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ABSTRACT. In this paper, the methods introduced in fuzzy dot d-
subalgebras and fuzzy dot BF-subalgebras are applied on fuzzy hyper
K-ideals of a hyper K-algebra. The concepts of a fuzzy dot hyper K-
subalgebra, a fuzzy dot hyper K-ideal, a fuzzy dot weak hyper K-ideal
and the Cartesian product in a fuzzy dot hyper K-algebra are discussed.
Furthermore, homomorphism in fuzzy dot hyper K-algebras is investigated.

2020 AMS Classification:  06B05, 06D72,06D75, 06D25

Keywords:  Hyper K-algebra, Fuzzy weak hyper K-ideal of hyper K-algebra,
Fuzzy hyper K-ideals of hyper K- algebra, hyper K-subalgebra of hyper K-algebra.

Corresponding Author: D. Gerima Tefera (gerima233@gmail . com)

1. INTRODUCTION

Now a days hyper structures are widely used in both pure and applied mathemat-
ics. During the exploration of properties of set difference,the idea of fuzzy (weak,
strong) hyper p-ideals presented and characterization of these ideals was conferred
using different concepts like that of level subsets, hyper homomorphic preimage etc.
The connections between fuzzy (weak, strong) hyper p-ideals were discussed, and
the strongest fuzzy relation on a hyper BC K-algebra was introduced [1] and the
idea of sub implicative algebra in hom-set,1-commutative algebra of hom-set was in-

troduced by Gerima [2], and the concepts of ideals and filters on Hilbert implication
algebras was discussed by Gerima [3].
Zadeh [4] introduced the notion of fuzzy set, and Berhanu et al. [5] explored the

idea of Py-almost distributive fuzzy lattice, and furthermore, the concept of hyper
K-algebras develop by Borzooei and Mehdizahedi [6] which lead to the introduc-
tion of fuzzy hyper K-algebra. He and Xin [7] introduced the idea of fuzzy hyper
lattices, the relations between the weak homomorphism of fuzzy hyper lattices and
the weak homomorphism of corresponding hyper lattices. The notion of fuzzy sets
is applied to investigate the relations between fuzzy distributive hyper BC'I-ideals
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and distributive hyper BCI-Ideals of a hyper BCI-algebra elaborated by Nisaret et
al. [8].

Radfar et al. [9] investigated some types of hyper filters in hyper BFE-algebras
and the relationship between hyper filters. The notion of fuzzy hyper K-sub algebra
and fuzzy(weak) hyper K-ideals of a hyper K-algebra and also shown that fuzzy
hyper K-ideal is a fuzzy weak hyper K-ideal initiated by Borzooei and Mehdizahedi
[10] and the notions of fuzzy hyper U P-sub algebra and fuzzy hyper U P-filter and
established some of their properties introduced by Amairanto and Isla [11].

Gerima [12] investigated on fuzzy dot d-sub algebras and fuzzy dot d-ideals of a
d-algebra. The idea of fuzzy dot BF-sub algebras, fuzzy dot Cartesian product of
BF-sub algebras, and fuzzy strong relations in fuzzy dot BF-sub algebras introduced
by Gerima and Fantahun Tigist [13].

Throughout this paper, H represents a hyper K-algebra unless otherwise men-
tioned.

2. PRELIMINARIES

Definition 2.1 ([6]). Let H be a nonempty set and o: H x H — P*(H) = P(H) —
{@}. Then 0" is the hyper operation on H, and (H,o,0) is said to be a hyper
K-algebra, if it satisfies the following axioms for all z,y,z € H:

(1) (woz)o(yoz) <zoy,

(2) (woy)oz=(xoz)oy,

(3) z < x,

@) z<y, y<z=z=y,

(5) 0 < x, where z < y is defined by 0 € x oy and for every A, B C H, A< B
is defined by there exist a € A, b € B such that a < b.

Remark 2.2 ([9]). If A,B C H, then Ao B =J,c 4 e @©b of H, where aob may
be written as {a} o b,a o {b}, {a} o {b}.

Definition 2.3 ([0]). Let S be a nonempty subset of H. Then S is a hyper K-su
balgebra of H if and only if xoy C S for all x, y € H.

Definition 2.4 ([10]). Let (H,o01,01) and (H, 02,02 be two hyper K-algebras. Then
f+ Hi — Hj defined by f(z o1 y) = f(z) o f(y) for all z, y € Hy is called a
homomorphism in hyper K-algebras.

Definition 2.5 ([6]). Let I be a nonempty subset of H.
(1) I is called a weak hyper K-ideal of H, if it satisfies the following conditions:
(i)0el,
(iil) zoy C I and y € I imply that x € I for all z, y € H.

(2) I is called a hyper K-ideal of H, if it satisfies the following conditions:
(i)oel,
(iJzoy<l,yel=azeclforalz yecH.

For a nonempty set X, a mapping u : X — [0,1] is called a fuzzy subset of
X and [0,1]% denotes the set of all fuzzy subsets of X. Let a, b € [0,1] and let
286
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{a; €[0,1] : j € J}, where J is a index set. Then we write

min{a,b} = a Ab, maz{a,b} =aVb, infjcsa; = /\ a; and supjecya; = \/ aj.
JjeJ jeJ

Definition 2.6 ([0]). Let u, A € [0,1]% and let {u; € [0,1]7 : j € J} be a family
of fuzzy subsets of H. Then we define the followings: for all x € H,

(1) (O A)(x) = p(x) A A(z),
(2) (Njes 1) (@) = N;jesp;(2),
(3) (nUN(z) = p(x) V A(x),
(4) (UJEJNJ)( z) = \/]GJ:U’J( z).

Definition 2.7 ([10]). Let u be a fuzzy subset of H. Then u is called a fuzzy hyper
K-sub algebra of H, if for all x,y € H, we have u(t) > pu(x) Au(y)} for all t € zoy.

Definition 2.8 ([10]). Let u be a fuzzy subset of H. Then p is said to be a fuzzy
hyper K ideal of H, if it satisfies the following conditions: for all z, y € H,

(1) p(0) > p(z),
(2) (@) = Viepoy 1) A pu(y).

Definition 2.9 ([7]). Let u be a fuzzy subset of H. Then p is said to be a fuzzy
weak hyper k- ideal of H if for all x,y € H.

(1) #(0) = p(a).
(2) p(z) = min{infrezoyn(t), u(y)}-
3. Fuzzy DOT HYPER K-SUBALGEBRA OF A HYPER K- ALGEBRA H

Definition 3.1. Let p be a fuzzy hyper K-sub algebra of H. Then pu is called a
fuzzy dot hyper K -subalgebra of H, if for any =, y € H, we have

p(a) > p(x).u(y) for each a € z o y.
Example 3.2. Let H = {0,1,2}. Then define ”o” by the table below:

o| O 1 2
0] {0} {0} {0}
1] {1} {0, 1} | {0, 1}

2| {2} | {1,2} | {0,1,2}

Then (H,o0,0) is a hyper K-algebra. Define a fuzzy subset p by
1(0) = 0.8, (1) =0.6, u(2)=0.7.

Then p(a) > p(1).4(2) = 0.6.0.7 = 0.42, a € 102. Thus p(a) > 0.42. So p is a fuzzy
dot hyper K-sub algebra.

Lemma 3.3. Let pu be a fuzzy dot hyper K-sub algebra of H. Then we have
1(0) > (u(z))? for any x € H.

Definition 3.4. Let {u; : j € J} be a family of fuzzy dot hyper K-sub algebra of

H. Then (;c; pj = infjesp;.
287
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Proposition 3.5. If {y; : j € J} is a family of fuzzy dot hyper K-sub algebra of
H, then ﬂje.} Wy 1s a fuzzy dot hyper K-sub algebra of H.

Proof. Let x, y € H and let a € x oy. Then
(ﬂjeJ pni)(a) = /\jeJ pj(a)
> Njeslwi(@)-p; ()]
= (Njer #i(@))-(Njes 15 ()

(njej 1) (). (ﬂjeJ 145)(y)-
Thus ﬂje] ; is a fuzzy dot hyper K-sub algebra of H. O

Definition 3.6. Let u € [0,1]7, let 2, y € H and let o € [0,1]. Then u, =
{a€xoy:pla) > a}is called an upper level subset of p.

Theorem 3.7. Let i be a fuzzy sub algebra of H. Then p is a fuzzy dot hyper K-sub
algebra of H if and only if for each o € [0,1], po is a hyper K-sub algebra of H.

Proof. Suppose p be a fuzzy dot hyper K-sub algebra of H and let o € [0,1]. Tt
is clear that 0 € H and 0 € z oz for any x € H. Let u(zr) = v/a. Then we have
#(0) > p(x).u(x) = a. Thus 0 € pg.

Now let z, y € pa, let u(z) = /o, u(y) = /a and let a € z oy. Then

p(a) > p(x).ply) = Vav/a =a.
Thus a € py. So x oy C us. Hence p,, is a hyper K-sub algebra of H.
Conversely, suppose [, is a hyper K-subalgebra of H for each o € [0,1] and let
Z, Y € pia. Then p(z) > a and p(y) > a. Put p(xr) = o and p(y) = a. Let a € zoy.
Then pu(a) > a > a? = a.a = p(x).u(y) for all a € z oy. Thus we get

p(a) > p(x).u(y) for all z, y € pa, z, y € H.
So p is a fuzzy dot hyper K-sub algebra. O

Theorem 3.8. Let (Hy,01,01), let (Ha,09,02) be two hyper K-algebras and let
f: Hy — Hy be a homomorphism.

(1) If p is a fuzzy dot hyper K -subalgebra of Ha, then f=1(u) is a fuzzy dot hyper
K -subalgebra of Hy.

(2) If f is onto and X\ is a fuzzy dot hyper K-sub algebra of Hy, then f(X\) is a
fuzzy dot hyper K-sub algebra of Hs.

Proof. (1) Suppose p is a fuzzy dot hyper K-sub algebra of Hs, let 2, y € H; and
let @ € x o1 y. Since f is a homomorphism, f(a) € f(z o1 y) = f(x) o2 f(y). Then
we have

F7Hw)(a) = u(f(a))
> p(f(x)) A u(f(y)) [Since f(a) € f(x) o2 f(y)]
> p(f(2))-p(f(y))
= f7H (). f~H (uly)

1 1

).
Thus f~1(u)(a) > f~H(u)(x).f~H(w)(y). So f~(u) is a fuzzy dot hyper K-sub
algebra of Hi.

(2) Suppose f is onto and A is a fuzzy dot hyper K-sub algebra of Hy, let z, y € Ho
and let b € x og y. It is obvious that f~!(z), f~1(y) and f~1(b) are nonempty sets.
Let a = f~}(z) and ¢ = f~!(y). Then b € z oy y = f(a) o2 f(c) = f(ao; c). Thus
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there is hqe € aoq ¢ such thatf(ha.) = b. Since A is a fuzzy dot hyper K-sub algebra
of Hy, we get
(3.1) Alhac) > Ma) A(c).
Thus we have
FO) = Vg1 AR)

> vhaceaolc )‘(h‘w)

> Vaef 1(z), cEf~ 1@)[)\(@)')\(6)] By (3.1)]

> (Vaes1(2) Ma)-Vegp1(y) M)

= FAN) (@) F(A)(y)-
So f(A)(b) = f(M)(x).f(N)(y). Hence f(A) is a fuzzy dot hyper K-sub algebra of
Hy. 0

4. Fuzzy DOT HYPER K-IDEALS OF A HYPER K-ALGEBRA

Definition 4.1. Let u be a fuzzy hyper K-ideal of H. Then p is said to be a fuzzy
dot hyper K-ideal of H, if it satisfies the following conditions: for all z, y € H,

(i) 1(0) > (u())?,

(i) 12) 2 Vyepoy 1(0)-11():
Example 4.2. Let H = {0, a, b} be a set with the hyper operation o on H defined
by the table below:

o 0 a b
0]{0} | {0} {0}
a | {a} | {0,a} | {Oa}
b | {b} | {a,b} | {0,a,b}
Then (H,0,0) is a hyper K-algebra. Let I = {0,a} be the hyper K-ideal of H and
let u be the fuzzy ideal of I defined by u(0) = 0.8 and p(a) = 0.6. Then we have
(i) 1(0) > (u(x))?,
(i) 1(7) =V aerpoy (@) A (Y) = Vocroy H(a).1(y).
Thus p is a fuzzy dot hyper K-ideal of H.

Definition 4.3. Let {y;}, j € J be a family of fuzzy hyper K-ideal of a hyper
K-algebra H. Then

(1) Njesri = infiesn;,

(2) Ujes s = supjesp;.
Proposition 4.4. If {u; : j € J} is a family of fuzzy dot hyper K -ideal of H, then
ﬂje, Wi s a fuzzy dot hyper K-ideal of H.

Proof. Suppose {u;, j € J} is a family of fuzzy dot hyper K-ideal of H. Then for
any r € H, we have 0 € x o z.

0 (Njesny)0) = /\]eJ uJ(O)
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(ii) Since uj;, j € J is a fuzzy dot hyper K-ideal of H, we get
(ﬂjeJ /‘j)(m) = /\je.] Hj ()

> /\jeJ[\/aExoy pg(a) A g (y)]
> NjeslVaeoy ti(a)-1;(y)]
> [(Vaezoy /\jeJ Hj a)). /\jeJ g (y)]
= \/aEwa(ﬂjeJ :uj)(a)'(ﬂjeJ 145)(y)-

Then (MNjes #45(%)) = Vaeaoy (Njes #3)(@)-(Mjes 1) (w)-

Thus njeJ 5 is a fuzzy dot hyper K -ideal of H. O

Proposition 4.5. If {u; : j € J} is a chain of family of fuzzy dot hyper K-ideal of
H, then UjeJ 1y 8 a fuzzy dot hyper K-ideal of H.

Proof. The proof is similar to Proposition 3.5 with simple modification. g

Definition 4.6. Let p be a fuzzy ideal of H and let « € [0,1]. Then p, is called a
hyper K-ideal of H.

Theorem 4.7. Let p be a fuzzy hyper K-ideal of H and let o € [0,1]. Then u is a
fuzzy dot hyper K-ideal of H if and only if o is a hyper K-ideal of H.

Proof. Suppose p is a fuzzy dot hyper K-ideal of H and let a € [0, 1].

(i) Tt is clear that p(0) > (u(x))? for all x € H.

(i) It is obvious that u(z) > Ve 0, #(@)-pu(y) for all 7, y € X. Put pu(z) = Vo
Then 4(0) > (u(2))* = (Va)* = a.
Thus 0 € fiq.

(iii) Let =, y € H such that z oy < p, and y € py. Then for all a € x oy, there
exist b € p, such that a < b implies p(a) > wu(b) > «. Thus \/ (a) > a. By
definition of fuzzy hyper K-ideal of H, we have

pa) > \/ [nla) Apy)] > o

acxroy

aczroy o

So u(x) > a. Hence © € p,. Therefore p, is a hyper K-ideal of H.
Conversely, suppose p,, « € [0,1] be a hyper K-ideal of H. For any « € H,
setting p(z) = a. Then € p,. Since 0 € p,, we get

p(0) > o = p(x) = p(x) A p(w) = p(x).p(z) = ().
. Thus p(0) > (u(x))? for all z € H.
Now Let z, y € H be arbitrary and let a =V, .., #(a) A p(y). Then for y € pq
and u € z oy, we have

p(u) = \/ pla)= \/ pa)Aply) =
acxoy aczroy
Thus p(u) > @, i.e., u € pg. Since oy < o and Y € fig, T € lq. SO we get
pa)>a= "\ wa)Au) > \/ wa).uy).
acxroy aczroy
Hence p is a fuzzy dot hyper K-ideal of H. O

Proposition 4.8. Let u be a fuzzy dot hyper K-ideal of H. Then x oy < z implies

(@) > p(z).u(y) for any x, y, z € H.
290
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Proof. Let pu be a fuzzy dot hyper K-ideal of X and let x, y, z € H. Then
(@) > Vepoy (@) A p(y)
> p(z) A p(y)
> p(2)-p(y)-
Thus pu(x) > p(z).u(y)- O

5. Fuzzy DOT WEAK HYPER K-IDEAL OF A HYPER K-ALGEBRA

Definition 5.1. Let I be a weak hyper K-ideal of H, let u be a fuzzy subset of T
and let p be a fuzzy weak hyper K-ideal of H if for all x,y € I C H. Then pu is
called a fuzzy dot weak hyper K-ideal of H, if it satisfies the following conditions:
(i) 1(0) > (u(z))? for all x € I,
(i) p(z) = A cpoy #(2)-pu(y) for all zoy CTand y € I, x € H.

Example 5.2. Let H = {0,1,2} be a set and let o is defined by the table below:

o] 0 1 2
0]{0}y| {0} | {0}
1 ({1} |40, 1} | {0,1}
2[{2] {2} [ {01}

Then (H,0,0) is a hyper K-algebra. Let I = {0, 1} be the weak hyper K-ideal of a
hyper K-algebra and let 1 be the fuzzy subset of I defined by

,LL(O) =tp and ,u(l) = t; for to, t1 € [O, 1] with tg > t1 > to.

Then we have
(i) 1(0) > (u(1))?, since tg > t1 implies that (¢9)% > (t1)?,

(ii) p(z) > A, cpor #(2).u(1) for x € H.
Thus p is a fuzzy weak hyper K-ideal of H.

The following is an immediate consequence of Definition 5.1.

Proposition 5.3. Let p be a fuzzy subset of H and let p be a fuzzy weak hyper
K-ideal of H. If i is a fuzzy dot weak hyper K -ideal of H, then 0 € p; with t € [0,1]
and py # 9.

Proposition 5.4. Let p be a fuzzy dot hyper K-ideal of H. Then u is a fuzzy weak
hyper K-ideal of H.

Proof. Let p be a fuzzy dot hyper K-ideal of H. Then clearly, u(0) > (u(z))? for
all z € H.
Now Let z, y € H. Then we have
(@) =V gegoy 1la) A p(y)
> Naeroy (@) A p(y)

Z /\aEwoy ,u(a),u(y)
Thus p is a fuzzy dot weak hyper K-ideal of H. O

Proposition 5.5. If {u; : j € J} is a family of fuzzy dot weak hyper K-ideal of H,
then njeJ Wy 8 a fuzzy dot weak hyper K-ideal of H.
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Proof. Suppose {p; : j € J} is a fuzzy dot weak hyper K-ideal of H and let z € H.
Then we get

(ﬂjeJ 15)(0) = /\je] 15(0)
= Njes (1 (@))?
= (Njes 1) (@)
Also, we have

(ﬂjeJ i) () = /\jeJ[/\aexOy (@) A g (y)]

/\jeJ[/\aExoy /’LJ(O’) ]( )]

[/\aExoy /\jeJ M (CL)] /\]eJ Hz(y)
(

= /\aemoy<mj€J M a))'(ﬂjeJ :U’J)(y)
Then ﬂjeJ w; is a fuzzy dot weak hyper K-ideal of H. O

v

6. THE CARTESIAN PRODUCT IN FUZZY DOT HYPER K-IDEAL OF A HYPER
K-ALGEBRA

Definition 6.1. Let (H,01,0;), (K, 02,03) be hyper K-algebras and let H x K be
the Cartesian product of H and K. Define the hyper operation ” o” on H x K as
follows: for any (a,b), (¢,d) € H x K,

(a,b) o (c,d) = (a o1 ¢,boy d).
Then (H x K,o,(01,02)) is called the hyper product of hyper K -algebra.

Definition 6.2. Let u, and A be a fuzzy dot hyper K-ideal of H. Then the product
of u and X\ | denoted by p x A, is a fuzzy subset of H x H defined as follows: for
each (z,y) € H x H,

(1 X X)(z,y) = p(x).\y).

Proposition 6.3. Let p and X\ be a fuzzy dot hyper K-ideal of H. Then p X X\ is a
fuzzy dot hyper K-ideal of H x H.

Proof. Let p and A be a fuzzy dot hyper K-ideal of H and let (x,y) € H x H. Then

we have

(1 x A)(0,0)

Also, we get
(X A)(z,2) = p(z).M(x) [By definition 6.2]
(Vaezoy #(a))-1(9))-(Vpepoy AMb)-A(Y))
(Vacaoy #(a)- Viegoy AD)-(1(y)-A(y))
= V(@b wtrewoyiman 1 X AN 0)-(1 X A)(y, y)-
Thus o x A is a fuzzy dot hyper K-ideals of a hyper K-algebra H x H. O

v

Proposition 6.4. Let pu, and X be a fuzzy dot hyper K-ideal of H. Then if p x X is
a fuzzy dot hyper K-ideal of H x H, then u X X is a fuzzy dot weak hyper K -ideal of
Hx H.
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Proof. Suppose p x A be a fuzzy dot hyper K-ideal of a hyper algebra H x H and
let (z,y) € H x H. Then we get

(1 x A)(0,0) = 1(0).A(0)

> (u(@)).(My))?
= (u(x)-A(y))-(r(z)-Ay))
— (1 x \) (@, 9)- (1 x \) (@)
= (1 x \)?(z,y).
Also, we have
(1 x M)z, x) = p(x).A(z)
> (Vaeaoy #(a).1(y))- (Vbexo A(b)-A(y))
= \/(a b)e(zoy,xoy) (/’L a) )) (M(y) )‘<y))
> /\(a b)e(zoy,xoy) (/’L a) )) (M(y) )‘<y))
= /'\(a,b)e(zoy, xoy)(ﬂ X )‘)(a b) (:U’ X )( >y)'
Thus p x A is a fuzzy dot weak hyper K-ideal of H x H. 0

Proposition 6.5. Let u, and X\ be a fuzzy dot weak hyper K-ideal of H. Then pux \
is a fuzzy dot weak hyper K-ideal of H x H.

Proof. Let pand A be a fuzzy dot weak hyper K-ideals of H and let ?(x,y) € H x H.
Then we have

(1 x A)(0,0) = 1(0).A(0)
> (u(2)).(M))?
— (X W) ().
Also, we get

(1% N)(w,2) = () Aw)
> Nacaoy M(@)-11(Y)- Nbeoy A(D)-A(y)
= /\(a,b)e(xoy,xoy) (1 x A)(a,b).(p x A)(y, y).
Thus the result holds.

7. CONCLUSIONS

In this paper, the idea of fuzzy dot hyper K-subalgebras, fuzzy dot hyper K-
ideals, fuzzy dot weak hyper K-ideals. Family of fuzzy dot hyper K-subalgebras,
characterization theorems of upper level subsets and chain of family of fuzzy dot
hyper K-ideals are introduced. Furthermore, the concepts of homomorphism in
fuzzy dot hyper K-algebra, the Cartesian product in fuzzy dot hyper K-algebra
with different properties are investigated. As the future work the author will work
the applications and hyper implication algebra.
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