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1. INTRODUCTION

Ward and Dilworth [1] introduced a complete residuated lattice which is an
algebraic structure for many valued logic. Bélohldvek [2, 3] investigated the proper-
ties of fuzzy Galois connections and fuzzy closure operators on a residuated lattice
which supports part of foundation of theoretic computer science. On the other hand,

Georgescu and Popescue [4, 5] introduced fuzzy Galois connection in a generalized
residuated lattice as a non-commutative algebraic structure which is induced by two
implications.

As a dual sense of complete residuated lattice, Zheng and Wang [6] introduced a
complete co-residuated lattice as the generalization of t-conorm. For an extension
of Pawlak’s rough sets [7, 8], Junsheng and Qing [9] investigated (®, &)-generalized
fuzzy rough set on (L,®,&), where (L, &) is a complete residuated lattice and
(L,®) is complete coresiduated lattice. Ko and Kim [10] introduced the concepts
of fuzzy join and meet complete lattices using distance spaces instead of fuzzy par-
tially ordered spaces in complete co-residuated lattices. Moreover, Oh and kim [11]
investigated the properties of Alexandrov fuzzy topologies, distance functions, join
preserving maps and join approximation maps in complete co-residuated lattices.
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The aim of this paper is to study the notions and properties of generalized co-
residuated lattices as a non-commutative algebraic structure. Using right (resp.
left) distance spaces instead of fuzzy partially ordered spaces, we define various
connections, right (resp. left) isotone (antitone) maps and rough sets on a generalized
co-residuated lattice.

We investigate the properties of right and left closure on a generalized co-residuated
lattice. In particular, we obtain right (left) closure (interior) operators and rough
sets from various connections. We give their examples.

2. PRELIMINARIES

As an extension of Zheng’s co-residuated lattices [6], we define generalized co-
residuated lattices as a non-commutative algebraic structure.

Definition 2.1. A structure (L,V, A, ®,8,@, L, T) is called a generalized co-residuated
lattice, if it satisfies the following conditions:

(GR1) (L,V, A, L, T) is lattice, where T is the upper bound and T denotes the
universal lower bound,

(GR2)z@dT=zandz®(y®z2)=(rdy) Pz forall z,y,z € L,

(GR3) it satisfies a co-residuation, i.e.,

adb>cifa>cobiff b>coa.

A generalized co-residuated lattice is called co-residuated lattice, if x Dy =y Dz
for each z,y € L.

For o € L, A € LX, we denote (A© a), (a® A),ax € L¥ as
(Aca)(z)=Ax)Sa, (a® A)(z) =ad Alx), ax(x)=a.

Put ni(x) = TOz and na(x) = T @z. The condition nq(ng(z)) = na(ni(x)) =«
for each = € L is called a double negative law.

Example 2.2 ([10, 11]). (1) If a generalized co-residuated lattice (L, V, A, ®,6,@, L, T)
is a co-residuated lattice, then © = ©® and ny = no.

(2) An infinitely distributive lattice (L,V,A,@® =V, L, T) is a co-residuated lat-
tice. In particular, the unit interval ([0, 1], V, A, ® = V, 0, 1) is a co-residuated lattice,
where

zoy=NzeLl|yvz>ua}= { 2: 1iffyy22xa;.
Put n(z) =16z =1 for z # 1 and n(1l) = 0. Then n(n(x)) = 0 for = # 1 and
n(n(1)) = 1. Thus n does not satisfy a double negative law.
(3) Let ([0,1],V,A,®,0,1) be a co-residuated lattice, where
@y = (2" +yP)r A1, 1<p< o,
roy=Nze0.1] (= +y)5 >}
= Az el0.1]] 2> (@ —y)7)
= (2P — yp)% V0.
Put n(z) =10z =(1- :vp)% for 1 < p < oo. Then n(n(x)) =« for z € [0,1]. Thus
n satisfies a double negative law.
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(4) Let L C {(x,y) € R? | > 0} be a set and for (z1,y1), (r2,92) € L, we define
(x1,91) < (x2,y2)if and only if 1 < x9 or 1 = z2,11 < Yo.

Then the structure (L, V, A\, ®, 9,0, (%, 1),(1,0)) is a generalized co-residuated lat-
tice with a double negative law where L = (3,1) is the least element and T = (1,0)
is the greatest element from the following statements:

(w1,y1) ® (22,72) = (22172, 232y1 + y2 — 22) A (1,0),
(T1,91) © (22,92) = (525, 1+ B 2) V (5,1),
(z1,91) © (z2,92) =(2z2,y1+m2(1—y2))\/(%,1).

nl( ) ( ’O)Q(I’y)_(évl_%)v
n2(z,y) = (1,0) @ (2,y) = (35, ; (1 = 1)),
na(nai(z,y)) = ELO)®(1, —37) = (z,9),

2
m(na(e.y)) = (1.0) © (g7, (1 = 1)) = (.9).

Let A= {(2,y) | y € R} be given. Then \/ A and A A do not exist. Thus L is not

complete.

In this paper, we assume (L,V,A,®,0,2, L, T) is a generalized co-residuated
lattice with a double negative law and and if the family supremum or infumum
exists, we denote \/ and A.

3. RESIDUATED AND (GALOIS CONNECTIONS

In this section, we study notions of residuated and Galois connections on gener-
alized co-residuated lattices. Moreover, we investigate the relations between various
connections and operators.

Lemma 3.1. For each z,y, z,x;,y; € L, we have the following properties.
D) fy<z (zdy)<(x@z2),z0y<z0zandzox<yoSz foroc{6,0}.

2ye(roy)zzand (r0y) Dy > .

(3) xg(/\zel" vi) = Vzef(x@yi) and (VieF )0y = \/z‘eF($i9y) foro e {o,0}.
(4) 26 (Vier vi) < Nier(z0wi) and (V;cp 2:) 0y = Nier(zi©y) for © € {6, 0}
(5)$@(y92)2($€9y)92 and (zQy)®z= (xS 2)Oy.

(6) zo(ydz)=(x02)Oy and (1Y) 0z =20 (y ® 2).

(7) (roy)0z=(r0z2)Oy.

(8) (yoz)®(x ®y)>$®2and($@y) (yoz) 2202

9) (z0z)2(yor)0(y®2) and (6 2) 2 (z@y) S (28 Y).

(10) yoz2(r0z)o(@0y) andr 0y > (20 2)0(y D 2).

() zoyz(@oz)e(yoz) adycz=(x02) 0 (xoy).

(12) zoz=z0z=1l,z6l=zc0l=czand Lox=1Loax=1

(B zoy=Liffe<yiffroy=1

(4 z2@y=Liffr=Landy=1

215; z Oy =n1(y) ©ni(x) and x @y = na(y) © na(z).

n(y®z) =n1(z) Oy and na(y @ z) = na(y) @ z. Moreover, na(x ©y) =
y®ng(z) and n1(z 0y) =ni(z) By.

(17) For each k = 1,2, np(N;cr i) = Vier e (@i) and ng(Vep i) = ne(N;ep 4)-
131
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Proof. (1) Since y = yAz, 2@y = 2B (yAz) = (x®y)A(xDz). Then (zPy) < (zB=z).
Sincey <z< (zoz)dz,yoxr <zoz Sncecz < (z0y)dy < (roy)® 2,
6z <xOSy. The cases of @ are similarly proved.

(2) Sincex Qy>20y, y® (x@y)>x. SincexOy>zSy, (rOyY) By > .

(3) By (1), (Vier i) ©y = Vier(@i ©y). Since (Viep(@:i0y)) Yy 2 Viep((2: ©
¥) @y) = Vier i, Vier i) ©y < Vierp(zi 0 ).

By (1), 26 (Aser ) 2 Vier(z©0). Since Vier (269 (Aser 1) 2 Aser(@©
Yi) ®yi) > @, Vier(@©yi) > 26 (Njer ¥i)-

(4) It follows from (1).

(5) Since 2 ® ((yo2)®z2)>zxdy, 2 (ySz) > (xBy) S 2.

Since y & ((z0y) ®2) =(y@ (z0y)Bz2282 (z0yY) @22 (xS 2) Y.

(6) Since (z6(y@2))@(ye2) 2 viff (zo(y®2))dy > xoz, 16(yd2) > (z62)SyY.
Since (ro2)0y)Gydz> (z02)@z>2, (t02)0y > 26 (y®z). Then
16 (yB72) = (2672) Oy,

Since yd 2@ (20 (yd 2))
Since y @z @ ((z @ y) @ 2)
(roy)oz=20({ye=)

(7) Since (-8 (z©9) 0 2) By > (101 By > 2, (264) 0 2)
Then (z©y) 02> (@ 2)Oy. Since 2B (20 2)OY)) Dy) > 2
2@ ((z02)0y)>20y. Thus (z@z2)0y > (zOy) D 2.

(8) Since x 0y > xS0y, y® (x ©y) > x. Moreover, y > xS (z ©y). Since
(roy)dez)®z>(roy)®y>z, (z0yY) S (Yoz) 2102

(9) Since (2@ (y@2) & (x0y) 2ye(x0y) 2z, (YO 2) & (z0Y) 220 2.

(10) Since (y®2)©(z22) =y© (2@ (x02)) 2y &, (102) = (yo2) O (YD 2).

Since (1©2)® (20y) =((x©2)@2)0Y) 220y, (162) 2 (x0yY) S (28Y).

(11) Since (y®z) @ (x0y) > 2Pz, 20y > (x®2) S (yd 2z). Since & (y S
2)®(z0Y) > 2,y0x>(202)0(20y).Sincez Py <zd(x0z2)Dwd (yOw),
(Foy)ozow) <(ro2) @ (yow).

(12) Let zd L = 1@z =2 Thenzozrz=z0zx=1. z6l =A\{zeL|
z@l>at=x,andzo Ll=AN{zel|ldz<z}=u

(13) Let z0y= 1. Theny= 1L dy=(r0y)dy=N{z€L|z0y>x}dy=
NzdyeLl|zdy>z} >z Thusz <y.

Let x <y. Thenxoy=A{z € L|zdy >a} = L. Other cases are similarly
proved.

(14) Let @y = L. Theny =yo(zdy) = (yoy)oxr =Lz =1 and
r=2Q(xdy)=(r0z)0y=Lo@y=_1. Conversely, L ® L = 1.

(15) By (11), z 0y > (Toy) @ (T ©x) = ni(y) @ ni(z). By (10),

zoy>(Toy)o(Tor)=mn(y) ©naz).

>ziff 20 (z0(y®2)) > 20y, 20 (ydz) > (z0Y) O 2.
>yd(rzoy) >z (r0y) 0z >20 (y® z). Then

QSy>zr0-=2.
(z0z) >,

Moreover, we have

Oy =mnz(n(z)) ©na(ni(y)) < ni(y) @ni(x)
and
z @y =ni(n2(z)) @ni(n2(y)) < na(y) ©na(z).

Thus 2 © y = n1(y) @ n1(z) and x @ y = na2(y) © n2().
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(16) By (6), m(y@2z)=To(y@z)=(Toz)oy=ni(z) Oy and no(y & 2) =
Toyoz)=(Toy) 0z=n(y) 0=

(17) By (3), ni(A\; i) = V,; ni(z;) for each k = 1,2. Since A\, z; = na(ni(\,; :)) =
”2(Vz(1”1($z))7 N; n2(x;) = na(\V,; ni(na(x;))) = n2(V,; zi). Other cases are similaﬂg
proved.

Definition 3.2. Let X be a set. A function d% : X x X — L is called a right
distance function, if it satisfies the following conditions:

(D1) dx(z,z) = L for all z € X,

(D2) If d% (z,y) = d% (y,x) = T, then z = y,

(R) d% (z,y) ® d% (y, 2) > d%(x, 2), for all z,y,z € X.

A function dy : X x X — L is called a left distance function, if it satisfies (D1),
(D2) and

(L) d (y,2) ® d (x,y) > d% (z,2), for all 7, y,2 € X.

The triple (X,d%,d%) is a bi-distance space.

Example 3.3. (1) We define a function dj,d} : L x L — L as

di(z,y) =20y, di(z,y) =20y

By Lemma 3.1 (8), (L,d7,d}) is a bi-distance space.
(2) We define a function df ,d x : L® x L* — L as

A7 x (A, B) = V,ex(A(@) © B(2), djx(A,B) =V,ex(Alx) © B(x)).
By Lemma 3.1 (8), (L™, d’ «,d! ) is a bi-distance space.

Definition 3.4. Let X and Y be two sets. Let F, H : LX — LY and G, K : LY —
LX be operators.

(1) The pair (F,G) is called a residuated connection between X and Y if for
AecLX and Be LY, F(A) < Biff A< G(B).

(2) The pair (H, K) is called a Galois connection between X and Y, if for A € L¥
and Be€ LY, B< H(A) iff A < K(B).

(3) The pair (H, K) is called a dual Galois connection between X and Y, if for
AeLX and Be LY, H(A) < B iff K(B) < A.

(4) Amap F : LX — LY is a right isotone map, if for all A, B € LX, dyx (A, B) >
dpy (F(A), F(B)).

(5) Amap F : LX — LY is a left isotone map, if for all A, B € LX, dlLX (A,B) >
d., (F(A), F(B)).

(6) A map F : LX — LY is a right antitone map, if for all A, B € L¥X,
dix (A, B) > dj (F(B), F(A)).

(7) Amap F : LX — LY is a left antitone map, if for all A, B € LX, dy x (A, B) >
dt, (F(B), F(4)).

Theorem 3.5. Let G : LX — LY be a map.

(1) A map G : LX — LY is a right isotone map iff « ® G(A) > G(a ® A) and
G(A) <G(B) for A<Biff G(A2 a) > G(A) @ @ and G(A) < G(B) for A< B.
(2) A map G : L* — LY is a left isotone map iff G(A) ® a > G(A @ ) and
G(A) <G(B) for A< B iff G(A© a) > G(A)© a and G(A) < G(B) for A< B.
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map G : LX — LY s a left antitone map iff G(a )
G(A) for A< B iff G(A) @ a > G(A0 a) and G(B) < G(A) for A< B.
)

A > G(A) o a and
<

(4) A map G : LY — LY is a right antitone map iff G(A @ G(A) o a and
< <G
If

®A
) <

>
(A) for A< Biffa®G(A) > G(AS «) and G(B) A) for A< B.
: LX — LY is a left isotone map, then noG : LY — LY is a right antitone

QQ

(6 ) IfG: LX — LY is a right isotone map, then G : LX — LY is a left antitone
map.

(7) If G : L — LY is a right antitone map, then nG : LX — LY is a left
isotone map.

(8) If G : L* — LY s a left antitone map, then nyG : LX — LY is a right
isotone map.

Proof. (1) Let d} x (A, B) > d}(G(A),G(B)). Put A= a® B. Then
a>dyx(a®B,B) >d;y(Gla® B),G(B)).

Thus o ® G(B) > G(a @ B).
Conversely, put o = df} x (A, B). Since d} x (A, B) ® B > A,

"x(A,B)® G(B) > G(d}x(A,B) & B) > G(A).

So d < (A, B) > dy (C(A), G(B)).
Second, let a @ G(A) > G(a® A) and G(A) < G(B) for A < B. Since a G(A®
a)>Glad(Aoa)) >G(A), G(Aoa) > G(A)
Conversely, let G(A@ a) > A© a and G(A) < G(B) for A < B. Since G((a @
A)oa)>GladA)oaiff a®dG((a® A) @ a) > Gla® A), we have

GladA) <aaG((adA)oa) <ad G(A).

(3) Let G : L* — LY be aleft antitone map. Then d} x (4, B) > d\ , (G(B), G(A)).
Put A=a®B. Thena > d; «(a®B,B) > d,, (G(B),G(a®B)). Thus G(a®B) >
G(B) © a.

Conversely, since G(d} x (A, B)®B) > G(B)od] x (A, B) and G(d} x (A, B)®B) <
G(A) for d} x (A, B) ® B > A, we have

"x(A,B) > G(B)2G(d}x(A,B)&® B) > G(B) 2 G(A).

Second, we show that G(a @ A) > G(A) © @ and G(B) < G(A) for A < B iff
GA)@a>GAoa)and G(B) < G(A) for A< B.

Let G(a® A) > G(A) © a and G(B) < G(A) for A < B. Then Gla® A) ® a >
G(A). Thus we get

GA)®a>Gas(Aoa)da>GAD ).
Let G(A)® o> G(A®@ ) and G(B) < G(A) for A < B. Then G(A) > G(A®
a)oa. Pt A=a @ B. Then Gla® B)>G((a@B)oa)ca>G(B)s o
(5) Let G : L — LY be a left isotone map. Then by Lemma 3.1 (15), we have
4y x (A, B) < dyy (G(A),G(B)) = dy (m2G(B), naG(A)).
Thus nyG : LX — LY is a right antitone map.
(6) Let G : LX — LY be a right isotone map. Then by Lemma 3.1 (15), we get
1x (A, B) > dix (G(A),G(B)) = epy (mG(B),mG(A)).
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Thus n1G : LX — LY is a left antitone map.
(2), (4), (7) and (8) are proved similar methods as (1), (3), (5) and (6) respectively.
O

Definition 3.6. A map C : LX — L¥ is called a right (resp. left) closure operator,
if it satisfies the following conditions:

(C1) A< C(A), for all A€ L*.

(C2) C(C(A)) = C(A), for all A € L*.

(C3) C is a right (resp. left) isotone map.

A map I : LX — LX is called a right (resp. left) interior operator, if it satisfies
the following conditions:

(I1) I(A) < A for all A € LX,

(I2) I(I(A)) = I(A) for all A € LX

(I3) I is a right (resp. left) isotone map.

The pair (I(A),C(A)) ic called a rough set of A.

Theorem 3.7. (1) Let C : L*X — LX be a right closure operator. Define a map
I: L% — LY as I(A) = ny1(C(n2(A))). Then I is a left interior operator where
(I(A),C(A)) is a rough set of A.

(2) Let C : LX — LX be a left closure operator. Define a map I : LX — LX as
I(A) = na(C(n1(A))). Then I is a right interior operator where (I(A),C(A)) is a
rough set of A.

(2) Tt is proved by a similar method as (1). O

Theorem 3.8. Let G : LX — LY and H : LY — LX be two maps.

(1) A pair (G, H) is a residuated connection with two right isotone maps G and
H iff for all A€ LX and B € LY, d}, (G(A), B) = d} « (A, H(B)).

(2) A pair (G, H) is a residuated connection with two left isotone maps G and H
iff for all A€ L* and B € LY, d', (G(A),B) =d\ « (A, H(B)).

(3) A pair (G,H) is a Galois connection with right antitone map G and left
antitone map H iff for all A € LX and B € LY, d\ « (A, H(B)) = d}, (B, G(A)).

(4) A pair (G,H) is a Galois connection with left antitone map G and right
antitone map H iff for all A€ LX and B € LY, d} « (A, H(B)) = d\, (B,G(A)).

(5) A pair (G, H) is a dual Galois connection with right antitone map G and left
antitone map H iff for all A € LX and B € LY, d', «(H(B), A) = d}, (G(A), B).

(6) A pair (G, H) is a dual Galois connection with left antitone map G and right
antitone map H iff for all A € LX and B € LY, &} « (H(B), A) = d. , (G(A), B).

Proof. (1) Let (G, H) be a residuated connection. Then G(A) < G(A) iff A <
H(G(A))and H(B) < H(B) iff G(H(B)) < B. Thusd},, (G(A),B) = d} x (A, H(B))
135
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from
a5, (G(A), B) > dy (A, H
dyx (A, H(B)) > dy v (G(A

(
) )
Conversely, since d}y(G(A), B) = dj <(A,H(B)) for all A € L* and B € LY,
dix(A,H(B)) = L A< H(B) iff G(A) < B iff d}y(G(A),B) = L. Then (G,H)
is a residuated connection. Put B = G(A). Then L = d},(G(A),G(A)) =
d; x (A, H(G(A))). Thus A < H(G(A)). Put A = H(B). Then we similarly ob-
tain G(H(B)) < B. Thus we obtain two right isotone maps G and H from:

dZX (A,B) = dZX (A,B) S3) erx (Ba H(G(B)))
> dyx (A, H(G(B))) = d} (G(A),G(B)),
dyy(A,B)=d}y(G(H(A)),A) & d}y (A, B)
> dyy (G(H(A), B) = d}x(H(A), H(B)).

( <

(3) Let (G, H) be a Galois connection. Then G(A) < G(A) iff A < H(G(A)) and

H(B) < H(B) iff B < G(H(B)). Moreover, since G is a right antitone map and H
is a left antitone map, we have

dyy (B,G(A)) > dy x (H(G(A)), H(B)) > di x (A, H(B)),
dyx (A, H(B)) > d}y (G(H(B)), G(A)) = d v (B, G(A)).

Thus d} « (A, H(B)) = d} (B, G(A)).
Conversely, since d’ (A, H(B)) = d;,(B,G(A)), A < H(B) iff B < G(A).
Moreover,

G(A))) © dpx ((H(G(A)), H(B)) > d x (A, H(B)),
,G(H(B )) @d' (G(H(B)), B) = e}y (G(A), B).

H
B

dy v (G(A),G(B)) = dy x (B, H(G(A))) < dy x (B, A),
dyx (H(A), H(B)) = djy (B, G(H(A))) < d}v (B, A).

(5) Let (G, H) be a dual Galois connection. Then G(A4) < G(A) iff H(G(A)) < A
and H(B) < H(B) iff G(H(B)) < B. Moreover, since G is a right antitone map
and H is a left antitone map, we have

0y (G(A). B) > di « (H(B). H(G(A))) > dy < (H(B). 4).
d« (H(B), A) > d, (G(A),G(H(B))) > dy v (G(A), B).

Thus d} « (H(B), A) = d}+ (G(A), B).
Conversely, since d} (A, H(B)) = di,(B,G(A)), HB) < A iff G(4) < B.
Moreover,

d7v (G(A),G(B)) = dyx (H(G(B)), A) < dy x(B, A),
dle(H(A),H(B))—dT (G(H(B)),A) < djv (B, A).

(2), (4) and (6) are similarly proved as (1), (3) and (5) respectively. O

Theorem 3.9. Let G : LX — LY and H : LY — LX be right isotone maps with a
residuated connection (G, H). Then the following statements hold:
(1) Ho G : L* — LX is a right closure operator,
(2) GoH : LY — LY s a right interior operator,
(3) if X =Y, then (G(H(A)), H(G(A))) is a rough set of A.
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Proof. (1) Since A < H(G(4)), H(G(A)) < H(G(H(G(A)))) for all A € L. Since
B > G(H(B)), G(A) > G(H(G(A))) and H(G(A)) = H(G(H(G(A)))). Then
H(G(A)) = H(G(H(G(A)))). Since G and H are right isotone maps, d} x (A, B) >
&, (H(G(A)), H(G(B)))

(2) and (3) are similarly proved as (1) and the definition of rough set. O

Corollary 3.10. Let G : LX — LY and H : LY — L be left isotone maps with a
residuated connection (G, H). Then the following statements hold:

(1) Ho G : L* — LX is a left closure operator,

(2) GoH : LY — LY s a left interior operator,

(3Q) If X =Y, then (G(H(A)),H(G(A))) is a rough set of A.

Theorem 3.11. Let G : LX — LY be a right antitone map and H : LY — LX be a
left antitone map with a Galois connection (G, H). Then

(1) Ho G : L* — LX is a left closure operator,

(2) GoH : LY — LY s a right closure operator.

Proof. (1) Since A < H(G(A)), H(G(A)) < H(G(H(G(A)))) for all A€ LX. Since
B < G(H(B)) then G(A) < G(H(G(A))) and H(G(A)) = H(G(H(G(A)))), because
H is a left antitone map. Then H(G(A)) = H(G(H(G(A)))).

Since G is a right antitone map and H is a left antitone map, dlLX (A,B) >
d}x (G(B),G(A)) > d x (H(G(A)), H(G(B))).

(2) is similarly proved as (1). O

Corollary 3.12. Let G : LX — LY be a left antitone map and H : LY — L be a
right antitone map with a Galois connection (G, H). Then

(1) Ho G : L* — LX is a right closure operator,

(2) GoH : LY — LY s a left closure operator.

Theorem 3.13. Let G : LX — LY be a right antitone map and H : LY — LX be a
left antitone map with a dual Galois connection (G, H). Then

(1) Ho G : L* — LX is a left interior operator,

(2) GoH : LY — LY s a right interior operator.

Proof. (1) Since H(G(A)) < A, H(G(H(G(A)))) < H(G(A)) for all A € LX. Since
G(H(B)) < B, G(H(G(A))) < G(A) and H(G(A)) < H(G(H(G(A)))), because H
is a left antitone map. Then H(G(A)) = H(G(H(G(A)))).

Since G is a right antitone map and H is a left antitone map, dlLX (A,B) >
dix (G(B),G(A)) = dix (H(G(A)), H(G(B))).

(2) is similarly proved as (1). O

Corollary 3.14. Let G : LX — LY be a left antitone map and H : LY — L be a
right antitone map with a Galois connection (G, H). Then

(1) Ho G : LX — LX is a right interior operator,

(2) GoH : LY — LY is a left interior operator.

Theorem 3.15. Let F, G : LY — L* be maps such that d} « (F(A), B) = dj « (A, G(B)).
Then the following statements are equivalent.
(1) F is a right interior operator.

(2) G is a right closure operator.
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(3) FoG=F.
(4) GoF =G.
Proof. Since d}; x (F(A), B) = d}; x (A, G(B)), by Theorem 3.8 (1), ' and G are right

isotone maps.

G(A4)), A < G(A). Then we have
A
A

)
= d; « (F(F(G(G(A)))), A)
= dp < (F(G(G(A))), G(A))
(G(G(4)),G(G(A)))

Thus G is a right closure operator.
(2) =(3). Since Fis aright isotone map, L = d} x (4,G(A)) > d} x (F(A), F(G(A))).
Then F(A) < F(G(A)). Moreover, F'(A) = F(G(A)) from:
dpx (F(G(A)), F(A)) = dpx (G(A), G(F(A)))
=d;x(G(4),G(G(F(A))))
< dyx(4,G(F(4)))
= 1. [Since G is a right isotone map]
(3) =(4). Let FoG =F. Then GoFoG=Go F. Since
L = dix(F(G(A4)), F(G(A))) = dpx (G(A), G(F(G(A))))
and
1 = & (G(A), G(4)) = dyx (F(G(A)), A),
GoFoG > G and FoG(A) < A. Thus GoFoG(A) < G(A). So GoF = GoFoG =G.
(4) =(3). Tt follows from FoGo F = F.
(3) and (4) =(1).
dpx(F(A),A) < dy x (F(A), F(G(A))) & df x (F(G(A) L
dpx (F(A), F(F(A))) = dpx (A, G(F(F(A)))) = d7x (A, G(F(A))) = L.

E
I

Corollary 3.16. Let F,G : L* — LX be maps such that d\, x (F(A), B) = d}, « (A, G(B)).
Then the following statements are equivalent.

(1) F is a left interior operator.

(2) G is a left closure operator.

(3) FoG = F.

(4) GoF =G.

Corollary 3.17. Let F,G : L* — LX be maps such that d\, x (F(A), B) = d}, x (A, G(B)).
Then the following statements are equivalent.

(1) F is a left closure operator.

(2) G is a left interior operator.

(3) GoF=F.

(4) FoG =G.

Corollary 3.18. Let F,G : L* — LX be maps such that d;, x (F(A), B) = d} x (A, G(B)).
Then the following statements are equivalent.
(1) F is a right closure operator.

(2) G is a right interior operator.
138



Oh and Kim /Ann. Fuzzy Math. Inform. 23 (2022), No. 2, 129-144

4. EXAMPLES OF INTERIOR AND CLOSURE OPERATORS

In this section, we investigate interior, closure operators and rough sets for an in-
formation (X,Y, R € L**Y), where X is a set of objects and Y is a set of attributes.

Definition 4.1. Foreach A € LX and B€ LY and R € LX*Y, R® ® R, RS, R2 ® R,OR :
LX — LY are defined as:

RE(A)(y) = Npex (R(x,y) ® A(x)), “R(A z) ® R(z,y)),
RE(A)(Y) = Vyex (R(z,y) © A(z)), RO( x))
§ ( ); “R(

9

— — —

)
“R(A) () = Vyex (Alx) © R(z,y)), © ) = Vyex(Alz )@ R(z, y))
R (A)(y) = Npex (mB(x,y) ©mA(x)), **R(A)(y) = N\,ex (n2A(z) © n2R(z,y)).

Theorem 4.2. (1) R® and ©R~! are left isotone maps with a residuated connection
(PR~ R9).

(2) RGB O® R™Y: LY — LY is a left closure operator.

(3) ?R71o ReB LY — L* s a left interior operator.

(4) ( Lo R®(A), R71® 0@ R(A)) is a rough set of A € LX.

(5) If X =Y, then (PR~! o R®(A), R® 0@ R™(A)) is a rough set of A € LX.
Proof. (1) Since R(z,y) @ B(z) @ (A(z) © B(z)) > R(z,y) ® A(z), d\ «(A,B) >
dj v (R®(A), R®(B)). Since (B(y) @ R(z,y)) ® (Aly) @ B(y)) < Aly) @ R(z,y),
d'y(A,B) >d\ «(?R7'(A),” R7*(B)). Then by Theorem 3.8 (2), we only show the

following btatement
v (B, RP(A)) = V ey (B(y) © R®(A)(y)

~Vyer (BW) @ Avex(R
~V,yer Veex ((Bw) @
~Vaex (Vyer (B 0
~Voex ((BUB)@) 0 Al)
—d. (°R7Y(B), A).

(2), (3) and (4), (5) follow from Corollary 3.10 and the definition of a rough
set. O

)
(2.9) & A()))
R(x,y)) 0 A())
R(x,y)) @ A(2))

z,y)

Theorem 4.3. (1) ®R and ®R~! are right isotone maps with a residuated connec-
tion (°R™Y ¥ R).

(2) PRo® R™1: LY — LY s a right closure operator.

(3) ® R710® R: LX — LX is a right interior operator.

(4) (°R™1 0% R(A),71® Ro® R(A)) is a rough set of A.

(5) If X =Y, then (°R™1 0P R(A),® Ro® R™1(A)) is a rough set of A.

Proof. (1) Since (A(x) © B(z)) ® B(xz) ® R(z,y) > A(x) ® R(x,y), d; x (A, B) >
a7, (PR(A),% R(B)). Since (A(y) © B(y)) ® (B(x) © R(z,y)) > A(x) © Rz.y),
d7y(A,B) > d}x(°R™'(A),° R™!(B)). Then by Theorem 3.8 (1), we only show
the following statement:
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dyr (B R(4)) = Ve (B) &% R(A)(y)
~V,er (B®) & Asex(A@) & Riay)))
=V,er Voex (BWy) & (A@) & (R(x.y))

(
~Vaex (Vyer (By) © Rw,y) © A(@))
=dpx(°R7I(B), A).
(2), (3) and (4), (5) follow from Theorem 3.9 and the definition of a rough set. O

Theorem 4.4. Let (X,d%) be a left distance function. Let ©(d%)~1, (d%)®,: LX —
LX be maps in above theorem with R~ = (d%)~'. Then the following statements
hold.

(1) @(d%)~" is a left closure operator.

(2) (di)® is a left interior operator with a rough set ((d%)®(A),? (d%)~(A)) for
each A € LX.

(3) (d)® =2 (d)~" o (d)®.

(4) (d)® 0@ (dly) 1 =2 (dh) 1.

(5) Define I : LX — LX as I(A) = na(?(dy) " (n1(A))). Then I is a right
interior operator such that I(A) = N\, ¢ x (A(2) ® na(na(dy (y, 2))))-

(6) Define C : LX — LX as C(A) = na((d%)®(n1(A))). Then C is a right closure
operator such that C(A)(y) = Ve x (A(@) © nz(na(d (z,y)))).

Proof. (1) Since (B(y) @ d (z,)) & (A(y) @ B(y)) > Aly) @ d (z,),
dix (A, B) > dpx (?(dx) 71 (A),% (dx) ™! (B))-
Since dY is a left distance function, \/yeX((dX(y7 2) @ d (v,y)) = di (x,z). Thus

()M D) =V (B() @ dx(y,2)) = Bly) @ dx (y,y) = Aly)

zeX
and

2(dly) 1 (P (dx) "1 (B))(x)

Vyex (P(d) H(B)(w) @ dy (2, ))
Vyex (Veex(B(:) @ di(y,2)) @ dy(a,1))
Voex (B() 0 Aex (di(y.2) & di(a.9))

= V.ex(B(z) @ dy (,2))
= (di)~H(B)(2).
Thus @(d4 )71 is a left closure operator.
(2) Since dly (z,y) & B(z) & (A(z) © B(x)) > d (x,y) & A(y),
!

)=
dix (A, B) 2 dix ((dx)(A), (& ) (B))-
Since dY is a left isotone map, /\yGX(( L (y,2) @ d (2,9y)) = dy(z,2). Then
(dy)®(4) < A

and

(d)®((dx)*(A)(y) = /\zex(ﬁéay) @ (d)®(A)(2))
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n
m
]
=
~
LS
S
>
8
m
]
=
—
8
Ny
S
b
—
B
=

Nzex( X
= /\zEX(ATeX((dX(Z y) @ dy (z,2)) & A@)))
Nsex(Noex ((d (2, y)éBd’ (z,2)) © A(x)))
Naex ((dx (z,y) & A(x))

(3) Since (d%)® <@ (d%)~'o (dy
(dy)® =@ (d
from:

L =djx((d x)* (A), (d)®(A)) = dj x ((d)®(A), (dx)®((dx)®(A)))
—d’ix(( (d )~ ((d)®(A)), (d ) (A)).

(2) and (4) are similarly proved as (1) and (3).
(5) By Theorem 3.8 (2), I is a right interior operator. Moreover,

I(A)(z) = na(?(dx) " (n1(A)) (@) = n2(V e x (m(A)(y) @ dx (2,9)))
= Ayex n2((n1(A)(y) @ dy (2,))) = A ex n2(na(d (z, ))@A(y))
= Nyex(Ay) & na(na(dy (z,9)))). [By Lemma 3.1 (15), 16)]

(6) Tt is similarly proved as (5). O

Corollary 4.5. Let (X,d%) be a right distance function. Let ©(d%)~1,% (d%),:
LX — LX be maps in above theorem with R~ = (d%)~'. Then the following
statements hold.

(1) ©(d%)~! is a right closure operator.

(2) ®(d%) is a right interior operator with a rough set (®(d%)(A),® (d%)~1(A))
for each A € LX.

(3) ®(dx) = (dx) "' o® (d¥).

(4) P(di) o© (di )™t = (dx) .
Theorem 4.6. (1) R? is a right antitone map and R~'° is a left antitone map.

(2) R® is a left antitone map and R~ is a right antitone map.

(3) The pair (R?, R71°) is a dual Galois connection.

(4) The pair (R®, R™'?) is a dual Galois connection.

(5) R™1© 0 R? : LX — LX is a left interior operator and R® o R™'© : LY — LY
is a right interior operator.

(6) R7190R® : LX — LX is a right interior operator and RS o R™1¢ : LY — LY
s a left interior operator.

Proof. (1) Since (A(z) @ B(z)) ® (R(z,y) © A(x)) > R(z,y) @ B(x),
dyx (A, B) > diy (R?(B), R?(4)).

Since (R(z,y) © A(y)) @ (A(y) © B(y)) > R(w y) @B( );
ix (A, B) > dpy (R™'°(B), R'°(4)).

(2) It is similarly proved as (1).
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(3) From Theorem 3.8 (1), d} x (R™'9(B), A) = d}y (R?(A), B) from:

d\ «(R7'°(B), 4)

= Vaex (R719(B)(z) © A(x))

= Vaex(Vyex (R(z,y) © By)) © A(z))
y) © A(z)) © B(y))

= Vaex Vyex ((R(z,
= Vyex (R?(4) © B(y))
=d}v(R?(A),B).

(2) and (4) are similarly proved as (1) and (3) respectively.

(5) and (6) are proved from Theorem 3.11 and Corollary 3.12 respectively. 0

Theorem 4.7. (1) R'® is a right antitone map and ** R=' is a left antitone map.
(2) The pair (R*® 2® R~1) is a Galois connection.
(3) 22 R~1oRY® . LX — LX is aleft closure operator and R*®o>®*R~1 : LY — LY
is a right closure operator.

Proof. (1) Since (n1R(x,y) @ n1A(z)) @ (n1B(z) @ n1A(z)) > R(x,y) ® n1B(x),
(T/}ll(x)@B}fﬂf)) = (mB(z)oniA(z)) = (n1R(x, y) &1 B(x)) © (ni Rz, y) &n1 A(x)).
EX(A7B) Zd (Rl@( )7R1@(B))'

) @ (n2A(y) @ naR™H(w,y) 2 n2B(y) @ naR™H(z,y),

Since (n2B(y) © n2A(y)
)enA(y)) = (n2By)@no R~ (,y))S(n2Aly)Ene R~ (x,y)).

(A(y)oB(y)) = (n2B(y
Thus we get
dyy (A, B) > djx (QEBR (B),*® R™1(A)).
(2) From Theorem 3.8 (4), d' « (R™'°(B) =d}, (R°(A), B) from:
)

,A)
diy (B, R'®(A)) =V ey (B(y) © R'(A)(y)
vex(B(Y) © \yex (mB(z,y) © n1(A)(y)))
yeX((B( ) @ mR(z,y)) @ (A)(y))
( ) ©n2((B(y) @ mR(z,y))))
A(y) © na(R(z,y) ©naB(y)))
))) (n2(B)(y) & n2R(z,y)))

(3) Tt follows from Theorem 3.11. O

Example 4.8. Let (L, ®,®,6, 0, (1,1),(1,0)) be a generalized co-residuated lattice
with a double negative law, where L = (3,1) is the least element and T = (1,0) is

the greatest element in Example 2.2 (7).
Let X = {a,b,c} be a set. Define dx,d : X x X — L as

(%71) (%a_ ) (%70)
dX = (T7()a_2) (%71> (?70)
(%73) (%7_%) (571)
1) G E3

di = ( o ORI ) )
(%a%) (%57%) (%al)
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Then we easily show that dx is a right and left distance function and d; is a left
distance function. But dl is not a right distance function, because

d (b, c) @ dx(c,a) = (15, ~3) ® (3, 5) = (5, —8) Z dx (b,a) = (5, —15) -
By Theorem 4.4 and Corollary 4.5, we have various rough sets as follows, for each
AcLX,
(A% (A).2 (dx) M (A)). (Pdx (4),° dx' (A)), ((d)P(A).2 () (A4)).
Since

(A (Y) = Npex (Al@) © dx (2, y))
%) THA) (@) = Vyex (Aly) © di (z,y))

Since dY is not a right distance function, in general, ©(dl.)(D) #° (d%)~1(®(d ) (D))
and ©(dy)~Y(D) #% (d%)(°(dy)"1(D)). Moreover, ®(dl) is not a right interior
operator because , for 1, with L,(b) = L and Ly(z) =T for = # b,

F(dy ) (L) (=) = Npex (Lo(z) & di (2, -)) = diy (b, —) = (35, —15): (5. 1), (15, —
#(dy) ((5)B(d5) (Le)) (=) = (3G, —8). (5, 1), (15, —3))-

As a information system (X,Y, R € LX*Y) let X = {a,b,c} be a set of objects
and Y = {u,v} be a set of attributes with an information R € LX*Y as

(1L0)  (3.3)
r=| G- (D)
3.2 G

2 2
For A = ((% 1), (%72) (%7_1))»
R@(A) = ((E’O)’ (? _1)>7 GBR(A) = ((%a _§>7 (%a _1))7
RG(A):«Zv%)’(Z’_%))’ R®(A):((§a0>7(%7_%))a
OR(A) = ((3,-2),(3,-1), “R(A) = ((3,-3),(3, 1)),
Rl@(A) = ((%’ i)7 (1 O))’ 2®R(A> = ((%’0)’ (170) .
For B = ((%aQ)a (%7*1))

Ril@(B) = ((év é)» (év L4)a (§7 : ))a @R*l(B) = ((Ev O)a (év l)v (573))7
ROS(B) = ((3.-3). (3. (h1), R2(B) = ((3,-3). (5. ). (1.1)).
°R1(B) = ((3,-32),(5,1),(3,-1)), °RY(B) = <(%’_§)’ (3> 1): (3, 1)),
(Ril)lea(B) = ((%7_%)a (1’0)7 (LO))v 2®R71(B) = ((67_5)7 (LO)? (170) :
Rough sets of A € LX are

(°R71 0o R®(A), R719 0% R(A)),
(PR 0% R(A),71® Ro® R(A)),
(PR™Y(R®(A4)),*® RTH(R'®(4))),
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where
R71®(®R(A)) = ((ﬁv %)7 (L 771)3 (%v 71))7
23:1(251(14)) = ((;,Og, (1,1*5 ’(3% -1)),
R E e
20 p—1/ pl g 20703250774 '
®R (R GB(A)):((gal)?(gvg)v(lvO) .

5. CONCLUSION

In this paper, we are interested distance spaces instead of fuzzy partially ordered
sets on generalized co-residuated lattices as a non-commutative algebraic structure.
Using distance functions, we have investigated the relations between various closure
(interior) operators and various connections. Moreover, as an application, we give
various rough sets for an information system in Section 4.

In the future, we plan to investigate fuzzy concepts, information systems and
decision rules by using the concepts of distance spaces in generalized co-residuated
lattices.
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