C2) d C2 = C2,(3.9)

(C1 d C2) e C2 = C2.(3.10)

Proof. Staightforward. �

Proposition 3.11. Every element of Fnm(X) is idempotent under the binary oper-
ators “ e ” and “ d ”.

Proof. Staightforward. �
21
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Theorem 3.12. (Fnm(X),d, C01) and (Fnm(X),e, C10) are commutative monoids
where C01 := (X, 0̃, 1̃) and C10 := (X, 1̃, 0̃) with 0̃ : X → [0, 1], x 7→ 0 and
1̃ : X → [0, 1], x 7→ 1.

Proof. Staightforward. �

Definition 3.13. The complement of C := (X, f, g) ∈ Fnm(X) is denoted by Cc :=
(X, fc, gc) and is defined to be an (n,m)-fuzzy set Cc = (X, g, f).

Example 3.14. Consider a (3, 2)-fuzzy set C := (X, f, g) on X = {0, a, b, c} which
is defined by the table below.

X 0 a b c
f(x) 0.76 0.34 0.85 0.47
g(x) 0.57 0.53 0.39 0.67

Then its complement Cc := (X, fc, gc) is given as follows:

X 0 a b c
f c(x) 0.57 0.53 0.39 0.67
gc(x) 0.76 0.34 0.85 0.47

Proposition 3.15. If C1 := (X, f1, g1), C2 := (X, f2, g2) ∈ Fnm(X), then (C1eC2)c =
Cc1 d Cc2 and (C1 d C2)c = Cc1 e Cc2.

Proof. For a given C1 := (X, f1, g1), C2 := (X, f2, g2) ∈ Fnm(X), we have

(C1 e C2)c = (X, (f1 ∩ f2)c, (g1 ∪ g2)c)

= (X, g1 ∪ g2, f1 ∩ f2)

= (X, g1, f1) d (X, g2, f2)

= (X, fc1 , g
c
1) d (X, f c2 , g

c
2)

= Cc1 d Cc2.

The same way induces (C1 d C2)c = Cc1 e Cc2. �

4. (m,n)-fuzzy subalgebras of BCK/BCI-algebras

In what follows, let X represent the BCK-algebra or BCI-algebra, and m and n
are natural numbers unless otherwise specified.

Definition 4.1. An (m,n)-fuzzy set C := (X, f, g) is called an (m,n)-fuzzy subal-
gebra of X, if it satisfies:

(∀x, y ∈ X)

(
fm(x ∗ y) ≥ min{fm(x), fm(y)}
gn(x ∗ y) ≤ max{gn(x), gn(y)}

)
.(4.1)

Example 4.2. Let X = {0, a, b, c} be a set with a binary operation “∗” in the table
below.
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∗ 0 a b c
0 0 0 0 0
a a 0 0 a
b b a 0 b
c c c c 0

Then X is a BCK-algebra (See [17]). Define an (m,n)-fuzzy set C := (X, f, g) by
the tables below:

X 0 a b c
f(x) 0.87 0.65 0.65 0.76
g(x) 0.17 0.43 0.43 0.56

It is routine to verify that C := (X, f, g) is an (m,n)-fuzzy subalgebra of X for all
(m,n) ∈ N× N with (m,n) /∈ {(1, 1), (1, 2), (2, 1)}.

Lemma 4.3. Every (m,n)-fuzzy subalgebra C := (X, f, g) satisfies:

(∀x ∈ X)(fm(0) ≥ fm(x), gn(0) ≤ gn(x)).(4.2)

Proof. The combination of (III) and (4.1) results in the following.

fm(0) = fm(x ∗ x) ≥ min{fm(x), fm(x)} = fm(x),

gn(0) = gn(x ∗ x) ≤ max{gn(x), gn(x)} = gn(x)

for all x ∈ X. �

Theorem 4.4. If C := (X, f, g) is an (m,n)-fuzzy subalgebra of X, then the set

XC := {x ∈ X | fm(x) = fm(0), gn(x) = gn(0)}
is a subalgebra of X.

Proof. If x, y ∈ XC , then fm(x) = fm(0), fm(y) = fm(0), gn(x) = gn(0) and
gn(y) = gn(0). It follows from (4.1) that

fm(x ∗ y) ≥ min{fm(x), fm(y)} = fm(0)

and

gn(x ∗ y) ≤ max{gn(x), gn(y)} = gn(0).

By combining this and Lemma 4.3, we derive fm(x∗y) = fm(0) and gn(x∗y) = gn(0),
and so x ∗ y ∈ XC . Hence XC is a subalgebra of X. �

Given an (m,n)-fuzzy set C := (X, f, g), we define a new (m,n)-fuzzy set C∗ :=
(X, f∗, g∗) on X as follows:

f∗ : X → [0, 1], x 7→ f(x)
sup{f(x)|x∈X} ,

g∗ : X → [0, 1], x 7→ g(x)
inf{g(x)|x∈X} ,

where inf{g(x) | x ∈ X} 6= 0.

Theorem 4.5. If C := (X, f, g) is an (m,n)-fuzzy subalgebra of X with g(0) 6= 0,
then C∗ := (X, f∗, g∗) is an (m,n)-fuzzy subalgebra of X.
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Proof. If C := (X, f, g) is an (m,n)-fuzzy subalgebra of X, then sup{f(x) | x ∈
X} = f(0) and inf{g(x) | x ∈ X} = g(0) 6= 0. Thus we have

f∗m(x ∗ y) =
(

f(x∗y)
sup{f(x∗y)|x∗y∈X}

)m
=
(
f(x∗y)
f(0)

)m
= fm(x∗y)

fm(0)

≥ 1
fm(0) min{fm(x), fm(y)}

= min
{
fm(x)
fm(0) ,

fm(y)
fm(0)

}
= min

{(
f(x)
f(0)

)m
,
(
f(y)
f(0)

)m}
= min{f∗m(x), f∗m(y)}

and

g∗n(x ∗ y) =
(

g(x∗y)
inf{g(x∗y)|x∗y∈X}

)n
=
(
g(x∗y)
g(0)

)n
= gn(x∗y)

gn(0)

≤ 1
gn(0) max{gn(x), gn(y)}

= max
{
gn(x)
gn(0) ,

gn(y)
gn(0)

}
= max

{(
g(x)
g(0)

)n
,
(
g(y)
g(0)

)n}
= max{g∗n(x), g∗n(y)}

for all x, y ∈ X. So C∗ := (X, f∗, g∗) is an (m,n)-fuzzy subalgebra of X. �

Theorem 4.6. If C1 := (X, f1, g1) and C2 := (X, f2, g2) are (m,n)-fuzzy subalgebras
of X, then their intersection C1 e C2 = (X, f1 ∩ f2, g1 ∪ g2) is also an (m,n)-fuzzy
subalgebra of X.

Proof. For every x, y ∈ X, we have

(f1 ∩ f2)m(x ∗ y) = min{fm1 (x ∗ y), fm2 (x ∗ y)}
≥ min{min{fm1 (x), fm1 (y)},min{fm2 (x), fm2 (y)}}
= min{min{fm1 (x), fm2 (x)},min{fm1 (y), fm2 (y)}}
= min{(f1 ∩ f2)m(x), (f1 ∩ f2)m(y)}

and

(g1 ∪ g2)n(x ∗ y) = max{gn1 (x ∗ y), gn2 (x ∗ y)}
≤ max{max{gn1 (x), gn1 (y)},max{gn2 (x), gn2 (y)}}
= max{max{gn1 (x), gn2 (x)},max{gn1 (y), gn2 (y)}}
= max{(g1 ∪ g2)n(x), (g1 ∪ g2)n(y)}.

Then C1 e C2 = (X, f1 ∩ f2, g1 ∪ g2) is an (m,n)-fuzzy subalgebra of X. �

The following example shows that the union of two (m,n)-fuzzy subalgebras may
not be an (m,n)-fuzzy subalgebra.

Example 4.7. Let X = {0, a, b, c} be a set with a binary operation “∗” in the table
below.
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∗ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Then X is a BCI-algebra (See [17]). Let’s define C1 := (X, f1, g1), C2 := (X, f2, g2) ∈
F2

3 (X) in the table below, respectively.

X 0 a b c
f1(x) 0.78 0.63 0.47 0.47
g1(x) 0.24 0.58 0.33 0.58

and

X 0 a b c
f2(x) 0.78 0.53 0.53 0.69
g2(x) 0.24 0.56 0.63 0.63

Then C1 := (X, f1, g1) and C2 := (X, f2, g2) are (3, 2)-fuzzy subalgebras of X. The
union C1 d C2 = (X, f1 ∪ f2, g1 ∩ g2) of C1 := (X, f1, g1) and C2 := (X, f2, g2) is
calculated as follows:

X 0 a b c
(f1 ∪ f2)(x) 0.78 0.63 0.53 0.69
(g1 ∩ g2)(x) 0.24 0.56 0.33 0.58

and it is not a (3, 2)-fuzzy subalgebra of X because of

(f1 ∪ f2)3(c ∗ a) = (f1 ∪ f2)3(b) = max{f3
1 (b), f3

2 (b)} = max{0.473, 0.533}
= 0.533 � 0.633 = min{(f1 ∪ f2)3(c), (f1 ∪ f2)3(a)}

and/or

(g1 ∩ g2)2(b ∗ a) = (g1 ∩ g2)2(c) = min{g2
1(c), g2

2(c)} = min{0.582, 0.632}
= 0.582 � 0.332 = max{(g1 ∩ g2)2(b), (g1 ∩ g2)2(a)}.

Let C := (X, f, g) ∈ Fnm(X). For every (s, t) ∈ [0, 1]× [0, 1] with 0 ≤ sm + tn ≤ 1,
we consider the set

C(s,t) := Cs ∩ Ct(4.3)

which is called the (m,n)-cutty set of C := (X, f, g) where

Cs := {x ∈ X | fm(x) ≥ s} and Ct := {x ∈ X | gn(x) ≤ t}.

Proposition 4.8. Let C := (X, f, g), D := (X, ξ, η) ∈ Fnm(X). Then

C w D ⇒ C(s,t) ⊆ D(s,t),(4.4)

(∀(α, β) ∈ [0, 1]× [0, 1])(α ≤ s, β ≥ t ⇒ C(s,t) ⊆ C(α,β)).(4.5)
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Proof. Assume that C w D and let x ∈ C(s,t). Then f ≤ ξ and g ≥ η, that is,
f(x) ≤ ξ(x) and g(x) ≥ η(x) for all x ∈ X. It follows that s ≤ fm(x) ≤ ξm(x) and
t ≥ gn(x) ≥ ηn(x). Thus x ∈ D(s,t). This proves (4.4).

Now let (α, β) ∈ [0, 1] × [0, 1] be such that α ≤ s and β ≥ t. If x ∈ C(s,t), then
fm(x) ≥ s ≥ α and gn(x) ≤ t ≤ β. Thus x ∈ C(α,β). So C(s,t) ⊆ C(α,β). �

Theorem 4.9. If C := (X, f, g) is an (m,n)-fuzzy subalgebra of X, then its (m,n)-
cutty set C(s,t) is a subalgebra of X.

Proof. Let x, y ∈ C(s,t). Then fm(x) ≥ s, fm(y) ≥ s, gn(x) ≤ t and gn(y) ≤ t. It
follows from (4.1) that

fm(x ∗ y) ≥ min{fm(x), fm(y)} ≥ s
and

gn(x ∗ y) ≤ max{gn(x), gn(y)} ≤ t.
Thus x ∗ y ∈ C(s,t). So C(s,t) is a subalgebra of X. �

Theorem 4.10. For a given C := (X, f, g) ∈ Fnm(X), if its (m,n)-cutty set C(s,t)
is a subalgebra of X for every (s, t) ∈ [0, 1] × [0, 1] with 0 ≤ sm + tn ≤ 1, then
C := (X, f, g) is an (m,n)-fuzzy subalgebra of X.

Proof. Assume that C(s,t) is a subalgebra of X for every (s, t) ∈ [0, 1] × [0, 1] with
0 ≤ sm + tn ≤ 1. For every x, y ∈ X, we put sx := fm(x), sy := fm(y), tx := gn(x)
and ty := gn(y). Then x, y ∈ C(s,t) for s := min{sx, sy} and t := max{tx, ty}. Thus
x ∗ y ∈ C(s,t). It follows that

fm(x ∗ y) ≥ s = min{sx, sy} = min{fm(x), fm(y)}
and

gn(x ∗ y) ≤ t = max{tx, ty} = max{gn(x), gn(y)}.
So C := (X, f, g) is an (m,n)-fuzzy subalgebra of X. �

Definition 4.11. Let C := (X, f, g) and D := (Y, ξ, η) be (m,n)-fuzzy sets on X
and Y respectively. Let Ψ : X → Y be a mapping from a set X to a set Y .

(i) The preimage of D := (Y, ξ, η) under Ψ is defined to be the (m,n)-fuzzy set
Ψ−1(D) :=

(
X,Ψ−1(ξ), Ψ−1(η)

)
on X where

Ψ−1(ξ) : X → [0, 1], x 7→ ξ(Ψ(x))

and

Ψ−1(η) : X → [0, 1], x 7→ η(Ψ(x)).

(ii) The image of C := (X, f, g) under Ψ is defined to be the (m,n)-fuzzy set
Ψ(C) = (Y, Ψ(f), Ψ(g)) on Y where

Ψ(f) : Y → [0, 1], y 7→

{
sup

x∈Ψ−1(y)

f(x) if Ψ−1(y) 6= ∅,

0 otherwise,

and

Ψ(g) : Y → [0, 1], y 7→

{
inf

x∈Ψ−1(y)
g(x) if Ψ−1(y) 6= ∅,

1 otherwise.
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Theorem 4.12. Let Ψ : X → Y be a homomorphism of BCK/BCI-algebras. If
D := (Y, ξ, η) is an (m,n)-fuzzy subalgebra of Y , then its preimage Ψ−1(D) :=(
X,Ψ−1(ξ), Ψ−1(η)

)
under Ψ is an (m,n)-fuzzy subalgebra of X.

Proof. For every x, y ∈ X, we have
Ψ−1(ξ)m(x ∗ y) = (Ψ−1(ξ)(x ∗ y))m

= (ξ(Ψ(x ∗ y)))m

= (ξ(Ψ(x) ∗ Ψ(y)))m = ξm(Ψ(x) ∗ Ψ(y))
≥ min{ξm(Ψ(x)), ξm(Ψ(y))}
= min{(ξ(Ψ(x)))m, (ξ(Ψ(y)))m}
= min{(Ψ−1(ξ)(x))m, (Ψ−1(ξ)(y))m}
= min{Ψ−1(ξ)m(x), Ψ−1(ξ)m(y)}

and
Ψ−1(η)n(x ∗ y) = (Ψ−1(η)(x ∗ y))n

= (η(Ψ(x ∗ y)))n

= (η(Ψ(x) ∗ Ψ(y)))n = ηn(Ψ(x) ∗ Ψ(y))
≤ max{ηn(Ψ(x)), ηn(Ψ(y))}
= max{(η(Ψ(x)))n, (η(Ψ(y)))n}
= max{(Ψ−1(η)(x))n, (Ψ−1(η)(y))n}
= max{Ψ−1(η)n(x), Ψ−1(η)n(y)}.

Then Ψ−1(D) :=
(
X,Ψ−1(ξ), Ψ−1(η)

)
is an (m,n)-fuzzy subalgebra of X. �

Theorem 4.13. Let Ψ : X → Y be an onto homomorphism of BCK/BCI-algebras.
If C := (X, f, g) is an (m,n)-fuzzy subalgebra of X, then its image Ψ(C) = (Y, Ψ(f), Ψ(g))
under Ψ is an (m,n)-fuzzy subalgebra of Y .

Proof. For every y1, y2 ∈ Y , we have

{x1 ∗ x2 ∈ X | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)} ⊆ {x ∈ X | x ∈ Ψ−1(y1 ∗ y2)}.

Then we get
Ψ(f)m(y1 ∗ y2) = (Ψ(f)(y1 ∗ y2))m

=
(
sup{f(x) | x ∈ Ψ−1(y1 ∗ y2)}

)m
≥
(
sup{f(x1 ∗ x2) | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)}

)m
= sup{fm(x1 ∗ x2) | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)}
≥ sup{min{fm(x1) ∗ fm(x2)} | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)}
= min{sup{fm(x1) | x1 ∈ Ψ−1(y1)}, sup{fm(x2) | x2 ∈ Ψ−1(y2)}}
= min{Ψ(f)m(y1), Ψ(f)m(y2)}

and
Ψ(g)n(y1 ∗ y2) = (Ψ(g)(y1 ∗ y2))n

=
(
inf{g(x) | x ∈ Ψ−1(y1 ∗ y2)}

)n
≤
(
inf{g(x1 ∗ x2) | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)}

)n
= inf{gn(x1 ∗ x2) | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)}
≤ inf{max{gn(x1) ∗ gn(x2)} | x1 ∈ Ψ−1(y1), x2 ∈ Ψ−1(y2)}
= max{inf{gn(x1) | x1 ∈ Ψ−1(y1)}, inf{gn(x2) | x2 ∈ Ψ−1(y2)}}
= max{Ψ(g)n(y1), Ψ(g)n(y2)}.

Thus Ψ(C) = (Y, Ψ(f), Ψ(g)) is an (m,n)-fuzzy subalgebra of Y . �
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Finally, we discuss the relationship between an intuitionistic fuzzy subalgebra and
an (m,n)-fuzzy subalgebra.

Theorem 4.14. Every intuitionistic fuzzy subalgebra is an (m,n)-fuzzy subalgebra.

Proof. Let C := (X, f, g) be an intuitionistic fuzzy subalgebra of X. Then f(x∗y) ≥
min{f(x), f(y)} and g(x ∗ y) ≤ max{g(x), g(y)} for all x, y ∈ X. We consider the
following cases:

(1) f(x) ≥ f(y) and g(x) ≥ g(y),
(2) f(x) ≥ f(y) and g(x) < g(y),
(3) f(x) < f(y) and g(x) ≥ g(y),
(4) f(x) < f(y) and g(x) < g(y).

The first case implies fm(x) ≥ fm(y) and gn(x) ≥ gn(y), and then

fm(x ∗ y) = (f(x ∗ y))m ≥ (min{f(x), f(y)})m

= (f(y))m = fm(y) = min{fm(x), fm(y)}

and

gn(x ∗ y) = (g(x ∗ y))n ≤ (max{g(x), g(y)})n

= (g(x))n = gn(x) = max{gn(x), gn(y)}

for all x, y ∈ X. In the rest of the cases, the condition (4.1) can be derived in the
same way. Thus C := (X, f, g) is an (m,n)-fuzzy subalgebra of X. �

The converse of Theorem 4.14 may not be tue. In fact, the (m,n)-fuzzy subalgebra
C := (X, f, g) of X for all (m,n) ∈ N × N with (m,n) /∈ {(1, 1), (1, 2), (2, 1)} in
Example 4.2 is not an intuitionistic fuzzy subalgebra of X because of f(c) + g(c) =
1.32 > 1.

5. Conclusion

As the the supclass of intuitionistic fuzzy set, Pythagorean fuzzy set, (3, 2)-fuzzy
set, Fermatean fuzzy set and n-Pythagorean fuzzy set, we introduced the notion of
the (m,n)-fuzzy set and applied it to BCK/BCI-algebras. We gave some operations
for the (m,n)-fuzzy set, and investigated their properties. We introduced the (m,n)-
fuzzy subalgebra in BCK/BCI-algebras and investigated several properties. Using
the given (m,n)-fuzzy subalgebra, we established a new (m,n)-fuzzy subalgebra. We
proved that the intersection of two (m,n)-fuzzy subalgebras is also a (m,n)-fuzzy
subalgebra and provided an example to show that the union of two (m,n)-fuzzy
subalgebras may not be a (m,n)-fuzzy subalgebra. We used the (m,n)-cutty set
to obtain the characterization of (m,n)-fuzzy subalgebra. We shown that intuition-
istic fuzzy subalgebra is a subclass of (m,n)-fuzzy subalgebra, and considered the
homomorphic image and preimage of (m,n)-fuzzy subalgebra.

The idea of this paper and the results obtained will be used for the study of
various types of logical algebra in the future. And considering research on soft set
theory and rough set theory etc. based on (3, 2)-fuzzy set is also a subject of future
research. It also attempts to explore the role of source in solving problems that
include uncertainty.
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[12] M. Olgun, M. Ünver and Ş. Yardimci, Pythagorean fuzzy topological spaces, Complex &

Intelligent Systems 5 (2) (2019) 177–183.
[13] T. Senapati and R. R. Yager, Fermatean fuzzy sets, Journal of Ambient Intelligence and

Humanized Computing 11 (2020) 663–674.

[14] I. Silambarasan, Fermatean fuzzy subgroups, J. Int. Math. Virtual Inst. 11 (1) (2021) 1–16.
DOI: 10.7251/JIMVI2101001S.

[15] H. Z. Ibrahim, T. M. Al-shami and O. G. Elbarbary, (3, 2)-fuzzy sets and their applications

to topology and optimal choice, Computational Intelligence and Neuroscience Volume 2021,
Article ID 1272266, 14 pages. https://doi.org/10.1155/2021/1272266.

[16] Y. Huang, BCI-algebra, Science Press: Beijing, China 2006.
[17] J. Meng and Y. B. Jun, BCK-algebras, Kyungmoon Sa Co.: Seoul, Korea 1994.

[18] A. Bryniarska, The n-Pythagorean fuzzy sets, Symmetry 2020, 12, 1772;

doi:10.3390/sym12111772.

Y. B. Jun (skywine@gmail.com)
Department of Mathematics Education, Gyeongsang National University, Jinju 52828,
Korea

K. Hur (kulhur@wku.ac.kr)
Department of Applied Mathematics, Wonkwang University, Korea

29


	The (m, n)-fuzzy set and its application in BCK-algebras . By 
	The (m, n)-fuzzy set and its application in BCK-algebras . By 

