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ABSTRACT. In this paper, using distance function based on complete
co-residuated lattices, we investigate various operations as extensions of
Zadeh powerset operations. We study the Alexandrov L-topologies and L-
fuzzy rough sets determined by fuzzy closure and fuzzy interior operators
in complete co-residuated lattice. We give their examples.
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1. INTRODUCTION

Alexandrov [1] introduced an Alexandrov topology in which the intersection and
union of any family of open sets is open. Given a preordered set (X, <), we can
define Alexandrov topologies 7<,7<-1 on X by choosing the open sets to be the
upper sets:

< ={UCX|Vz,ye X, (xecU)A(x<y)—yecU}
and by choosing the open sets to be the lower sets:
T« ={LCX|Vr,yc X,(ye L)\ (x <y) —x € L}.

Belohldvek [2, 3, 4] investigated the properties of fuzzy Galois connections and fuzzy
closure operators on a residuated lattice which support information systems, decision
rules and parts of foundation of theoretic computer science. Many researchers [5, 6,
, 8, 9] developed fuzzy rough sets, L-lower and L-upper approximation operators
in complete residuated lattices.
Pei et al. [10] investigated the Alexandrov L-topology and lattice structures on
L-fuzzy rough sets determined by lower and upper sets in complete residuated lattice
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(L,V,\,®,—, L, T). Given a fuzzy preordered set (X, ex), Alexandrov topologies
Tex and Teot on X are defined by choosing the open sets to be the upper sets:

Tex = {A eL* | Va,y € X,A(x) Oex(r,y) < A(y)}7
and by choosing the open sets to be the lower sets:

T ={Ae LY |Va,y € X, Ay) © ex(z,y) < A(2)}.

1=
€x

Fang [11], Fang and Yue [12] studied the relationship between L-fuzzy closure
systems and L-fuzzy topological spaces from a category viewpoint on a complete
residuated lattice L.

As a dual sense of complete residuated lattice, Zheng and Wang [13] introduced a
complete co-residuated lattice as a generalization of t-conorm. Junsheng and Qing
[14] investigated (@, &)-generalized fuzzy rough set on (L, ®, &) where (L, &) is a
complete residuated lattice and (L, ®) is complete coresiduated lattice. Kim and Ko
[15] introduced the concepts of fuzzy join and meet complete lattices using distance
spaces instead of fuzzy partially ordered spaces in complete co-residuated lattices.
Moreover, Oh and Kim [16, 17, 18, 19] investigated the properties of Alexandrov
fuzzy topologies, distance functions, join preserving maps, join approximation maps,
fuzzy complete lattices, various fuzzy connections and fuzzy concepts using distance
functions instead of fuzzy partially orders in complete co-residuated lattices.

For a usual mapping f : X — Y, the image of f~ : P(X) — P(Y) and the
preimage of f< : P(Y) — P(X) are defined as

f7(A) ={fz)eY |z e A}, fT(B)={rve X|[f(z) e B}

Hohle and Rodabaugh [20] show that (f7, f) is an adjunction where Zadeh’s
powersets operators f~ : LX — LY, f< : LY — L are defined as

7AW =\ A@), f7(B)(x) = B(f(x)).
f(@)=y
Our aim in this paper, as extensions of Zadeh’s powersets operators from fuzzy sets
to fuzzy sets, is to study various operators in Definitions 2.8 and 3.1 from Alexandrov
topologies to Alexandrov topologies using distance function based on co-residuated
lattices.
Given a distance space (X, dx) on the complete co-residuated lattice

(L7 v’ /\’ @7 @7 J—7 T)’

we can define Alexandrov topologies 74, , T, 4} on X by

Tax ={A € L™ |Va,y € X, A(z) © dx(2,y) > A(y)}

and
ryo = {A € I¥ | Va,y € X, A(y) & dx(2,9) > A()}.

The notions of various operations facilitate to study topological structures, logic
and lattices. As we all know, fuzzy partially ordered sets (resp. equivalence rela-
tions) plays an important role in fuzzy rough sets and fuzzy topological structures.
Using distance functions instead of fuzzy partially ordered sets (resp. equivalence re-
lations), we define fuzzy interior (fuzzy closure) operators in complete co-residuated
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lattices as senses of fuzzy Galois connections and adjunctions. Moreover, we inves-
tigate their properties and define a fuzzy rough set. From Oh and Kim [16], we will
obtain a formal fuzzy concepts and an attribute-oriented fuzzy concepts.

2. PRELIMINARIES

Definition 2.1 ([2, 3, 4, 15, 16, 17, 18, 19]). An algebra (L, A,V,®, L, T) is called
a complete co-residuated lattice, if it satisfies the following conditions:

(C1) L=(L,V,A,L,T)is acomplete lattice, where L is the bottom element and
T is the top element,

(C2)a=a®Ll,adb=bPaand a® (bdc)=(a®db)®cforall a,b,ce L,

(C3) (Nier @i) ®b = N;cr(a; ® ).

Let (L,A,V,®, L, T) be a complete co-residuated lattice. For each =,y € L, we
define

m@y:/\{zGL\y@sz}.

Then (x@y) > ziff z > (z0y).

For a € L, A € LX, we denote (a © A), (a ® A),ax € LX as

(a6 A)@) = a6 A@), (a® A)(z) = a® A@), ax(z) = a.

Put n(z) = T © x. The condition n(n(x)) = = for each x € L is called a double
negative law.

Lemma 2.2 ([15, 16, 17, 18, 19]). Let (L, A\, V,®,0, L, T) be a complete co-residuated
lattice. For each x,y,z,x;,y; € L, we have the following properties.
( JIfy<z, zdy<az®z,ycr<zorandroz<zoy.
(VzEF xl) Oy = VzGF(x’L ©y) and x © (/\ier‘ yi) = \/z‘er‘(w S] yz)
(/\zEF xl) Oy < /\zel“(xz S] y)

(vzer yz) < /\zer(x@yZ)
cr=1l,z6l=zand Lox=_1. Moreover, oy =1 iffc <uy.

®oy) >z, y>zo(zoy) and (z8yY)d(yo2) > 26 2.
Olydz)=(roy)oz=(x02)0y.
cy>(z@2)6ydz),z0y>(xcz2)o(yoz),ycr > (z02)8(20yY)
and (z®y)O (z0w) < (xS 2)d (yow).

r@y=Liffr=Landy=_1

(z6y)Sz<a6(yc) amd(Sy) @2>26 (yo2).

(Vier i) © Vier #i) < Vier(zi © i)

(/\zer ;) © (/\zeF yi) < Vzer(mz S Yi)-

13) If L satisfies a double negative law and n(z) = T © x, then n(z ®y) =
n(z) Oy =n(y) ©z and x Oy =n(y) ©n(z).

Definition 2.3 ([15, 16, 17, 18, 19]). Let (L,A,V,®,5,1,T) be a complete co-
residuated lattice. Let X be a set. A function dx : X x X — L is called a distance
function, if it satisfies the following conditions:

(M1) dx(xz,z) = L for all z € X,

(M2) dx(x,y) ® dx(y,2) > dx(z,z) for all x,y,z € X,

(M3) If dx(x,y) = dx(y,x) = L, then x = y.

The pair (X, dx) is called a distance space.
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Remark 2.4 ([15, 16, 17, 18, 19]). (1) We define a distance function dx : X x X —
[0,00]. Then (X,dx) is called a pseudo-quasi-metric space.

(2) Let (L, A, V,®,6, L, T) be a complete co-residuated lattice. Define a function
dp:LxL— Lasdp(z,y) =xSy. By Lemma 2.3 (5) and (6), (L,dr) is a distance
space. For 7 C LX, we define a function d, : 7 x 7 — L as

d-(4,B) = \/ (A(x) © B(x)).
reX
Then (7,d,) is a distance space.

In this paper, we assume (L, A,V,®, 0, L, T) is a complete co-residuated lattice.

Definition 2.5 ([1, 15, 16, 17, 18, 19]). (1) A subset T C L is called an Alezandrov
topology on X if it satisfies the following conditions:

(A1) If A; e 7 for alli € I, then \/,; Ai, \jcp Ai € 7.

(A2) If AeTand a € L, then ax, Ao, A®da .

The pair (X, 7) is called an Alexandrov topological space on X.

Theorem 2.6 ([15, 16, 17, 18, 19]). Let (X,dx) be a distance space. We define
x ={Ae L¥| A(x) ®dx(z,y) > A(y)}
T = {A €LY | A(z) ® dx(y,2) > A(y)}-

(1) 745 and Tagr are Alezandrov topologies.

(2) (Tax.dqry, ) and (Td 1dr _,) are complete lattices.

(3)
tax ={\/ Alx) @ dx(z,—) | Ae L*}
zeX
and
Tyt ={\ A(z) ®dx(—,z) | Ae L*}.
reX
Definition 2.7 ([15, 16, 17, 18, 19]). Let (X,dx) and (Y,dy) be distance spaces

and f: X — Y be a map. Define f*: LX — LY as

. _ /T if f7'({y}) =2,
PO ={ Naw, e i,
Theorem 2.8 ([15, 16, 17, 18, 19]). Let (X,dx) and (Y,dy) be distance spaces.
Define f©, f*® . LX — LY and fo f& LY — LX as

FEA)Y) = Npex (Alx) @ dy (f(2),9)),
fS@(A) Y) = Noex (A(z) & dy (y, f(2))),
o (B)(x) = N\.ex(B(f(2)) ® dx (2, 2)),
fs‘_( )(2) = Noex (B(f(2) @ dx (z, 2)).
Then the following properties hold.
(1) dpx (B, A) > dpv (f®(B), fP(A)) and dpx (B, A) > dpv (f59(B), f*®(A)).
(2) dLY(C D) > dpx(f5 (C), f& (E)) and dpy (C, D) = dpx (f57(C), f&7 (E)).
(3) fE(A) € 14y and fP(A) € Tyt
(4) f&(B) € T4y and f3~(B) € Tyt
276
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3. VARIOUS OPERATIONS IN COMPLETE CO-RESIDUATED LATTICES

In this section, as generalizations of Zadeh powerset operators we define the fol-
lowing operations and investigate their properties.

Definition 3.1. Let (X,dx) and (Y,dy) be distance spaces and f : X — Y be a
map. Define f@, f5@: LX — LY and f5, f57 : LY — L* as

FP(A) W) = Vyex (Alx) ©dy (f(2),9)),
FP(A)Y) = Veex (Alx) © dy (y, f(2))),

J& (B)(x) = V.cx(B(f(2)) ©dx(z,1)),
[ (B)(x) = V.ex(B(f(2) © dx(x, 2)).

Remark 3.2. Let (L, <,V,A,®,5, 1, T) be a complete co-residuated lattice. Let
X,Y besets and f: X — Y a function. Define dx € LX*X dy € LY*Y as

1, ifz=ux, 1, ify=w,
dX(x’Z){ T, ifz#zx dy(y,w){ T ifyy;éw.

)

We easily show that dx and dy are distance functions. We obtain

FP(A) W) = Vaex (Alz) © dy (f(2), y))

= V)= Alx) = [7(A)(y) = F*2(A)(y),
1 (B)(@) = V.cx (B(f(2)) © dx (2, x))

= B(f(2)) = [~ (B)() = f27 (B) ().

Then f©, f*9, f&, f&F are generalizations of Zadeh power operators f~ and f* .

Theorem 3.3. Let (X,dx) and (Y,dy) be distance spaces. For each A,C € L*
and B,D € LY, the followings hold.

(1) dpx(A,C) = dpy (f2(A), f2(C)) and dpx (A, C) = dpy (f*9(A), f*2(C)).
(2) dpv (B, D) =z dpx (f5 (B), £ (D)) and dpy (B, D) = dpx (f5™ ( ), f&7 (D).
(3) FO(A) € Ty, [*O(A) € Tay, [O(A) 2 [7(A) and [*7(A) = f7(A) for each

AeLX.
(4) f&5 (B) € 140, [57(B) € Tay, 15 (B) = f7(B) and f57(B) = [~ (B) for
each B € LY.

Proof. (1) For A,C € LX,
Vaex (A(2) 8 dy (£(2),1) © Ve x (C(2) © dy(f(2), 1))
< Veex (A@) S dy (f(2),y)) © (C(z) & dy (f(2),9)))
[By Lemma 2.2 (8) and (11)]
< Vaex (A(@) © C(x)).
Thendyx (A,C) > dyv (f9(A), f2(C)). Similarly, d;x (A, C) > dpv (f52(A), f52(C)).
(2) For B,C € LY,

Veex(B(f(2)) ©dx(x,2)) © Ve x (D(f(2)) © dx (,2))
< Veex ((B(f(z)) ©dx(z,2)) © (D ( (2)) © dx(z,2)))
[By Lemma 2.2 (8) and (11)]
< V.ex(B(f(2)) © D(f(2))) < dpv (B, D).
Then dy (B. D) > dpx (f5 (B, £5 (D). Similarly, dyy (B, D) = dyx (£5~(B), 2 (D))
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For A € LX,

>
A Y) 2V p(a)=y Alz) = F7(A).
(3) For A e LX,
fPA) () & dy (w,y) & dy (f(x), w)
N ;\{z)GX(A(x) S dy (f(x),9))) @ dy (f(2),y)
Then f2(A)(y)®dy (w,y) > fO(A)(w) and fO(A) € 741 Similarly, 159(A) € 14, .
(4) For Be LY,
(B(f(2)) © dx (z,2)) ® dx (w,z) © dx(z,w)
> (B(f(2)) © dx(z,2)) ® dx(z,x)
> B(f(2)).
Then f5(B)(z) ® dx(w,x) > f5(B)(w) and f5(B) € Tyt O

Definition 3.4. A map C : LX — L¥ is called a fuzzy closure operator, if it satisfies
the following conditions:

(C1) A< C(A), for all A€ L,

(C2) dyx (A, B) > dyx(C(A),C(B)) for each A, B € LX.

A map I: LX — LX is called a fuzzy interior operator, if it satisfies the following
conditions:

(I1) I(A) < A, for all A€ LX,

(12) dpx (A, B) > dpx(I(A), I(B)) for each A, B € L.

The pair (I(A),C(A)) is called a fuzzy rough set of A.

Remark 3.5. Let (X, dx) be a distance space and idx : X — Y be an identity map.
Then id%idfx@ : LX — LX are fuzzy interior operators and id%,idf)(@ LY 5 LY
are fuzzy closure operators defined as

?di’i@(A)(y) = Noex(A(z) & dx(z,y)),

idy’ (A)(Y) = Npex (Alz) © dx (y, 7)),

?d?g@(A)(y) = Veex(A(z) 8 dx(z,y)),

i3 (A)(Y) = Vaex (Alz) © dx (y, ).
Moreover (id% (A),id%),(id% (A),id3), (id% (A),id5¢) and (id5 (A), id5) are fuzzy
rough sets of A.
Theorem 3.6. Let (X,dx) and (Y, dy) be distance spaces and f : (X,dx) — (Y,dy)

be a map with dx (x,y) > dy (f(z), f(y)) for all x,y € X.
(1) Two operations f© : Tt = Tt and f3° : Tt = Ty satisfy the followings:

ey (F2(A), B) 2 dr (A, F57(B) and A < f3(F(4),
Moreover, if [ is surjective and dx(x,y) = dy (f(z), f(y)) for all z,y € X, then
dr, (F2(A), B) = dr,_ (A, f(B).
(2) Two operations f5€ : 74, — 74, and f& :Tq, — Tay satisfy the followings:

dry, (f*9(A), B) > dr, (A, f3 (B)) and A < fg(f*(4)).
278
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Moreover, if [ is surjective and dx(x,y) = dy (f(z), f(y)) for all z,y € X, then
dr,, (f*?(A), B) = dr, (A, [5 (B)).

(3) Two operations f*® : Tat = Tt and f5 - Taot = Tyt satisfy the followings:
ey (BLF2(A) 2 dr (15 (B),A) and f5 (7°%(4)) < A,
Moreover, if f is surjective and dx (z,y) = dy (f(x), f(y)) for all z,y € X, then
ey (B, FO () = dr (75 (B), A)
(4) Two operations f® : 14 — Tay, and f& : T4, — Ta, satisfy the followings:

dr, (B, f9(A)) 2 dr,  (f57(B), A) and f57(f¥(4)) < A.
Moreover, if [ is surjective and dx(x,y) = dy (f(z), f(y)) for all z,y € X, then
dr,, (B, [®(A)) = dr, (f57 (B), A).
(5) An operation & of*® : 7,1 — 7,-1 is a fuzzy interior operator. An operation
NESECY A gt = Tyt 08 a fuzzy )c(losure gpemtor. The pair (f5 (f*P(A)), f5(f9(A)))
s a fuzzy rough set for A € Tat

6) An operation f5 o f® : 1y, — T, 15 a fuzzy interior operator. An operation
%) X X
[E0f*C  Tay — Tay is a fuzzy closure operator. The pair (f57 (f€(A)), f& (f*9(A)))
is a fuzzy rough set for A € 14, .

Proof. (1) For A € Td;(17B € Tyt

dr, (f9(4), B) = \/ y(f2(A)(y) © B(y))
=\/ y(Veex(Al@) ©dy (f(2),y)) © B(y))
:V x(A(@) © \yey (dy (f(x),y) © B(y)))
> Voex (Al2) © A ex (dy (f(2), f(2)) © B(f(2))))
2 Vyex(Az )@/\zex(dx(%Z @ B(f(2))))
=Vwex( (2) & f&7(B)(2)) = d- _, (A, f&7 (B)).
Moreover, A <

& (f9(A )) from the followmg inequality:
dr (4 f3 “(f9(A) < dr 1(f®( ), f2(A)) = L.

If f is surjective and dx(z,y) = dy (f(z), f( )) for all z,y € X, then we have
dr,_i (f2(A), B) = V,ey (f2(A)y) © B(y))
= Vaex (A@) © Ayey (dy (f(2), ) ® B(y)))
= Vaex (A(@) © A.ex (dy (f(2), f(2)) ® B(f(2))))
= Vaex (A(@) © \.cx (dx (2, 2) © B(f(2))))
= Vaex(A(2) © /87 (B)(2)) = dr _, (4, f&7(B)).
(3) For A€ 14,,B€ Taots
dr . (B @ (4)) = Vyey (By) & f*2(A)(v))
=V y (B(y) © N\yex (Alz) @ dy (y, f(2))))
> V. x( (f(2)) © Naex (A(z) © dy (f(2), f(2))))
> V.ex(B(f(2)) © Nyex (Alz) ® dx (2, 7)))
= Vaex(Neex(B(f(2)) © dx(z,7)) © A(z))
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= Vaex (/5 (B)(2) © Alx)) = dr _, (/& (B), A).
Other case, (2) and (4) can be proved in a similar way to (1) and (3) respectively.
(5) For A,C € Tyt

Qe (A,€) 2 dr (F9(A), F2(O)) 2 dr_, (£S5 (P (A)), £ (F2(C)),
Gy (A,C) 2 dr 1 (2(4), £2(0)) 2 dn, (5 (S2(A)), 5 (12(O)))
(6) The proof can be proved in a similar way to (5). O
Remark 3.7. From Oh and Kim [16], we will obtain a formal fuzzy concept and

an attribute-oriented fuzzy concept as follows.

(1) Let F: LX — LY ,G : LY — LX be maps where X is a set of objects and YV’
is a set of attributes. If dyv (F'(A), B) = dpx (G(B), A), then a formal fuzzy concept
is a pair (A4, B) € L* x LY such that F(A) = B,G(B) = A as a Bélohldvek’s sense
[ y Iy ]

If dpv (B, F(A)) = dpx(G(B), A), then an attribute-oriented fuzzy concept is a
pair (A4, B) € LX x LY such that F(A) = B,G(B) = A as Ciobanu and Viideanu’s
sense [21].

(2) Let (X,dx) and (Y,dy) be distance spaces and f : (X,dx) — (Y,dy) be a
surjective map with dx (z,y) = dy (f(x), f(y)) for all z,y € X. By Theorem 3.6 (1)
and (2),

dray, (1*2(A), B) = dry (4, f& (B)) and dr _, (f7(A), B) = dr_, (A, fg" (B)).
We can obtain two formal fuzzy concepts as
{(AvB) S Tdx X Tdy | fs®(A) = Ba ng_(B) = A}

and
{(A,B) € Tat X Ty | fO(A) = B, f&~(B) = A}

respectively. Moreover, by 3.6 (1) and (2),
dr,, (B, f®(A)) = d-, (f&(B),A) and clfd‘;1 (B, f59(A)) = deil( o (B),A).

We can obtain two attribute-oriented fuzzy concepts as

{(A,B) € 14 x 14, | f¥(A) = B, f57 (B) = A}
and

{(A,B) € 71 x 7,1 | [**(A) = B, [5 (B) = A}
respectively.

Example 3.8. Let (L =[0,1], <, V,A,®,6,0,1) be a complete co-residuated lattice
defined as n(z) =1 — =,
r@y=(x+yAl, zoy=(zx—y)VO0.

(1) Let X,Y be sets and f : X — Y a function. Define dy € LX*X dy € LY*Y
as Remark 3.2. Since f is a function, dx(z,z) > dy (f(z), f(2)). Then we have

Tax ={A € LX | A(@) @ dx(z,y) > A(y)} = LX =71,

Moreover, 74, = LY = Tat- For f* in Definition 2.7, we obtain
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A = N A@) @dy(f@).y) = LA = N\ Al) = (A )

reX f(z)=y
f5(B)@) = N\ (B(f(2) @ dx(z,2)) = f57 (B)(x) = B(f()) = f* (B)(x),
zeX
Py =V (A@) edy (f(),y) = F2(A)y) = Alz) = f7(A)(y),
reX f(z)=y
f5B)(@) = \/ (B(f(2) © dx(z,2)) = f57 (B)(x) = B(f(2)) = [ (B)(x).
z€X

Let A€ 7y, = L% and let B € 74, = LY Then we get
dpy (B, f*(4)) = Vyey( (y) © [*(A)(y))
( ( )9 N @)=y Al@))

TR
§~<<
O
S
&

Thus we have

dpy (B, f9(A)) = dpy (B, f*®(A)) = dp¥ (B, f*(A))
= dLX( <_(B)’ A) = dLX (féa_(B)a A)
= dpx (f57(B), A) = dpx (f5 (B), A)
. = dyx (f5(B), A).
dpy (f7(A); B) = Vyey (f 7 (A)(y) © B(y))
= Vyer (V o)y Al2) © B(y))
= Vaiex(A@) © B(f(2))) = dpx (4, f(B))
we get

dpy (f®(A)7 B) =dry (fs®(A>7 B

Let X = {a,b,c}, Y = {z,y,2z} and let f : X — Y be the function defined as
follows:

fla) = f(b) =z, flc) =
Then dx(a,b) > dy(f(a), f(b)) for all a,b € X. Thus the properties of Theorems
3.3 and 3.6 hold. For A = (0.6,0.3,0.5),
f*(A) = (A(a) A A(D), A(c), 1) = (0.3,0.5,1),
J7(A) = (A(a) V A(b), A(¢), 0) = (0.6,0.5,0),
FE(f2(A) = [ (f9(A)) = F(f(A)) = (0.3,0.3,0.5),
fE7(f2(A) = 5 (f*9(A)) = F=(f7(4)) = (0.6,0.6,0.5).
So the pair (f5 (f*(A)), fega (f9(A))) = ((0.3,0.3,0.5),(0.6,0.6,0.5)) is a fuzzy
rough set of A. The pair (f57(f®(A)), f& (f*°(A))) = ((0.3,0.3,0.5), (0.6,0.6,0.5))
is a fuzzy rough set of A. For B = (0.4,0.7,0.1),
dpy (f7(A), B) = dpx (A, f~(B)) = 0.2,
Ao (B, f*(4)) = dyx (/< (B), 4) = 0.2,
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(2) Let X = {a,b,c}, Y ={z,y,2} with a < b < cand z < y < z be totally order
sets. Let f: X — Y be the function defined as follows:

fla) = f(b) =z, flc) =

Define dx € LX*X dy € LY*Y as

0, ifr<z 0, ify<w
dX(x’Z)_{ 1, ifz>y dy(y,w)—{ 1 ifyy>w.

Then we easily show that dx and dy are distance functions. Since f(a) < f(b) for
each a < b, dx(z,2) > dy(f(x), f(2)). Thus we have

Tax = {A € LY | A(x) @ dx(2,y) > A(y)} = {A € L™ | A(z) > A(y), Vo < y}
and
Ty = (A€ LY | A(r) @ dy! (z,y) 2 Aly)} = {A € LY | A(z) < A(y), Vo < y}.
For A = (0.6,0.5,0.3) € 74, and B = (0.8,0.6,0.1) € 74, , we get
A=) = Npex(Az) @ dy (f(2), =) = Aj(ay<— Alz) = (0.5,0.3,0.3) € 14y,

15 (B)(-) = Auex (BU(2) @ dx(2,-)) = Ao B(f(2)) = (0.8,0.8,0.6) € Tay,
P A (=) = Viyex (Al2) © dy (y, f(@))) = V__ 0 Al) = (0.6,0.6,0.5) € 74y,
f7(A) = (0.6,0.5,0),

5= (B)(-) = V.ex (B(f(2) © dx(~,2) = V__, B(f(2)) = (0.8,0.8,0.6) € ay,
f(B)=1(0.8,0.8,0.6).

For two operations f*¢ : 74, — Tay, f& 1 Tay — Tax,

0.4 = dey (f9®(A)7B) 2 dex (A,fé_(B)) =0,
(0.6,0.5,0.3) = A < f£ (F°(A)) = (0.6,0.6,0.6).

For two operations f® : 74, — 7a,, f57 : Tay — Tay,

0.3 =dx,, (B, f9(4)) > dr, (f5(B), A) = 0.3,
(0.5,0.5,0.3) = f5(f®(A)) < (0.6,0.5,0.3).

For C'=(0.2,0.5,0.6) € Ty and D = (0.4,0.6,0.8) € Taots We get

FRO)=) = Naex (C@) @ dy (=, f(2))) = A_<y(z) C() = (02,0.2,0.6) € 71,
z-) = N_. D(f(2) = (040406)€Td L

J&7 (D) (=) = N.ex (D(f(2)) @ dx (

fAC)H=) = Vuex (Cla) 0 dy (f(2),y)) = \/f(x C(x) = (0.5,0.6,0.6) € 7,1,
f7(C) = (0.5,0.6,0),

fED)(=) = V.ex(D(f(2)) ©dx(2,7)) = V. D(f(2)) = (04,0.4,0.6) € 71,
(D) = (0.4,0.4,0.6)

For two operations f© : Tagt = Taots fo Tyot = Ty,

0.1=d 1<f®< ). D) = d; 1(Cf (D)) =01,

(0.2,0.5,0.6) = C < f5(£2(C)) = (0.5,0.5,0.6).
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3 s . — .
For two operations f5% : Tat = Taots fo Tagt = Tats
04_ - ( fS@( ))Zde)—(l(féQ_(D)aC):027
(0.2,0.2, 0 2) = f5(f°®(C)) < (0.2,0.5,0.6).

(3) Let X ={a,b,c}, Y ={z,y,2} and let f : X — Y be the function defined as
follows:

fla) = f(b) =z, fle) =

Define dxy € LX*X and dy € LY*Y as

0 05 038 0 04 09
dx=1| 07 0 06 dy=\| 03 0 05
04 06 O 0.7 04 O

Then we easily show that dx and dy are distance functions with d X( a,b) > dy ( f(a), f(b))
for all a,b € X. Moreover, for A € [0,1]% as A(a) = 0.3, A(b) = 0.2, A(c) = 0.5,

A= Npex(A@) ®dx (2, -)) = Nsex (Al@) © dx (=, 2)).

Thus by Theorem 2.6 (3), A € 74,,A € 7451+ Moreover, f& o f*®: Tagt = Ty and
fa o fo:r 4y T Tagr are fuzzy interior and fuzzy closure operators respectively.
Since f*®(A) = (0.2,0.5,0.9),

5 (f*9(A)) = (0.1,0.2,0.5) and f2(A4) = (0.3,0.5,0), f5(f9(A)) = (0.3,0.3,0.5).

So the pair (f5 (f*%(A)), f&(f9(A))) = ((0.1,0.2,0.5),(0.3,0.3,0.5)) is a fuzzy
rough set for A.

Also, f&7 o f% : 14 — Tay and f& o 59 : 74 — T4, are fuzzy interior and
fuzzy closure operators respectively. Since f®(A4) = (0.2,0.5,0.9),

FEE(F2(A)) = (0.2,0.2,0.5) and f*2(A) = (0.3,0.5,0.1), £ (f*2(A)) = (0.3,0.3,0.5).

Hence the pair (f57 (f9(A)), f& (f*?(A4))) = ((0.2,0.2,0.5), (0.3,0.3,0.5)) is a fuzzy
rough set for A.

4. CONCLUSION

Using distance functions, we have investigated generalizations of Zadeh powerset
operators in co-residuated lattices. The notions of various operations facilitate to
study topological structures ,logic and lattices.

In particular, we study fuzzy closure (interior) operators and fuzzy rough sets
based on co-residuated lattices as senses of fuzzy Galois connections and adjunctions.

In the future, we suggest information systems and decision rules in co-residuated
lattices.

Funding: This work was supported by the Research Institute of Natural Science
of Gangneung-Wonju National University.
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