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ABSTRACT. We define the concept of rough limit set of a triple sequence
space of Chlodowsky type (A, q)-Bernstein Stancu polynomials of fuzzy
numbers and obtain the relation between the set of rough limit and the
extreme limit points of a triple sequence space of Chlodowsky type (A, ¢)-
Bernstein Stancu polynomials of fuzzy numbers. Finally, we investigate
some properties of the rough limit set of Bernstein Stancu polynomials.
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1. INTRODUCTION

The idea of rough convergence was first introduced by Phu [13, 14, 15] in finite
dimensional normed spaces. He showed that the set LIM], is bounded, closed and
convex; and he introduced the notion of rough Cauchy sequence. He also investi-
gated the relations between rough convergence and other convergence types and the
dependence of LIM, on the roughness of degree r.

Aytar [1] studied of rough statistical convergence and defined the set of rough
statistical limit points of a sequence and obtained two statistical convergence criteria
associated with this set and prove that this set is closed and convex. Also, Aytar [2]
studied that the r-limit set of the sequence is equal to intersection of these sets and
that r-core of the sequence is equal to the union of these sets. Dundar and Cakan
[12] investigated of rough ideal convergence and defined the set of rough ideal limit
points of a sequence The notion of I-convergence of a triple sequence spaces which
is based on the structure of the ideal I of subsets of N x N x N, where N is the set
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of all natural numbers, is a natural generalization of the notion of convergence and
statistical convergence.

Let K be a subset of the set of positive integers N x N x N and let us denote the
set K o= {(m,n,k) € K:m <i,n<jk<{}. Then the natural density of K is
given by

5(K)= lim it
i,7,6—00 Z]f
where |K; j¢| denotes the number of elements in K; ; ,.

First applied the concept of (p,g)-calculus in approximation theory and intro-
duced the (p,q)-analogue of Bernstein operators. Later, based on (p,q)-integers,
some approximation results for Bernstein-Stancu operators, Bernstein-Kantorovich
operators, (p,q)-Lorentz operators, Bleimann-Butzer and Hahn operators and
Bernstein-Shurer operators etc.

Very recently, Khalid et al. have given a nice application in computer-aided
geometric design and applied these Bernstein basis for construction of (p, ¢)-Bezier
curves and surfaces based on (p, ¢)-integers which is further generalization of ¢-Bezier
curves and surfaces.

Motivated by the above mentioned work on (p, ¢)-approximation and its applica-
tion, in this paper we study statistical approximation properties of Bernstein-Stancu
Operators based on (p, g)-integers.

Now we recall some basic definitions about (p, q)-integers. For any (u,v,w) € N3,
the (p, g)-integer [uvw], 4 is defined by
puvw _ quvw

[0]p,4 :=0 and [uvw], 4 = if u,v,w>1,

p—q
where 0 < ¢ < p < 1. The (p, ¢)-factorial is defined by
[0]p.q!:=1 and [uvw]l, o =1]p.q[2]p.q¢ - - [WOW]p ¢ if w,v,w>1 and w,v,w,m,n,keN.

Also the (p, g)-binomial coefficient is defined by

u v\ (¥ . [u]'p.q []!p.q [w]!p.q
() (#) (’“) = [l [ — g (g 0 — 7y g [0 — Kl g

for all w,v,w,m,n,k € N with u > m,v > n,w > k.
The formula for (p, ¢)-binomial expansion is as follows:

u voow
(u—m)(u—m—1D+(v—n)(v—n—D+(w—k)(w—k—1) m(m—1)+n(n—1)+k(k—1)
u,,W
(aztby)yy™ =3, > > p : q :
m=0n=0 k=0

(#”L) (%) <}$> a(u—m)+(v—n)+(w—k)bm+n+kx(u—m)+(v—n)+(w—k)ym+n+k,
p.q

(z+y)y o =(z+y) (pr+qy) (P°2+¢°y)- - -(p(“_w“‘ww‘l)ﬁq(“‘w”‘Ww‘”y) :
(1—2)," = (1-=z) (p—gz) (P*—¢°x) - -- (p(“’l”(”’”“w’”—q(“*l”(”*”“’”*”m) ,
and

m(m—1)tn(n—1)tk(k—1)
(-T)Zén7k - (px) (pr) . (p(u—l)—i-(u—l)-&-(w—l)m) —p D+ n 1) +k(k—1 .
2
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The Bernstein operator of order rst is given by

Byt (f.2) Z sz (n::tk) ( ) (n) <;;> gtk (] gy mr) =)+ (k=)

m=0n=0 k=

where f is a continuous (real or complex valued) function defined on [0, 1].
The (p, ¢)-Bernstein operators are defined as follows:

m(m—1n(n—1)1k(k—1)
Bl 0) = sy 30 330 () () ()= s
p

m=0n=0k=0
(r—m-—1) (s—n—1) (t—k—1)
(1.1) I e -a2) [ @=-a22) [] @ -2
u1=0 u2=0 uz=0

/ (7,4 [P]pq (Kpq z € [0,1]
pon == G0 ] s T A )

Also, we have

rst ZZZ l (r=m)(r—m—1){(s— n)(s n—1Ht—k) (t—k— l)qm(m lH—'rL('n. Dk (k—1)

m=0n=0k=0

(1;1) () (k) amer.

(p, ¢)-Bernstein-Stancu operators are defined as follows:

t m(m—1rn(n—1)1tk(k—1)
= m-+n+k
Sﬁsytvp,q (fvx)* T(r—1yfs(s—LHt(t—1) 1H5(5 e(t—1) E E E ( )( )( > 2 T
p

m=0n=0k=0
(r—m-—1) (s—n—1) (t—k—1)
(1.2) II e -2 [ @=-q=2) [ 0" -2
U1:0 u2:0 ugZO

; <p(rm)+(sn)+(tk) (ml, . [n],, [K,,, +n> e o]
(Mg [8]pq [l g + 1
Note that for n = u = 0, (p, ¢)-Bernstein-Stancu operators given by (1.2) reduces into
(p, q)-Bernstein-Stancu operators. Also for p = 1, (p, ¢)-Bernstein-Stancu operators
given by (1.1) turn out to be g-Bernstein-Stancu operators.
In this paper, we construct Chlodowsky type (), g)-Bernstein-Stancu operators
of triple sequence space is defined as

mnk +a
(13) B(C;ft))\’q Zzzbrstmnk iC q)f<[[’l“$t]]—|—ﬁ )

m=0n=0 k=0
wherer,s,t € N, 0< ¢ <1,0 <z <b,,;and b, s, is a sequence of positive numbers

such that lim, s ;o0 by st = 00, limy 4t 00 [T:;]‘ =0,

/b\ ( . ) | S t L m+n+k - T (r—m)+(s—n)+(t—k)
bk W4 m n k br,s,t br,s,t
3
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and o, € Rand 0 < a < . For a = 5 = 0 we obtain the Chlodowsky type
(), @)-Bernstein Stancu polynomials.
Let f be a continuous function defined on the closed interval [0,1]. A triple

sequence of Chlodowsky type (A, ¢)-Bernstein Stancu polynomials (Bari A (f; ))

is said to be statistically convergent to 0 € R, written as st —limz = 0, provided
that the set

K, := {(m,mk)éN&’Bf‘;it /\q(f, x) — (f,x)‘Ze}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit
of the triple sequence of Chlodowsky type (), ¢)-Bernstein Stancu polynomials. i.e.,
J (K.) =0. That is,

1
a,B
r, slgfril)oo pq] {m p,n=q k '7 ’B(TS t),\,q (‘f7 ) (f7 LL')‘ - 6}’ 0-

In this case, we write § — hmB(aTgt) g (fi2) = (f, ) or Bzg Hoag (1) -9 (f,x).

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on.

A triple sequence (real or complex) can be defined as a function z : Nx Nx N —
R (C), where N, R and C denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by Sahiner et al. [16, 17], Esi et al.
[3, 4, 5, 6, 7, 8, 9], Dutta et al. [10], Subramanian et al. [18], Debnath et al. [11]
and many others.

A triple sequence & = (Znk) is said to be triple analytic if

1
SUD | @y k| T < 00.
m,n,

The space of all triple analytic sequences are usually denoted by A3.
The set of fuzzy real numbers is denoted by (f, X) (R), and d denotes the supre-
mum metric on (f, X) (R3) Now let r be nonnegative real number. A triple sequence

space of Chlodowsky type (), ¢)-Bernstein Stancu polynomials of (Bz’i‘t) A (f; X))

of fuzzy numbers is r-convergent to a fuzzy number (f, X) and we write

B LX) =T (£.X)

provided that for every e > 0 there is a positive integer me, n, k. so that

d((BO‘ﬁ 7q(f;X)) 7(f7X)) < r+ e whenever m > m¢,n > ne, k > ke.

(r,8,t),A

The set
LIV BE )y (F:X) =7 (£,X) = {(£.X) € (£,X) (R?) :

zgt))\q(faX) %T (faX)a asm,n,k:%oo}

is called the r-limit set of the triple sequence space of Chlodowsky type (A, q)-

Bernstein Stancu polynomials of ( (arg Hog (1 X) =7 (f, X))
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A triple sequence space of Chlodowsky type (A, ¢)-Bernstein-Stancu polynomials
of fuzzy numbers which is divergent can be convergent with a certain roughness
degree. For instance, let us define

B ] , [ n(X), if m,n,k are odd integers
B gna (120 > (130 = { 1)

otherwise ’
where
X, it X €10,1],
n(X)= -X+2, ifXell,2],
0, otherwise
and

X -3, if X €[3,4],
w(X)=<¢ —X+5, if Xe[4,5],
0, otherwise

Then we have where

®, ifr<%,

[0 —ri,m+r1], otherwise ’

LIM sz,g,t),x,q (i X)="(f,X) = {

where 71 is nonnegative real number with

[b—r1,n+m1] = {Bg;ﬁ’t),m (1 X) =" (£, X) € (£, X) (R®) :

p=r < BEL L (i X) =7 (fX) <+ h} :

The ideal of rough convergence of a triple sequence space of Bernstein Stancu

polynomials can be interpreted as follows:
Let (BEXT’EJ),/\H (f; X) =" (f, Y)) be a convergent triple sequence space of
Chlodowsky type (A, ¢)-Bernstein Stancu polynomials of fuzzy numbers. Assume

that (Ba’ﬁ ) A (f; X) =" (f, Y)) cannot be determined exactly for every (m,n, k) €

(7r,5,t),

N3. That is, (B?rg g (f; X) =" (f, Y)) cannot be calculated so we can use ap-

proximate value of (szgt) g (f; X) =" (f, Y)) for simplicity of calculation. We

only know that (Bf;’i g (f; X) =" (f, Y)) € [tmomnks Amonk], Where
d (tmn ks Amnk) < 7 for every (m,n,k) € N3, The triple sequence space of
Chlodowsky type (A, ¢)-Bernstein Stancu polynomials of (B(Oij’f’t)’)\’q (f; X) =" (f, X))
satisfying (BE’;E g (f; X) =" (f,X))e [mn, k> Amon k], for all m,n, k. Then the

triple sequence space of Chlodowsky type (), ¢)-Bernstein Stancu polynomials of
5
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(B(Ofﬂg g (f; X) =" (f, X)) may not be convergent, but the inequality

4 (B n g (F:X) =7 (£.).(£,))

<d (BE g FX) =7 (£.X),BYD L (X)) 57 (£Y)

+d (Bfii‘i,t),x,q (s X) =" (£,Y),(f, Y))

<rd (BES ) L (X)) =7 (£YX), (1))

implies that the triple sequence space of Bernstein Stancu polynomials of
(Sr.s,t.p,q (f2 X)) is r-convergent.

In this paper, we first define the concept of rough convergence of a triple sequence
space of Chlodowsky type (), ¢)-Bernstein Stancu polynomials of fuzzy numbers.
Also obtain the relation between the set of rough limit and the extreme limit points
of a triple sequence space of Chlodowsky type (A, ¢)-Bernstein Stancu polynomials
of fuzzy numbers. We show that the rough limit set of a triple sequence space of
Bernstein Stancu polynomials is closed, bounded and convex.

2. PRELIMINARIES

A fuzzy number X is a fuzzy subset of the real R?, which is normal fuzzy convex,
upper semi-continuous, and the X is bounded where X?; = cl {x €ER3: X (x) > 0}
and cl is the closure operator. These properties imply that for each « € (0, 1], the
a-level set X® defined by

X*={zeR*: X () 2 a} = X%, X"

is a non empty compact convex subset of R3.
The supremum metric d on the set L (RB) is defined by
d(X,Y)= sup max <|XO‘ —Y°, |X*-Y"

a€l0,1]

).

Now, given X,Y € L (R?), we define X <Y if X* <Y* and X“ <Y for each
a € [0,1]. We write X <Y if X <Y and there exists an o € [0, 1] such that
X <y® or X7 <Y™.

A subset E of L (R?) is said to be bounded above if there exists a fuzzy number
u, called an upper bound of F, such that X < u for every X € E. p is called the
least upper bound of E if p is an upper bound and p < ,u/ for all upper bounds u/.

A lower bound and the greatest lower bound are defined similarly. F is said to
be bounded if it is both bounded above and below.

The notions of least upper bound and the greatest lower bound have been defined
only for bounded sets of fuzzy numbers. If the set £ C L (R3) is bounded then its
supremum and infimum exist.

6



Esi et al. /Ann. Fuzzy Math. Inform. 24 (2022), No. 1, 1-15

The limit infimum and limit supremum of a triple sequence spaces (X, n k) is
defined by

lim infX,,,,:=inf Ax.
m,n,k— oo Y

lim sup X,, n := inf Bx.
m,n,k— oo v

where
Ax = {M el (R3) The set { k) € N3 X, nk < u} is inﬁnite}
Bx = {p € L(R?): Theset {(m )eN3 Xk > p} is infinite} .

Now, given two fuzzy numbers X,Y € L (R3), we define their sum as Z = X + Y,
where Z =X +Y%and 2" =X +Y forall ae€ [0,1].

To any real number a € R?, we can assign a fuzzy number a; € L (R3), which is
defined by

1, ifx=a,

ay (z) = { 0, otherwise

An order interval in L (R?) is defined by [X,Y]:={Z e L(R?): X <Z <Y},
where X,Y € L (R?). A set E of fuzzy numbers is called convex if Ay +(1 — \) pp €
E for all A € [0,1] and pq,po € E.

3. MAIN RESULTS

Theorem 3.1. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Chlodowsky type (A, q)-Bernstein Stancu polynomials of

(B(D‘T’g1t g s X)) of real numbers. If (f, )GLIMTB(';gt)Aq(f;X), then

diam (hmsupB(” g (F32), (f7X)> <r
and

diam (hmmeE)‘T’ft g (f;x),(f,X)) <r

Proof. We assume that diam (hmsupB(”t g (fi2), (f7X)) > 1.  Define

B 1 BF £3X),(f,X
€= (lm PP P irat) ‘1( i )) . By definition of limit supremum we have that

given (mi n. kl-> € N3 there exists an (m,n, k) € N* with m > m_,n > n_, k > k.

such that diam (limsup B2, ) (f: X), (£, X)) <& Also, since B, | (/i X) =

(f,X) as m,n, k — oo, there are positive integers mg , ng , k‘g so that

d (B )\, (5 X) (£ X)) <7+
7
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whenever m > m/g/,n > ng, k> kg. Let

There exists (m,n, k) € N* such that m > mez,n > ng, k > ke and
diam <limsupB(o;’gt ag (X)), (f,X))
< (f, X) diam (limsup B,y (f5X),BE2, 5, (5 X))
+ diam (Bgf g (1 X))

<éE+Tr+E€
<r+ 2€

=r + diam (hmsupB(T5t)/\q(f§X)a(f7X)) -

=diam <limsupB(°;j€t (X)), (f,X)).

The contradiction proves the theorem. Similarly,

diam (hmlnfB(r St g (f; X), (f,X)) <r
can be proved using definition of limit infimum. a

Theorem 3.2. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Chlodowsky type (), q)-Bernstein Stancu polynomials of

( (O;Bgt)%q (f,X)) of real numbers. If LIM" B(T st (f; X) # ¢, then we have

LIM"B(Y ) (fiX)C KhmsupB(rst) /\’q(f;X)) —rl,(hmlnfB(‘jjst) /\q(f;X)) +r1] .

Proof. To prove that

(f,X) e [(hmsupB(mt o (s X)) -, (hmme?T’St) ,\q(fQX)) ‘H"l}

for an arbitrary (f, X) € LIM" B(ar’i 9 L (i X), 1

(thUPB(rst (f X)) - <(f,X)< (hmme?T’f g (f,X)) + 7.

Let us assume that (hm sup B( rg (f;X)) — 711 < (f,X) does not hold. Thus,

r,8,t),

there exists an ag € [0,1] such that

(limsupBa’ﬁ (f X) ) - > (f,X)"

(ry8,t),A

or

@Q

(hmsupB(”t 7q(f;X)a0) —r1 > (f,X)
8
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holds, i.e.,

(hm sup B (s, t ) >y
or

(hmsupBTSt)Aq ) * >
On the other hand, by theorem 3.1 we have

(hm sup B(T 51, ao) <7
and

‘(hmsupB(TSt) )\q )

We obtain a contradiction. Hence we get (hm sup B(T 5.t), ag X)) —r < (f,X).

By using the similar arguments and get it for second part O

Note 3.3. The converse inclusion in this theorem holds for f be a continuous func-
tion defined on the closed interval [0,1]. A triple sequence of Chlodowsky type (X, q)-

Bernstein Stancu polynomials of (B(O‘Tf Hha (fs X)) of real numbers, but it may not

hold for triple sequences of Chlodowsky type (A, q)-Bernstein Stancu polynomials of
fuzzy numbers as in the following example:

Example 3.4. Define

—=X+1, if X e[0,1],
B g (X)) = {2( P)

0, otherwise

and

(f7X)*

1, if X e]0,1],
0, otherwise

= J1-0 = 1, ie,

e —
Then we have ’(f7 ) Bgit),\q(ﬁX)

d (B(C:é Hhg (f; X)), (f, X)) > 1 for all (m,n, k) € N3, Although the triple sequence

spaces of Chlodowsky type (), ¢)-Bernstein Stancu polynomials of (Bf;g 9, (f X))

is not convergent to (f, X), hmsupB(mt) aq (f3X) and hrnlnfB(Ts B g (f X) of

this triple sequence space of Chlodowsky type (), ¢)-Bernstein Stancu polynomials
are equal to (f, X). Hence we get

. o 1 1
L e {hmsupB(T”f’t),)\’q (f; X) - (2> hmlnfB(TSt Ag (f; X))+ <2>J ,
B .
but (f, X) ¢ LIM2 Bzét)/\q(f,X).
Theorem 3.5. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Chlodowsky type (A, q)-Bernstein Stancu polynomials of

(Bgﬂg B g (fs X)) of real numbers converges to the fuzzy number (f, X), then

LIM" B3 )3 (F:X) = 5, ((£.20) := {n € (£.) (B?) 1 d (. (£, X)) <7}
9
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Proof. Let ¢ > 0. Since the triple sequence space of Chlodowsky type (A, q)-

Bernstein Stancu polynomials of (B(O;g g (fs X)) is convergent to (f, X), there

are positive integers me, n., k. so that

d(Ba’ﬁ (f;X),(f,X)) < € whenever m > m.,n > n, k > k..

(r,5,t),0,q

Let Y € B, ((f, X)), we have

(B yag X)) Sa (B, (X)), (1, X)) +d((£.X),Y) < e+r

for every m > me,n > ne, k > k..

Hence we have Y € LIM" BY? ) | (f; X).

Now let Y € LIM" Bz’it)’m (f; X). Hence there are positive integers m;, n;, k;
so that

d (Bz':[zi),)\,q (f? X) ,Y) <r + €

whenever m > m; n > n;, k> k; Let
(m6 M s k;€> 1= max {(ms,ng, ke), (me,ne, k;e)}

for all m >m, , n>n_, k> k., we obtain

A0V, 1 (X)) <d (VB (5 X)) +d (B, 5, (£ X),(£.X))
<r4+et+e<r+2e

Since e is arbitrary, we have d (Y, (f, X)) < r. Hence we get Y € B, ((f, X)). Thus,
if the triple sequence space of Chlodowsky type (A, ¢)-Bernstein Stancu polynomials

of (ng;fj’t)’m (f;X)) =7 (£, X), then LIM" B2? |\ (f;X) = B, ((f,X)). O

Theorem 3.6. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of real numbers of Chlodowsky type (\,q)-Bernstein Stancu

polynomials of (B(o;’ﬁ,t),%q(f;xw and (B?r’f;t)’)\,q (f,Y)) € (f,.X)(R®. If
BYO s (X)) =7 (fX) then BXI, L\ (fY) =" (£Y) and

(ry8,t),, (r,8,t),\,q
d (B(ar’ﬁ,t)%q (f; X), B(ar”f’t)’)\,q (f; Y)) <r for every (m,n, k) € N3.
Proof. Assume that Bf‘r’gt) rg (f;Y) =" (f,Y), as m,n,k — oo and
d(B(C:jgt)y)\#q (f;X)),sz’g’t)’)\’q (f;Y)) < r for every (m,n,k) € N3. We have

B )Aq(f;Y) =" (f,Y), as m,n,k — oo means that for every ¢ > 0 there

(r,5,1),2,
exists an me, n, k. such that

A(Byag 1Y), (L)) < eforallm = men = nek > k.
10
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If the in equality d (Bg‘;;ﬁ g (X)) BEE (s Y)) < r yields then

? (8.t
a,f . a,B . a,B .
d (B(r,s,t)7/\,q (f’ X) ’ (f’ X)) <d (B(r,s7t),)\7q (f’ X) ’B(r,s,t),)\7q (f7 Y))

+d (lef,t),x,q (f:Y), (f, Y))
<r-+e
for allm >m., n>n., k> k..
Hence the triple sequence space of Chlodowsky type (A, ¢)-Bernstein Stancu poly-

nomials of (B?Tf Hhg (f; X)) is r-convergent to the fuzzy number (f, X). O

Theorem 3.7. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Chlodowsky type (), q)-Bernstein Stancu polynomials of
(B(o;’it)’/\q (f; X)) of real numbers and the diameter of an r-limit set is not greater

than 3r.
Proof. We have to prove that
sup {d(W,Z) “W,Y,Z € LIM" B*? (f;X)} < 3r.

(rys,t),0,q

Assume on the contrary that

sup {d(W, Z):W,Y,Z € LIM" B2 (f: X)} > 3r.

By this assumption, there exists, W)Y, Z € LIMTBE)‘T’/z " )\q(f;X) satisfying A :=

d(W,Z)>3r. For an arbitrary e € (0, % — r), we have

a(m;,n;,k;) eN3:¥m >ml,n >n., k >k =d (B(ar’f g (f;X),W) <rte

) B 22 (30 214
H(Tn;//,n;”,k;”) eEN®:Ym >m, ;n>n, k>k =d (Baﬁ (f?X)’Z) srte

(ry5,t),0,q
Define

Thus we get

AW, Z) < d(Bg;ijt)M( £ X), W) +d(B(°‘T’§’t)’M( £ X) 7Y> +d<B(°‘7j’§’t)’/\ﬁq( £ X)), Z)

<(r+e)+(r+e)+(r+e
<3(r+e

A
<3r+3<3—7’> <3r+A—3r

= Aforallm >m¢,n>n., k> ke,
11
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which contradicts to the fact that A = d(W, Z). O

Theorem 3.8. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Chlodowsky type (M, q)-Bernstein Stancu polynomials of
(Sr.s,t.p,q (f2 X)) of real numbers is analytic if and only if there exists an r > 0 such
that

LIM"B(Y )\ (i X) # 6.

Proof. (Necessity:) Let the triple sequence space of Chlodowsky type (A, ¢)-Bernstein

Stancu polynomials of (B?Tg g (f; X)) be a analytic sequence and

s = sup{d (Bz:,g,t),)\,q (f;X)l/m+n+k ,O) i (m,n, k) € Ng} < 0.

Then we have 0 € LIM® B, | (f;X), L.e., LIM" B ) | (f; X) # ¢, where
r=Ss.

(Sufficiency:) If LIM" B?T’ft) rg ([3X) # ¢ for some r > 0, then there exists
(f,X) e LIM" Bgﬂg DA (f; X). By definition, for every ¢ > 0 there are positive
integers me, ne, ke so that

d(Bgyit)/\q(f;X),(f,X)) < 1+ € whenever m > me,n > ne, k > k..

Define
t=t(e):=max{d ((f,X),0),d(B1,11,p,q(f, X),0),...,d (Br_s..tep.q(f X),0),r+€}.

Then we have

BP (f; X) e {,u € (f,X) (R3) 2d(p,0) < t—l—r—i—e} for every (m,n,k) € N3,

(r,8,t),A,q
which proves the boundedness of the triple sequence space of Chlodowsky type (X, q)-

Bernstein Stancu polynomials of (ngr’i Hag (f; X)) O
Theorem 3.9. Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Chlodowsky type (M, q)-Bernstein Stancu polynomials of
(Buyom,wip.g (s X)) of real numbers is a sub sequence of a triple sequence space

of Chlodowsky type (X, q)-Bernstein Stancu polynomials of (Ba”B (f; X)) , then

(r,s,t),\,q
LIM" B (i X) CLIMT By o g (F X))

Proof. Omitted. O

Theorem 3.10. Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Chlodowsky type (X, q)-Bernstein Stancu polynomials of

(Bz’f g U X)) of real numbers, for allr > 0, the r-limit set LIM" S, ¢ 4 p.q (f, X)

of an arbitrary triple sequence space of Chlodowsky type (X, q)-Bernstein Stancu poly-

nomials of szit),)\ﬂ (f; X) is closed.

Proof. Let (Ypnk) CLIM"BLY |y (f3X) and BXY )\ (FY) = (1Y) as mon.k—
oo. Let € > 0. Since the triple sequence space of Chlodowsky type (A, ¢)-Bernstein
12
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Stancu polynomials of (sz,g,t),xq (f;Y)) =" (f,Y), there are positive integers

ley Je, Le SO that

d(B(a?_”it) Aq(f;Y),(f,Y)) < % whenever m > i.,n > jo, k > L.

Since B;_ j, 4. p.q (f,Y) € LIM" BY# (f; X)), there are positive integers m., nc, k.

(GERIIN|
so that
€
d (Bz«’,f,t),/\,q (f;X), S jetepaq (f, Y)) <r+ 3 whenever m > me,n > ne, k > ke.

Therefore, we have
4 (BGL g (F:X) 0 (£.20) Sd(BEL g (51X Sicitepa (1Y)
€ €
<r+ 5 + 5= r+e
for every m > me,n > ne, k > k..
Hence L € LIM" B™” (f; X) implies that the set LIM" S, s+, 4 (f,X) is

(r,8,1),X\.q
closed. O

Example 3.11. With the help of Matlab, we show comparisons and some illustrative
graphics for the convergence of operators (1.3) to the function
flx) = e~ _sin (7 (z + 3)) under different parameters.

From Figure 1(a), it can be observed that as the value the ¢ approaches towards
1 provided 0 < ¢ < 1, Chlodowsky type (A, q)-Bernstein-Stancu operators given
by (1.3) converges towards the function f(x) = e~ _ gin (r(z+3)). From
Figure 1(a), it can be observed that for « = B = 0, as the value the (r,s,t)
increases, Chlodowsky type (A, q)-Bernstein-Stancu operators given by (1.3) con-
verges towards the function. Similarly from Figure 1(b), it can be observed that for
a = [ = 1, as the value the g approaches towards 1 or some thing else provided
0 < ¢ < 1, Chlodowsky type (A, ¢)-Bernstein-Stancu operators given by (1.3) con-
verges towards the function. From Figure 1(b), it can be observed that as the value
the [r, s, t] increases, Chlodowsky type (), ¢)-Bernstein-Stancu operators given by
flx) = e~ _ sin (7 (z + 1)) converges towards the function.

13
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———Forg=0.1 ———Forg=0.1
For g=0.5 For g=0.5
For g=0.9 For g=0.9
1 | =———function 1 function

05 05

0 0.5 2 25 0 0.5 15 2 25

1
x (for r=3, s=4, t=5, a=1, 3=1)

(a) (b)

1 15
x (for r=3, s=4, t=5, a=0, 3=0)

F1cGURE 1. Chlodowsky type (), ¢)-Bernstein-Stancu operators

4. CONCLUSIONS

We introduced triple sequence space of Chlodowsky type (), ¢)-Bernstein-Stancu
polynomials of rough convergence of fuzzy numbers. For the reference sections,
consider the following introduction described the main results are motivating the
research.
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